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Abstract

Let Λ be a Noetherian algebra and ΛC a Wakamatsu tilting module with Γ = EndΛC. We
are concerned with some relative homological dimensions of certain modules with respect to C.
Firstly, a new non-commutative generalization of the Auslander–Bridger formula for modules
with finite C-Gorenstein projective dimensions is established. As an application, we prove under
some conditions that if the Gorenstein projective dimension of C is finite, then C is isomorphic
to Λ. This provides an evidence for the Wakamatsu tilting conjecture. Secondly, when Λ is
semilocal, we show that the left and right injective dimension of ΛCΓ is at most n if and only
if the C-Gorenstein projective dimension of any simple left Λ-module (or right Γ-module) is at
most n. Its dual version is also obtained. Finally, when Λ = Γ is local, we give an equivalent
characterization for the finiteness of the left and right injective dimensions of ΛCΓ in terms of
cotorsion pairs generated by the classes of C-∞-torsionfree modules.
2020 Mathematics Subject Classification: 16E65, 16L30, 18G25.
Keywords: Wakamatsu tilting modules, Noetherian algebras, (C)-Gorenstein projective dimen-
sion, Auslander projective dimension, Bass injective dimension, Jacobson radical, Semiocal rings.

1 Introduction

The study of generalized tilting modules, which were usually called Wakamatsu tilting modules,
was initiated by Wakamatsu [45]. Foxby [14], Golod [17] and Vasconcelos [43] independently ini-
tiated the study of semidualizing modules (under different names) over commutative Noetherian
rings, which were generalized to non-commutative rings in [22]. A Wakamatsu tilting module

ΛC with Γ = EndΛC is also known as a semidualizing bimodule ΛCΓ.
Of the relative homological invariants of modules, the Gorenstein projective dimension is the

one of most interest in Gorenstein homological algebra [4, 13]. As a generalization of Goren-
stein projective dimension, Golod [17] used a semidualizing module C to defined C-Gorenstein
projective dimension for finitely generated modules. For an R-module M , we use pdR M and
G-pdR M (GC-pdR M) to denote the projective and (C-)Gorenstein projective dimensions of
M , respectively. In fact, Golod proved the following well-known result for finitely generated
modules over commutative Noetherian local rings.

Theorem 1.1. ([17]) Let R be a commutative Noetherian local ring and C a semidualizing R-
module. If M is a finitely generated R-module with finite C-Gorenstein projective dimension,
then

GC-pdR M + depthR(M) = depthR(R).

1The research was partially supported by NSFC (Grant No. 12371038) and NSF of Guangxi Province of China
(Grant No. 2026GXNSFAA00640581).
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It is an extension of the Auslander–Bridge formula [4]. One aim of this paper is to give a non-
commutative analogue of Theorem 1.1 for Noetherian algebras over a commutative Noetherian
ring and give applications. A Noetherian R-algebra Λ is a ring endowed with a ring homomor-
phism R → Λ with R a commutative Noetherian ring, whose image is contained in the center of
Λ and Λ is finitely generated as an R-module [33]. It follows that Λ is a left and right Noetherian
ring. Moreover, the endomorphism ring Γ := EndΛM of any finitely generated left Λ-module
M is also a Noetherian R-algebra.

In contrast with the commutative case, the study of Gorenstein projective dimension with
respect to a semidualizing bimodule is a very active area of research in non-commutative algebra,
as evidenced by various works like [3, 27, 28, 29, 36, 50]. In the rest of this section, we always
assume that Λ is a Noetherian R-algebra and ΛC is a Wakamatsu tilting (= semidualizing)
module with Γ = EndΛC. Our first main result, which appears as Theorem 3.9, plays a crucial
role in the study of module depth by relating it to C-Gorenstein projective dimension, thus
provides an essential understanding of the structure and properties of modules over Noetherian
algebras.

Theorem A. Let 0 ̸= M ∈ modΛ with GC-pdΛM < ∞. If Λ is semilocal and C satisfies the
condition (hcΓ

op

C ), then

GC-pdΛM + depthR(M) = depthR(C).

See Section 3 for the definition of the condition (hcΓ
op

C ). Motivated by [32, Proposition], we
give an application of Theorem A concerning when a Wakamatsu tilting module C is isomorphic
to Λ. The following theorem appears as Theorem 3.15.

Theorem B. Let Λ be local and G-pdΛC < ∞. Then C ∼= Λ if one of the following two
conditions is satisfied:
(1) Λ = Γ.
(2) R is a Henselian local ring and C is indecomposable as a Λ-module.

The proof of the above theorem builds on two spectral sequences, which are of independent
interest. In fact, this result is related to the Wakamatsu tilting conjecture, which states that,
over an Artinian algebra Λ, if ΛC is a Wakamatsu tilting module with projective dimension
finite, then C is a tilting Λ-module. Note that this long-standing conjecture can be stated over
arbitrary rings and Gorenstein projective dimension is a refinement of projective dimension for
modules. It is easily seen from Theorem B that the Wakamatsu tilting conjecture is true for
special Wakamatsu tilting modules over Noetherian local algebras.

Suppose that R is a commutative Noetherian local ring and k is the residue field. The
characterization of a local ring by the homological properties of its finite modules begins with
the classical criteria for the regularity of R, which is due to Auslander, Buchsbaum and Serre
[8, Theorem 2.2.7]. They proved that R is regular if and only if pdR M < ∞ for any finitely
generated R-moduleM , and if and only if pdR k < ∞. Parallel to Auslander–Buchsbaum–Serre’s
regularity theorem, Christensen [11] showed that R is Gorenstein if and only if G-pdR M < ∞ for
any finitely generated R-module M , and if and only if G-pdR k < ∞; and this was extended to
the C-Gorenstein projective dimension by himself [12]. To be more precise, it was shown in [12,
Proposition 8.4] that a semidualizing R-module C is dualizing if and only if GC-pdR M < ∞ for
any finitely generated R-module M , and if and only if GC-pdR k < ∞. Inspired by the preceding
studies in the commutative setting, we extend Christensen’s result to the non-commutative case;
moreover, the corresponding dual version is also obtained. Actually, we prove the following result
(see Theorem 4.7).
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Theorem C. Let Λ be semilocal and n ⩾ 0.

(i) The following statements are equivalent.
(1) The left and right injective dimensions of ΛCΓ are at most n.
(2) GC-pdΛ S ⩽ n for any simple left Λ-module S.
(3) GC-pdΛM ⩽ n for any finitely generated left Λ-module M .
(4) GC-pdΓop T ⩽ n for any simple right Γ-module T .
(5) GC-pdΓop N ⩽ n for any finitely generated right Γ-module N .

(ii) The following statements are equivalent.
(1′) The left and right projective dimensions of ΛCΓ are at most n.
(2′) The Bass injective dimension of any simple left Λ-module is at most n.
(3′) The Bass injective dimension of any finitely generated left Λ-module is at most n.
(4′) The Bass injective dimension of any simple right Γ-module is at most n.
(5′) The Bass injective dimension of any finitely generated right Γ-module is at most n.
(6′) The Auslander projective dimension of any simple left Γ-module is at most n.
(7′) The Auslander projective dimension of any finitely generated left Γ-module is at most

n.
(8′) The Auslander projective dimension of any simple right Λ-module is at most n.
(9′) The Auslander projective dimension of any finitely generated right Λ-module is at

most n.

