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Abstract

We introduce the notion of quasi-resolving subcategories in a triangulated category with
a proper class of triangles. We provide some criteria for computing the resolution dimension
of objects relative to a quasi-resolving subcategory. We also provide a method to construct
quasi-resolving subcategories from given ones.

1 Introduction

In analogy to relative homological algebra in abelian categories, Beligiannis [5] introduced a
relative version of homological algebra in a triangulated category by introducing the notion of
proper classes of triangles. This theory has been studied widely, see [1, 2, 7, 8, 10, 11, 14-17]
and references therein.

Resolving subcategories and resolution dimensions play an important role in the study of
the relative homological theory in abelian categories and triangulated categories. In abelian
categories, resolving subcategories and resolution dimensions are closely related to tilting theory
(see [4]) and some homological conjectures (see [9]). In triangulated categories, Ma, Zhao and
Huang [11] introduced the notions of (pre)resolving subcategories and homological dimensions
relative to these subcategories, which give a parallel theory analogy to that of abelian cate-
gories in [9]. Then, Ma and Zhao [10] studied the properties of resolving subcategories and
relative homological dimensions in triangulated categories relative to a resolving subcategory,
and obtained the Auslander—-Buchweitz approximation theory relative to resolving subcategories
in triangulated categories, which gives a parallel theory analogy to that of abelian categories in
[3, 18]. On the other hand, Zhu [19] introduced the notion of quasi-resolving subcategories in an
abelian category and generalized some results about resolving subcategories to quasi-resolving
subcategories [18].

In this paper, we devote to studying further properties of quasi-resolving subcategories and
relative homological dimensions relative to a quasi-resolving subcategory in triangulated cate-
gories.

The paper is organized as follows. In Section 2, we give some terminology and some pre-
liminary results. In Section 3, we introduce the notion of quasi-resolving subcategories of a

triangulated category, and prove the following result. Let 7 be a triangulated category with
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enough &-projective and £-injective objects, where £ is a proper class of triangles in 7. If X is
a quasi-resolving subcategory of 7 and

0—B—X,—Xy.1——Xo—X1—M-—=0
is a &-exact complex with all X; € X, then there exists a &-exact complex
0O—B—=X—>PF, 11— —Pb—=P—M-—=0

with X € X and all P, € Py (Theorem 3.7). In Section 4, we study resolution dimensions
relative to quasi-resolving subcategories and obtain Auslander-Buchweitz approximation trian-
gles for objects having finite quasi-resolving resolution dimension (Proposition 4.9). We provide
some criteria for computing the resolution dimension of objects relative to a quasi-resolving sub-
category (Theorem 4.12). In Section 5, given a quasi-resolving subcategory X of T, we construct
a new quasi-resolving subcategory GPyx (&) with a £xt-injective &-cogenerator X N+ X. Then
combining with Theorem 4.12, we obtain a generalization of [10, Proposition 5.5].

2 Preliminaries

Let 7 be an additive category and ¥ : 7 — T an additive functor. All subcategories involved
are full, additive and closed under isomorphisms. One defines the category Diag(7, X) as follows:
e An object of Diag(7,X) is a diagram in 7 of the form

X5y -5 753X,
e A morphism in Diag(7,Y) between
Xi =Y, = Z; = 3X,
with ¢ = 1,2 is a triple («, 8,7) of morphisms in 7 such that the following diagram

X| Y 2 25X

ia lﬁ iv \LEa

Xo 2y, 2 7, 2 %X,

commutes.
Recall that a triangulated category is a triple (7,%, A), where T is an additive category and
Y : T — T is an autoequivalence of T (called the suspension functor) and A is a full subcategory
of Diag(7,%) which is closed under isomorphisms and satisfies the axioms (T;)—(T4) in [5,
Section 2.1] (also see [13]), where the axioms (Ty) is called the octahedral aziom. The elements
in A are called triangles.
The following result is well known, which is useful in studying the properties of triangulated

categories.

Proposition 2.1. ([5, Proposition 2.1]) Let T be an additive category and ¥ : T — T an
autoequivalence of T, and let A be a full subcategory of Diag(T,X) which is closed under iso-
morphisms. Suppose that the triple (T,%,A) satisfies all the axioms of a triangulated category

except possibly the octahedral axiom. Then the following statements are equivalent.



(1) Octahedral axiom. For any two morphisms u:X —Y and v:Y — Z, there exists

a commutative diagram

[ v a |l
X272y B vX
u [ B Su
y Yez Vo x Voyy
0 (Zu’ )"

0—=X7'==¥%7 0,

in which all rows and the third column are triangles in A.

(2) Base change. For any triangle
X5y 57 5%X

in A and any morphism o : Z' — Z, there exists the following commutative diagram

0 X ——=X 0
/ 5/ ! B !
X2y L7 YU ¥X
I o o Il
X2y ‘Y- 7Y¥%X
v v

0—= 32X == %X’ 0,

in which all rows and columns are triangles in A.

(3) Cobase change. For any triangle
X5Y5Z5%3%X

in A and any morphism B : X —= X', there exists the following commutative diagram

0 >z =S ylz o
B —271’}/ —271’}//

soly= Wy vy v,z

I B g I

1 3Ly , u! , v
»17 X Y 7Z

[e% o’
0 7 —= 7 0,

in which all rows and columns are triangles in A.
In the following, 7 = (7, %, A) is a triangulated category.
Definition 2.2. ([5]) A triangle
X-5Y-5>7Z-5%53%X
is called split if it is isomorphic to the triangle
6N

A (0, 1)

X X ® 79, ¥»x.



We use Ag to denote the full subcategory of A consisting of all split triangles.

Definition 2.3. ([5]) Let £ be a class of triangles in 7.

