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Abstract In this paper, we first introduce the notion of generalized k-syzygy modules, and then give

an equivalent characterization that the class of generalized k-syzygy modules coincides with that of ω-

k-torsionfree modules. We further study the extension closure of the category consisting of generalized

k-syzygy modules. Some known results are obtained as corollaries.
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1 Introduction and main result

Throughout this paper Λ is a left Noetherian ring and Γ is a right Noetherian ring, modΛ
(resp. mod Γop) is the category of finitely generated left Λ-modules (resp. right Γ-modules).
All modules considered are finitely generated.

Let ΛωΓ be a (Λ, Γ)-bimodule with Λω in mod Λ and ωΓ in mod Γop. We use addΛω (resp.
addωΓ) to denote the full subcategory of mod Λ (resp. mod Γop) consisting of all modules
isomorphic to the direct summands of finite direct sums of copies of Λω (resp. ωΓ).

Definition 1.1[1]. Let A ∈ mod Λ and i be a non-negative integer. We say that the grade of
A with respect to ω, written gradeωA, is greater than or equal to i if Extj

Λ(A, ω) = 0 for any
0 � j < i. We say that the strong grade of A with respect to ω, written s.gradeωA, is greater
than or equal to i if gradeωB � i for all submodules B of A.

Definition 1.2. Let A ∈ mod Λ and k be a positive integer. We call A a generalized k-syzygy
module if there exists an exact sequence 0 → A → X0 → X1 → · · · → Xk−1 with all Xi in
addΛω, where addΛω = addΛω∪ {projective modules in mod Λ}. We use Ω̄k

ω(mod Λ) to denote
the full subcategory of mod Λ consisting of generalized k-syzygy modules. Dually we may define
generalized k-syzygy modules in mod Γop and Ω̄k

ω(mod Γop).

Remark. If all Xi above are projective (resp. in addΛω), then the notion of generalized
k-syzygy modules is just that of k-syzygy modules[2] (resp. ω-k-syzygy modules[1]).

For any A ∈ mod Λ, there exists a projective resolution P1
f−→ P0 → A → 0 in mod Λ.

Then we have an exact sequence 0 → Aω → Pω
0

fω

−→ Pω
1 → X → 0 in mod Γop, where
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( )ω =HomΛ( , ω) and X =Cokerfω.

Definition 1.3[3]. Suppose that the natural maps Λ → End(ωΓ) and Γop → End(Λω) are
isomorphisms and ExtiΓ(ω, ω) = 0 for any i � 1. Let A and X be as above. A is called a
ω-k-torsionfree module if Exti

Γ(X, ω) = 0 for any 1 � i � k.

Let σA : A → Aωω be the canonical evaluation homomorphism. A is called a ω-torsionless
module if σA is a monomorphism; and A is called a ω-reflexive module if σA is an isomorphism.

From now on, k is a positive integer, ΛωΓ with Λω in mod Λ and ωΓ in mod Γop is a faithfully
balanced and self-orthogonal bimodule, that is, the natural maps Λ → End(ωΓ) and Γ →
End(Λω)op are isomorphisms and Exti

Λ(ω, ω) = 0 =Exti
Γ(ω, ω) for any i � 1. In this case, it is

easy to see that any module in addΛ ω (resp. add ωγ) is ω-reflexive.
Note that when ΛωΓ = ΛΛΛ, the notions of ω-k-syzygy modules and ω-k-torsionfree mod-

ules above are just those of k-syzygy modules and k-torsionfree modules in the usual sense[2,4]

respectively. We use Ωk
ω(mod Λ) (resp. T k

ω (mod Λ)) to denote the full subcategory of mod Λ
consisting of ω-k-syzygy modules (resp. ω-k-torsionfree modules), and use Ωk

Λ(mod Λ) (resp.
T k

Λ (mod Λ)) to denote the full subcategory of mod Λ consisting of k-syzygy modules (resp.
k-torsionfree modules). It is not difficult to verify that T k

ω (mod Λ) ⊂ Ωk
ω(mod Λ) (espe-

cially, T k
Λ (mod Λ) ⊂ Ωk

Λ(mod Λ)). Auslander and Bridger[2] gave an equivalent condition of
T k

Λ (mod Λ) = Ωk
Λ(mod Λ) by using the properties of grade of modules as follows.

Theorem A[2,Proposition 2.26]. The following statements are equivalent.