Hovey proved that if R is a Gorenstein ring, then (GP(ModR),P<∞(ModR)) is a cotorsion
pair [23, Theorem 8.3], where GP(ModR) is the class of Gorenstein projective left R-modules
and P<∞(ModR) is the class of left R-modules with finite projective dimension. Note that any
finitely generated Gorenstein projective module is ∞-torsionfree in the sense [4] (cf. Definition
4.13). It is natural to ask when the class T (modΛ) of finitely generated ∞-torsionfree left Λ-
modules and the class P<∞(modΛ) of finitely generated left Λ-modules with finite projective
dimension form a cotorsion pair. This question is investigated in Section 4, whose main result
is the following theorem on Noetherian algebras.

Theorem D. If Λ is local, then the following statements are equivalent.

(1) Λ is Gorenstein.
(2) Both (T (modΛ),P<∞(modΛ)) and (T (modΛop),P<∞(modΛop)) are cotorsion pairs.

The theorem above, which is included in Corollary 4.15, is an immediate consequence of
Theorem 4.14.

Now, we briefly describe the structure of this paper. In Section 2, we give some terminology
and preliminary results. In Section 3, we prove Theorem A (see Theorem 3.9). A natural
question concerning Wakamatsu tilting modules is: when is a Wakamatsu tilting module free?
As an application of Theorem A, we provide some conditions for a Wakamatsu tilting module
with finite Gorenstein projective dimension to be free (Theorem B; cf. Theorem 3.15).

In Section 4, when Λ is semilocal, we characterize the finiteness of the left and right injective
dimensions of a Wakamatsu tilting module C in terms of the finiteness of the C-Gorenstein
projective dimension of left or right simples modules. Surprisingly, we prove in a dual manner
that the Auslander projective and Bass injective dimensions of left or right simple modules are
useful in characterizing the projective dimensions of a Wakamatsu tilting module (Theorem C;
cf. Theorem 4.7). Furthermore, we obtain a characterization of Wakamatsu tilting modules with
finite injective dimensions in terms of cotorsion pairs generated by the class of C-∞-torsionfree
modules (Theorem 4.14).
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2 Preliminaries

We begin with our convention, which is valid throughout the paper.

Convention 2.1. All rings are associative rings with unit and all modules are unital. For a
ring Λ, we use ModΛ (modΛ) to denote the category of (finitely generated) left Λ-modules,
and use Db(Λ) to denote the bounded derived category of ModΛ. For a module M ∈ ModΛ,
we use addΛM to denote the subcategory of modΛ consisting of all direct summands of finite
direct sums of copies of M , and use pdΛM and idΛM to denote the projective and injective
dimensions of M , respectively. We use J to denote the Jacobson radical of Λ. Recall that Λ
is semilocal if Λ/J is semisimple. Throughout this paper, R is a commutative Noetherian ring
with the Jacobson radical m.

Let Λ,Γ be rings and ΛUΓ a bimodule. Let M ∈ ModΛ and let

σU
M : M → HomΓop(HomΛ(M,U), U)

via σU
M (x)(f) = f(x) for any x ∈ M and f ∈ HomΛ(M,U) be the canonical evaluation homo-

morphism. Recall from [1] that M is called U -torsionless if σU
M is a monomorphism, and is called

U -reflexive if σU
M is an isomorphism. The following observation is a non-commutative version of

[11, Proposition 1.1.9(b)].

Lemma 2.2. Let ΛUΓ be a bimodule and let M be a Noetherian left Λ-module, and set (−)u :=
Hom(−, U). Then the following statements are equivalent.
(1) M is U -reflexive.
(2) M ∼= Muu.

Proof. The implication (1) =⇒ (2) is trivial. Suppose that (2) holds true. It follows from [1,
Proposition 20.14] that σU

M
∼= σU

Muu is a split monomorphism. So there is a module X ∈ ModR
such that M ∼= Muu ∼= M ⊕X, and hence

M ∼= M ⊕X ∼= M ⊕X(2) ∼= · · · ∼= M ⊕X(n) ∼= · · · .

If M is not U -reflexive, then X ̸= 0, and thus

X ⫋ X(2) ⫋ · · · ⫋ X(n) ⫋ · · ·

is a strictly increasing chain of submodules of M , which contradicts that M is Noetherian. It
follows that M is U -reflexive and (1) holds true.

Next we recall the definitions of semidualizing bimodule and Wakamatsu tilting module.

Definition 2.3. ([22]). A (Λ,Γ)-bimodule ΛCΓ is called semidualizing if the following conditions
are satisfied:
(a1) ΛC admits a degreewise finite Λ-projective resolution.
(a2) CΓ admits a degreewise finite Γop-projective resolution.
(b1) The homothety map χΛ

C : ΛΛΛ → HomΓop(C,C) is an isomorphism.
(b2) The homothety map χΓ

C : ΓΓΓ → HomΛ(C,C) is an isomorphism.
(c1) Ext⩾1

Λ (C,C) = 0.
(c2) Ext⩾1

Γop(C,C) = 0.

We refer to [6, 22] for more general examples of semidualizing bimodules.
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Definition 2.4. ([45, 46]). A module C ∈ ModΛ is called Wakamatsu tilting if the following
conditions are satisfied:
(a) ΛC admits a degreewise finite Λ-projective resolution.
(b) Ext⩾1

Λ (C,C) = 0.
(c) There is an exact sequence

0 → ΛΛ → C0 → C1 → · · · → Ci → · · ·

in ModΛ with all Ci in addΛC, which remains exact after applying the functor HomΛ(−, C ′)
for any C ′ ∈ addΛC.

Remark 2.5. For a bimodule ΛCΓ, it follows from [46, Corollary 3.2] that ΛC is Wakamatsu
tilting with Γ = EndΛC if and only if CΓ is Wakamatsu tilting with Λ = EndΓC, and if and
only if ΛCΓ is semidualizing bimodule.

Based on the work of Holm and Jørgensen [21], the following notions were introduced and
studied in non-commutative rings by Liu, Huang and Xu [36].

Definition 2.6. ([36]). Let ΛC be a Wakamatsu tilting module with Γ = EndΛC.
(i) A module M ∈ ModΛ is called C-Gorenstein projective if the following conditions are

satisfied:
(1) Ext⩾1

Λ (M,C ⊗Γ P ) = 0 for any projective left Γ-module P .
(2) There is an exact sequence

0 → M → C ⊗Γ P 0 → C ⊗Γ P 1 → · · ·

in ModΛ with all P i projective, which remains exact after applying the functor
HomΛ(−, C ⊗Γ P ) for any projective left Γ-module P .

(ii) A module M ∈ ModΓ is called C-Gorenstein injective if the following conditions are
satisfied:
(1) Ext⩾1

Γ (HomΛ(C, I),M) = 0 for any injective left Λ-module I.
(2) There is an exact sequence

· · · → HomΛ(C, I1) → HomΛ(C, I0) → M → 0

in ModΓ with all Ii injective, which remains exact after applying the functor
HomΓ(HomΛ(C, I),−) for any injective left Λ-module I.

If ΛCΓ = ΛΛΛ, then C-Gorenstein projective and injective modules are exactly Gorenstein
projective and injective modules, respectively. We write

GPC(ModΛ) := {C-Gorenstein projective left Λ-modules},

GPC(modΛ) := GPC(ModΛ) ∩modΛ,

GP(modΛ) := {finitely generated Gorenstein projective left Λ-modules},

GIC(ModΓ) := {C-Gorenstein injective left Γ-modules}.

From now on, Λ is a Noetherian R-algebra, we fix a Wakamatsu tilting module

ΛC with Γ = EndΛC. For convenience, we write

(−)† := HomΛ(−, C) and (−)∗ := HomΛ(−,Λ).

