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Abstract

We introduce the notion of quasi-resolving subcategories in a triangulated category with
a proper class of triangles. We provide some criteria for computing the resolution dimension
of objects relative to a quasi-resolving subcategory. We also provide a method to construct
quasi-resolving subcategories from given ones.

1 Introduction

In analogy to relative homological algebra in abelian categories, Beligiannis [5] introduced a

relative version of homological algebra in a triangulated category by introducing the notion of

proper classes of triangles. This theory has been studied widely, see [1, 2, 7, 8, 10, 11, 14–17]

and references therein.

Resolving subcategories and resolution dimensions play an important role in the study of

the relative homological theory in abelian categories and triangulated categories. In abelian

categories, resolving subcategories and resolution dimensions are closely related to tilting theory

(see [4]) and some homological conjectures (see [9]). In triangulated categories, Ma, Zhao and

Huang [11] introduced the notions of (pre)resolving subcategories and homological dimensions

relative to these subcategories, which give a parallel theory analogy to that of abelian cate-

gories in [9]. Then, Ma and Zhao [10] studied the properties of resolving subcategories and

relative homological dimensions in triangulated categories relative to a resolving subcategory,

and obtained the Auslander–Buchweitz approximation theory relative to resolving subcategories

in triangulated categories, which gives a parallel theory analogy to that of abelian categories in

[3, 18]. On the other hand, Zhu [19] introduced the notion of quasi-resolving subcategories in an

abelian category and generalized some results about resolving subcategories to quasi-resolving

subcategories [18].

In this paper, we devote to studying further properties of quasi-resolving subcategories and

relative homological dimensions relative to a quasi-resolving subcategory in triangulated cate-

gories.

The paper is organized as follows. In Section 2, we give some terminology and some pre-

liminary results. In Section 3, we introduce the notion of quasi-resolving subcategories of a

triangulated category, and prove the following result. Let T be a triangulated category with
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enough ξ-projective and ξ-injective objects, where ξ is a proper class of triangles in T . If X is

a quasi-resolving subcategory of T and

0 // B // Xn
// Xn−1

// · · · // X2
// X1

//M // 0

is a ξ-exact complex with all Xi ∈ X , then there exists a ξ-exact complex

0 // B // X // Pn−1
// · · · // P2

// P1
//M // 0

with X ∈ X and all Pi ∈ PX (Theorem 3.7). In Section 4, we study resolution dimensions

relative to quasi-resolving subcategories and obtain Auslander-Buchweitz approximation trian-

gles for objects having finite quasi-resolving resolution dimension (Proposition 4.9). We provide

some criteria for computing the resolution dimension of objects relative to a quasi-resolving sub-

category (Theorem 4.12). In Section 5, given a quasi-resolving subcategory X of T , we construct

a new quasi-resolving subcategory GPXX (ξ) with a ξxt-injective ξ-cogenerator X ∩ ⊥X . Then

combining with Theorem 4.12, we obtain a generalization of [10, Proposition 5.5].

2 Preliminaries

Let T be an additive category and Σ : T → T an additive functor. All subcategories involved

are full, additive and closed under isomorphisms. One defines the category Diag(T ,Σ) as follows:

� An object of Diag(T ,Σ) is a diagram in T of the form

X
u // Y

v // Z
w // ΣX.

� A morphism in Diag(T ,Σ) between

Xi
ui // Yi

vi // Zi
wi // ΣXi

with i = 1, 2 is a triple (α, β, γ) of morphisms in T such that the following diagram

X1
u1 //

α
��

Y1
v1 //

β��

Z1
w1 //

γ
��

ΣX1

Σα��
X2

u2 // Y2
v2 // Z2

w2 // ΣX2

commutes.

Recall that a triangulated category is a triple (T ,Σ,∆), where T is an additive category and

Σ : T → T is an autoequivalence of T (called the suspension functor) and ∆ is a full subcategory

of Diag(T ,Σ) which is closed under isomorphisms and satisfies the axioms (T1)–(T4) in [5,

Section 2.1] (also see [13]), where the axioms (T4) is called the octahedral axiom. The elements

in ∆ are called triangles.

The following result is well known, which is useful in studying the properties of triangulated

categories.

Proposition 2.1. ([5, Proposition 2.1]) Let T be an additive category and Σ : T → T an

autoequivalence of T , and let ∆ be a full subcategory of Diag(T ,Σ) which is closed under iso-

morphisms. Suppose that the triple (T ,Σ,∆) satisfies all the axioms of a triangulated category

except possibly the octahedral axiom. Then the following statements are equivalent.
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(1) Octahedral axiom. For any two morphisms u : X // Y and v : Y // Z, there exists

a commutative diagram

X
u //

∥
��

Y
u′
//

v
��

Z ′ u′′
//

α
��

ΣX

∥
��

X
vu //

u
��

Z
w //

∥
��

Y ′ w′
//

β
��

ΣX

Σu
��

Y
v //

��

Z
v′ //

0
��

X ′ v′′ //

(Σu′)v′′
��

ΣY

��
0 // ΣZ ′ = // ΣZ ′ // 0,

in which all rows and the third column are triangles in ∆.

(2) Base change. For any triangle

X
u // Y

v // Z
w // ΣX

in ∆ and any morphism α : Z ′ // Z, there exists the following commutative diagram

0 //

��

X ′ = //

β′
��

X ′ //

β
��

0

��
X

u′
//

∥
��

Y ′ v′ //

α′
��

Z ′ w′
//

α
��

ΣX

∥
��

X
u //

��

Y
v //

γ′
��

Z
w //

γ
��

ΣX

��
0 // ΣX ′ = // ΣX ′ // 0,

in which all rows and columns are triangles in ∆.

(3) Cobase change. For any triangle

X
u // Y

v // Z
w // ΣX

in ∆ and any morphism β : X // X ′, there exists the following commutative diagram

0 //

��

Σ−1Z ′ = //

−Σ−1γ
��

Σ−1Z ′ //

−Σ−1γ′
��

0

��
Σ−1Z

−Σ−1w //

∥ ��

X
u //

β
��

Y
v //

β′
��

Z

∥
��

Σ−1Z
−Σ−1w′

//

��

X ′ u′
//

α
��

Y ′ v′ //

α′
��

Z

��
0 // Z ′ = // Z ′ // 0,

in which all rows and columns are triangles in ∆.

In the following, T = (T ,Σ,∆) is a triangulated category.

Definition 2.2. ([5]) A triangle

X
u // Y

v // Z
w // ΣX

is called split if it is isomorphic to the triangle

X
(10) // X ⊕ Z

(0, 1) // Z
0 // ΣX.
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We use ∆0 to denote the full subcategory of ∆ consisting of all split triangles.

Definition 2.3. ([5]) Let ξ be a class of triangles in T .

(1) ξ is said to be closed under base change (resp. cobase change) if for any triangle

X
u // Y

v // Z
w // ΣX

in ξ and any morphism α : Z ′ // Z (resp. β : X // X ′ ) as in Proposition 2.1(2) (resp.