(1) & is said to be closed under base change (resp. cobase change) if for any triangle
X%Y 575 %X

in ¢ and any morphism «: Z'—Z (resp. f:X — X' ) as in Proposition 2.1(2) (resp.
Proposition 2.1(3)), the triangle

XSy oz MUNX (resp. X'y Uz MnX)
is in &.
(2) ¢ is said to be closed under suspension if for any triangle
X%y 57 5%%X
in € and any i € Z (the set of all integers), the triangle

i x (—1)' =y 0% (—1)'2% sy (—1)'2*w

i+l x
is in €.
(3) & is called saturated if in the situation of base change as in Proposition 2.1(2), whenever
the third vertical and the second horizontal triangles are in &, then the triangle
X5Y 57 5%X
is in €.
Definition 2.4. ([5]) A class £ of triangles in 7 is called proper if the following conditions are
satisfied.
(1) £ is closed under isomorphisms, finite coproducts and Ay C &.

(2) ¢ is closed under suspensions and is saturated.

(3) ¢ is closed under base and cobase change.
In the following, assume that & is a proper class of triangles in T .
Definition 2.5. ([5, Definition 2.4] and [12, Definition 8]) Let
X%y 57 5%%X
be a triangle in £. Then the morphism u (resp. v) is called &-proper monic (resp. &-proper epic),
and u (resp. v) is called the hokernel of v (resp. the hocokernel of u).

We use Hokerv to denote the hokernel of v : ¥ — Z, and use Hocokwu to denote the
hocokernel of u: X — Y.
Let X be a subcategory of 7, and let

X—Y —=7—-3%X

be a triangle in £&. We say that X is closed under &-extensions provided Y € X whenever X,
Z € X. We say that X is closed under hokernels of &-proper epimorphisms (resp. hocokernels
of &-proper monomorphisms) provided X € X (resp. Z € X) whenever Y, Z € X (resp. X,
Y e X).



Definition 2.6. ([5]) An object P (resp. I) in T is called {-projective (resp. &-injective) if for
any triangle
X—Y—-7—3%X

in &, the induced complex

0 — Homy (P, X) — Homy(P,Y) — Homy (P, Z) — 0

(resp. 0 — Homy(Z, I) — Homy (Y, I) — Homy (X, I) — 0)

is exact. We use P(&) (resp. Z(£)) to denote the full subcategory of T consisting of -projective
(resp. &-injective) objects.

We say that T has enough &-projective objects if for any M € T, there exists a triangle
K—-P-—M-—-=YK

in £ with P € P(§). Dually, we say that 7 has enough {-injective objects if for any M € T,
there exists a triangle

M—I—K-—M
in £ with I € Z(§).
Remark 2.7. ([10, Remark 2.7]) P(&) is closed under direct summands, hokernels of {-proper

epimorphisms and &-extensions. Dually, Z(§) is closed under direct summands, hocokernels of

&-proper monomorphisms and &-extensions.

Definition 2.8. Let £ be a subcategory of 7.
(1) A triangle
X—Y —7—3%X

in ¢ is called Hom7 (&, —)-exact (resp. Homy(—,E)-ezact) if for any E € &, the induced

complex

0 — Homy(E, X) — Homy(F,Y) — Homy(E,Z) —0
(resp. 0 — Homy(Z,E) — Homy (Y, EF) — Hom7 (X, E) —0)

1s exact.

(2) ([1]) A &-ezact complex is a complex

dp dn,
e n—&-li)an;)Xn—l;)"' (2.1)

in 7 such that for any n € Z, there exists a triangle

n fn hTL
Kni1 2 X, 2% K, % YK, 1 (2.2)
in £ and the differential d,, is defined as d,, = gn—1fn. A &-exact complex as (2.1) is called
Hom7y (&, —)-ezxact (resp. Homy(—,E)-exact) if the triangle (2.2) is Homy (&, —)-exact
(resp. Hom7(—, £)-exact) for any n € Z.



From now on, assume that 7 is a triangulated category with enough &-projective and &-
injective objects.

Let M be an object in 7. Beligiannis [5] defined the £-extension groups 5:1:15?(—, M) to be
the nth right ¢-derived functor of the functor Homy(—, M), that is

§xtg(—, M) := Ry Homy(—, M).
Remark 2.9. ([10, Remark 2.10]) Let
X—Y—=7—-3%¥X
be a triangle in £. By [5, Corollary 4.12], there exists a long exact sequence
0— §:z:t2(Z, M) — fa;tg(Y, M) — fa:tg(X, M) —

Eaty(Z, M) — Eaty (Y, M) — Exti(X, M) — -
of “¢xt” functors. For an object N € T, there exists a long exact sequence
0—=Extd(N, X) —= Extd(N,Y) — Extd(N, Z) —

Eaty (N, X) — Eati(N,Y) —Eat{(N, Z) — -
of “£xt” functors.

Following Remark 2.9, we usually use the strategy of “dimension shifting” which is an im-

portant tool in relative homological theory of triangulated categories. We write
Xt ={MeT|tiy(X,M)=0forall X € X and i > 1},
tX ={MeT|&ty(M,X)=0forall X € X and i > 1}.

For two subcategories H and X of T, we say H L X if H C L+ X (equivalently, X C H™ ).
Taking & = P(§) in [11, Definition 3.1], we have the following definition.

Definition 2.10. (cf. [11, Definition 3.1]) Let # C X be two subcategories of 7. Then H is
called a &-generator of X if for any X € X, there exists a triangle

Z—H—X—3%7

in £ with H € H and Z € X. Dually, H is called a £-cogenerator of X if for any X € X, there
exists a triangle
X—H—=7—-3%¥X

in £ with H € H and Z € X. In particular, a &-cogenerator H is called £xt-injective if X 1 H.
We need the following observation in the sequel.

Lemma 2.11. (1) Given a commutative diagram

0 7 —=s7 0
»1z X' Y’ A
[ [
vz X Y 7z
0 7l =27 0,



in which all rows and columns are triangles in A.