We state the definition of totally C-reflexive modules and the connection with C-Gorenstein
projective modules.
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Definition 2.7. We say that M ∈ modΛ is totally C-reflexive if the following conditions are
satisfied:
(1) Ext⩾1

Λ (M,C) = 0.
(2) Ext⩾1

Γop(M †, C) = 0.
(3) M is C-reflexive.

Note that these modules are called C-reflexive in [3]. For and M ∈ modΛ, it follows from
[48, Theorem 4.4] that M is C-Gorenstein projective if and only if M is totally C-reflexive.

Let X be a subcategory of ModΛ. Recall that X is called resolving if it contains all projective
left Λ-modules, and it is closed under extensions and kernels of epimorphisms. Dually, the notion
of coresolving subcategories is defined. Let M ∈ ModΛ. The X -projective dimension X -pdΛM
of M is defined as inf{n | there is an exact sequence

0 → Xn → · · · → X1 → X0 → M → 0

in ModΛ with all Xi in X}. If no such an integer exists, then set X -pdΛM = ∞. Dually, the
notion of X -injective dimension X -idΛM of M is defined (cf. [26, 27]). When X = GPC(ModΛ),
the X -projective dimension of M , denoted by GC-pdΛM , is called the C-Gorenstein projective
dimension of M . For any M ∈ ModΓ, when X = GIC(ModΓ), the X -injective dimension of M ,
denoted by GC-idΓM , is called the C-Gorenstein injective dimension of M . In particular, we
use G-pdΛM and G-idΛM to denote the Gorenstein projective and injective dimensions of M ,
respectively.

Let I be an ideal of R and M ∈ ModR. Recall from [15, Definition 2.3] that

depthR(I,M) := inf{i ⩾ 0 | ExtiR(R/m,M) ̸= 0}

is called the I-depth of M over R. We write depthR(M) for the m-depth of M . In [19, Corollary
3.2], Goto and Nishida established a characterization of the depth of a non-zero finitely generated
Λ-module over local rings. Using similar arguments, we can extend this result to semilocal rings
as follows.

Lemma 2.8. Let R be a semilocal ring and 0 ̸= M ∈ modΛ. Then

depthR(M) = inf{i ⩾ 0 | ExtiΛ(Λ/J,M) ̸= 0}.

Proof. Suppose depthR(M) = d. We will make use of induction on d. If d = 0, then

HomΛ(Λ/mΛ,M) ∼= HomR(R/m,M) ̸= 0.

Since mHomΛ(Λ/mΛ,M) = 0, it follows that HomΛ(Λ/mΛ,M) has finite length over R, and
hence it also has finite length over Λ by [31, Lemma 2.2(a)]. This implies HomΛ(Λ/J,M) ̸= 0.
Now suppose d > 0. It follows from [8, Theorem 1.2.5] that there is an M -regular element x ∈ m
such that depthR(M/xM) = d− 1. By the induction hypothesis, we have

inf{i ⩾ 0 | ExtiΛ(Λ/J,M/xM) ̸= 0} = d− 1.

Note that xExtiΛ(Λ/J,M) = 0 for any i ⩾ 0. Thus applying the functor HomΛ(Λ/J,−) to the
exact sequence

0 → M
x→ M → M/xM → 0

yields the following exact sequence

0 → Exti−1
Λ (Λ/J,M) → Exti−1

Λ (Λ/J,M/xM) → ExtiΛ(Λ/J,M) → 0

for any i ⩾ 1. Thus Exti−1
Λ (Λ/J,M/xM) = 0 implies ExtiΛ(Λ/J,M) for 0 ⩽ i < d and

ExtdΛ(Λ/J,M) ∼= Extd−1
Λ (Λ/J,M/xM) ̸= 0.
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Let M ∈ ModR. We use Ass(M) (respectively, Supp(M)) to denote the set of associated
(respectively, support) prime ideals of M , and use annR(M) to denote the annihilator of M in
R. We use Spec(R) and Max(R) to denote the prime and maximal spectra of R, respectively.

For commutative algebra we use the same notation and terminology as in [8, 37]. We refer
to [34] for the theory of non-commutative rings.

3 Auslander–Bridger formula for C-Gorenstein projective di-
mension

This section deals with the C-Gorenstein projective dimension of finitely generated modules.
The main result (Theorem 3.9) gives a relative Gorenstein projective version of the classical
Auslander–Bridger formula over Noetherian algebras.

For any M ∈ ModΛ or ModΛop and x ∈ R, we write M := M ⊗R R/(x). In the following
result, we use Lemma 2.2 to achieve a Wakamatsu tilting Λ-module C with Γ = EndΛC.

Proposition 3.1. If x ∈ m is C-regular, then C is a Wakamatsu tilting Λ-module with Γ =
EndΛC.

Proof. Since x is C-regular, there is an exact sequence

0 → C
x→ C → C → 0

in modΓop. Applying the functor HomΓop(−, C) to this sequence yields that Λ → Ext1Γop(C,C)
is an isomorphism and Ext⩾2

Γop(C,C) = 0. It follows from [40, Theorem 8.34] that

Exti
Γop(C,C) ∼= Exti+1

Γop (C,C) = 0

for any i ⩾ 0. Thus

Λ ∼= Ext1Γop(C,C) ∼= HomΓop(C,C) ∼= HomΓop(HomΛ(Λ, C), C)

and Ext⩾1

Γop(C,C) = 0 for any i ⩾ 1. By Lemma 2.2, we have that Λ is C-reflexive. Note that Λ

is C-reflexive if and only if the homothety map χΛ
C
: ΛΛΛ → HomΓ

op(C,C) is an isomorphism.

Similarly, we get that Ext⩾1

Λ
(C,C) = 0 and the homothety map χΓ

C
: ΓΓΓ → HomΛ(C,C) is

an isomorphism. We conclude that C is a Wakamatsu tilting Λ-module with Γ = EndΛC by
Remark 2.5.

We need the following two lemmas.

Lemma 3.2. It holds that

(1) Let 0 ̸= M ∈ modΛ. If M is C-torsionless, then AssR(M) ⊆ AssR(C).
(2) If Λ = Γ and Λ is local, then depthR(Λ) = depthR(C).

Proof. (1) Since M is C-torsionless, there is a monomorphism 0 → M → Cn in modΛ. So
AssR(M) ⊆ AssR(C

n) = AssR(C).

(2) For any r ⩾ 1, it suffices to show that depthR(Λ) ⩾ r if and only if depthR(C) ⩾ r. Note
that there are isomorphisms

HomΛ(Λ/J,Λ) ∼= HomΛ(Λ/J,HomΛ(C,C)) ∼= HomΛ(C⊗ΛΛ/J,C) ∼= HomΛ(C,HomΛop(Λ/J,C)).
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Thus HomΛop(Λ/J,C) = 0 implies HomΛ(Λ/J,Λ) = 0. On the contrary, if HomΛ(Λ/J,Λ) = 0,
since HomΛop(Λ/J,C) is annihilated by J and Λ is local, we obtain HomΛop(Λ/J,C) = 0. It
follows from Lemma 2.8 that depthR(Λ) ⩾ 1 if and only if depthR(C) ⩾ 1.

Let r ⩾ 2. Since
m ̸⊂ ∪p∈AssR(C)∪AssR(Λ)p = ∪p∈AssR(C)p,

there is an element x ∈ m which is both Λ-regular and C-regular by the induction hypothesis. It
follows from Proposition 3.1 that C is a Wakamatsu tilting Λ-module with Λ = EndΛC. Thus
by induction hypothesis, we have that depthR(Λ) ⩾ r− 1 if and only if depthR(C) ⩾ r− 1, and
therefore depthR(Λ) ⩾ r if and only if depthR(C) ⩾ r.

