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Abstract

Let A and B be abelian categories and F : A — B an additive and right exact functor which
is perfect, and let (F,B) be the left comma category. We give an equivalent characterization of
Gorenstein projective objects in (F,B) in terms of Gorenstein projective objects in B and A. We
prove that there exists a left recollement of the stable category of the subcategory of (F, B) consisting
of Gorenstein projective objects modulo projectives relative to the same kind of stable categories in
B and A. Moreover, this left recollement can be filled into a recollement when B is Gorenstein and
F preserves projectives.

1 Introduction

As a generalization of finitely generated projective modules, Auslander and Bridger [2] introduced
finitely generated modules of Gorenstein dimension zero over a commutative noetherian local ring. Then
Enochs and Jenda [6] generalized it to Gorenstein projective modules (not necessarily finitely generated)
over an arbitrary ring. The properties of Gorenstein projective modules and related modules have been

studied widely, see [1, 2, 5-7, 14-16] and references therein.

A M

0 T

be the upper triangular matrix ring. Recall from [16] that the (A,T')-bimodule M is called compatible if

Let A and T be arbitrary rings and M a (finitely generated) (A, I')-bimodule, and let T :=

the following two conditions are satisfied: (C1) if Q*® is an exact sequence of finitely generated projective
I-modules, then M ®@r Q*® is exact; and (C2) if P* is a complete finitely generated A-projective resolution,
then Homy (P®, M) is exact. Let A and T be artin algebras and the bimodule 5 M compatible. Then
finitely generated Gorenstein projective T-modules can be constructed from finitely generated Gorenstein
projective A-modules and finitely generated Gorenstein projective I'-modules ([16, Theorem 1.4]). More-
over, there exists a left recollement of the stable category QL(T) of the category of finitely generated
Gorenstein projective T-modules modulo projectives relative to GP(A) and GP(I") ([16, Theorem 3.3)),

and this left recollement can be filled into a recollement when 7' is Gorenstein and A M is projective
([16, Theorem 3.5]). Under some conditions, Enochs, Cortés-Izurdiaga and Torrecillas proved that T is
(strongly) CM-free if and only if so are A and I" ([5, Theorem 4.1]).

Let A and B be abelian categories and F : A — B an additive functor. The left comma category

(F, B) was introduced in [8]. Note that module categories of upper triangular matrix rings are comma
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categories and that the left comma category (F,B) is abelian if F is right exact ([8, 13]). The aim of
this paper is to generalize the results mentioned above from module categories of upper triangular matrix
rings to comma categories. The paper is organized as follows.

In Section 2, we give some terminology and some preliminary results.

For an abelian category A, we use GP(.A) to denote the subcategory of A consisting of Gorenstein

projective objects, and use GP(A) to denote the stable category of GP(A) modulo projectives. Motivated

by the definition of compatible bimodules [16], we introduce the so-called perfect functors between abelian
categories (Definition 3.3). Let A and B be abelian categories and F : A — B an additive and right exact
functor such that F is perfect, and let (F,B) be the left comma category. Then we give an equivalent
characterization of Gorenstein projective objects in (F, B) in terms of Gorenstein projective objects in B

and A.

Theorem 1.1. (Theorem 3.5) The following statements are equivalent for an object (};)(z) in (F,B).
(1) (x), € GP((F,B)).
(2) ¢:FY — X is injective in B, Coker ¢ € GP(B) and Y € GP(A).

As an application, we get that the Gorenstein projective objects coincide with projective objects in
(F, B) if and only if both .4 and B also possess the same property (Corollary 3.9).

In Section 4, we prove the following

Theorem 1.2. (Theorem 4.6) There exists a left recollement

GP(B) =" T _GP((F,B)) =

G

GP(A).

Moreover, this left recollement can be filled into a recollement when B is Gorenstein and F preserves

projectives (Theorem 4.8).

2 Preliminaries

In this section, we give some notions and some preliminary results.

Let A be an abelian category and the subcategories in A discussed in this paper are full and closed
under isomorphisms. We use P(A) and Z(A) to denote the subcategories of A consisting of projective
and injective objects respectively. For an object A in A, pd 4 A and id4 A are the projective and injective

dimensions of A respectively. For a subcategory X of A, set
pdy X :=sup{pdy A| A€ X} and ids X :=sup{idsa A | A € X}.