(a) If the third vertical triangle and the triangle
X—=Y —-7—-3%X
are in &, then so are the second vertical triangle and the triangle
X —-Y' —7—-3%X.
(b) If the second vertical triangle and the triangle
X —-=Y —-7-—-=3X
are in &, then so are the third vertical triangle and the triangle
X—Y —7—3X.
(2) Given a commutative diagram

0——=X17 —%"17 ——0

X X/ Y vX

[ [
X Y Z v X
0 7 —= 7 0,

in which all rows and columns are triangles in A.

(a) If the second horizontal triangle and the triangle
X —Y =7 —=3¥X
are in &, then so are the third horizontal triangle and the triangle
Y —~7 -7 —=XY'.
(b) If the third horizontal triangle and the triangle
Y -7 —7 —=3Y'
are in &, then so is the second horizontal triangle and the triangle
X —-Y -7 —=3%X.

Proof. The assertion (1) follows from [15, Propositions 2.4 and 2.7], and the assertion (2) is a
dual of (1). O



3 Quasi-resolving subcategories

Let X be a subcategory of 7 and M € T. By an X-resolution of M we mean a &-exact
complex
= Xo—=X| —=Xg—M—0

with all X; € X. We write

res*(X) :={M € T | M has an X-resolution}.
Px =X NPE).

Now, we introduce the notion of quasi-resolving subcategory in a triangulated category, which

is an analogue of that in [19].

Definition 3.1. A subcategory X of T is called quasi-resolving if the following conditions are
satisfied.

(1) X is closed under hokernels of £&-proper epimorphisms.

(2) X is closed under {-extensions.

(3) X Cres* (Py).

In fact, a quasi-resolving subcategory X is called a P(§)-resolving subcategory in the sense
of [11, Definition 3.2].

Remark 3.2. If X is closed under hokernels of &-proper epimorphisms and closed under &-
extensions, then so is Py by Remark 2.7. Moreover, Py is quasi-resolving. In general, Py is
not resolving in the sense of [10, Definition 2.12]. In fact, if Py is resolving in the sense of [10,
Definition 2.12], then P(§{) C Py C X, and thus X is resolving. If 7 has enough projectives
and P(§) C X, then X is a resolving subcategory of T, and res* (Py) = 7. So each resolving

subcategory of T is quasi-resolving, and hence
{resolving subcategories} C {quasi-resolving subcategories}.

Proposition 3.3. Let C C P(§) be a subcategory of T closed under hokernels of &-proper
epimorphisms and closed under §-extensions. Then res*(C) is quasi-resolving and closed under

hocokernels of &-proper monomorphisms.
Proof. Since C € P(§) Nres™(C) = Pres+(c), We have
res*(C) C res” (Pres*(C)> )

Let
My — My — M3 — XM,

be a triangle in &.
Claim 1. If M;, M3 € res*(C), then M; € res*(C).

By assumption, we have the following £-exact complexes
s oM oM ol My —0

and
---%C%%0%1%---90¥3%C§43%M390



with all C’Z-Ml, C'Z-M?’ € C(C P(&)). By using an argument similar to that in the proof of [5,
Proposition 4.11], we consider the following commutative diagram

1
Cé\/h (4‘))> C(J)Vh D C(])V[3(0’—i)Cé\/[3 0 ECéV[l

My Mo M Y M,
then we get the following £-exact complex
= CMigeMs oMo goMs . oM g oM My —0

in 7. Thus M; € res*(C).
Claim 2. If My, M3 € res*(C), then M; € res*(C).

By assumption, we have the following £-exact complexes
—)Céw2—>crjy_21—>—>cy2%cg/[2—>M2—>O

and
s CMs s oMs o oM Ol - My —0

with all CM2 M3 ¢ ¢(C P(¢€)). By [11, Theorem 3.7], we get a &-exact complex
e CMs oM oMy oM o Mg M s K M —0

and a triangle
K*>C{‘43@Cé\/[2‘>0év[3‘>EK

in ¢, it follows that K € C by assumption. Thus M; € res*(C).
Claim 3. If M;, Ms € res*(C), then M3 € res*(C).

By assumption, we have the following £-exact complexes
90%1907%1%%-0{”1%06\41%]\41%0

and
M oM oM Lol My 0

with all CM', CM2 € ¢(C P(€)). By [11, Theorem 3.8], we have the following &-exact complex
Mg oM 0P =M e ) —C) > M3 —0
in 7. Thus M3 € res*(C). O
By Remark 3.2 and Proposition 3.3, we immediately have the following corollary.

Corollary 3.4. Let X be a subcategory of T closed under hokernels of £-proper epimorphisms
and closed under §-extensions. Then res*(Px) is quasi-resolving and closed under hocokernels

of &-proper monomorphisms.



Proposition 3.5. If X is a quasi-resolving subcategory of T, then res*(X) = res* (Px).

Proof. Clearly, res*(X') D res*(Px).
Conversely, let M € res*(X). Then there exists the following £-exact complex

s Xy —> X —= Xo—= M —=0.

Consider the triangle
Ko —> XO — M — EKO

in €. Since X is quasi-resolving, there exists a triangle
Ly — Py — Xy — XYL
in £ with Py € Py and Lg € X. Applying base change to the triangle
Y>IM—=Ky—Xg— M

along the morphism Py — X yields the following commutative diagram

0 Lo——1Lg 0
Y-M Wo = M
I [
> Mm Ky Xo M
0 S Lo —> 2Ly — 0.

By Lemma 2.11, we get the following triangles
LOH-WQ%-K()%ELO (31)

and
Wo— Py— M — XW,

in £. Consider the triangle
Ki— X —Ky—YXK;

in £&. Applying base change to the triangle (3.1) along the morphism X; — K yields the

following commutative diagram

0 K ——K; 0
Lo U X, SLo
I I
Lo Wo Ky YL

0— 2K, =K, 0,

in which the second horizontal triangle is in £&. Since Lg, X7 € X, we have U € X. Since
K € res*(X), we have Wy € res*(X).