Lemma 3.3. ([37, p.140, Lemma 2]) or [39, Lemma 2.1]) Let Λ be a Noetherian R-algebra, and
let M,N ∈ modΛ and x ∈ m. Suppose that x is both Λ-regular and M -regular and that xN = 0.
Then ExtnΛ(M,N) ∼= Extn

Λ
(M,N) for any n ⩾ 0.

Before proceeding, we need to investigate the totally C-reflexive property over a quotient
ring modulo an ideal generated by a regular element.

Proposition 3.4. Let M ∈ modΛ such that M ̸= 0 and let x ∈ m be a C-regular element. If
M is totally C-reflexive, then M is totally C-reflexive.

Proof. By assumption, M is C-torsionless. It follows from Lemma 3.2 that x is both Λ-regular
and M -regular. Since x is C-regular, there is an exact sequence

0 → C
x→ C → C → 0

in modΛ. Because Ext⩾1
Λ (M,C) = 0, applying the functor HomΛ(M,−) yields the following

exact sequence
0 → HomΛ(M,C)

x→ HomΛ(M,C) → HomΛ(M,C) → 0.

This shows that x is HomΛ(M,C)-regular. In addition, we have Exti
Λ
(M,C) ∼= ExtiΛ(M,C) = 0

for any i ⩾ 1 and HomΛ(M,C) ∼= HomΛ(M,C) by Lemma 3.3. Thus

HomΛ(M,C) ∼= HomΛ(M,C) ∼= HomΛ(M,C).

Similarly, since Ext⩾1
Γop(HomΛ(M,C), C) = 0, we have

Exti
Γop(HomΛ(M,C), C) ∼= ExtiΓop(HomΛ(M,C), C) = 0

for any i ⩾ 1 and

HomΓop(HomΛ(M,C), C) ∼= HomΓop(HomΛ(M,C), C) ∼= HomΓop(HomΛ(M,C), C).

Then the following commutative diagram

M

σC
M��

σC
M // HomΓop(HomΛ(M,C), C)

∼=
��

HomΓop(HomΛ(M,C), C)
∼= // HomΓop(HomΛ(M,C), C)

implies that σC
M

is an isomorphism. This completes the proof.
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Combining Lemma 3.2 with Proposition 3.4 we get the following result.

Corollary 3.5. Let M ∈ modΛ. If x ∈ m is both C-regular and M -regular, then GC-pdΛM ⩽
GC-pdΛM .

Proof. If GC-pdΛM = ∞, then the assertion holds true obviously. Suppose GC-pdΛM = n <
∞. By [3, Lemma 2.1], there is an exact sequence

0 → Gn → Gn−1 → · · · → G1 → G0 → M → 0

in modΛ with Gi totally C-reflexive. As x is C-regular, it is also Λ-regular by Lemma 3.2.
Thus we deduce from the proof of [11, Lemma 1.3.4(1)] that TorΛ⩾1(Λ,M) = 0. So applying the
functor Λ⊗Λ − to the above exact sequence yields the following exact sequence

0 → Gn → Gn−1 → · · · → G1 → G0 → M → 0.

Now Gi is totally C-reflexive by Proposition 3.4, and thus GC-pdΛM ⩽ n as desired.

Next our aim is to establish Theorem A, advertised in the introduction. First we prove the
following result.

Lemma 3.6. Assume that T † ̸= 0 for any simple Γop-module T . Then for any M ∈ modΛ, the
following statements are equivalent.
(1) GC-pdΛM = 0.
(2) GC-pdΛM < ∞.

Proof. (1) =⇒ (2) It is trivial.
(2) =⇒ (1) Suppose GC-pdΛM = n < ∞. The case for n = 0 is trivial. If n = 1, there is an

exact sequence

0 → G1 → G0 → M → 0

in modΛ with G0 and G1 totally C-reflexive. Applying the functor (−)† to it yields the following
exact sequence

0 → M † → G†
0 → G†

1 → Ext1Λ(M,C) → 0

in modΓop and Ext>1
Λ (M,C) = 0. Since both σC

G0
and σC

G1
are isomorphisms, it follows from

the following commutative diagram

0 // G1

σC
G1 ��

// G0

σC
G0��

0 // Ext1Λ(M,C)† // G††
1

∼= // G††
0

that Ext1Λ(M,C)† = 0. If Ext1Λ(M,C) ̸= 0, there is an epimorphism f : Ext1Λ(M,C) → T in
modΓop with T simple, and so T † = 0, contradicting the assumption. Thus Ext1Λ(M,C) = 0,
which implies GC-pdΛM = 0 by [3, Theorem 2.2]. Now suppose that n > 1 and

0 → Gn → Gn−1 → · · · → G1 → G0 → M → 0

is an exact sequence in modΛ with all Gi totally C-reflexive. Set M ′ := Im(Gn−1 → Gn−2).
Since GC-pdΛM ′ ⩽ 1, we have GC-pdΛM ′ = 0 by the above argument. Repeating this process,
we finally get GC-pdΛM = 0.
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For a Noetherian R-algebra Λ, in order to study the problem when the injective dimension
of a finitely generated module with finite injective dimension is equal to depthR(Λ), Goto and
Nishida in [18] introduced the following “homogeneity condition”:

(hc) ExttΛ(S,Λ) ̸= 0 for any simple left Λ-module S, where t = depthR(Λ).
Following Lemma 3.6, it is natural to introduce the following condition, which extends the

above condition to the relative setting.
For 0 ̸= M ∈ modΛ, we say that M satisfies the condition (hcΛM ) if ExttΛ(S,C) ̸= 0 for any

simple left Λ-module S, where t = depthR(M). This condition will play an important role in
the sequel. In addition, if Λ is local, then by Lemma 2.8 we infer that M satisfies the condition
(hcΛM ) automatically. Now we provide an alternative characterization of the condition (hcΛM ).

Proposition 3.7. Let 0 ̸= M ∈ modΛ with depthR(M) = t. Then the following statements are
equivalent.
(1) M satisfies the condition (hcΛM ).
(2) If

I• : = 0 → M → I0Λ(M)
d0−→ I1Λ(M)

d1−→ · · · di−1

−→ IiΛ(M)
di−→ · · ·

is a minimal injective resolution of M , then Et
Λ(M) contains S for any simple left Λ-

module S.

Proof. We claim that the complex HomΛ(S, I
•) has zero differentials for any simple left Λ-module

S. If f : S → IiΛ(M) is some non-zero homomorphism, then f is monic since S is simple. Thus
IiΛ(M) contains S and the injective envelope IΛ(S) of S is a direct summand of IiΛ(M). If
dif ̸= 0, then dif is monic, and so Ii+1

Λ (M) contains S and IΛ(S) is also a direct summand of
Ii+1
Λ (M). Thus IΛ(S) appears as a common direct summand of IiΛ(M) and Ii+1

Λ (M) under di,
contradicting the minimality of I•. The claim is proved. Now the assertion follows easily from
this claim.

Proposition 3.8. Let 0 ̸= M ∈ modΛ with GC-pdΛM < ∞. If Λ is semilocal and C satisfies
the condition (hcΓ

op

C ), then the following statements are equivalent.

(1) GC-pdΛM = 0.
(2) Every C-regular sequence is M -regular sequence.
(3) depthR(M) ⩾ depthR(C).
(4) depthR(M) = depthR(C).

Proof. By assumption, there is a commutative Noetherian semilocal ring R such that Λ is a
Noetherian R-algebra.