By using a standard argument, we have the following generalized horseshoe lemma.
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Lemma 2.1. Let A be an abelian category and
0—Yy-Lx-4z o0

an exact sequence in A.

(1) Let

be a complex and

d=1! dt

0 Z po ¥, pi

an exact sequence in A. If Ext;(Ker d',C*) =0 for any i > 0, then there exist morphisms

-1 d_lg 0 0 i ClZ 0 ; ; i1 i1
0 = L) X—=D"®C" and 0" = o o : D' C'—— D" g O
o
with o' : D' — C*! for any i > 0, such that
871 0 0 30 1 1 al 8'i71 i i a’L
0—sX—D"¢C" —D 6C — -+ ——D'p(C"' ——---
is a complex in A and the following diagram with exact rows
0 0 0
0 y—L ox— 9 .z 0
¢t a1t d=?t

commutes. Moreover, the middle column is exact if and only if the left column is exact.

(2) Let

€2 e

E Eo

be an exact sequence and

f2 £ f1 £y fo 7 0

a complex in A. If Ext}A(Fi, Ime;) =0 for any i > 0, then there exist morphisms

do = (mo, feg) : FO S E* ——= X and 0; = ( fi O )I F,oE ——=F_10FE_,

T, €

with m; : F; — E; 1 for any i > 1, such that
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o5
";;Fi@EiH"'gaz;F1@E1LFOEBEO%XHO

is a complex in A and the following diagram with ezxact rows

O*>E1*>F1€BE1*>F1*>O

OHEQHF()@EOHFOHO

€0 80 fD

commutes. Moreover, the middle column is exact if and only if the right column is exact.

Definition 2.2. ([8]) Let A be an abelian category and G : A — A an additive endofunctor. The right
trivial extension of A by G, denoted by A x G, is defined as follows. An object in A x G is a morphism
a: GA — A for an object A in A such that « - G(«) = 0; and a morphism in A x G is a pair (G~,7)

of morphisms in A such that the following diagram

cA-% ga
S

A— A

is commutative.

Definition 2.3. ([8]) Let A and B be abelian categories and F : A — B an additive functor. We define
the left comma category (F,B) as follows. The objects of the category are (g)¢ with A € A, Be B
and ¢ € Homg(F A, B); and the morphisms of the category are morphisms (g) in A x B such that the

following diagram

FA-Fo pA/
oo
B—" . p

is commutative.

Remark 2.4. ([8, Section 1]) Let A and B be abelian categories, and let F : A — B be an additive

functor.
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(1) The functor F induces a functor F : A x B — A x B by F(4, B) = (0,FA) and F(a, 8) = (0,Fa).
It is not difficult to show that (F,B) and (A x B) x F are isomorphic, by mapping the object (g)
in (F,B) to the object (0,¢) : F(A, B) — (A, B) in (A x B) x F.

¢

(2) Assume that F is right exact. It is clear that F above is also right exact. So (A x B) x F is abelian
by [8, Proposition 1.1(a)], and hence (F, B) is also abelian by (1).

Recall that a complete A-projective resolution is an exact sequence
Q= Q2 Q Q"> Q = (2.1)
in A with all Q;, Q® projective, such that Hom 4(Q®, P) is exact for any P € P(A).

Definition 2.5. ([7]) An object G € A is called Gorenstein projective if there exists a complete A-
projective resolution Q°® as in (2.1), such that G = Im(Qy — Q°).

We write GP(A) := {G € A | G is Gorenstein projective}. It is well known that GP(.A) is a Frobenius
category such that each object in P(A) is projective-injective in GP(A) and its stable category GP(.A)

modulo P(A) is a triangulated category.

3 Gorenstein projective objects

From now on, assume that A and B are abelian categories and F : A — B is an additive and right
exact functor, and (F, B) is the left comma category. Then (F,B) is abelian by Remark 2.4(2). In [§],
the projective object in (A x B) x F is of the form (F(P,Q) & F2(P,Q) — (P,Q) ® F(P,Q)) with P
projective in A and @ projective in 5. We have the following

Lemma 3.1. The projective object in (F,B) is of the form (c%) &) (FPP) with P projective in A and Q

projective in B.