Proposition 2.1(3)), the triangle

X
u′
// Y ′ v′ // Z ′ w′

// ΣX (resp. X ′ u′
// Y ′ v′ // Z

w′
// ΣX ′ )

is in ξ.

(2) ξ is said to be closed under suspension if for any triangle

X
u // Y

v // Z
w // ΣX

in ξ and any i ∈ Z (the set of all integers), the triangle

ΣiX
(−1)iΣiu // ΣiY

(−1)iΣiv // ΣiZ
(−1)iΣiw// Σi+1X

is in ξ.

(3) ξ is called saturated if in the situation of base change as in Proposition 2.1(2), whenever

the third vertical and the second horizontal triangles are in ξ, then the triangle

X
u // Y

v // Z
w // ΣX

is in ξ.

Definition 2.4. ([5]) A class ξ of triangles in T is called proper if the following conditions are

satisfied.

(1) ξ is closed under isomorphisms, finite coproducts and ∆0 ⊆ ξ.

(2) ξ is closed under suspensions and is saturated.

(3) ξ is closed under base and cobase change.

In the following, assume that ξ is a proper class of triangles in T .

Definition 2.5. ([5, Definition 2.4] and [12, Definition 8]) Let

X
u // Y

v // Z
w // ΣX

be a triangle in ξ. Then the morphism u (resp. v) is called ξ-proper monic (resp. ξ-proper epic),

and u (resp. v) is called the hokernel of v (resp. the hocokernel of u).

We use Hoker v to denote the hokernel of v : Y → Z, and use Hocoku to denote the

hocokernel of u : X → Y .

Let X be a subcategory of T , and let

X // Y // Z // ΣX

be a triangle in ξ. We say that X is closed under ξ-extensions provided Y ∈ X whenever X,

Z ∈ X . We say that X is closed under hokernels of ξ-proper epimorphisms (resp. hocokernels

of ξ-proper monomorphisms) provided X ∈ X (resp. Z ∈ X ) whenever Y , Z ∈ X (resp. X,

Y ∈ X ).
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Definition 2.6. ([5]) An object P (resp. I) in T is called ξ-projective (resp. ξ-injective) if for

any triangle

X // Y // Z // ΣX

in ξ, the induced complex

0 // HomT (P,X) // HomT (P, Y ) // HomT (P,Z) // 0

(resp. 0 // HomT (Z, I) // HomT (Y, I) // HomT (X, I) // 0)

is exact. We use P(ξ) (resp. I(ξ)) to denote the full subcategory of T consisting of ξ-projective

(resp. ξ-injective) objects.

We say that T has enough ξ-projective objects if for any M ∈ T , there exists a triangle

K // P //M // ΣK

in ξ with P ∈ P(ξ). Dually, we say that T has enough ξ-injective objects if for any M ∈ T ,

there exists a triangle

M // I // K // ΣM

in ξ with I ∈ I(ξ).

Remark 2.7. ([10, Remark 2.7]) P(ξ) is closed under direct summands, hokernels of ξ-proper

epimorphisms and ξ-extensions. Dually, I(ξ) is closed under direct summands, hocokernels of

ξ-proper monomorphisms and ξ-extensions.

Definition 2.8. Let E be a subcategory of T .

(1) A triangle

X // Y // Z // ΣX

in ξ is called HomT (E ,−)-exact (resp. HomT (−, E)-exact) if for any E ∈ E , the induced

complex

0 // HomT (E,X) // HomT (E, Y ) // HomT (E,Z) // 0

(resp. 0 // HomT (Z,E) // HomT (Y,E) // HomT (X,E) // 0)

is exact.

(2) ([1]) A ξ-exact complex is a complex

· · · // Xn+1
dn+1// Xn

dn // Xn−1
// · · · (2.1)

in T such that for any n ∈ Z, there exists a triangle

Kn+1
gn // Xn

fn // Kn
hn // ΣKn+1 (2.2)

in ξ and the differential dn is defined as dn = gn−1fn. A ξ-exact complex as (2.1) is called

HomT (E ,−)-exact (resp. HomT (−, E)-exact) if the triangle (2.2) is HomT (E ,−)-exact

(resp. HomT (−, E)-exact) for any n ∈ Z.
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From now on, assume that T is a triangulated category with enough ξ-projective and ξ-

injective objects.

Let M be an object in T . Beligiannis [5] defined the ξ-extension groups ξxtnξ (−,M) to be

the nth right ξ-derived functor of the functor HomT (−,M), that is

ξxtnξ (−,M) := Rn
ξ HomT (−,M).

Remark 2.9. ([10, Remark 2.10]) Let

X // Y // Z // ΣX

be a triangle in ξ. By [5, Corollary 4.12], there exists a long exact sequence

0 // ξxt0ξ(Z,M) // ξxt0ξ(Y,M) // ξxt0ξ(X,M) //

ξxt1ξ(Z,M) // ξxt1ξ(Y,M) // ξxt1ξ(X,M) // · · ·

of “ξxt” functors. For an object N ∈ T , there exists a long exact sequence

0 // ξxt0ξ(N,X) // ξxt0ξ(N,Y ) // ξxt0ξ(N,Z) //

ξxt1ξ(N,X) // ξxt1ξ(N,Y ) // ξxt1ξ(N,Z) // · · ·

of “ξxt” functors.

Following Remark 2.9, we usually use the strategy of “dimension shifting” which is an im-

portant tool in relative homological theory of triangulated categories. We write

X⊥ := {M ∈ T | ξxtiξ(X,M) = 0 for all X ∈ X and i ≥ 1},
⊥X := {M ∈ T | ξxtiξ(M,X) = 0 for all X ∈ X and i ≥ 1}.

For two subcategories H and X of T , we say H ⊥ X if H ⊆ ⊥X (equivalently, X ⊆ H⊥).

Taking E = P(ξ) in [11, Definition 3.1], we have the following definition.

Definition 2.10. (cf. [11, Definition 3.1]) Let H ⊆ X be two subcategories of T . Then H is

called a ξ-generator of X if for any X ∈ X , there exists a triangle

Z // H // X // ΣZ

in ξ with H ∈ H and Z ∈ X . Dually, H is called a ξ-cogenerator of X if for any X ∈ X , there

exists a triangle

X // H // Z // ΣX

in ξ with H ∈ H and Z ∈ X . In particular, a ξ-cogenerator H is called ξxt-injective if X ⊥ H.

We need the following observation in the sequel.

Lemma 2.11. (1) Given a commutative diagram

0 //

��

Z ′ = //

��

Z ′ //

��

0

��
Σ−1Z //

∥
��

X ′ //

��

Y ′ //

��

Z

∥
��

Σ−1Z //

��

X //

��

Y //

��

Z

��
0 // ΣZ ′ = // ΣZ ′ // 0,
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in which all rows and columns are triangles in ∆.