(1) =⇒ (2) It follows from Lemma 3.2 and Proposition 3.4.
(2) =⇒ (3) It is obvious.
(3) =⇒ (4) We proceed by induction on t := depthR(C). When t = 0, we have GC-

pdΛM = 0 by Lemma 3.6. As M ̸= 0, we have M † ̸= 0. Thus there is an epimorphism
f : M † → T in modΓop with T simple. By the condition (hcΓ

op

C ), there is a monomorphism
0 → T → C in modΓop. Applying the functor HomΓop(M †,−) to it yields an exact sequence

0 → HomΓop(M †, T )(̸= 0) → HomΓop(M †, C) ∼= M.

Thanks to [34, Proposition 20.6], we get mHomΓop(M †, T ) = 0, and thus depthR(M) = 0.
Now let t ⩾ 1. Since depthR(M) ⩾ depthR(C) = t ⩾ 1, there is an element x ∈ m which is

both C-regular and M -regular. By Corollary 3.5, we have GC-pdΛM < ∞. Since

depthR(M) = depthR(M)− 1 ⩾ depthR(C)− 1 = depthR(C),
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we have depthR(M) = depthR(C) by the induction hypothesis. Thus depthR(M) = depthR(C).
(4) =⇒ (1) By assumption, it suffices to prove Ext⩾1

Λ (M,C) = 0. We also proceed by
induction on t := depthR(C). If t = 0, then GC-pdΛM = 0 by Lemma 3.6. If t ⩾ 1, then
depthR(M) = depthR(C) ⩾ 1, and hence there is an element x ∈ m which is both C-regular and
M -regular. Since

depthR(M) = depthR(M)− 1 = depthR(C)− 1 = depthR(C),

we have Ext⩾1

Λ
(M,C) = 0 by the induction hypothesis. This gives Ext⩾1

Λ (M,C) = 0 by Lemma
3.3. From the exact sequence

0 → C
x→ C → C → 0

in modΛ, we get the following exact sequence

ExtiΛ(M,C)
x→ ExtiΛ(M,C) → ExtiΛ(M,C) = 0

for any i ⩾ 1. It follows from the Nakayama lemma that Ext⩾1
Λ (M,C) = 0.

We are now in a position to prove the following theorem, which generalizes [38, Proposition
3.4].

Theorem 3.9. Let 0 ̸= M ∈ modΛ with GC-pdΛM < ∞. If Λ is semilocal and C satisfies the
condition (hcΓ

op

C ), then

GC-pdΛM + depthR(M) = depthR(C).

Proof. We proceed by induction on GC-pdΛM . The case for GC-pdΛM = 0 follows from
Proposition 3.8. Now suppose GC-pdΛM = n ⩾ 1. Then there is an exact sequence

0 → K → G → M → 0

in modΛ with G being C-Gorenstein projective and GC-pdΛK = n − 1. By the induction
hypothesis, we have

GC- pdΛK + depthR(K) = depthR(C).

Since GC-pdΛG = 0 and GC-pdΛM = n ⩾ 1, it follows from Proposition 3.8 that depthR(G) =
depthR(C) and depthR(M) < depthR(C) = depthR(G). Thus depthR(K) = depthR(M) + 1 by
[8, Proposition 1.2.9], and therefore the assertion follows.

It should be pointed out that the condition (hcΓ
op

C ) is necessary for Theorem 3.9 as shown
in the following example.

Example 3.10. Let Λ be a finite dimensional K-algebra over an algebraically closed field K
given be the quiver

1 // 2.

For i = 1, 2, we use P (i) and S(i) to denote the projective and simple modules correspond-
ing to the vertex i, respectively. Take C := Λ and M := S(1). Since depthK(Λ) = 0 and
HomΛop(S(2),Λ) = 0, it means that Λ does not satisfy the condition (hcΛ

op

Λ ). On the other
hand, because depthK(M) = 0 and G-pdΛM = pdΛM = 1, the equation in Theorem 3.9 does
not hold true.

Corollary 3.11. If Λ is semilocal and C satisfies the condition (hcΓ
op

C ), then depthR(Λ) =
depthR(C).
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Proof. Since GC-pdΛ Λ = 0, we have depthR(Λ) = depthR(C) by Theorem 3.9.

The following corollary extends [39, Theorem 1.10].

Corollary 3.12. Let 0 ̸= M ∈ modΛ with GC-pdΛM < ∞. If Λ is semilocal and C satisfies
the condition (hcΓ

op

C ), then

GC-pdΛM + depthR(M) = depthR(Λ).

Proof. It follows from Theorem 3.9 and Corollary 3.11.

Proposition 3.13. Suppose that Λ is semilocal, depthR(Λ) = 0 and Λ satisfies the condition
(hcΛ

op

Λ ). If G-pdΛC < ∞, then C ∼= Λ.

Proof. Since depthR(Λ) = 0, we have G-pdΛC = 0 by Theorem 3.9. In view of [44, Proposition
2.2], there are the following two spectral sequences with the same limit

Ep,q
2 = ExtpΓop(C,Ext

q
Λop(C

∗,Λ)) ⇒ Hn, (3.1)

Ep,q
2 = ExtpΛop(Tor

Γ
q (C,C

∗),Λ) ⇒ Hn. (3.2)

Then we have a filtration {ϕjH i} of H i satisfying

0 = ϕi+1H i ⊆ ϕiH i ⊆ · · · ⊆ ϕ1H i ⊆ ϕ0H i = H i

with Ej,i−j
∞ ∼= ϕjH i/ϕj+1H i for all i and j. Since C is Gorenstein projective, it follows that

Ext⩾1
Λop(C∗,Λ) = 0, and hence

0 = E0,1
2 = E0,1

∞
∼= ϕ0H1/ϕ1H1

by (3.1). Since E1,0
2 = Ext1Γop(C,C) = 0 by (3.1) again, we get

0 = E1,0
2 = E1,0

∞
∼= ϕ1H1/ϕ2H1.

So H1 = 0, and hence ϕ1H1 = 0. Furthermore, it follows from (3.2) that

Ext1Λop(C ⊗Γ C∗,Λ) = E1,0
2 = E1,0

∞
∼= ϕ1H1/ϕ2H1 = 0.

Set M := C ⊗Γ C∗. Then

M∗ = (C ⊗Γ C∗)∗ ∼= HomΓop(C,C) ∼= Λ.

Applying the functor (−)∗ to the following exact sequence

0 → M1 → P → M → 0

in modΛop with P projective yields an exact sequence

0 → M∗ → P ∗ → M∗
1 → 0. (3.3)

Since M∗
1 has finite projective dimension and depthR(Λ) = 0, we have that M∗

1 is Gorenstein
projective by Corollary 3.12, and hence the exact sequence (3.3) splits. Now consider the
following commutative diagram with exact rows:

0 //M1
//

��

P //

∼= σΛ
P
��

M //

σΛ
M
��

0

0 //M∗∗
1

// P ∗∗ //M∗∗ // 0.
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It follows that σΛ
M : M → M∗∗ is surjective. As M∗ ∼= Λ, this implies that there is a module

K ∈ modΛop such that M ∼= M∗∗ ⊕K, and hence

M∗ ∼= M∗∗∗ ⊕K∗ ∼= M∗ ⊕K∗.

Since Λ has invariant basis number, we have K∗ = 0. If K ̸= 0, then there is an epimorphism
f : K → S in modΛop with S simple. It follows that S∗ = 0, which contradicts the assumption.
Thus K = 0 and M ∼= M∗∗ ∼= Λ. Therefore C ∼= Λ by [5, Proposition A.1].