Proof. Now let (g’)¢ be a projective object in (F,B). By Remark 2.4(1), the object (0, ¢) : ﬁ(A,B) —
(A, B) in (AxB)x F is also projective. By [8, Corollary 1.6(c)], we have that both A € A and Coker ¢ € B

are projective, and (0, ¢) 2 (0, (%)) with (0, (9)) : (0,FA) — (A, Coker ¢ & FA). Thus (%) , is of the form

(Cokerﬁ)@FA) ((1)) = (Col?er (;3) ® (FAA)'

By [8, Corollary 1.6(c)] and Remark 2.4(1), an object (23) @ (FPP) with P projective in A and @

projective in B is projective in (F,B). O
The following result generalizes [5, Proposition 2.8(1)].

Proposition 3.2. Let (%2) be an object in (F,B). If pdg FP(A) < oo, then pdg g (%;) < oo if and
only if pd 4 My < oo and pdg My < oo.



6 Yeyang Peng, Rongmin Zhu and Zhaoyong Huang

Proof. Let pd(g g (%;) < 00. Then by Lemma 3.1, we have the following exact sequence of finite length

0—(p) @ (55,) = () © (3,) = () @ (s3,) = (5) @ (s55,) — (1) =0

in (F, B) with all Q; projective in .4 and all P; projective in B. Hence we have exact sequences

0 Q@n Q2 @1 Qo M, 0, (3.1)

in A and B respectively. By (3.1), we have pd 4 M; < oco. Since pdgFQ; < oo for any 0 < ¢ < n by

assumption, we have pdz My < co by (3.2).

Conversely, assume pd 4 M; < oo and pdg Ma < co. Let

5L 5 5 5 5

0 Qn Q2 Q1 Qo M, 0

be a projective resolution of Mj in A. Then pd 4 K} < oo, where K} := Kerd} ; for any 1 <i <n+1.
Fix a projective presentation Py — My of My in B. Then we can construct a projective presentation

(POQ?PQQO) —» (%;) of (%;) in (F,B). If (g%) is its kernel, then there exists an exact sequence
O%K%%PO@FQOAMQA()

in B. Because pdz FQy < oo by assumption, we have pdz K? < co. Repeating this procedure, we get a

projective resolution

5 5 5 5
= (p) ® (r3) — = () @ (v5,) — (1) & (55,) —= (i) 0
of (]\1\2) in (F,B) such that if (;;) is the kernel of §;_1, then pdg K2 < oo. Since Q11 = 0, we have

Keré, = (KS ). As pdg K2, < oo, we have a projective resolution
n+1

0—— Pn+m T Pn+3 Pn+2 Pn+1 K721+1 0

of KEH in B, which induces the finite projective resolution

0 > (P,B,m) T (Pn0+3) (Pn0+2) - (Pn0+1) - (Kf?ﬂ) —0
(KE?“) in (F, B). This means pd g ) Ker d,, = pdr 5, (K72?+1) < o0, and hence pd g ) (%;) < 00. O

Motivated by the definition of compatible bimodules in [16, Definition 1.1], we introduce the following
Definition 3.3. The functor F is called perfect if the following two conditions are satisfied.
(P1) If Q°® is an exact sequence of projective objects in A, then FQ* is exact.

(P2) If P* is a complete B-projective resolution, then Homp(P*®, FQ) is exact for any Q € P(A).
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For a ring A, Mod A is the category of left A-modules and mod A is the category of finitely generated
left A-modules. Let A and T' be artin algebras, and let M be a compatible (A, T')-bimodule. If Q° is an
exact sequence of projective modules in mod I, then the condition (C1) in [16, Definition 1.1] implies that
M ®r Q° is exact. Assume that P*® is a complete A-projective resolution and @ € P(modI'). Then the
condition (C2) in [16, Definition 1.1] implies that Homy (P*®, M) is exact. Since @ € P(modT'), we have

0 T
be the upper triangular matrix algebra. Then mod T is the left comma category (M ®p —, mod A).

that Homy (P®, M ®r Q) is also exact. Thus the tensor functor M ®r — is perfect. Let T := ( A M >

Lemma 3.4. The following statements are equivalent.
(1) F satisfies (P2);
(2) Exty(G,FQ) =0 for any G € GP(B) and Q € P(A);
(3) Extz'(G,FQ) =0 for any G € GP(B) and Q € P(A).