10



Repeating this process for Wy, we get a triangle
Wi — P, — Wy —XW;
in £ with P; € Py and Wj € res*(X). Continuing these steps, we obtain a {-exact complex
-w-—P,—-P,1—--—=P—-F—M-—0
with all P; € Py. Thus M € res* (Py) and res*(X’) C res*(Px). The proof is finished. O

Corollary 3.6. If X' is quasi-resolving in T, then so is res*(X). Moreover, res*(X) is closed

under hocokernels of &-proper monomorphisms.

Proof. Tt follows from Corollary 3.4 and Proposition 3.5. O

Theorem 3.7. Let X be a quasi-resolving subcategory of T and let
0—B—X,— X, 1——>Xo—X1—>M-—0

be a £-exact complex with all X; € X. Then the following assertions hold.

(1) There exists a £-exact complex
0O——B—-X—-P, 11— —P—P—>M-—-0

with X € X and all P; € Py.
(2) If X has a &-cogenerator H, then it holds that

(i) There exists a &-exact complex
0O-B—-H, 1—--—>H—-H—>X—->M-=0

with X € X and all H; € H.

(i) For any 1 < i <mn, there exists a {-exact complex

with X e X, all Hje H (i+1<j<n)andall P, € Px (1<t <i—1).
(iii) There exist a {-exact complex

0—~B—H,—---—Hy,—H —W-—0
with all H; € H and a triangle
M—W-—X-—=YM

in & with X € X.
(3) If X has a &-cogenerator H and B € X, then

(i) There exists a &-exact complex
0—H,—H,  ——Hy—H —X—>M-—0

with X € X and all H; € H.

11



(i) For any 1 < i <mn, there exists a {-exact complex

with X e X, allHje H (i+1<j<n+1)and all P, € Py (1<t <i-1).

(iii) There exist a {-exact complex
0—H,y1—H,— - —Hy—H —W-—0
with all H; € H and a triangle
M-—W-—X-—XM
in & with X € X.

Proof. (1) We proceed by induction on n. The case for n = 1 is true clearly. Following [11,
Proposition 3.3], the case for n = 2 is true. Now suppose n > 2. By assumption, we get the
following triangle

B—X,—K—YB

in £ and the following &-exact complex
0—K—=X,-1— X, 29— —X]—M—0. (3.2)
By the inductive hypothesis, we obtain from (3.2) the following -exact complex
0—K—=X—-P,o9——P—-M-—-0
with X’ € X and all P; € Py. This yields a £-exact complex
0—B—-X,—X—-P,9g— —>P—M-—0.
Consider the following &-exact complexes
0—~B—X,—=X—-L—0 (3.3)
and
0—L—P,9g——P—M-—0. (3.4)
From the &-exact complex (3.3), we get the following {-exact complex
0—B—X—PFP,_1—L—0 (3.5)

with X € X and P,_1 € Py. Now splicing (3.4) and (3.5) yields the desired -exact complex.
(2) (i) It is a dual of (1).

(ii) By assumption, we get the following &-exact complexes
0—B—X,—X-1——X;;11—K,—0 (3.6)
and

0—K,—X,— X, 1——X;—M—0. (3.7)

12



Applying the assertions (2)(i) and (1) to the &-exact complexes (3.6) and (3.7) respectively, we
get the following &-exact complexes

0O—B—=H,— - — i+2‘>}/2‘>Ki‘>07

0—K,—Y1T—PF 11— —P—M-—70

with Y71,Y2 € X, all H; € H and all P, € Py. It induces the following {-exact complex

Consider the following £-exact complexes

0—B—H,—--—Hjy5s—1T5—0, (3.8)
0—T,—Yy—Y —T, —0, (3.9)
0—Ty—PFP_ 41— —P—M-—0. (3.10)

Applying the assertion (2)(i) to (3.9) yields the following &-exact complex
0—1Tp—Hjy1 —X—T,—0 (3.11)

with H;11 € H and X € X. Now splicing (3.8), (3.11) and (3.10) yields the desired {-exact
complex.

(iii) By (2)(i), we get the following &-exact complex
0—~B—-H,— - —Hy—=X—->M-—-0
with X’ € X and all H; € H. Consider the following &-exact complex
0—B—=H,—-—Hy—K—0

and the triangle
K—X  —-M-—-=3YK

in £&. For X' € X, there exists a triangle
X —H —X-—=YX

in £ with H; € H and X € X. Applying cobase change for the triangle
X —M-—=YK-—=XYX'

along the morphism X’ —= H; yields the following commutative diagram

0 Yl =S ylx——»0

K X' M YK
I l I
K Hy %% YK
0 X———X 0

13



By Lemma 2.11, the triangles
K—-H —W-—-=3YK

and
M-—W-—X-—=YM

are in £. Thus we get the desired &-exact complex and the desired triangle.

(3) (i) We proceed by induction on n. When n = 1, since B € X, there exists a triangle
B—~H—=X —-XYB

in £ with H € H and X’ € X. Applying cobase change for the triangle B — X; — M — XB

along the morphism B — H yields the following commutative diagram

0— =2 1X = 91x'— 50

M B X4 M
I I

M H X M
0 X —X 0

It follows that the triangles
X —X—=X——-=3X;

and
H—>X-—>M-—>%H (3.12)

are in . Since X is closed under {-extensions, we have X € X. Then the triangle (3.12) is as
desired.

Now suppose n > 2. Consider the £-exact complex
0—B—X;,— - —Xo—K;—0

and the triangle
K1 —> X1 — M — EKl

in £&. By the induction hypothesis, we get a £-exact complex
0—H,—H, 11— —>Hy— X, — K, —0.
Then we get the following £-exact complex
0—H,—H, ——Hy—X,—X;,—M-—0.
Consider the &-exact complexes
0—-H,—H, 11— -—>Hy—K—0.
and

0%K%X§%X1‘>M‘>O. (3.13)

14



Applying (2)(i) to the &-exact complex (3.13) yields the following &-exact complex
0—>K—>H; —=X — M —0.
with Hy € H and X € X. Then we get the desired £-exact complex
0O—H,—H,1——Hy—H —X—M-—0.
The proofs of 3(ii) and 3(iii) are similar to that of (2)(ii) and (2)(iii), respectively. O
Theorem 3.8. Let X be a quasi-resolving subcategory of T and let
0—>B—>X,—>Xp 1 —=—>Xyg—=X; —>M—0

be a &-exact complex with all X; € X. Then the following assertions hold.