(1) gradeΛExti+1
Λ (M, Λ) � i for any M ∈ mod Λ and 1 � i � k − 1;

(2) Ωi
Λ(mod Λ) = T i

Λ(mod Λ) for any 1 � i � k.

Huang[5] established the left-right symmetry of the above Auslander and Bridger’s result.

Theorem B[5,Theorem 2.4]. The following statements are equivalent.

(1) gradeΛExti+1
Λ (M, Λ) � i for any M ∈ mod Λ and 1 � i � k − 1;

(2) Ωi
Λ(mod Λ) = T i

Λ(mod Λ) for any 1 � i � k;

(1)op gradeΛExti+1
Λ (N, Λ) � i for any N ∈ mod Λop and 1 � i � k − 1;

(2)op Ωi
Λ(mod Λop) = T i

Λ(mod Λop) for any 1 � i � k.

On the other hand, Huang in [1] generalized Theorem A and gave a ω-dual version of this
Auslander and Bridger’s result as follows.

Theorem C[1,Theorem 2.1]. The following statements are equivalent.
(1) gradeωExti+1

Λ (M, ω) � i for any M ∈ Ω−(i+1)
ω (mod Λ) and 1 � i � k − 1 (here M ∈

Ω−(i+1)
ω (mod Λ) means that there exists an exact sequence 0 → Xi → · · · → X1 → X0 → M → 0

with Xt in addΛω for any 0 � t � i);

(2) Ωi
ω(mod Λ) = T i

ω(mod Λ) for any 1 � i � k.

Then, it is natural to ask the following question: Is the result of Theorem C also left-right
symmetric? The main aim of this paper is to study this problem. The following is the main
result of this paper, which can be regarded as a ω-dual version of Theorem B.

Theorem 1.4. The following statements are equivalent.

(1) gradeωExti+1
Λ (M, ω) � i for any M ∈ modΛ and 1 � i � k − 1;

(2) Ω̄i
ω(mod Λ) = T i

ω(mod Λ) for any 1 � i � k;
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(1)op gradeωExti+1
Γ (N, ω) � i for any N ∈ mod Γop and 1 � i � k − 1;

(2)op Ω̄i
ω(mod Γop) = T i

ω(mod Γop) for any 1 � i � k.

We prove this theorem in sec. 2 and then give some applications of it. In sec. 3 we study
the extension closure of Ω̄k

ω(mod Λ).

2 Proof of Theorem 1.4

In this section we prove our main result (Theorem 1.4). We first give some lemmas.
Let A ∈ mod Λ (resp. mod Γop) and X1

f−→ X0 → A → 0 be an exact sequence in modΛ
(resp. mod Γop) with X0 and X1 in addΛω (resp. addωΓ). Then we get an exact sequence:

0 → Aω → Xω
0

fω

−→ Xω
1 → X → 0

in mod Γop (resp. mod Λ), where X =Cokerfω.

Lemma 2.1. Let A and X be as above. Then we have the following exact sequences:

0 → Ext1Γ(X, ω) → A
σA−→ Aωω → Ext2Γ(X, ω) → 0,

0 → Ext1Λ(A, ω) → X
σX−→ Xωω → Ext2Λ(A, ω) → 0.

Proof. The proof here is similar to that in [6, Lemma 2.1], and we omit it.
By Lemma 2.1, it is trivial that a module A in mod Λ (resp. mod Γop) is ω-torsionless (resp.

ω-reflexive) if and only if A is ω-1-torsionfree (resp. ω-2-torsionfree).

Lemma 2.2[1,Lemma 2.4]. Let 0 → A → H
f−→ B be an exact sequence in mod Λ (resp.

mod Γop) with H ω-reflexive and B ω-torsionless. Then A ∼= (Cokerfω)ω .

Lemma 2.3. The following statements are equivalent.
(1) M ∈ Ω2

ω(mod Λ);
(2) M ∈ Ω̄2

ω(mod Λ);
(3) there is a module N ∈ mod Γop such that M ∼= Nω.

Proof. (1) ⇒ (2) obviously. By Lemma 2.2, it is easy to get (2) ⇒ (3).
(3) ⇒ (1) Suppose M ∼= Nω with N ∈ mod Γop. Because there exists a projective resolution

Q1 → Q0 → N → 0 in modΓop, we have an exact sequence 0 → Nω → Qω
0 → Qω

1 with Qω
0 ,

Qω
1 ∈ addΛω and M(∼= Nω) ∈ Ω2

ω(mod Λ).