Proof. The implications (1) = (3) = (2) are trivial. Applying the functor Homg(—, FQ) to a complete
B-projective resolution of G, we get (2) = (1). O

We now give an equivalent characterization of Gorenstein projective objects in the left comma category

(F,B). Tt is a generalization of [16, Theorem 1.4].

Theorem 3.5. If F is perfect, then the following statements are equivalent for an object (§)¢ in (F,B).
(1) (X), € GP((F,B)).
(2) ¢ :FY — X is injective in B, Coker ¢ € GP(B) and Y € GP(A).

In this case, X € GP(B) if and only if FY € GP(B).

Proof. (2) = (1) Assume that ¢ : FY — X is injective in B, Coker ¢ € GP(B) and Y € GP(A). Then

we have a complete A-projection resolution

0

(Q%,q) = - Q! Q' 1= Q!

with Y = Ker ¢". Since FQ* is exact by (P1), we have the following exact sequence

o _Fd’  Fd'

0 FY FQ

FQ

Since Coker ¢ € GP(B), we have a complete B-projective resolution

dO

P—l PO Pl
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with Coker ¢ = Kerd®, so Kerd® € GP(B), and hence Exty(Kerd’, FQ') = 0 for any i > 0. Applying

Lemma 2.1(1) to the exact sequence

0 FY X Cokerp —— 0,

we obtain an exact sequence
8—1 80 61
04>X4>PO€BFQO—>P1@FQ14>...

o (d 0

Trows

> and o' : P! — FQ"! for any i > 0, such that the following diagram with exact

0 FY FQ° FQ*

. |

0——=X——-P'@pFQ° —= P FQ! —— - ..

commutes. By a dual argument we get the following diagram with exact rows

FQ2 FQ~! FY 0

| L

o —=P23FQ?—— P 'aFQ ' —= X ——0.

Combining these two diagrams to get the following diagram with exact rows

FQ~! FQO FQ!

| i |

i ——=P 13 FQ ! —=P'aFQ" —= P o FQ' —— - .

Actually, we have the following exact sequence of projective objects

-1

QO
P—l@FQ—l)

(PO@FQO)

Ql

(pigror)

in (F, B). Since each L' is a projective object in (F,B), applying Hom(Fﬁg)(Li, —) to the exact sequence:

0— (para) — (parg) — (8) —0

we get the following exact sequence of complexes

0 —_— HOIH(F7B) (L., ( )) —_— Hom(F,B) (L., ( )) — HOHl(F,B) (L., (Cg)) — 0,

POFQ POFQ

that is,

0 — Homg(P*, P & FQ) — Homr 5)(L*, (555)) — Homa(Q*, Q) —0.

Since P* is a complete B-projective resolution, it follows that Homg(P*, ]5) is exact. By (P2), Homp(P*®, Fé)

is exact. Since Q® is a complete A-projective resolution, it follows that Hom A(Q',@) is exact. Thus
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Homg z)(L*, (136%\@)) is also exact. Therefore we conclude that L® is a complete (F, B)-projective reso-

lution and (), € GP((F, B)).
(1) = (2) Let (};)43 € GP((F,B)). Then we have a complete (F, B)-projective resolution

NN R

—1
(POEBFQO) - (Pl @FQl)

P*leaFQ*l) -

L.Z:---H( -

such that Ker (ng) = (}2)4) Then we get an exact sequence (Q°,d’®) of projective objects in A with

Kerd® =Y and the following exact sequence

Ve .= ...*)p—l@FQ—lﬁp(J@FQ()&pl@FQl*)...
with Ker ° = X. By (P1), FQ*® is exact. Since (g;) : (Pig;;@) — (P“rlQé;;‘lQi“) is a morphism in (F, B),
d 0

we get that 9" is of the form 9% = ( o Fd > where ¢ : P* — FQ'! for any i. We have the exact

sequence of complexes

0—FQ*—=V*—P*—0

with P*® exact. So we get the following diagram with exact columns and rows

0 FQ° PPoFQ' ——= P ——0
Fd"° o° d°

0 FQ! PloFQ! — =Pl — >0
Fd! ol dt

0 FQ? PP FQ? —— P2 ——=0

such that Ker Fd’® = FY. Applying the snake lemma we get the following exact sequence
0 — KerFd® — Kerd° — Kerd’ — ImFd"! —Im9' — Imd' — 0,

that is,

0—>FY 2> X —ZKerd® —>ImFd' — Imd' — Imd' — 0.