(1) There exist a &-exact complex
0O—L—P,——P—-P—M-—-0

with all P; € Py and a triangle

X—L—B—=3%X
m & with X € X.
(2) If M € X, then
(i) There is a &-exact complex
0O—B—-=X—-P,—-—P—P —0

with X € X and all P; € Py.

(i) There are a {-exact complex
0—T—PFP,y1—PFP,— - —FP—P —0
with all P; € Py and a triangle
X—T-—-B-—=X%X
m & with X € X.

Proof. (1) It is dual to Theorem 3.7(2)(iii).
(2) The assertions (i) and (ii) are dual to Theorem 3.7(3)(i) and (3)(iii), respectively. O

4 Resolution dimensions relative to quasi-resolving subcategories

We first recall the following definition.

Definition 4.1. ([10, Definition 4.1]) Let X be a subcategory of 7 and M € 7. The X-
resolution dimension X-res.dim M of M is defined by

X-res.dim M =inf{n > 0| there exists a {-exact complex

For a &-exact complex
fn+1

L By Iy o

with all X; € X, the Hoker f,,_; is called an nth {-X-syzygy of M, denoted by Q7% (M).
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In case for X = P(&), we write {&-pd M := X-res.dim M and Q"(M) := Q%(é)(M). We use

X to denote the full subcategory of T whose objects have finite X'-resolution dimension.

Lemma 4.2. Let X be a quasi-resolving subcategory of T and M € res*(X). If
0—X,— —=X1—Xg—M-—0

and

0—Y,—  —Y —Yy—M-—=0

are &-exact complexes with all X;, Y; € X for any 0 < i < n —1, then X,, € X if and only if
Y,eX.

Proof. By Proposition 3.5, we have M € res*(Py). Then there exists a {-exact complex

P, P, e P Py M 0

NS

Ky

with all P; € Py. Consider the following triangles

K, — Xo— M — XK,

K, —Yy— M — YK,

in £. By using an argument similar to that in the proof of [5, Proposition 4.11], we get the

following two £-exact complexes
OHKnﬁXn@Pn—léXn—l@Pn—2‘>"">X2@P1‘>X1@POSXOQ(L

0O—K,—Y, 0P 1—=Y, 1®FP, 22— —=Y50P —Y &R —Yy—0.

Set
X = HOkeI‘(Xn,1 e P, o— X 2o® Pn,;g)

and
Y = HOkeI‘(Yn,1 OP, 2s—Y, o® Pnfg).

Since X is quasi-resolving, we have that X and Y are in X'. Consider the following triangles
K,—X,®oP, 1—X—=YK,

and
K,—Y,®P,_1—Y —=YK,

in &, we have that X,, ® P,,_1 € X if and only if K,, € X, and if and only if Y,, & P,_1 € X.
On the other hand, from the following triangles

X,—>X,®P, 1 —P, 1-%%X, and Y, =Y, B P, 1 — P, | - YY,

in &, we get that X,, € X if and only if X,, & P,_; € X, and that Y, € X if and only if
Y,® P, 1€ X. Thus X,, € X if and only if Y;, € X. ]
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By Lemma 4.2, we have the following result.

Proposition 4.3. Let X be a quasi-resolving subcategory of T and M € T. Then for any
m > 0, the following statements are equivalent.

(1) X-res.dim M < m.

(2) Qp (M) € X for any n > m.

(3) Q% (M) € X for any n > m.

Let A— B—(C — XA be a triangle in £&. The following comparison proposition shows
that the resolution dimensions of any two terms may induce an upper bound for that of the
third term.

Proposition 4.4. Let X be a quasi-resolving subcategory of T, and let
A—-B—(C—XYA

be a triangle in &. It holds that
(1) X-res.dim B < max{X-res.dim A, X-res.dim C'}.
(2) X-res.dim A < max{X-res.dim B, X-res.dimC — 1}.
(3) X-res.dimC < max{X-res.dim A + 1, X'-res.dim B}.

Proof. For any M € T, if X-res.dim M = m, then there exists a {-exact complex

O—>PT],\L/[—>P%_14>--'—>P1]\/[—>P(§VI—>M—>O

in 7 with PM € Py for any 0 <i <m — 1 and P} € X by Proposition 4.3.
(1) Assume X-res.dim A = m and X-res.dim C' = n. Without loss of generality, we assume
m < n, then we may assume PZ-A = 0 for any ¢ > m. By using an argument similar to that in

the proof of [5, Proposition 4.11], we get the following {-exact complex
0—PleopP’—-Pl oP’,—~ .. —-PloP’—-=B—-0

in 7, and thus X-res.dim B < n.
(2) Assume X-res.dim B = m and X-res.dim C' = n. Without loss of generality, we assume
m < n — 1, then we may assume PZ»B = 0 for any ¢ > m. By [11, Theorem 3.7], we have the

following £-exact complex
O%PE@Panl %PEfl@PnBiQ%%PQC@PlB%K%A%O

and the following triangle
K—-Pf® PP —P{ —->3%K

in £. By Remark 3.2, we have K € Py and X-res.dimA <n — 1.
(3) Assume X-res.dim A = m and X-res.dim B = n. Without loss of generality, we assume
m + 1 < n, then we may assume PZ-A = 0 for any ¢ > m. By [11, Theorem 3.8], we have the

following &-exact complex
Oﬁpf@Pf_l‘>-~-‘>PzBEBPf4i>PlB@P64‘>P&%‘>C‘>O
in 7, and thus X-res.dim C < n. O
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As an immediate consequence of Proposition 4.4, we get the following equivalent characteri-

zation of quasi-resolving subcategories.