Lemma 2.4. The following statements are equivalent.
(1) Aω is ω-reflexive for any A ∈ mod Λ;
(1)op Bω is ω-reflexive for any B ∈ mod Γop;
(2) [Ext2Λ(A, ω)]ω = 0 for any A ∈ mod Λ;
(2)op [Ext2Γ(B, ω)]ω = 0 for any B ∈ mod Γop;
(3) Every module in Ω̄2

ω(mod Λ) is ω-reflexive;
(3)op Every module in Ω̄2

ω(mod Γop) is ω-reflexive.

Proof. By Lemma 2.3, we have Ω2
ω(mod Λ) = Ω̄2

ω(mod Λ). So the proof of [1, Lemma 1.7]
remains valid here and we omit it.

Lemma 2.5[1,Lemma 1.9]. Let k � 3. Then a ω-reflexive module A in mod Λ is ω-k-torsionfree
if and only if Exti

Γ(Aω , ω) = 0 for any 1 � i � k − 2.
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The following result is a generalization of Theorem A.

Theorem 2.6. The following statements are equivalent.
(1) gradeωExti+1

Λ (M, ω) � i for any M ∈ modΛ and 1 � i � k − 1;
(2) Ω̄i

ω(mod Λ) = T i
ω(mod Λ) for any 1 � i � k.

Proof. We proceed by induction on k. It is not difficult to verify that a module in mod Λ is
ω-torsionless if and only if it is in Ω̄1

ω(mod Λ). Then we have Ω̄1
ω(mod Λ) = T 1

ω (mod Λ). On
the other hand, when k = 1 the assumption of (1) is empty. So the case for k = 1 is trivial.
The case for k = 2 follows from Lemma 2.4. Now suppose k � 3.

(1) ⇒ (2) Firstly, T k
ω (mod Λ) ⊂ Ω̄k

ω(mod Λ). So we only need to prove T k
ω (mod Λ) ⊃

Ω̄k
ω(mod Λ).
Let L ∈ Ω̄k

ω(mod Λ). Then there exists an exact sequence 0 → L → Xk−1
f−→ Xk−2 →

· · · → X0 → M → 0 in mod Λ with all Xi ∈ addΛω. By induction hypothesis, we have that
Ω̄i

ω(mod Λ) = T i
ω(mod Λ) for any 1 � i � k − 1. So L ∈ T k−1

ω (mod Λ).
Let P1

g−→ P0 → L → 0 be a projective resolution of L in mod Λ. Then we have an exact
sequence 0 → Lω → Pω

0
gω

−→ Pω
1 → X → 0 in mod Γop with Pω

0 and Pω
1 in addωΓ, where

X = Cokergω. We will show that L is ω-k-torsionfree.
Notice that L ∈ T k−1

ω (mod Λ) and k � 3, so L is ω-reflexive and hence it suffices to show
that Exti

Γ(Lω, ω) = 0 for any 1 � i � k − 2 by Lemma 2.5.
Put N = Cokerfω. Then, by Lemma 2.2, L ∼= Nω and Lω ∼= Nωω. We claim that

Exti
Γ(N, ω) = 0 for any 1 � i � k − 2. If k = 3, then Cokerf is a submodule of X0. But

X0 is ω-reflexive, so Cokerf is ω-torsionless. By Lemma 2.1, Ext1Γ(N, ω) ∼= KerσCokerf =
0. If k = 4, then Cokerf ∈ Ω̄2

ω(mod Λ)(= T 2
ω (mod Λ)) and Cokerf is ω-reflexive. Thus

Ext1Γ(N, ω) ∼= KerσCokerf = 0 and Ext2Γ(N, ω) ∼= CokerσCokerf = 0 and the case for k = 4 fol-
lows. If k�5, then Cokerf ∈ Ω̄k−2

ω (mod Λ) and Cokerf ∈ T k−2
ω (mod Λ). Thus Exti

Γ((Cokerf)ω,

ω) = 0 for any 1 � i � k−4 by Lemma 2.5. It follows from the exact sequence 0 → (Cokerf)ω →
Xω

k−2

fω

−→ Xω
k−1 → N → 0 that Exti

Γ(N, ω) = 0 for any 3 � i � k − 2. So Exti
Γ(N, ω) = 0 for

any 1 � i � k − 2.
By Lemma 2.1, we have an exact sequence:

0 → Ext1Λ(Cokerf, ω) → N
σN−→ Nωω → Ext2Λ(Cokerf, ω) → 0.