(a) If the third vertical triangle and the triangle

X // Y // Z // ΣX

are in ξ, then so are the second vertical triangle and the triangle

X ′ // Y ′ // Z // ΣX ′.

(b) If the second vertical triangle and the triangle

X ′ // Y ′ // Z // ΣX ′

are in ξ, then so are the third vertical triangle and the triangle

X // Y // Z // ΣX.

(2) Given a commutative diagram

0 //

��

Σ−1Z ′ = //

��

Σ−1Z ′ //

��

0

��
X //

∥
��

X ′ //

��

Y ′ //

��

ΣX

∥
��

X //

��

Y //

��

Z //

��

ΣX

��
0 // Z ′ = // Z ′ // 0,

in which all rows and columns are triangles in ∆.

(a) If the second horizontal triangle and the triangle

X ′ // Y // Z ′ // ΣX ′

are in ξ, then so are the third horizontal triangle and the triangle

Y ′ // Z // Z ′ // ΣY ′.

(b) If the third horizontal triangle and the triangle

Y ′ // Z // Z ′ // ΣY ′

are in ξ, then so is the second horizontal triangle and the triangle

X ′ // Y // Z ′ // ΣX ′.

Proof. The assertion (1) follows from [15, Propositions 2.4 and 2.7], and the assertion (2) is a

dual of (1).
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3 Quasi-resolving subcategories

Let X be a subcategory of T and M ∈ T . By an X -resolution of M we mean a ξ-exact

complex

· · · // X2
// X1

// X0
//M // 0

with all Xi ∈ X . We write

res∗(X ) :={M ∈ T | M has an X -resolution}.

PX :=X ∩ P(ξ).

Now, we introduce the notion of quasi-resolving subcategory in a triangulated category, which

is an analogue of that in [19].

Definition 3.1. A subcategory X of T is called quasi-resolving if the following conditions are

satisfied.

(1) X is closed under hokernels of ξ-proper epimorphisms.

(2) X is closed under ξ-extensions.

(3) X ⊆ res∗ (PX ).

In fact, a quasi-resolving subcategory X is called a P(ξ)-resolving subcategory in the sense

of [11, Definition 3.2].

Remark 3.2. If X is closed under hokernels of ξ-proper epimorphisms and closed under ξ-

extensions, then so is PX by Remark 2.7. Moreover, PX is quasi-resolving. In general, PX is

not resolving in the sense of [10, Definition 2.12]. In fact, if PX is resolving in the sense of [10,

Definition 2.12], then P(ξ) ⊆ PX ⊆ X , and thus X is resolving. If T has enough projectives

and P(ξ) ⊆ X , then X is a resolving subcategory of T , and res∗ (PX ) = T . So each resolving

subcategory of T is quasi-resolving, and hence

{resolving subcategories} ⊊ {quasi-resolving subcategories}.

Proposition 3.3. Let C ⊆ P(ξ) be a subcategory of T closed under hokernels of ξ-proper

epimorphisms and closed under ξ-extensions. Then res∗(C) is quasi-resolving and closed under

hocokernels of ξ-proper monomorphisms.

Proof. Since C ⊆ P(ξ) ∩ res∗(C) = Pres∗(C), we have

res∗(C) ⊆ res∗
(
Pres∗(C)

)
.

Let

M1
//M2

//M3
// ΣM1

be a triangle in ξ.

Claim 1. If M1,M3 ∈ res∗(C), then M2 ∈ res∗(C).
By assumption, we have the following ξ-exact complexes

· · · // CM1
n

// CM1
n−1

// · · · // CM1
1

// CM1
0

//M1
// 0

and

· · · // CM3
n

// CM3
n−1

// · · · // CM3
1

// CM3
0

//M3
// 0
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with all CM1
i , CM3

i ∈ C(⊆ P(ξ)). By using an argument similar to that in the proof of [5,

Proposition 4.11], we consider the following commutative diagram

...

��

...

��

...

��

...

��
CM1
0

(10) //

��

CM1
0 ⊕ CM3

0

(0, 1)//

��

CM3
0

0 //

��

ΣCM1
0

��
M1

//M2
//M3

// ΣM1

then we get the following ξ-exact complex

· · · // CM1
n ⊕ CM3

n
// CM1

n−1 ⊕ CM3
n−1

// · · · // CM1
0 ⊕ CM3

0
//M2

// 0

in T . Thus M2 ∈ res∗(C).
Claim 2. If M2,M3 ∈ res∗(C), then M1 ∈ res∗(C).
By assumption, we have the following ξ-exact complexes

· · · // CM2
n

// CM2
n−1

// · · · // CM2
1

// CM2
0

//M2
// 0

and

· · · // CM3
n

// CM3
n−1

// · · · // CM3
1

// CM3
0

//M3
// 0

with all CM2
i , CM3

i ∈ C(⊆ P(ξ)). By [11, Theorem 3.7], we get a ξ-exact complex

· · · // CM3
n ⊕ CM2

n−1
// CM3

n−1 ⊕ CM2
n−2

// · · · // CM3
2 ⊕ CM2

1
// K //M1

// 0

and a triangle

K // CM3
1 ⊕ CM2

0
// CM3

0
// ΣK

in ξ, it follows that K ∈ C by assumption. Thus M1 ∈ res∗(C).
Claim 3. If M1,M2 ∈ res∗(C), then M3 ∈ res∗(C).
By assumption, we have the following ξ-exact complexes

· · · // CM1
n

// CM1
n−1

// · · · // CM1
1

// CM1
0

//M1
// 0

and

· · · // CM2
n

// CM2
n−1

// · · · // CM2
1

// CM2
0

//M2
// 0

with all CM1
i , CM2

i ∈ C(⊆ P(ξ)). By [11, Theorem 3.8], we have the following ξ-exact complex

· · · // CM2
n ⊕ CM1

n−1
// · · · // CM2

2 ⊕ CM1
1

// CM2
1 ⊕ CM1

0
// CM2

0
//M3

// 0

in T . Thus M3 ∈ res∗(C).

By Remark 3.2 and Proposition 3.3, we immediately have the following corollary.

Corollary 3.4. Let X be a subcategory of T closed under hokernels of ξ-proper epimorphisms

and closed under ξ-extensions. Then res∗(PX ) is quasi-resolving and closed under hocokernels

of ξ-proper monomorphisms.
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Proposition 3.5. If X is a quasi-resolving subcategory of T , then res∗(X ) = res∗ (PX ).

Proof. Clearly, res∗(X ) ⊇ res∗(PX ).

Conversely, let M ∈ res∗(X ). Then there exists the following ξ-exact complex

· · · // X2
// X1

// X0
//M // 0.