Corollary 4.5. Let X be a subcategory of T with X C res*(Px). Then X is quasi-resolving if

and only if for any triangle
A—-=B—(C-—-XYA

i &, it holds that
X -res.dim B < max{X -res.dim A, X'-res.dim C'}

and
X-res.dim A < max{X-res.dim B, X-res.dim C' — 1}.

We have the following closure property for the subcategory X.

Remark 4.6. Let X' be a quasi-resolving subcategory of 7. Then X is closed under hoker-
nels of &-proper epimorphisms, hocokernels of £-proper monomorphisms and £-extensions by
Proposition 4.4. On the other hand, we have

X Cres*(X) =res*(Px) (by Proposition 3.5)
C res"(Pg).

Thus X is a quasi-resolving subcategory of T .
By Proposition 4.4, we also have the following corollary.
Corollary 4.7. Let X be a quasi-resolving subcategory of T, and let
A—B—(C—YA

be a triangle in &. Then the following assertions hold.
(1) If C € X, then X-res.dim A = X -res.dim B.
(2) If B € X, then either A € X or X-res.dim A = X-res.dimC — 1.
(3) If A € X and neither B nor C is in X, then X-res.dim B = X -res.dim C.

Now we recall the following definition.

Definition 4.8. ([10, Definition 3.8]) Let X be a subcategory of 7 and M € T. A {-proper
epimorphism X — M is called a right X -approximation of M if

Homy (X, X ) — Hom7 (X, M) — 0
is exact for any X € X. In this case, there is a triangle
K—X-—>M-—3YK
in &.
The following result is an analogue of the Auslander-Buchweitz approximation (see [3, 6]).
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Proposition 4.9. Let X be a quasi-resolving subcategory of T, and let H be a &-cogenerator of
X. Then for any M € T with X-res.dim M = m < oo, there exist two triangles

K—X-—-M-—-=%YK (4.1)
and
M—-W-—=X—-=3YXM (4.2)

in & with X, X' € X, H-res.dim K = m — 1 and H-res.dim W = X-res.dim W = m (if m =0,
this should be interpreted as K =0.).

In particular, if X L H, then the &-proper epimorphism X — M s a right X -approzimation
of M.

Proof. By the assertions (i) and (iii) in Theorem 3.7(3), there are two triangles (4.1) and (4.2)
in £ with H-res.dimK < m — 1 and H-res.dimW < m. Notice that X-res.dimM = m
by assumption, so X-res.dimK = m — 1 and X-res.dimW = m by Corollary 4.7. Since
X-res.dim A < H-res.dim A for any A € T, we have H-res.dim K = m — 1 and H-res.dim W =
X-res.dim W = m. 0

Proposition 4.10. Let X be a quasi-resolving subcategory of T, and let H be a &-cogenerator
for X. Then for any M € /'?, the following statements are equivalent.
(1) X-res.dim M < m.

(2) There exists a -exact complex
0O—H,—H,, 11— —H —X—>M-—0

with all H; € H and X € X.
(3) There exists a triangle
M—W-—=X—YM

in & with H-res.dimW <m and X € X.

(4) For any 0 < i < m, there exists a &-exact complex
O—>Hm‘>Hm71‘>---%-Hi+1—>X‘>PZ;1%----—>P1‘>PO‘>M‘>O
with al Hje H (i+1<j<m), all L ePry (0<t<i—1)and X € X.

Proof. (1) <= (2) <= (3) By Corollary 4.7 and Proposition 4.9.
(1) <= (4) By Theorem 3.7(3)(ii). O

The following result is a consequence of Proposition 4.10.

Corollary 4.11. Let X be a quasi-resolving subcategory of T, and let H be a &-cogenerator for
X such that H C Px. Then for any M € 2?, we have that X -res.dim M < m if and only if for

any 0 <1 < m there exists a £-exact complex
0—2PFP,—PFP,_-1—— ,L-+1—>X%-P,L-71—>---‘>P1‘>P0%M—>O
with all P, € Py and X € X.
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We are now in a position to provide some criteria for computing the resolution dimension of

objects.

Theorem 4.12. Let X be a quasi-resolving subcategory of T, and let H be a Ext-injective &-
cogenerator for X. Assume that H is closed under hokernels of &-proper epimorphisms or closed
under direct summands. Then for any M € 2?, the following statements are equivalent.

(1) X-res.dim M < m.

(2) Qp (M) € X for any n > m.

(3) Q% (M) € X for any n > m.

(4) There exists a triangle

M-—W-—X-—-YM

in & with H-res.dimW <m and X € X.

(5) There exists a {-exact complex
0O—H,—Hy 11— —H —X—M-—0

with all H; € H and X € X.

(6) For any 0 < i <m, there exists a &-exact complex

withal Hye H (i+1<j<m), adl P, ePy (0<t<i—1)and X € X.
(7) Eatg(M,H) =0 for any n>m and H EAH.
(8) Eaty(M,L) =0 for anyn>m and L € H.
(9) M admits a right X-approximation ¢ : X — M, where ¢ is {-proper epic, such that
H-res.dim Hoker p < m — 1.
(10) There are two triangles
K—X-—-=M-—-3YK

and

M—W —=X—-=YM

m & such that X, X' € X, H-res.dim K <m — 1 and H-res.dim W = X-res.dim W < m.
Proof. By Propositions 4.3 and 4.10, we have (1) <= (2) <= (3) and (1) <= (4) <= (5) —

(6), respectively.
(1) = (7) Suppose X-res.dim M < m. Then there is a {-exact complex

0—X,— —Xg—M-—0

with all X; € X. Since H is a Ext-injective -cogenerator of X', we have é”mt?l(Xi, H) =0 for
any H € H. So {atg (M, H) = Loty " (X, H) = 0 for any n > m.