Recalled from [35] that a local ring R is said to be Henselian provided, for every Noetherian
R-algebra Λ (not necessarily commutative), each idempotent of Λ/J lifts to an idempotent of Λ.
A slight modification of the proof of [35, Theorem 1.8] allows us to prove the following lemma.

Lemma 3.14. If R is a Henselian local ring and M ∈ modΛ, then M is indecomposable if and
only if Γ′ := EndΛM is a local ring.

Proof. The sufficiency follows from [34, Section 19]. In the following, we prove the necessity.

We write J(Γ′) for the Jacobson radical of Γ′. Since mΓ′ ⊆ J(Γ′) by [34, Proposition 20.6], we
have that Γ′/J(Γ′) is a finite-dimensional k-algebra with k = R/m. Thus Γ′/J(Γ′) is semisimple
by [1, Proposition 15.17]. Moreover, since M is indecomposable, it follows that Γ′ has no non-
trivial idempotents. Moreover, since R is Henselian local ring, each idempotent of Γ′/J(Γ′)
lifts to an idempotent of Γ′. Thus Γ′/J(Γ′) has no non-trivial idempotents, which implies that
Γ′/J(Γ′) is a division ring by Wedderburn-Artin Theorem, and therefore Γ′ is a local ring by
[34, Theorem 19.1].

As an application of Proposition 3.13, we give a non-commutative version of [32, Proposition].

Theorem 3.15. Let Λ be local and G-pdΛC < ∞. Then C ∼= Λ if one of the following two
conditions is satisfied:

(1) Λ = Γ.
(2) R is a Henselian local ring and C is indecomposable as Λ-module.

Proof. The assertion that depthR(Λ) = depthR(C) follows from Lemma 3.2, Corollary 3.11 and
Lemma 3.14 if either (1) or (2) holds.

If depthR(Λ) ⩾ 1, then by Lemma 3.2, there is an element x in m such that it is both Λ-
regular and C-regular. It follows from Proposition 3.1 and Corollary 3.5 that C is a Wakamatsu
tilting Λ-module with Λ = EndΛC and G-pdΛC ⩽ G-pdΛC < ∞. Thus, by using induction on
depthR(Λ), we may assume depthR(Λ) = 0. Then the result follows from Proposition 3.13.

4 Injective and projective dimensions of C

In this section we discuss the projective (respectively, injective) dimension of a Wakamatsu
tilting module C in connection with the homological behavior of the Auslander and Bass classes
(respectively, C-Gorenstein projective modules).

Definition 4.1. ([22]). The Auslander class AC(Γ) with respect to C consists of all left Γ-
modules N satisfying the following conditions:

(A1) TorΓ⩾1(C,N) = 0.

(A2) Ext⩾1
Λ (C,C ⊗Γ N) = 0.
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(A3) The canonical evaluation homomorphism

µN : N → HomΛ(C,C ⊗Γ N)

defined by µN (x)(c) = c⊗ x for any x ∈ N and c ∈ C is an isomorphism in ModΓ.
The Bass class BC(Λ) with respect to C consists of all left Λ-modules M satisfying the following
conditions:
(B1) Ext⩾1

Λ (C,M) = 0.
(B2) TorΓ⩾1(C,HomΛ(C,M)) = 0.
(B3) The canonical evaluation homomorphism

θM : C ⊗Γ HomΛ(C,M) → M

defined by θM (c ⊗ f) = f(c) for any c ∈ C and f ∈ HomΛ(C,M) is an isomorphism in
ModΛ.

Symmetrically, the Auslander class in ModΛop and the Bass class in ModΓop are defined.

Definition 4.2. A full subcategory A•
C(Γ) of Db(Γ) consisting of complexes N• is called the

Auslander class with respect to C if the following conditions are satisfied:
(1) C ⊗L

Γ N• ∈ Db(Λ).
(2) The natural morphism N• → RHomΛ(C,C ⊗L

Γ N•) is an isomorphism in Db(Γ).

The proof of the following lemma is similar to that of [41, Lemma 5.3].

Lemma 4.3. For any N ∈ ModΓ, the following statements are equivalent.
(1) AC(Γ)-pdΓN < ∞.
(2) N ∈ A•

C(Γ).

Proof. (1) =⇒ (2) Since AC(Γ)-pdΓN < ∞, there is an exact sequence

0 → An → · · · → A1 → A0 → N → 0

in ModΓ with Ai in AC(Γ). Note from the definition that any Γ-module in AC(Γ) belongs to
A•

C(Γ). Since A•
C(Γ) is closed under taking triangles, we have N ∈ A•

C(Γ).
(2) =⇒ (1) Suppose N ∈ A•

C(Γ) and P • is a projective resolution of N . Since C ⊗L
Γ N ∈

Db(Λ), the supremum s := sup{n | Hn(C ⊗L
Γ N) ̸= 0} is finite. Consider the truncated complex

τP • : = · · · → Ps+2 → Ps+1 → Ps → 0 → 0 → · · · .

It is easy to verify that

Hi(C ⊗L
Γ τP •[−s]) ∼= Hi+s(C ⊗L

Γ N) = 0

for any i ⩾ 1. Since τP •[−s] is isomorphic to the s-th syzygy module ΩsN of N , it fol-
lows that TorΓ⩾1(C,Ω

sN) = 0. Since N ∈ A•
C(Γ), we have τP •[−s] ∈ A•

C(Γ) as well. Thus
the natural morphism ΩsN → RHomΛ(C,C ⊗Γ ΩsN) is an isomorphism, equivalently ΩsN ∼=
HomΛ(C,C⊗ΓΩ

sN) and Ext⩾1
Λ (C,C⊗ΓΩ

sN) = 0. Consequently, ΩsN is in AC(Γ) and AC(Γ)-
pdΓN ⩽ s < ∞.

Proposition 4.4. ([25, Theorem 4.4]) Let N ∈ ModΓ with AC(Γ)-pdΓN < ∞ and n ⩾ 0.
Then the following statements are equivalent.
(1) AC(Γ)-pdΓN ⩽ n.
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(2) TorΓ⩾n+1(C,N) = 0.

Lemma 4.5. Let M be a finite length Λ-module.
(1) Assume that X is a resolving subcategory of ModΛ. If X -pdΛ S < ∞ for any simple

Λ-module S, then X -pdΛM < ∞.
(2) Assume that Y is a coresolving subcategory of ModΛ. If Y-idΛ S < ∞ for any simple

Λ-module S, then Y-idΛM < ∞.

Proof. We only prove (1) since (2) is dual. Setting l := lengthΛM < ∞, we verify the finiteness
of X -pdΛM by induction on l. If l = 1, thenM is simple and thus X -pdΛM < ∞ by assumption.
If l > 1, then there is an exact sequence

0 → M1 → M → M2 → 0

in ModΛ with lengthΛM1 = l− 1 and lengthΛM2 = 1. By the induction hypothesis, we obtain
X -pdΛM1 < ∞ and X -pdΛM2 < ∞. In view of [26, Theorem 3.2], we have X -pdΛM < ∞.

Now we prove Theorem C from Section 1; our proof hinges on the following lemma.

Lemma 4.6. Let Λ be semilocal.
(i) Assume that ExtiΛ(−, C) vanishes on modΛ for i ≫ 0. Then the following statements are

equivalent.
(1) GC-pdΛ S < ∞ for any simple Λ-module S.
(2) GC-pdΛM < ∞ for any M ∈ modΛ.

(ii) Assume that ExtiΛ(C,−) vanishes on modΛ for i ≫ 0. Then the following statements are
equivalent.
(1′) BC(Λ)-idΛ S < ∞ for any simple Λ-module S.
(2′) BC(Λ)-idΛM < ∞ for any M ∈ modΛ.