~

Because the morphism Im Fd'! — Imd! is injective, it follows that 7’ is surjective. Hence Kerd" =
Coker ¢. Since Homg 5y(L*®, (g)) >~ Hompg(P*®,P) and L® is a complete projection resolution, it follows
that Homp(P®,P) is exact. Hence P*® is a complete B-projective resolution and Coker¢ € GP(B).
By (P2), Homg(P*,FQ) is exact. Similarly, since each L is a projective object in (F,B), applying

Homg s5)(L*, —) to the exact sequence

0—= (petre) —= (p20) —= () —0,
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we get the following exact sequence of complexes

0 —= Homg(P*, P & FQ) — Hom 5)(L*, (5125)) — Hom4(Q*, @) — 0.

Since L*® is a complete projective resolution, Hom g z(L°®, (f’eaQI?f))) is exact, and then Hom 4(Q°, @) is

also exact. It follows that Y € GP(A). O
As an application of Theorem 3.5, we have the following
Corollary 3.6. Let F be perfect. Then

(1) If (F,B) has finitely many isomorphism classes of indecomposable Gorenstein projective objects,

then so have A and B.

(2) If GP(B) = P(B), then (}) and (py) are ezactly all indecomposable Gorenstein projective objects in
(F, B), whereY runs over all indecomposable objects in GP(A) and P runs over all indecomposable

objects in P(B).

(3) If GP(A) = P(A), then ()O() and (FQQ) are ezactly all indecomposable Gorenstein projective ob-
jects in (F,B), where Q runs over all indecomposable objects in P(A) and X runs over all the

indecomposable objects in GP(B).

Proof. (1) Let X € GP(B) and Y € GP(A). Then by Theorem 3.5, both () and (gy) are Gorenstein
projective objects in (F,B). The assertion follows.

(2) + (3) Let (§)¢ be Gorenstein projective in (F,B). Then by Theorem 3.5, there exists an exact
sequence

0 Fy - x Coker ¢ ——= 0

in B with Coker ¢ € GP(B) and Y € GP(A).

If GP(B) = P(B), then Coker ¢ € P(BB) and the above exact sequence splits. If GP(A) = P(A), then
Y € P(A). By Lemma 3.4, we have Extgl(Coker ¢, FY) = 0. So the above exact sequence also splits.
So, in both cases, we have X = FY & Coker ¢ and (§)¢ = (F};,) @ (Cofer ¢). The assertions (2) and (3)
follow. 0

Example 3.7. Let k be a field and 7" a finite-dimensional k-algebra given by the quiver
M
1
3—2~<—4
with relation 4 = 0. Then

[ eTe erT(1—e)
T( 0 AT — e )
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where e; is the idempotent corresponding to the vertex 1. We have that ' := (1 —e1)T(1 —e1) is a

finite-dimensional k-algebra given by the quiver
3—2<—4,

and A := e1Te; is a finite-dimensional k-algebra given by the quiver
I~
{)
1
with relation v3 = 0. Take A := mod T, B := mod A and F := M ®r — with M = e;T(1 — e;). Then
(F,B) =modT. We have A\M =2 A @®p A Dp A and Mr 2 1(2)r @ I(2)r ® I(2)r. Since I is hereditary,
pd Mr < 1 and F is perfect. Since A is self-injective, each module in mod A is Gorenstein projective.

Then by Corollary 3.6, all indecomposable Gorenstein projective modules in mod T are as follows.

000
(99) (189)
™ O O
k k2 k3
A A A
0——=0~<—0, 0——=0=<—0, 0——0<=—0,
000 000 000
(169) (189) (199)
O O O
k3 kS k3
A A A
0—>k=<=—"0, 00— >hk<~—Fk, k—sk<—"0.