The implication (7) = (8) follows from [10, Lemma 3.9], and the implication (8) = (7) is
clear.

(7) = (1) Since M € X, there is a triangle
K—X-—M-—%YK
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in £ with H-res.dimK < oo and X € X by Proposition 4.9. Since fmt?l(X,H) = 0 for any
H € H, we have f:cté(K, H) = §mté+1(M, H) for any i > 1. So fxt?m(K, H) = 0 by assumption.

Since H-res.dim K < oo, there is a £-exact complex
0—H,— - —Hy—K—0
with all H; € H. Then

Extp (1K), H) = Eat ™ (K, H) = 0

for any i > 1 and H € H, which means Q' (K) € H. Notice that H-res.dim Q} ' (K) <
o0, so QIY(K) € H N1 H. Tt follows from [10, Lemma 3.12] that Q" '(K) € H. Thus
H-res.dim K < m — 1 and X-res.dim M < m.

By Proposition 4.9, we have (9) <= (1) < (10). O

The following result gives a sufficient condition such that the X-resolution dimension and

the H-resolution dimension of an object in T are identical.

Proposition 4.13. Let X be a quasi-resolving subcategory of T, and let H be a Ext-injective
&-cogenerator for X. Assume that ‘H is closed under hokernels of £-proper epimorphisms or
closed under direct summands. For any M € T, if H-res.dim M < oo, then X-res.dim M =
H-res.dim M.

Proof. 1t is trivial that X-res.dim M < H-res.dim M. Suppose H-res.dim M = n < co. Then
X-res.dim M < n. Now suppose X-res.dim M = m. If m < n, then we consider the following

&-exact complex
0—>H, —>Hy_ —> -+« —> Hy,—> Hypy g —= -+ —> Hy—= M —>0
with all H; € H. By Theorem 4.12, we have §:z:t’§>m(M, H) =0 for any H € H. Then
Eatg (M), H) = ot ™ (M, H) = 0

for any i > 1, and hence Q% (M) € *H. Notice that H-res.dim QJj(M) < oo, so QfI(M) €
H N LH. Tt follows from [10, Lemma 3.12] that Q(M) € H. Thus H-res.dim M = n < m,
which is a contradiction. Then m > n, and thus X-res.dim M = H-res.dim M. O

Corollary 4.14. Let X be a quasi-resolving subcategory of T, and let H be a xt-injective &-
cogenerator for X. Assume that H is closed under hokernels of &-proper epimorphisms or closed
under direct summands. For any X € X, if H-res.dim X < oo, then X € H.

Proof. By Proposition 4.13, we have H-res.dim X = X-res.dim X = 0, and thus X € H. O

5 A construction

In this section, we will construct a new quasi-resolving subcategory from a given quasi-
resolving subcategory. The following notion is a generalization of that of GPxy(§)-Gorenstein

categories in [10].
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Definition 5.1. Let X be a subcategory of 7 and M € T. A complete PxX-resolution of M
is a Homy(—, &')-exact &-exact complex

o> P —>Py—> XV s Xl ...
in 7 with all P, € Py and X* € X N+X such that both
Ki—-P —M-—-3YK; and M —-X° - K! —-=YM
are corresponding triangles in . The relative Gorenstein category GPx x(€) is defined as

GPxx (&) :={M € T | M admits a complete Py X-resolution}.

Remark 5.2.
(1) Since Py = X NP(£) C X NLX, we have Py € X N+X. Then both

Ky—P —K;—=YKy and K1 —FPy— M —YK;

are the corresponding triangles in £, and thus K1 € GPxy ().
(2) If M € GPxx(§), then f:ctg(M,X) = Homy (M, X) and fmt%(M, X) =0 forany X € X.
In fact, the following £-exact complex

w—P—=PFP—=M-—0

with all P; € Py is a {-projective resolution of M (see [5]), which is Homy(—, X)-exact.
(3) If P(&) C X, then GPx x (&) coincides with GPy(§) defined in [10].

In the following result, we provide a method to construct new quasi-resolving subcategories

from given ones, which generalizes the result in [10, Theorem 5.3].

Theorem 5.3. If X' is a quasi-resolving subcategory of T, then GP xx(€) is also a quasi-resolving
subcategory of T .

Proof. Let P € Py. Consider the following £-exact complex

..aogpkpg();)...

in 7. Clearly, it is Homy(—, X)-exact. In particular,

idp

0-%PXp O gand P2 P20 xp
are corresponding triangles in . Since P € Py C X N1 X, we have Py C GPxx (). So

Px CGPxx(§) NP(E) = ngxx(f)'

It follows that GPxx (&) C res™(Pgp . (e))-

By using an argument similar to that in the proof of [11, Theorem 4.3(1)], we get that
GPxx(€) is closed under £-extensions and hokernels of &-proper epimorphisms. Thus GP yx(€)
is quasi-resolving. O

Lemma 5.4. Let X be a quasi-resolving subcategory of T satisfying X N+X C GPxx(€). Then
X NLX is a Ext-injective E-cogenerator for GPxx(€) and is closed under hokernels of &-proper
eptmorphisms.
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Proof. Let M € GPxx(§). Then there exists a Homy(—, X')-exact triangle
M-—-X"——-K!'—-¥M (5.1)
in ¢ with X0 € X N+X C GPxx(£). There exists a Homy(—, X)-exact triangle
K| — P! — X"~ SK!

in & with P} € Px, so K| € GPxx(§) by Remark 5.2.
Applying base change to the triangle