(iii) Assume that TorΓi (C,−) vanishes on modΓ for i ≫ 0. Then the following statements are
equivalent.
(1′′) AC(Γ)-pdΓ T < ∞ for any simple Γ-module T .
(2′′) AC(Γ)-idΓN < ∞ for any N ∈ modΓ.

Proof. By assumption, there is a commutative Noetherian semilocal ring R such that Λ is a
Noetherian R-algebra. Let M ∈ modΛ and set d := dimR M , the Krull dimension of M as an
R-module. The set

M ′ := {x ∈ M | mnx = 0 for some n > 0}

is a Λ-submodule of M , which has finite length over R, and hence it also has finite length over
Λ by [31, Lemma 2.2(a)]. Then we get an exact sequence

0 → M ′ → M → M ′′ → 0

in modΛ with M ′′ ∼= M/M ′. Since the R-module M ′′ has a positive depth, there is r ∈ m such
that it is not a zero-divisor on M ′′. Then we get an exact sequence

0 → M ′′ x→ M ′′ → M ′′ → 0

in modΛ with dimR(M ′′) = dimR(M
′′)− 1. Moreover, It follows from [20, Corollary 7.22] that

there is a triangle in Db(modΛ) of the form

M ′′ x→ M ′′ → M ′′ → M ′′[1].
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The implications (2) =⇒ (1) and (2′) =⇒ (1′) are trivial.

(1) =⇒ (2) We verify the finiteness of GC-pdΛM by induction on d. Notice that M is a
finitely generated R-module, so d = 0 means M has finite length as an R-module, and hence it
also has finite length as a Λ-module. Since GPC(ModΛ) is a resolving subcategory of ModΛ by
[26, Remark 4.4], we have GC-pdΛM < ∞ by Lemma 4.5.

Now suppose that d ⩾ 1 and the assertion (2) holds for all finitely generated Λ-modules
of Krull dimension smaller than d. By assumption and [3, Lemma 3.3], we have that GC-
pdΛM < ∞ if and only if the natural morphism σC

M : M → RHomΓop(RHomΛ(M,C), C) is an
isomorphism in Db(modΛ), and if and only if its mapping cone Cone(σC

M ) is acyclic.

By the above argument, it suffices to prove GC-pdΛM ′′ < ∞. Note that dimR(M ′′) < d. By
the induction hypothesis, one has that GC-pdΛM ′′ < ∞ and hence Cone(σC

M ′′) is acyclic. Set
F (−) := RHomΓop(RHomΛ(−, C), C). By [47, Exercise 10.2.6], we get the following diagram
whose rows and columns are triangles

M ′′

σC
M′′
��

x //M ′′

σC
M′′
��

//M ′′

σC

M′′
��

//M ′′[1]

��
F (M ′′)

��

x // F (M ′′)

��

// F (M ′′)

��

// F (M ′′)[1]

��
Cone(σC

M ′′)

��

x // Cone(σC
M ′′)

��

// Cone(σC
M ′′)

��

// Cone(σC
M ′′)[1]

��
M ′′[1] //M ′′[1] //M ′′[1] //M ′′[2]

in Db(modΛ). Observe that the source and target of σC
M ′′ are complexes that have finitely

generated cohomology in each degree and r ∈ m. Thus the Nakayama lemma implies that the
homology Cone(σC

M ′′) is zero, as desired.

(1′) =⇒ (2′) It is dual to the argument in the proof of (1) =⇒ (2). We verify the finiteness of
BC(Λ)-idΛM by induction on d. Notice that M is a finitely generated R-module, so d = 0 means
M has finite length as an R-module, and hence it also has finite length as a Λ-module. Since
BC(Λ) is a coresolving subcategory of ModΛ by [26, Remark 4.4], we have BC(Λ)-idΛM < ∞
by Lemma 4.5.

Now suppose that d ⩾ 1 and the assertion (2′) holds for all finitely generated Λ-modules
of Krull dimension smaller than d. Note that both Λ and Γ are Noetherian R-algebras. By
assumption and [41, Lemma 5.3], we have that BC(Λ)-idΛM < ∞ if and only if the natural
morphism θM : C ⊗L

Γ RHomΛ(C,M) → M is an isomorphism in Db(modΛ), and if and only if
its mapping cone Cone(θM ) is acyclic.

By the above argument, it suffices to prove that BC(Λ)-idΛM ′′ < ∞. Note that dimR(M ′′) <
d. By the induction hypothesis, one has that BC(Λ)-idΛM ′′ < ∞ and hence Cone(θM ′′) is acyclic.
Set G(−) := C ⊗L

Γ RHomΛ(C,−). By [47, Exercise 10.2.6], we get the following diagram whose
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rows and columns are triangles

G(M ′′)

θM′′

��

x // G(M ′′)

θM′′

��

// G(M ′′)

θ
M′′
��

// G(M ′′)[1]

��
M ′′

��

x //M ′′

��

//M ′′

��

//M ′′[1]

��
Cone(θM ′′)

��

x // Cone(θM ′′)

��

// Cone(θM ′′)

��

// Cone(θM ′′)[1]

��
G(M ′′)[1] // G(M ′′)[1] // G(M ′′)[1] // G(M ′′)[2]

in Db(modΛ). Observe that the source and target of θ′′M are complexes that have finitely
generated cohomology in each degree and r ∈ m. Thus the Nakayama lemma implies that the
homology Cone(θM ′′) is zero, as desired.

Similarly, we can prove the equivalence of (1′′) ⇐⇒ (2′′) by using Lemma 4.3.

Now we are ready to prove the following theorem.

Theorem 4.7. Let Λ be semilocal and n ⩾ 0.

(i) The following statements are equivalent.
(1) idΛC = idΓop C ⩽ n.
(2) GC-pdΛ S ⩽ n for any simple left Λ-module S.
(3) GC-pdΛM ⩽ n for any M ∈ modΛ.
(4) GC-pdΓop T ⩽ n for any simple right Γ-module T .
(5) GC-pdΓop N ⩽ n for any N ∈ modΓop.

(ii) The following statements are equivalent.
(1′) pdΛC = pdΓop C ⩽ n.
(2′) BC(Λ)-idΛ S ⩽ n for any simple left Λ-module S.
(3′) BC(Λ)-idΛM ⩽ n for any M ∈ modΛ.
(4′) BC(Γ

op)-idΓop T ⩽ n for any simple right Γ-module T .
(5′) BC(Γ

op)-idΓop N ⩽ n for any N ∈ modΓop.
(6′) AC(Γ)-pdΓ T

′ ⩽ n for any simple left Γ-module T ′.
(7′) AC(Γ)-pdΓN

′ ⩽ n for any N ′ ∈ modΓ.
(8′) AC(Λ

op)-pdΛop S′ ⩽ n for any simple right Λ-module S′.
(9′) AC(Λ

op)-pdΛop M ′ ⩽ n for any M ′ ∈ modΛop.

Proof. The implications (1) =⇒ (3) and (3) =⇒ (1) follow from [28, Theorem 5.20] and [50,
Theorem 3.6], respectively. The implication (3) =⇒ (2) is trivial.

(2) =⇒ (3) By [39, Proposition.2.7], we have idΛC ⩽ n. Thus for any M ∈ modΛ, we have
GC-pdΛM < ∞ by Lemma 4.6, and therefore GC-pdΛM ⩽ n by [3, Theorem 2.2].

The implications (1′) =⇒ (3′) and and (1′) =⇒ (7′) follow from [41, Corollary 4.9] and [27,
Theorem 4.15], respectively. Both (3′) =⇒ (2′) and (7′) =⇒ (6′) are trivial.