Example 3.8. Let k be a field and T a finite-dimensional k-algebra given by the quiver

1
B vy 2 y(m\&g

5 4

with the relation asa; = agas = ajag = 0. Then

T — (61 + e + 63)T(€1 + e + 63) (61 + e + 63)T(€4 + 64)
0 (eq4 +e5)T(eq +e5) ’

where e; is the idempotent corresponding to the vertex ¢ for any 1 < ¢ < 5. We have that ' :=

(es + e5)T(eq + e5) is a finite-dimensional k-algebra given by the quiver
5—4,

and A := (e; + es + e3)T(e1 + e2 + e3) is a finite-dimensional k-algebra given by the quiver

ay 1 Ys

72— 3
with relation asa; = azas = ajag = 0. Take A := modI', B := modA and F := M ®r — with
M = (e; + e + e3)T(es + e5). Then (F,B) = modT. We have nM = ,P(2) 5 P(2) and Mr

11
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P(5)r @ P(5)r, and so F is perfect. Notice that A is self-injective and T' is hereditary, so by Corollary

3.6, all indecomposable Gorenstein projective modules in mod T are as follows.

/N N /N

)

By Theorem 3.5, we also have the following

Corollary 3.9. If F is perfect, then GP((F,B)) = P((F, B)) if and only if GP(A) = P(A) and GP(B) =
P(B).

Proof. We first prove the necessity. Let Y be Gorenstein projective in A. Then by Theorem 3.5, (F};,) is
Gorenstein projective in (F, B). So (F};) is projective in (F, B) by assumption, and hence Y is projective
in A. Now let X be Gorenstein projective in B. Then by Theorem 3.5, ( )(J() is Gorenstein projective in
(F,B). So ()0() is projective in (F, B) by assumption, and hence X is projective in B.

We next prove the sufficiency. Let (};) 6 be Gorenstein projective in (F, B). Then we have the following
exact sequence

0—FY — X — Coker¢p —0

in B with Coker ¢ € GP(B) and Y € GP(A) by Theorem 3.5. So Coker ¢ is projective in B and Y is

projective in A by assumption, and hence X = FY & Coker ¢ and (};)4) = (F};) @ (Cofer ¢). Thus (§)¢

is projective in (F, B) by Lemma 3.1. O

Recall from [5] that a ring R is called strongly left CM-free if each Gorenstein projective module in
A M
0 T

be the upper triangular matrix ring. Then Mod T is the left comma category (M ®pr —,Mod A). If Mp

Mod R is projective. Let A and T" be arbitrary rings and M a (A,T')-bimodule, and let T :=

has finite flat dimension and y M has finite projective dimension, then the functor M ®r — is perfect. So,

as an immediate consequence of Corollary 3.9, we have the following

Corollary 3.10. Let A and T be arbitrary rings and M a (A,T)-bimodule, and let T be the upper
triangular matriz ring as above. If My has finite flat dimension and xM has finite projective dimension,

then T is strongly left CM-free if and only if so are A and T'.

The above corollary generalized [5, Theorem 4.1], where the assumption that A is left Gorenstein

regular is needed.
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4 Recollements

Definition 4.1. ([9, 13]) A recollement, denoted by (A, B,C), of abelian categories is a diagram

A » B 3 C

of abelian categories and additive functors such that
(1) (#*,44), (ix,3"), (j1,5%) and (j*, j«) are adjoint pairs.
(2) ix, 51 and j, are fully faithful.
(3) Imi, = Ker j*.

The following lemma is fundamental in this section.

Lemma 4.2. ([13, Example 2.12]) There exists the following recollement of abelian categories:

< i*

i.—— (F, B)

Y Y
it <X>¢»—>Coker¢7 i X (;) it (X) — X,

Y Y Y
Y ¥ Y, j.:Y .
Wi — <FY>’ J (X) =Y, = (0)

Definition 4.3. ([4]) Let C’, C and C” be triangulated categories. The diagram of exact functors

<~
G — A,
<7

B

where

R Jj c (4.1)

!

is a recollement of C relative to C’ and C”, if the following four conditions are satisfied.

(R1) (i*,i4), (ix,i'), (j1,5%) and (5*,j.) are adjoint pairs.

(R2) i4, ji and j, are fully faithful.

(R3) j*i, = 0.