YKL M — X0 s K1

along the morphism Pj— X 0 yields the following commutative diagram

0 K| —= K} 0
DY G U P} K!
|| | ||
yolKt M X0 K!
0 YK == YK 0.

By Lemma 2.11, we have that the third vertical triangle in the above diagram and the triangle
U—P)—K!'—=3U (5.2)

arein&. Then U € GPyx(§) since GPxx () is closed &-extensions. So there exists a Homy(—, X)-
exact £-exact complex
+—>P,—P—U-—0
with P/ € Py (i > 1).
For any Xex, applying the functor Homy(—, X ) to the triangle (5.1) yields the following

commutative diagram

0— HomT(Kl,)Z') — Hom7(X°, )Z') — HomT(M,)Z')

| | |

Oﬁgl‘tg(Klvjz) ngtg(Xovjz) ngtg(Ma 5(:) 4>£$t%(KlajZ) %gxt%(XO,)ﬂ(:)(: 0)7

1%
1%

where the two isomorphisms follow from the assumption that X°, M € GPyx(¢) and Remark
5.2(2). It follows that {xté(Kl,)A(:) = 0 and {xtg(Kl,)A(:) ~ Homy(K', X). Then the triangle
(5.2) is Homy(—, &')-exact. So the following {-exact complex

o> Py P —-P— X! - X% — ...
is a complete Py X-resolution and
U—P—~K!'—-3U and K! - X! - K?—>3%M

are corresponding triangles in £, so K' € GPyx(€). Then XN+ X is a é-cogenerator of GP v (€).
Obviously, X N +X is a £xt-injective £-cogenerator for GPyx(€).
It is easy to check that X N X is closed under hokernels of é-proper epimorphisms. O

23



By Theorem 4.12 and Theorem 5.3 and Lemma 5.4, we have the following result. It gener-
alizes [10, Proposition 5.5].

Proposition 5.5. Let X be a quasi-resolving subcategory of T satisfying X N X C GPryx(€)

—

and M € T. If M € GPxx (&), then the following statements are equivalent for any m > 0.
(1) GPxx(§)-res.dim M < m.
(2) Qb (M) € GPx(€) for anyn>m.
(3) QZPXX(S)(M) € GPxx (&) for anyn > m.
(4) There exists a triangle

M—W-—X-—=YM

in & with X N+ X res.dimW < m and X € GPxx(£).

(5) There exists a {-exact complex
0O—H,—H,.1——H —=X—>M-—0

with all H; € X N+X and X € GPxx(£).
(6) For any 0 < i <m, there exists a &-exact complex

0O—H,—Hp 11— —H41 —X—PFP 11— —P—F—M-—=0

with all Hj € X N Lx, al P, € Popare) and X € GPxx(§).

(7) Extg (M, H) =0 for any n >m and H € xntx.

(8) Lxtg(M,L) =0 for anyn >m and L € xXnlix,

(9) M admits a right GPxx(&)-approzimation ¢ : X — M, where ¢ is &-proper epic, such
that X N+ X-res.dim Hoker o < m — 1.

(10) There exist two triangles
K—X-—M-—%YK

and
M—-W—=X—-=3YM

in € such that X, X' € GPxx(€), X N+ X-res.dim K <m — 1 and X N+ X-res.dim W =
GPxx(€)-res.dim W < m.

Conflict of interest

The authors declare no conflict of interests.

Acknowledgement. This work is supported by Science and Technology Research Project
of Education Department of Hubei Province (No. Q20234405).

References

[1] J. Asadollahi, S. Salarian, Gorenstein objects in triangulated categories, J. Algebra 281
(2004), 264-286.

[2] J. Asadollahi, S. Salarian, Tate cohomology and Gorensteinness for triangulated categories,
J. Algebra 299 (2006), 480-502.

24



[3]

[12]

[13]

[14]

M. Auslander, R.O. Buchweitz, The homological theory of maximal Cohen-Macaulay ap-
prozimations, Mem. Soc. Math. France 38 (1989), 5-37.

M. Auslander, 1. Reiten, Applications of contravariantly finite subcategories, Adv. Math.
86 (1991), 111-152.

A. Beligiannis, Relative homological algebra and purity in triangulated categories, J. Algebra
227 (2000), 268-361.

O.M. Hernandez, E.C.S. Valadez, V.S. Vargas, M.J.S. Salorio, Auslander-Buchweitz ap-
prozimation theory for triangulated categories, Appl. Categ. Struct. 21 (2013), 119-139.

Y. Hu, H. Yao. Relative homological dimensions in recollements of triangulated categories,
Front. Math. China 14 (2019), 25-43.

Y. Hu, H. Yao, X. Fu, Tilting objects in triangulated categories, Comm. Algebra 48 (2020),
410-429.

7.Y. Huang, Homological dimensions relative to preresolving subcategories, Kyoto J. Math.
54 (2014), 727-757.

X. Ma, T.W. Zhao, Resolving resolution dimensions in triangulated categories, Open Math.
19 (2021), 121-143.

X. Ma, T.W. Zhao, Z.Y. Huang, Resolving subcategories of triangulated categories and
relative homological dimension, Acta Math. Sin. (Engl. Ser.) 33 (2017), 1513-1535.

D. Murfet, Triangulated Categories Part I, April 11, 2007. Available at http://

therisingsea.org/notes/TriangulatedCategories.pdf.
A. Neeman, Triangulated Categories, Princeton University Press, Princeton, 2001.

W. Ren, Z.K. Liu, Gorenstein homological dimensions for triangulated categories, J. Algebra
410 (2014), 258-276.

X.Y. Yang, Notes on proper class of triangles, Acta Math. Sin. (Engl. Ser.) 29 (2013),
2137-2154.

X.Y. Yang, Model structures on triangulated categories, Glasgow Math. J. 57 (2015), 263~
284.

X.Y. Yang, Z.C. Wang, Proper resolutions and Gorensteinness in triangulated categories,
Rocky Mountain J. Math. 47 (2017), 1013-1053.

X.S. Zhu, Resolving resolution dimensions, Algebr. Represent. Theor. 16 (2013), 1165-1191.

X.S. Zhu, The homological theory of quasi-resolving subcategories, J. Algebra 414 (2014),
6-40.

25