Consider the triangle

K0
// X0

//M // ΣK0

in ξ. Since X is quasi-resolving, there exists a triangle

L0
// P0

// X0
// ΣL0

in ξ with P0 ∈ PX and L0 ∈ X . Applying base change to the triangle

Σ−1M // K0
// X0

//M

along the morphism P0
// X0 yields the following commutative diagram

0 //

��

L0
= //

��

L0
//

��

0

��
Σ−1M //

∥
��

W0
//

��

P0
//

��

M

∥
��

Σ−1M //

��

K0
//

��

X0
//

��

M

��
0 // ΣL0

= // ΣL0
// 0.

By Lemma 2.11, we get the following triangles

L0
//W0

// K0
// ΣL0 (3.1)

and

W0
// P0

//M // ΣW0

in ξ. Consider the triangle

K1
// X1

// K0
// ΣK1

in ξ. Applying base change to the triangle (3.1) along the morphism X1
// K0 yields the

following commutative diagram

0 //

��

K1
= //

��

K1
//

��

0

��
L0

//

∥
��

U //

��

X1
//

��

ΣL0

∥
��

L0
//

��

W0
//

��

K0
//

��

ΣL0

��
0 // ΣK1

= // ΣK1
// 0,

in which the second horizontal triangle is in ξ. Since L0, X1 ∈ X , we have U ∈ X . Since

K1 ∈ res∗(X ), we have W0 ∈ res∗(X ).
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Repeating this process for W0, we get a triangle

W1
// P1

//W0
// ΣW1

in ξ with P1 ∈ PX and W1 ∈ res∗(X ). Continuing these steps, we obtain a ξ-exact complex

· · · // Pn
// Pn−1

// · · · // P1
// P0

//M // 0

with all Pi ∈ PX . Thus M ∈ res∗ (PX ) and res∗(X ) ⊆ res∗(PX ). The proof is finished.

Corollary 3.6. If X is quasi-resolving in T , then so is res∗(X ). Moreover, res∗(X ) is closed

under hocokernels of ξ-proper monomorphisms.

Proof. It follows from Corollary 3.4 and Proposition 3.5.

Theorem 3.7. Let X be a quasi-resolving subcategory of T and let

0 // B // Xn
// Xn−1

// · · · // X2
// X1

//M // 0

be a ξ-exact complex with all Xi ∈ X . Then the following assertions hold.

(1) There exists a ξ-exact complex

0 // B // X // Pn−1
// · · · // P2

// P1
//M // 0

with X ∈ X and all Pi ∈ PX .

(2) If X has a ξ-cogenerator H, then it holds that

(i) There exists a ξ-exact complex

0 → B → Hn−1 → · · · → H2 → H1 → X → M → 0

with X ∈ X and all Hi ∈ H.

(ii) For any 1 ≤ i ≤ n, there exists a ξ-exact complex

0 // B // Hn
// · · · // Hi+1

// X // Pi−1
// · · · // P1

//M // 0

with X ∈ X , all Hj ∈ H (i+ 1 ≤ j ≤ n) and all Pt ∈ PX (1 ≤ t ≤ i− 1).

(iii) There exist a ξ-exact complex

0 // B // Hn
// · · · // H2

// H1
//W // 0

with all Hi ∈ H and a triangle

M //W // X // ΣM

in ξ with X ∈ X .

(3) If X has a ξ-cogenerator H and B ∈ X , then

(i) There exists a ξ-exact complex

0 // Hn
// Hn−1

// · · · // H2
// H1

// X //M // 0

with X ∈ X and all Hi ∈ H.
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(ii) For any 1 ≤ i ≤ n, there exists a ξ-exact complex

0 // Hn+1
// Hn

// · · · // Hi+1
// X // Pi−1

// · · · // P1
//M // 0

with X ∈ X , all Hj ∈ H (i+ 1 ≤ j ≤ n+ 1) and all Pt ∈ PX (1 ≤ t ≤ i− 1).

(iii) There exist a ξ-exact complex

0 // Hn+1
// Hn

// · · · // H2
// H1

//W // 0

with all Hi ∈ H and a triangle

M //W // X // ΣM

in ξ with X ∈ X .

Proof. (1) We proceed by induction on n. The case for n = 1 is true clearly. Following [11,

Proposition 3.3], the case for n = 2 is true. Now suppose n > 2. By assumption, we get the

following triangle

B // Xn
// K // ΣB

in ξ and the following ξ-exact complex

0 // K // Xn−1
// Xn−2

// · · · // X1
//M // 0. (3.2)

By the inductive hypothesis, we obtain from (3.2) the following ξ-exact complex

0 // K // X ′ // Pn−2
// · · · // P1

//M // 0

with X ′ ∈ X and all Pi ∈ PX . This yields a ξ-exact complex

0 // B // Xn
// X ′ // Pn−2

// · · · // P1
//M // 0.

Consider the following ξ-exact complexes

0 // B // Xn
// X ′ // L // 0 (3.3)

and

0 // L // Pn−2
// · · · // P1

//M // 0. (3.4)

From the ξ-exact complex (3.3), we get the following ξ-exact complex

0 // B // X // Pn−1
// L // 0 (3.5)

with X ∈ X and Pn−1 ∈ PX . Now splicing (3.4) and (3.5) yields the desired ξ-exact complex.

(2) (i) It is a dual of (1).

(ii) By assumption, we get the following ξ-exact complexes

0 // B // Xn
// Xn−1

// · · · // Xi+1
// Ki

// 0 (3.6)

and

0 // Ki
// Xi

// Xi−1
// · · · // X1

//M // 0. (3.7)
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Applying the assertions (2)(i) and (1) to the ξ-exact complexes (3.6) and (3.7) respectively, we

get the following ξ-exact complexes

0 // B // Hn
// · · · // Hi+2

// Y2 // Ki
// 0,

0 // Ki
// Y1 // Pi−1

// · · · // P1
//M // 0

with Y1, Y2 ∈ X , all Hj ∈ H and all Pt ∈ PX . It induces the following ξ-exact complex

0 // B // Hn
// · · · // Hi+2

// Y2 // Y1 // Pi−1
// · · · // P1

//M // 0.

Consider the following ξ-exact complexes

0 // B // Hn
// · · · // Hi+2

// T2
// 0, (3.8)

0 // T2
// Y2 // Y1 // T1

// 0, (3.9)

0 // T1
// Pi−1

// · · · // P1
//M // 0. (3.10)

Applying the assertion (2)(i) to (3.9) yields the following ξ-exact complex

0 // T2
// Hi+1

// X // T1
// 0 (3.11)

with Hi+1 ∈ H and X ∈ X . Now splicing (3.8), (3.11) and (3.10) yields the desired ξ-exact

complex.