(R4) For each object X € C, the counits and units give rise to the following distinguished triangles
i (X) = X i (X) —= i (X)),
i (X)X X X (X)) — i (X)][1],

where [1] is the shift functor.

A left recollement of C relative to C’ and C” is a diagram of exact functors consisting of the upper two

rows in the diagram (4.1) satisfying all the conditions which involve only the functors i*, i, j, j*.
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The following result is useful in the sequel.

Lemma 4.4. ([11, Section 1]) Let (4.1) be a diagram of triangulated categories. Then the following

statements are equivalent.
(1) The diagram (4.1) is a recollement.
(2) The conditions (R1), (R2) and Im i, = Ker j* are satisfied.
(3) The conditions (R1), (R2) and Im jy = Keri* are satisfied.
(4) The conditions (R1), (R2) and Im j, = Keri' are satisfied.

*

Remark 4.5. Each assertion in Lemma 4.4(2)—(4) involving only the functors i*,i.,j1,j* is equivalent

to that the upper two rows in the diagram (4.1) is a left recollement.
The following result is a generalization of [16, Theorem 3.3].

Theorem 4.6. If F is perfect, then there exists a left recollement

gP(B) A

gP((F.B) =

§*

GP(A).

Proof. We first construct the functors involved. By Theorem 3.5, we know the form of Gorenstein

projective objects in (F, B). If a morphism (§)¢ — ()Y(’/)dﬂ factors through a projective object (%) ® (FQQ),

then we have the following diagram with exact rows

0 FX —" .y Coker ¢ — 0
0 FQ FQo P P 0
0 Fx — Y oy Coker ¢/ —> 0.

Hence the functor i* in Lemma 4.2 induces a functor which we still denote by i* : GP((F, B)) — GP(B).
By Lemma 4.2, we have the functor i, given by Y — (). It is obvious a functor GP(B) — GP((F, B)).

If a morphism Y — Y in B factors through a projective object P, then (3) — (}9/) factors through a
projective object (p) in (F,B). Hence 4, induces a functor i, : GP(B) — GP((F,B)), which is fully
faithful.

By Lemma 4.2, we have the functor j, given by A — (FAA). It is a functor GP(A) — GP((F,B)) by

Theorem 3.5. If a morphism X — X’ in A factors through a projective object @, then (F);) — (F)g(/,)
factors through a projective object (FQQ) in (F,B). Hence ji induces a functor j, : GP(A) — GP((F, B)),
which is fully faithful.

By Lemma 4.2, we have the functor j* given by (if) — X. It is a functor from GP((F,B)) — GP(A)

by Theorem 3.5. If a morphism ()}f) — ()}f:) in (F, B) factors through a projective object (F%) &) (g), then
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X — X' factors through a projective object @ in A. Hence j* induces a functor j* : GP((F,B)) — GP(A).

It follows easily from [10, Chapter I, Section 2] that i.,j* constructed above are exact functors. By
Lemma 4.2, we have that both (:*,4.) and(ji, j*) are adjoint pairs. Thus ¢* and j are exact functors by
[12, Lemma 8.3].

By construction, we have Imi, C Kerj* and Kerj* = {(if) € GP((F,B)) | X € P(A)}. Let

(i) € Ker j*. By Theorem 3.5, we have the following exact sequence
0—>FX 2> Y —= Coker ¢ —= 0

in B with Coker ¢ € GP(B). Then Exty(Coker ¢, FX) = 0 by Lemma 3.4. So the above exact splits and
Y 2 FX @ Coker ¢. Thus we have

()62 o) -icse

Finally, applying Lemma 4.4(2) and Remark 4.5, we get the required left recollement. O

which implies Ker j* C Im i,.

It is natural to ask when the left recollement in Theorem 4.6 can be filled into a recollement. In the
following, we will study this question.
Recall from [3] that an abelian category B with enough projective and injective objects is called

Gorenstein if pdg Z(B) < oo and idg P(B) < oo.

Lemma 4.7. Let F be perfect. If B is Gorenstein and F preserves projectives, then F preserves Goren-

stein projectives.