Then KerσN
∼=Ext1Λ(Cokerf, ω)∼=Extk−1

Λ (M, ω) and CokerσN
∼=Ext2Λ(Cokerf, ω)∼=ExtkΛ(M, ω).

So we get the following exact sequences:

0 → Extk−1
Λ (M, ω) → N

π−→ ImσN → 0, (a)

0 → ImσN
μ−→ Nωω → ExtkΛ(M, ω) → 0, (b)

where σN = μπ. Since Exti
Γ(N, ω) = 0 for any 1 � i � k − 2 and gradeωExtk−1

Λ (M, ω) � k − 2,
from the exact sequence (a) we have Exti

Γ(ImσN , ω) = 0 for any 1 � i � k− 2. Moreover, since
gradeωExtk

Λ(M, ω) � k − 1, from the exact sequence (b) we get that Exti
Γ(Nωω, ω) = 0 for any

1 � i � k − 2, which yields Exti
Γ(Lω, ω) = 0 for any 1 � i � k − 2.

(2) ⇒ (1) Let M ∈ mod Λ. Then there exists an exact sequence 0 → L → Pk−1
f−→

Pk−2 → · · · → P0 → M → 0 in mod Λ with each Pi projective. By (2), L ∈ T k
ω (mod Λ). By
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induction hypothesis, gradeωExti+1
Λ (M, ω) � i for any 1 � i � k − 2. So it remains to show

that gradeωExtk
Λ(M, ω) � k − 1. Put N = Cokerfω. From the proof of (1) ⇒ (2), we have the

following facts:
(i) there exist exact sequences 0 → Extk−1

Λ (M, ω) → N
π−→ ImσN → 0 and 0 → ImσN

μ−→
Nωω → ExtkΛ(M, ω) → 0, where σN = μπ;

(ii) L ∼= Nω;
(iii) Exti

Γ(N, ω) = 0 for any 1 � i � k − 2;
(iv) Exti

Γ(ImσN , ω) = 0 for any 1 � i � k − 2.
Since L ∈ T k

ω (mod Λ) and L ∼= Nω, Nω is ω-reflexive and Exti
Γ(Nωω, ω) ∼= Exti

Γ(Lω, ω) = 0
for any 1 � i � k − 2 by Lemma 2.5. Since Exti

Γ(ImσN , ω) = 0 for any 1 � i � k − 2 and we
have the exact sequence 0 → ImσN

μ−→ Nωω → Extk
Λ(M, ω) → 0, Exti

Γ(Extk
Λ(M, ω), ω) = 0 for

any 2 � i � k − 2. On the other hand, Nω is ω-reflexive, so πωμω = σω
N is an isomorphism

by [7, Proposition 20.14], and it follows easily that πω and μω are isomorphisms. Moreover, we
have a long exact sequence:

0 → [Extk
Λ(M, ω)]ω → Nωωω μω

−→ (ImσN )ω → Ext1Γ(Extk
Λ(M, ω), ω) → Ext1Γ(Nωω, ω) = 0.

So [Extk
Λ(M, ω)]ω ∼=Kerμω = 0 and Ext1Γ(Extk

Λ(M, ω), ω) ∼=Cokerμω = 0. Therefore we conclude
that gradeωExtk

Λ(M, ω) � k − 1.
It is easy to see that a 1-syzygy module in mod Λ is in Ω1

ω(mod Λ). But we do not know
whether a k-syzygy module in mod Λ is in Ωk

ω(mod Λ) in general. As a corollary of
Theorem 2.6 we have the following result.

Corollary 2.7. If gradeωExti+1
Λ (M, ω) � i for any M ∈ mod Λ and 1 � i � k− 1, then each

t-syzygy module in mod Λ is in Ωt
ω(mod Λ) for any 1 � t � k, that is, if there exists an exact

sequence 0 → K → P0 → P1 → · · · → Pt−1 in mod Λ with each Pi projective, then there exists
an exact sequence 0 → K → X0 → X1 → · · · → Xt−1 with each Xi ∈addΛω.

Proof. Assume that gradeωExti+1
Λ (M, ω) � i for any M ∈ mod Λ and 1 � i � k − 1. For

any 1 � t � k, since a t-syzygy module K in mod Λ is in Ω̄t
ω(mod Λ), K is in T t

ω(mod Λ) by
Theorem 2.6. On the other hand, we have that Ωt

ω(mod Λ) = T t
ω(mod Λ) by Theorem C, so K

is in Ωt
ω(mod Λ).