(iii) By (2)(i), we get the following ξ-exact complex

0 // B // Hn
// · · · // H2

// X ′ //M // 0

with X ′ ∈ X and all Hi ∈ H. Consider the following ξ-exact complex

0 // B // Hn
// · · · // H2

// K // 0

and the triangle

K // X ′ //M // ΣK

in ξ. For X ′ ∈ X , there exists a triangle

X ′ // H1
// X // ΣX ′

in ξ with H1 ∈ H and X ∈ X . Applying cobase change for the triangle

X ′ //M // ΣK // ΣX ′

along the morphism X ′ // H1 yields the following commutative diagram

0 //

��

Σ−1X
= //

��

Σ−1X //

��

0

��
K //

∥
��

X ′ //

��

M //

��

ΣK

∥
��

K //

��

H1
//

��

W //

��

ΣK

��
0 // X

= // X // 0.
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By Lemma 2.11, the triangles

K // H1
//W // ΣK

and

M //W // X // ΣM

are in ξ. Thus we get the desired ξ-exact complex and the desired triangle.

(3) (i) We proceed by induction on n. When n = 1, since B ∈ X , there exists a triangle

B // H // X ′ // ΣB

in ξ with H ∈ H and X ′ ∈ X . Applying cobase change for the triangle B // X1
//M // ΣB

along the morphism B // H yields the following commutative diagram

0 //

��

Σ−1X ′ = //

��

Σ−1X ′ //

��

0

��
Σ−1M //

∥
��

B //

��

X1
//

��

M

∥
��

Σ−1M //

��

H //

��

X //

��

M

��
0 // X ′ = // X ′ // 0.

It follows that the triangles

X1
// X // X ′ // ΣX1

and

H // X //M // ΣH (3.12)

are in ξ. Since X is closed under ξ-extensions, we have X ∈ X . Then the triangle (3.12) is as

desired.

Now suppose n ≥ 2. Consider the ξ-exact complex

0 // B // Xn
// · · · // X2

// K1
// 0

and the triangle

K1
// X1

//M // ΣK1

in ξ. By the induction hypothesis, we get a ξ-exact complex

0 // Hn
// Hn−1

// · · · // H2
// X ′

2
// K1

// 0.

Then we get the following ξ-exact complex

0 // Hn
// Hn−1

// · · · // H2
// X ′

2
// X1

//M // 0.

Consider the ξ-exact complexes

0 // Hn
// Hn−1

// · · · // H2
// K // 0.

and

0 // K // X ′
2

// X1
//M // 0 . (3.13)
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Applying (2)(i) to the ξ-exact complex (3.13) yields the following ξ-exact complex

0 // K // H1
// X //M // 0.

with H1 ∈ H and X ∈ X . Then we get the desired ξ-exact complex

0 // Hn
// Hn−1

// · · · // H2
// H1

// X //M // 0.

The proofs of 3(ii) and 3(iii) are similar to that of (2)(ii) and (2)(iii), respectively.

Theorem 3.8. Let X be a quasi-resolving subcategory of T and let

0 // B // Xn
// Xn−1

// · · · // X2
// X1

//M // 0

be a ξ-exact complex with all Xi ∈ X . Then the following assertions hold.

(1) There exist a ξ-exact complex

0 // L // Pn
// · · · // P2

// P1
//M // 0

with all Pi ∈ PX and a triangle

X // L // B // ΣX

in ξ with X ∈ X .

(2) If M ∈ X , then

(i) There is a ξ-exact complex

0 // B // X // Pn
// · · · // P2

// P1
// 0

with X ∈ X and all Pi ∈ PX .

(ii) There are a ξ-exact complex

0 // T // Pn+1
// Pn

// · · · // P2
// P1

// 0

with all Pi ∈ PX and a triangle

X // T // B // ΣX

in ξ with X ∈ X .

Proof. (1) It is dual to Theorem 3.7(2)(iii).

(2) The assertions (i) and (ii) are dual to Theorem 3.7(3)(i) and (3)(iii), respectively.

4 Resolution dimensions relative to quasi-resolving subcategories

We first recall the following definition.

Definition 4.1. ([10, Definition 4.1]) Let X be a subcategory of T and M ∈ T . The X -

resolution dimension X -res.dimM of M is defined by

X - res.dimM = inf{n ≥ 0 | there exists a ξ-exact complex

0 // Xn
// · · · // X1

// X0
//M // 0 in T with all Xi ∈ X}.

For a ξ-exact complex

· · ·
fn+1// Xn

// · · · f2 // X1
f1 // X0

f0 //M // 0

with all Xi ∈ X , the Hoker fn−1 is called an nth ξ-X -syzygy of M , denoted by Ωn
X (M).
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In case for X = P(ξ), we write ξ- pdM := X - res.dimM and Ωn(M) := Ωn
P(ξ)(M). We use

X̂ to denote the full subcategory of T whose objects have finite X -resolution dimension.

Lemma 4.2. Let X be a quasi-resolving subcategory of T and M ∈ res∗(X ). If

0 // Xn
// · · · // X1

// X0
//M // 0

and

0 // Yn // · · · // Y1 // Y0 //M // 0

are ξ-exact complexes with all Xi, Yi ∈ X for any 0 ≤ i ≤ n − 1, then Xn ∈ X if and only if

Yn ∈ X .

Proof. By Proposition 3.5, we have M ∈ res∗(PX ). Then there exists a ξ-exact complex

· · · // Pn
//

��

Pn−1
// · · · // P1

// P0
//M // 0

Kn

??

with all Pi ∈ PX . Consider the following triangles

K
′
1

// X0
//M // ΣK

′
1,

K
′′
1

// Y0 //M // ΣK
′′
1

in ξ. By using an argument similar to that in the proof of [5, Proposition 4.11], we get the

following two ξ-exact complexes

0 // Kn
// Xn ⊕ Pn−1

// Xn−1 ⊕ Pn−2
// · · · // X2 ⊕ P1

// X1 ⊕ P0
// X0

// 0,

0 // Kn
// Yn ⊕ Pn−1

// Yn−1 ⊕ Pn−2
// · · · // Y2 ⊕ P1

// Y1 ⊕ P0
// Y0 // 0.

Set

X := Hoker(Xn−1 ⊕ Pn−2 → Xn−2 ⊕ Pn−3)

and

Y := Hoker(Yn−1 ⊕ Pn−2 → Yn−2 ⊕ Pn−3).

Since X is quasi-resolving, we have that X and Y are in X . Consider the following triangles

Kn
// Xn ⊕ Pn−1

// X // ΣKn

and

Kn
// Yn ⊕ Pn−1

// Y // ΣKn

in ξ, we have that Xn ⊕ Pn−1 ∈ X if and only if Kn ∈ X , and if and only if Yn ⊕ Pn−1 ∈ X .

On the other hand, from the following triangles

Xn
// Xn ⊕ Pn−1

// Pn−1
0 // ΣXn and Yn // Yn ⊕ Pn−1

// Pn−1
0 // ΣYn

in ξ, we get that Xn ∈ X if and only if Xn ⊕ Pn−1 ∈ X , and that Yn ∈ X if and only if

Yn ⊕ Pn−1 ∈ X . Thus Xn ∈ X if and only if Yn ∈ X .
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By Lemma 4.2, we have the following result.

Proposition 4.3. Let X be a quasi-resolving subcategory of T and M ∈ T . Then for any

m ≥ 0, the following statements are equivalent.