Proof. Let Y € A be Gorenstein projective. Then there exists a complete A-resolution

Qi @ Qo Q0 Qo

in A such that Y 2 Imd. Since F is perfect, FQ*® is exact and FY = Ker Fd. If F preserves projectives,
then all terms in FQ® are projective in B. Let P € B be projective. Because B is Gorenstein by

assumption, we have idg P < co. So Homg(FQ*, P) is exact, and hence FY is Gorenstein projective. [
As a generalization of [16, Theorem 3.5], we have the following

Theorem 4.8. Let F be perfect. If B is Gorenstein and F preserves projectives, then there exists a

recollement
-~ ——
GP(B) e GP((F,B)) — GP(A).
<~ <—j«

Proof. By Theorem 4.6, there exists the following left recollement

GP(B) =" T _GP((F,B)) = GP(A).
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By Lemma 4.2, we have the functor i* given by ()}f) — Y. It is a functor GP((F,B)) — GP(B). If a
6 (if(’,)dﬂ in (F,B) factors through a projective object (2,) &) (FQQ) with @ projective

in A and P projective in B, then Y — Y’ factors through P & F(Q. Since F preserves projectives, we

morphism (i,()

have that FQ is projective in B, and so P @ FQ is also projective in B. Hence i' induces a functor
i' : GP((F,B)) — GP(B). By Lemma 4.2, (i.,4') is an adjoint pair.
We claim that there exists a fully faithful functor j. : GP(A) — GP((F,B)) given by X — () with

P € P(B), such that there exists an exact sequence
0—>FX 2> P> Coker¢p—> 0

in B with Coker ¢ € GP(B).
Let X € GP(A). By Lemma 4.7, FX € GP(B) and there exists an exact sequence

0—>FX 2> P> Coker¢p—= 0

in B with P € P(B) and Coker¢ € GP(B). Let g : X — X’ be a morphism in GP(B) and P’ € P(B)
such that
0—FX' 25 P/ —> Cokerd/ —= 0

is an exact sequence in B with Coker ¢’ € GP(B). Since Exty(Coker ¢, P') = 0, we have the following
diagram with exact rows

0—>FX "~ P > Cokerg —=0
iFg o

Y Y Y

0 —FX — P’ — Coker ¢/ — 0.
If there exists a morphism f’ : P — P’ such that f'¢ = ¢'Fg, then f’' — f factors through Coker ¢. Since
Coker ¢ € GP(B), we have a monomorphism p : Coker ¢p — P with P projective in B. Then we easily see
that (ch) - (J?,) factors through the projective object (%) in (F,B) and hence (;Z) = (j?/) in GP((F,B)).
Note that if we take g = idx, this also proves that the object ()15) € GP((F,B)) is independent of the
choice of P. Thus we get a functor j, : GP(B) — GP((F,B)).

Assume that g : X — X’ in A factors through a projective object Q with ¢ = gog;. Since FQ is
projective in B by assumption, it is injective in GP(B), therefore there exists a morphism « : P — F(Q such
that Fg; = a¢. Since (f —¢'Fgaa)¢ = 0, there exists f : Coker ¢ — P’ such that (f—¢'Fgoar) = fr. Let
n : Coker ¢ — P; be a monomorphism with P; € P(B). Then we get 8 : P, — P’ such that f = 7. Thus
(JZ) factors through the projective object (FQQ) &) (121) in (F, B) with (J'i) = ((¢’F(‘];2,B)) ((j{)) Therefore j.,
induces a functor j, : GP(B) — GP((F, B)) which given by X — ()Iﬁ) and g — (?) If (3{) factors through

a projective object (g) & (FQQ) in (F, B), then g factors through the projective object Q. Thus j, is fully
faithful. The claim is proved.
Let (?) : ();) — ()1(3/) be a morphism in GP((F, B)). By Theorem 3.5, there exists an exact sequence

0—>FX' 2~ P> Coker ¢ —= 0
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in B with P projective and Coker ¢ € GP(B). Then (?) factors through the projective object (12,) @ (FQQ)
in (F,B) if and only if g : X — X' factors through the projective object @ in A. It follows that the

isomorphism
X X'
Homgp(a) (X, X') = HomgP((F,B))((Y>v (P))

is natural in both variables and (j*, j.) is an adjoint pair.

Finally, applying Lemma 4.4, we get the required recollement. O
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