Lemma 2.8. Let n be a non-negative integer and X ∈ mod Γop. If gradeωX � n and
gradeωExtn

Γ(X, ω) � n + 1, then Extn
Γ(X, ω) = 0.

Proof. The result was proved in [8, Lemma 2.6] when Λ and Γ are left and right Noetherian
rings. The proof in [8] remains valid in the setting here, so we omit it.

Lemma 2.9. Let · · · → Xk+1 → Xk → Xk−1 → · · · → X0 → M → 0 be an exact sequence
in mod Λ with Xi in addΛω for any i � 0. Putting Yk = Coker(Xω

k−1 → Xω
k ) and Yk+1 =

Coker(Xω
k → Xω

k+1), then there exists an exact sequence:

0 → ExtkΛ(M, ω) → Yk → Xω
k+1 → Yk+1 → 0.

Proof. Put Mk = Coker(Xk → Xk−1) and Mk+1 = Coker(Xk+1 → Xk). Notice that each
Xi ∈ addωΛ, so Exti

Λ(Xi, ω) = 0 for any j � 1 and i � 0 and we then have the commutative
diagram (Figure 1) with exact columns and rows:
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0

��

0

��
Mω

k

��

Mω
k

��
0 �� Xω

k−1

��

Xω
k−1

��

��

0 ��

��

0

0 �� Mω
k+1

��

��

Xω
k

��

��

Xω
k+1

�� Yk+1
�� 0

ExtkΛ(M, ω)

��

Yk

��
0 0

Figure 1

By the snake lemma, we get the desired exact sequence.
We are now in a position to prove our main result.

Proof of Theorem 1.4. By Theorem 2.6 and its dual statement we get the equivalence of
(1) and (2) and that of (1)op and (2)op. In the following we prove that (1)op implies (1) by
induction on k. The case for k = 1 is trivial. The case for k = 2 follows from Lemma 2.4. Now
suppose k � 3.

Let M ∈ mod Λ and
· · · → Pi → · · · → P1 → P0 → M → 0

be a projective resolution of M in mod Λ. Put Mi = Coker(Pi → Pi−1) (where M1 =
M) and Xi = Coker(Pω

i−1 → Pω
i ) for any i � 1. By an induction hypothesis, we have

gradeωExti+1
Λ (M, ω) � i for any 1 � i � k − 2 and gradeωExtk

Λ(M, ω) � k − 2. So it suf-
fices to prove Extk−2

Γ (Extk
Λ(M, ω), ω) = 0. By Theorem 2.6, Ω̄i

ω(mod Λ) = T i
ω(mod Λ) for any

1 � i � k − 1. Since Mt ∈ Ω̄k−1
ω (mod Λ) for any t � k, Mt ∈ T k−1

ω (mod Λ) for any t � k. It
follows that Xt satisfies Exti

Γ(Xt, ω) = 0 (1 � i � k − 1) for any t � k.
On the other hand, by Lemma 2.9 we have an exact sequence:

0 → ExtkΛ(M, ω) → Xk → Pω
k+1 → Xk+1 → 0.

Put K = Im(Xk → Pω
k+1). From the exactness of 0 → K → Pω

k+1 → Xk+1 → 0 we know that
K satisfies Exti

Γ(K, ω) = 0 (1 � i � k−2) and Extk
Γ(Xk+1, ω) ∼= Extk−1

Γ (K, ω). Moreover, from
the exactness of

0 → ExtkΛ(M, ω) → Xk → K → 0

we know that Extk−1
Γ (K, ω) ∼= Extk−2

Γ (Extk
Λ(M, ω), ω). So

Extk−2
Γ (Extk

Λ(M, ω), ω) ∼= Extk
Γ(Xk+1, ω).
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By (1)op we then have

gradeωExtk−2
Γ (Extk

Λ(M, ω), ω) = gradeωExtk
Γ(Xk+1, ω) � k − 1.

It follows from Lemma 2.8 that Extk−2
Γ (Extk

Λ(M, ω), ω) = 0. Dually we have (1) implies (1)op.
It is easy to see that Ω1

ω(mod Λ) = Ω̄1
ω(mod Λ). On the other hand, by Lemma 2.3 we have

that Ω2
ω(mod Λ) = Ω̄2

ω(mod Λ). However, in general Ωk
ω(mod Λ) 	= Ω̄k

ω(mod Λ) for any k � 3.
So it is natural to ask when Ωk

ω(mod Λ) = Ω̄k
ω(mod Λ)? The following corollary gives an answer

to this question.