(1) X - res.dimM ≤ m.

(2) Ωn
PX

(M) ∈ X for any n ≥ m.

(3) Ωn
X (M) ∈ X for any n ≥ m.

Let A // B // C // ΣA be a triangle in ξ. The following comparison proposition shows

that the resolution dimensions of any two terms may induce an upper bound for that of the

third term.

Proposition 4.4. Let X be a quasi-resolving subcategory of T , and let

A // B // C // ΣA

be a triangle in ξ. It holds that

(1) X -res.dimB ≤ max{X - res.dimA,X - res.dimC}.
(2) X -res.dimA ≤ max{X - res.dimB,X - res.dimC − 1}.
(3) X -res.dimC ≤ max{X - res.dimA+ 1,X - res.dimB}.

Proof. For any M ∈ T , if X -res.dimM = m, then there exists a ξ-exact complex

0 // PM
m

// PM
m−1

// · · · // PM
1

// PM
0

//M // 0

in T with PM
i ∈ PX for any 0 ≤ i ≤ m− 1 and PM

m ∈ X by Proposition 4.3.

(1) Assume X -res.dimA = m and X - res.dimC = n. Without loss of generality, we assume

m ≤ n, then we may assume PA
i = 0 for any i > m. By using an argument similar to that in

the proof of [5, Proposition 4.11], we get the following ξ-exact complex

0 // PA
n ⊕ PC

n
// PA

n−1 ⊕ PC
n−1

// · · · // PA
0 ⊕ PC

0
// B // 0

in T , and thus X -res.dimB ≤ n.

(2) Assume X -res.dimB = m and X -res.dimC = n. Without loss of generality, we assume

m ≤ n − 1, then we may assume PB
i = 0 for any i > m. By [11, Theorem 3.7], we have the

following ξ-exact complex

0 // PC
n ⊕ PB

n−1
// PC

n−1 ⊕ PB
n−2

// · · · // PC
2 ⊕ PB

1
// K // A // 0

and the following triangle

K // PC
1 ⊕ PB

0
// PC

0
// ΣK

in ξ. By Remark 3.2, we have K ∈ PX and X -res.dimA ≤ n− 1.

(3) Assume X -res.dimA = m and X -res.dimB = n. Without loss of generality, we assume

m + 1 ≤ n, then we may assume PA
i = 0 for any i > m. By [11, Theorem 3.8], we have the

following ξ-exact complex

0 // PB
n ⊕ PA

n−1
// · · · // PB

2 ⊕ PA
1

// PB
1 ⊕ PA

0
// PB

0
// C // 0

in T , and thus X -res.dimC ≤ n.
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As an immediate consequence of Proposition 4.4, we get the following equivalent characteri-

zation of quasi-resolving subcategories.

Corollary 4.5. Let X be a subcategory of T with X ⊆ res∗(PX ). Then X is quasi-resolving if

and only if for any triangle

A // B // C // ΣA

in ξ, it holds that

X - res.dimB ≤ max{X - res.dimA,X - res.dimC}

and

X - res.dimA ≤ max{X - res.dimB,X - res.dimC − 1}.

We have the following closure property for the subcategory X̂ .

Remark 4.6. Let X be a quasi-resolving subcategory of T . Then X̂ is closed under hoker-

nels of ξ-proper epimorphisms, hocokernels of ξ-proper monomorphisms and ξ-extensions by

Proposition 4.4. On the other hand, we have

X̂ ⊆ res∗(X ) = res∗(PX ) (by Proposition 3.5)

⊆ res∗(PX̂ ).

Thus X̂ is a quasi-resolving subcategory of T .

By Proposition 4.4, we also have the following corollary.

Corollary 4.7. Let X be a quasi-resolving subcategory of T , and let

A // B // C // ΣA

be a triangle in ξ. Then the following assertions hold.

(1) If C ∈ X , then X -res.dimA = X -res.dimB.

(2) If B ∈ X , then either A ∈ X or X -res.dimA = X -res.dimC − 1.

(3) If A ∈ X and neither B nor C is in X , then X -res.dimB = X -res.dimC.

Now we recall the following definition.

Definition 4.8. ([10, Definition 3.8]) Let X be a subcategory of T and M ∈ T . A ξ-proper

epimorphism X //M is called a right X -approximation of M if

HomT (X̃,X) // HomT (X̃,M) // 0

is exact for any X̃ ∈ X . In this case, there is a triangle

K // X //M // ΣK

in ξ.

The following result is an analogue of the Auslander-Buchweitz approximation (see [3, 6]).
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Proposition 4.9. Let X be a quasi-resolving subcategory of T , and let H be a ξ-cogenerator of

X . Then for any M ∈ T with X - res.dimM = m < ∞, there exist two triangles

K // X //M // ΣK (4.1)

and

M //W // X ′ // ΣM (4.2)

in ξ with X, X ′ ∈ X , H- res.dimK = m− 1 and H- res.dimW = X - res.dimW = m (if m = 0,

this should be interpreted as K = 0.).

In particular, if X ⊥ H, then the ξ-proper epimorphism X //M is a right X -approximation

of M .

Proof. By the assertions (i) and (iii) in Theorem 3.7(3), there are two triangles (4.1) and (4.2)

in ξ with H- res.dimK ≤ m − 1 and H- res.dimW ≤ m. Notice that X - res.dimM = m

by assumption, so X - res.dimK = m − 1 and X - res.dimW = m by Corollary 4.7. Since

X - res.dimA ≤ H- res.dimA for any A ∈ T , we have H- res.dimK = m− 1 and H- res.dimW =

X - res.dimW = m.

Proposition 4.10. Let X be a quasi-resolving subcategory of T , and let H be a ξ-cogenerator

for X . Then for any M ∈ X̂ , the following statements are equivalent.

(1) X -res.dimM ≤ m.

(2) There exists a ξ-exact complex

0 // Hm
// Hm−1

// · · · // H1
// X //M // 0

with all Hi ∈ H and X ∈ X .

(3) There exists a triangle

M //W // X // ΣM

in ξ with H-res.dimW ≤ m and X ∈ X .

(4) For any 0 ≤ i ≤ m, there exists a ξ-exact complex

0 // Hm
// Hm−1

// · · · // Hi+1
// X // Pi−1

// · · · // P1
// P0

//M // 0

with all Hj ∈ H (i+ 1 ≤ j ≤ m), all Pt ∈ PX (0 ≤ t ≤ i− 1) and X ∈ X .

Proof. (1) ⇐⇒ (2) ⇐⇒ (3) By Corollary 4.7 and Proposition 4.9.

(1) ⇐⇒ (4) By Theorem 3.7(3)(ii).

The following result is a consequence of Proposition 4.10.

Corollary 4.11. Let X be a quasi-resolving subcategory of T , and let H be a ξ-cogenerator for

X such that H ⊆ PX . Then for any M ∈ X̂ , we have that X -res.dimM ≤ m if and only if for

any 0 ≤ i ≤ m there exists a ξ-exact complex

0 // Pm
// Pm−1

// · · · // Pi+1
// X // Pi−1

// · · · // P1
// P0

//M // 0

with all Pt ∈ PX and X ∈ X .
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We are now in a position to provide some criteria for computing the resolution dimension of

objects.

Theorem 4.12. Let X be a quasi-resolving subcategory of T , and let H be a ξxt-injective ξ-

cogenerator for X . Assume that H is closed under hokernels of ξ-proper epimorphisms or closed

under direct summands. Then for any M ∈ X̂ , the following statements are equivalent.

(1) X - res.dimM ≤ m.

(2) Ωn
PX

(M) ∈ X for any n ≥ m.

(3) Ωn
X (M) ∈ X for any n ≥ m.

(4) There exists a triangle

M //W // X // ΣM

in ξ with H-res.dimW ≤ m and X ∈ X .

(5) There exists a ξ-exact complex

0 // Hm
// Hm−1

// · · · // H1
// X //M // 0

with all Hi ∈ H and X ∈ X .

(6) For any 0 ≤ i ≤ m, there exists a ξ-exact complex

0 // Hm
// Hm−1

// · · · // Hi+1
// X // Pi−1

// · · · // P1
// P0

//M // 0

with all Hj ∈ H (i+ 1 ≤ j ≤ m), all Pt ∈ PX (0 ≤ t ≤ i− 1) and X ∈ X .

(7) ξxtnξ (M,H) = 0 for any n > m and H ∈ H.

(8) ξxtnξ (M,L) = 0 for any n > m and L ∈ Ĥ.

(9) M admits a right X -approximation φ : X → M , where φ is ξ-proper epic, such that

H- res.dimHokerφ ≤ m− 1.

(10) There are two triangles

K // X //M // ΣK

and

M //W // X ′ // ΣM

in ξ such that X, X ′ ∈ X , H- res.dimK ≤ m− 1 and H- res.dimW = X - res.dimW ≤ m.

Proof. By Propositions 4.3 and 4.10, we have (1) ⇐⇒ (2) ⇐⇒ (3) and (1) ⇐⇒ (4) ⇐⇒ (5) ⇐⇒
(6), respectively.

(1) =⇒ (7) Suppose X - res.dimM ≤ m. Then there is a ξ-exact complex

0 // Xm
// · · · // X0

//M // 0

with all Xi ∈ X . Since H is a ξxt-injective ξ-cogenerator of X , we have ξxti≥1
ξ (Xi, H) = 0 for

any H ∈ H. So ξxtnξ (M,H) ∼= ξxtn−m
ξ (Xm, H) = 0 for any n > m.

The implication (7) =⇒ (8) follows from [10, Lemma 3.9], and the implication (8) =⇒ (7) is

clear.

(7) =⇒ (1) Since M ∈ X̂ , there is a triangle

K // X //M // ΣK
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in ξ with H- res.dimK < ∞ and X ∈ X by Proposition 4.9. Since ξxti≥1
ξ (X,H) = 0 for any

H ∈ H, we have ξxtiξ(K,H) ∼= ξxti+1
ξ (M,H) for any i ≥ 1. So ξxti≥m

ξ (K,H) = 0 by assumption.

Since H- res.dimK < ∞, there is a ξ-exact complex

0 // Hn
// · · · // H0

// K // 0

with all Hi ∈ H. Then

ξxtiξ(Ω
m−1
H (K), H) ∼= ξxti+m−1

ξ (K,H) = 0

for any i ≥ 1 and H ∈ H, which means Ωm−1
H (K) ∈ ⊥H. Notice that H- res.dimΩm−1

H (K) <

∞, so Ωm−1
H (K) ∈ Ĥ ∩ ⊥H. It follows from [10, Lemma 3.12] that Ωm−1

H (K) ∈ H. Thus

H- res.dimK ≤ m− 1 and X - res.dimM ≤ m.

By Proposition 4.9, we have (9) ⇐⇒ (1) ⇐⇒ (10).

The following result gives a sufficient condition such that the X -resolution dimension and

the H-resolution dimension of an object in T are identical.

Proposition 4.13. Let X be a quasi-resolving subcategory of T , and let H be a ξxt-injective

ξ-cogenerator for X . Assume that H is closed under hokernels of ξ-proper epimorphisms or

closed under direct summands. For any M ∈ T , if H- res.dimM < ∞, then X - res.dimM =

H- res.dimM .

Proof. It is trivial that X - res.dimM ≤ H- res.dimM . Suppose H- res.dimM = n < ∞. Then

X - res.dimM ≤ n. Now suppose X - res.dimM = m. If m < n, then we consider the following

ξ-exact complex

0 // Hn
// Hn−1

// · · · // Hm
// Hm−1

// · · · // H0
//M // 0

with all Hi ∈ H. By Theorem 4.12, we have ξxtk>m
ξ (M,H) = 0 for any H ∈ H. Then

ξxtiξ(Ω
m
H(M), H) ∼= ξxti+m

ξ (M,H) = 0

for any i ≥ 1, and hence Ωm
H(M) ∈ ⊥H. Notice that H- res.dimΩm

H(M) < ∞, so Ωm
H(M) ∈

Ĥ ∩ ⊥H. It follows from [10, Lemma 3.12] that Ωm
H(M) ∈ H. Thus H- res.dimM = n ≤ m,

which is a contradiction. Then m ≥ n, and thus X - res.dimM = H- res.dimM .

Corollary 4.14. Let X be a quasi-resolving subcategory of T , and let H be a ξxt-injective ξ-

cogenerator for X . Assume that H is closed under hokernels of ξ-proper epimorphisms or closed

under direct summands. For any X ∈ X , if H- res.dimX < ∞, then X ∈ H.

Proof. By Proposition 4.13, we have H- res.dimX = X - res.dimX = 0, and thus X ∈ H.

5 A construction

In this section, we will construct a new quasi-resolving subcategory from a given quasi-

resolving subcategory. The following notion is a generalization of that of GPX (ξ)-Gorenstein

categories in [10].
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Definition 5.1. Let X be a subcategory of T and M ∈ T . A complete PXX -resolution of M

is a HomT (−,X )-exact ξ-exact complex

· · · // P1
// P0

// X0 // X1 // · · ·

in T with all Pi ∈ PX and Xi ∈ X ∩ ⊥X such that both

K1
// P0

//M // ΣK1 and M // X0 // K1 // ΣM

are corresponding triangles in ξ. The relative Gorenstein category GPXX (ξ) is defined as

GPXX (ξ) := {M ∈ T | M admits a complete PXX -resolution}.

Remark 5.2.

(1) Since PX = X ∩ P(ξ) ⊆ X ∩ ⊥X , we have P0 ∈ X ∩ ⊥X . Then both

K2
// P1

// K1
// ΣK2 and K1

// P0
//M // ΣK1

are the corresponding triangles in ξ, and thus K1 ∈ GPXX (ξ).