Corollary 2.10. The following statements are equivalent.
(1) gradeωExti+1

Λ (M, ω) � i for any M ∈ modΛ and 1 � i � k − 1;
(2) Ω̄i

ω(mod Λ) = Ωi
ω(mod Λ) = T i

ω(mod Λ) for any 1 � i � k;
(1)op gradeωExti+1

Γ (N, ω) � i for any N ∈ mod Γop and 1 � i � k − 1;
(2)op Ω̄i

ω(mod Γop) = Ωi
ω(mod Γop) = T i

ω(mod Γop) for any 1 � i � k.

Proof. By Theorem 1.4 and Theorem C.

3 Extension closure of generalized k-syzygy modules

A full subcategory X of mod Λ is said to be extension closed if the middle term B of any short
exact sequence 0 → A → B → C → 0 is in X provided that the end terms A and C are in X .
We discuss in this section the extension closure of Ω̄k

ω(mod Λ).

Lemma 3.1[1,Corollary 2.2]. The following statements are equivalent.
(1) T i

ω(mod Λ) is extension closed for any 1 � i � k;
(2) s.gradeωExt1Λ(N, ω) � i for any N ∈ T i

ω(mod Λ) and 1 � i � k.

Proposition 3.2. If Ω̄i
ω(modΛ) is extension closed for any 1 � i � k, then Ω̄i

ω(mod Λ) =
T i

ω(mod Λ) for any 1 � i � k.

Proof. we proceed by induction on k. The case k = 1 is trivial.
Now suppose k � 2. Then, by induction hypothesis, for any 1 � i � k − 1 we have that

Ω̄i
ω(mod Λ) = T i

ω(mod Λ), which is extension closed. For any M ∈ mod Λ and 1 � i � k − 1,
there exists a projective resolution Pi

fi−→ · · · → P0 → M → 0 in mod Λ. Then Imfi ∈
Ω̄i

ω(mod Λ) = T i
ω(mod Λ) (1 � i � k − 1) and Exti+1

Λ (M, ω) ∼=Ext1Λ(Imfi, ω). So we have

s.gradeωExti+1
Λ (M, ω) = s.gradeωExt1Λ(Imfi, ω) � i

for any 1 � i � k − 1 by Lemma 3.1. Then by Theorem 2.6 we have that Ω̄k
ω(mod Λ) =

T k
ω (mod Λ), which finishes the proof.
The following result is a generalization of [4, Theorem 1.7].

Theorem 3.3. The following statements are equivalent.
(1) s.gradeωExti+1

Λ (M, ω) � i for any M ∈ mod Λ and 1 � i � k,
(2) Ω̄i

ω(mod Λ) is extension closed for any 1 � i � k,
(3) Ω̄i

ω(mod Λ) is extension closed and Ω̄i
ω(mod Λ) = T i

ω(mod Λ) for any 1 � i � k.

Proof. (1) ⇒ (2) By (1) and Theorem 2.6 we have Ω̄i
ω(mod Λ) = T i

ω(mod Λ) for any 1 � i � k.
Let N ∈ T i

ω(mod Λ) (1 � i � k). Then N ∈ Ω̄i
ω(mod Λ) and there exists an exact sequence in

mod Λ:
0 → N → Xi−1 → · · · → X0 → M → 0
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with all Xj ∈ addΛω. It follows that Ext1Λ(N, ω) ∼=Exti+1
Λ (M, ω). So

s.gradeωExt1Λ(N, ω) = s.gradeωExti+1
Λ (M, ω) � i, (1 � i � k)

by (1) and hence T i
ω(mod Λ) is extension closed for any 1 � i � k by Lemma 3.1. Therefore we

conclude that Ω̄i
ω(mod Λ) is also extension closed for any 1 � i � k.

(2) ⇒ (3) By Proposition 3.2.
(3) ⇒ (1) By (3) and Lemma 3.1, s.gradeωExt1Λ(N, ω) � i for any N ∈ T i

ω(mod Λ) =
Ω̄i

ω(mod Λ) and 1 � i � k. So s.gradeωExti+1
Λ (M, ω) � i for any M ∈ mod Λ and 1 � i � k.
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