(2) If M ∈ GPXX (ξ), then ξxt0ξ(M,X) ∼= HomT (M,X) and ξxt1ξ(M,X) = 0 for any X ∈ X .

In fact, the following ξ-exact complex

· · · // P1
// P0

//M // 0

with all Pi ∈ PX is a ξ-projective resolution of M (see [5]), which is HomT (−,X )-exact.

(3) If P(ξ) ⊆ X , then GPXX (ξ) coincides with GPX (ξ) defined in [10].

In the following result, we provide a method to construct new quasi-resolving subcategories

from given ones, which generalizes the result in [10, Theorem 5.3].

Theorem 5.3. If X is a quasi-resolving subcategory of T , then GPXX (ξ) is also a quasi-resolving

subcategory of T .

Proof. Let P ∈ PX . Consider the following ξ-exact complex

· · · // 0
0 // P

idP // P
0 // 0 // · · ·

in T . Clearly, it is HomT (−,X )-exact. In particular,

0
0 // P

idP // P
0 // 0 and P

idP // P
0 // 0

0 // ΣP

are corresponding triangles in ξ. Since P ∈ PX ⊆ X ∩ ⊥X , we have PX ⊆ GPXX (ξ). So

PX ⊆ GPXX (ξ) ∩ P(ξ) = PGPXX (ξ).

It follows that GPXX (ξ) ⊆ res∗(PGPXX (ξ)).

By using an argument similar to that in the proof of [11, Theorem 4.3(1)], we get that

GPXX (ξ) is closed under ξ-extensions and hokernels of ξ-proper epimorphisms. Thus GPXX (ξ)

is quasi-resolving.

Lemma 5.4. Let X be a quasi-resolving subcategory of T satisfying X ∩⊥X ⊆ GPXX (ξ). Then

X ∩ ⊥X is a ξxt-injective ξ-cogenerator for GPXX (ξ) and is closed under hokernels of ξ-proper

epimorphisms.
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Proof. Let M ∈ GPXX (ξ). Then there exists a HomT (−,X )-exact triangle

M // X0 // K1 // ΣM (5.1)

in ξ with X0 ∈ X ∩ ⊥X ⊆ GPXX (ξ). There exists a HomT (−,X )-exact triangle

K ′
1

// P ′
0

// X0 // ΣK ′
1

in ξ with P ′
0 ∈ PX , so K ′

1 ∈ GPXX (ξ) by Remark 5.2.

Applying base change to the triangle

Σ−1K1 //M // X0 // K1

along the morphism P ′
0

// X0 yields the following commutative diagram

0 //

��

K ′
1

= //

��

K ′
1

//

��

0

��
Σ−1K1 //

∥
��

U //

��

P ′
0

//

��

K1

∥
��

Σ−1K1 //

��

M //

��

X0 //

��

K1

��
0 // ΣK ′

1
= // ΣK ′

1
// 0.

By Lemma 2.11, we have that the third vertical triangle in the above diagram and the triangle

U // P ′
0

// K1 // ΣU (5.2)

are in ξ. Then U ∈ GPXX (ξ) since GPXX (ξ) is closed ξ-extensions. So there exists a HomT (−,X )-

exact ξ-exact complex

· · · // P ′
2

// P ′
1

// U // 0

with P ′
i ∈ PX (i ≥ 1).

For any X̃ ∈ X , applying the functor HomT (−, X̃) to the triangle (5.1) yields the following

commutative diagram

0 // HomT (K
1, X̃) //

��

HomT (X
0, X̃) //

∼=
��

HomT (M, X̃) //

∼=
��

0

0 // ξxt0ξ(K
1, X̃) // ξxt0ξ(X

0, X̃) // ξxt0ξ(M, X̃) // ξxt1ξ(K
1, X̃) // ξxt1ξ(X

0, X̃)(= 0),

where the two isomorphisms follow from the assumption that X0, M ∈ GPXX (ξ) and Remark

5.2(2). It follows that ξxt1ξ(K
1, X̃) = 0 and ξxt0ξ(K

1, X̃) ∼= HomT (K
1, X̃). Then the triangle

(5.2) is HomT (−,X )-exact. So the following ξ-exact complex

· · · // P ′
2

// P ′
1

// P ′
0

// X1 // X2 // · · ·

is a complete PXX -resolution and

U // P ′
0

// K1 // ΣU and K1 // X1 // K2 // ΣM

are corresponding triangles in ξ, soK1 ∈ GPXX (ξ). Then X∩⊥X is a ξ-cogenerator of GPXX (ξ).

Obviously, X ∩ ⊥X is a ξxt-injective ξ-cogenerator for GPXX (ξ).

It is easy to check that X ∩ ⊥X is closed under hokernels of ξ-proper epimorphisms.
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By Theorem 4.12 and Theorem 5.3 and Lemma 5.4, we have the following result. It gener-

alizes [10, Proposition 5.5].

Proposition 5.5. Let X be a quasi-resolving subcategory of T satisfying X ∩ ⊥X ⊆ GPXX (ξ)

and M ∈ T . If M ∈ ̂GPXX (ξ), then the following statements are equivalent for any m ≥ 0.

(1) GPXX (ξ)- res.dimM ≤ m.

(2) Ωn
PGPXX (ξ)

(M) ∈ GPXX (ξ) for any n ≥ m.

(3) Ωn
GPXX (ξ)(M) ∈ GPXX (ξ) for any n ≥ m.

(4) There exists a triangle

M //W // X // ΣM

in ξ with X ∩ ⊥X -res.dimW ≤ m and X ∈ GPXX (ξ).

(5) There exists a ξ-exact complex

0 // Hm
// Hm−1

// · · · // H1
// X //M // 0

with all Hi ∈ X ∩ ⊥X and X ∈ GPXX (ξ).

(6) For any 0 ≤ i ≤ m, there exists a ξ-exact complex

0 // Hm
// Hm−1

// · · · // Hi+1
// X // Pi−1

// · · · // P1
// P0

//M // 0

with all Hj ∈ X ∩ ⊥X , all Pt ∈ PGPXX (ξ) and X ∈ GPXX (ξ).

(7) ξxtnξ (M,H) = 0 for any n > m and H ∈ X ∩ ⊥X .

(8) ξxtnξ (M,L) = 0 for any n > m and L ∈ X̂ ∩ ⊥X .

(9) M admits a right GPXX (ξ)-approximation φ : X → M , where φ is ξ-proper epic, such

that X ∩ ⊥X - res.dimHokerφ ≤ m− 1.

(10) There exist two triangles

K // X //M // ΣK

and

M //W // X ′ // ΣM

in ξ such that X, X ′ ∈ GPXX (ξ), X ∩ ⊥X - res.dimK ≤ m− 1 and X ∩ ⊥X - res.dimW =

GPXX (ξ)- res.dimW ≤ m.
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