(3′) =⇒ (1′) Since BC(Λ)-idΛ Λ ⩽ n, we have pdΓop C ⩽ n by [41, Theorem 4.8(2)]. For any
X ∈ ModΛ, we have X = lim−→i∈IXi with all Xi in modΛ, and thus

ExtjΛ(C,X) ∼= ExtjΛ(C, lim−→i∈I
Xi) ∼= lim−→i∈I

ExtjΛ(C,Xi)
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by [16, Lemma 6.6]. It follows from [41, Theorem 4.2] that Ext⩾n+1
Λ (C,Xi) = 0, which implies

Ext⩾n+1
Λ (C,X) = 0. Thus pdΛC ⩽ n, and therefore pdΛC = pdΓop C ⩽ n by [42, Proposition

4.1].
(2′) =⇒ (3′) Since Λ is semilocal, we have that Λ/J is a direct sum of simple Λ-modules and

each simple Λ-module occurs in the sum, up to isomorphism. By (2′), we have Extn+1
Λ (C,Λ/J) =

0. It follows from [49, Corollary 2] that pdΛC ⩽ n. Thus for any M ∈ modΛ, we have BC(Λ)-
idΛM < ∞ by Lemma 4.6, and therefore BC(Λ)-idΛM ⩽ n by [41, Theorem 4.2].

(6′) =⇒ (7′) By (6′) and Proposition 4.4, we get TorΓn+1(C,Γ/J(Γ)) = 0. It follows from
[49, Corollary 2] that pdΓop C ⩽ n. Then for any N ′ ∈ modΓ, we have AC(Γ)-pdΓN

′ < ∞ by
Lemma 4.6, and thus AC(Γ)-pdΓN

′ ⩽ n by Proposition 4.4 again.
The implication (6′) ⇐⇒ (4′) follows from [25, Theorem 3.3].
According to the symmetry, the proof is finished.

The following corollary is a consequence of Theorem 4.7, in which the assertion (i) is a
C-version of [10, Theorem 3.1].

Corollary 4.8. Let Λ = Γ be semilocal and n ⩾ 0.
(i) The following statements are equivalent.

(1) idΛC = idΛop C ⩽ n.
(2) GC-pdΛ Λ/J ⩽ n.
(3) GC-pdΛop Λ/J ⩽ n.

(ii) The following statements are equivalent.
(1′) pdΛC = pdΛop C ⩽ n.
(2′) BC(Λ)-idΛ Λ/J ⩽ n.
(3′) BC(Λ)-idΛop Λ/J ⩽ n.
(4′) AC(Λ)-pdΛ Λ/J ⩽ n.
(5′) AC(Λ)-pdΛop Λ/J ⩽ n.

Proof. Since Λ is semilocal, we have that Λ/J is a direct sum of simple Λ-modules and each
simple Λ-module occurs in the sum, up to isomorphism. Now both assertions follow immediately
from Theorem 4.7.

The following result gives a sufficient condition for the C-Gorenstein projective and AC(Λ)-
projective dimensions of J to be left-right symmetric, in which the assertion (1) is a C-version
of [10, Corollary 3.3].

Corollary 4.9. If Λ = Γ is semilocal, then it holds that
(1) GC-pdΛ J = GC-pdΛop J ;
(2) AC(Λ)-pdΛ J = AC(Λ

op)-pdΛop J .

Proof. (1) It suffices to prove the inequality GC-pdΛ J ⩽ GC-pdΛop J . When GC-pdΛop J = ∞,
the assertion follows trivially. Now suppose GC-pdΛop J = n < ∞. Note that GC-pdΛop Λ = GC-
pdΛ Λ = 0 (cf. [26, Remark 4.4(3)(a)]). It follows from [36, Lemma 3.2(1)] that

GC– pdΛop Λ/J ⩽ max{GC- pdΛop Λ, GC- pdΛop J + 1} = n+ 1.

In light of Corollary 4.8(i), we have GC-pdΛ Λ/J = n + 1. It follows from [36, Lemma 3.2(2)]
that

GC- pdΛ J ⩽ max{GC- pdΛ Λ, GC- pdΛ Λ/J − 1} = n.

The assertion follows.
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(2) It suffices to prove the inequality AC(Λ)-pdΛ J ⩽ AC(Λ
op)-pdΛop J . When AC(Λ

op)-
pdΛop J = ∞, the assertion follows trivially. Now suppose AC(Λ

op)-pdΛop J = n < ∞. Note
that AC(Λ

op)-pdΛop Λ = AC(Λ)-pdΛ Λ = 0 by [22, Lemma 4.1], it follows from [26, Theorem
3.2] that

AC(Λ
op)- pdΛop Λ/J ⩽ max{AC(Λ

op)- pdΛop Λ,AC(Λ
op)- pdΛop J + 1} = n+ 1.

In light of Corollary 4.8(ii), we have AC(Λ)-pdΛ Λ/J = n+1. Applying [26, Theorem 3.2] again,
we have

AC(Λ)- pdΛ J ⩽ max{AC(Λ)- pdΛ Λ,AC(Λ)- pdΛ Λ/J − 1} = n.

The assertion follows.

Recall that a module M ∈ ModΛ is called Gorenstein flat if the following conditions are
satisfied:
(1) TorΛ⩾1(I,M) = 0 for any injective right Λ-module I.
(2) There is an exact sequence

0 → M → F 0 → F 1 → · · ·

in ModΛ with all F i flat, which remains exact after applying the functor I ⊗Λ − for any
injective right Λ-module I.

When X = {Gorenstein flat left Λ-modules}, the X -projective dimension of M is called the
Gorenstein flat dimension of M ([13]).

Recall that a left and right Noetherian ring is called Gorenstein if its left and right self-
injective dimensions are finite. For any M ∈ ModΛ, recall that M+ := HomZ(M,Q/Z) is called
its character module, where Z is the additive group of integers and Q is the additive group of
rational numbers. As a consequence of Corollary 4.8(i), we obtain some new characterizations
of Gorenstein algebras, which extends [10, Theorem 3.1].

Corollary 4.10. If Λ is a semilocal ring, then the following statements are equivalent.
(1) Λ is Gorenstein.
(2) G-pdΛ Λ/J < ∞.
(2′) G-pdΛop Λ/J < ∞.
If the character module of any Gorenstein injective left Λ-module is Gorenstein flat, then the
above three conditions and the below condition are equivalent.
(3) G-idΛ Λ/J < ∞.

Proof. Putting ΛCΓ = ΛΛΛ in Corollary 4.8(i), we get (1) ⇐⇒ (2) ⇐⇒ (2′). By [28, Theorem
5.20], we have (1) =⇒ (3).

Now suppose that the character module of any Gorenstein injective left Λ-module is Goren-
stein flat, we prove (3) =⇒ (2′).

By (3), we may assume that G-idΛ Λ/J = n < ∞. Then for any simple left Λ-module
S, we have G-idΛ S ⩽ n since S is a direct summand of Λ/J . As (Λ/J)+ is semisimple, it
follows that (Λ/J)+ ∼= ⊕i∈ISi, where all Si are simple left Λ-module. Thus by [30, Theorem 2],
G-idΛ(Λ/J)

+ ∼= G-idΛ(⊕i∈ISi) ⩽ n and the Gorenstein flat dimension of (Λ/J)++ is at most
n. Since (Λ/J)++ is semisimple, we have that Λ/J is a direct summand of (Λ/J)++. It follows
from [7, Proposition 1.3] that G-pdΛop Λ/J ⩽ n.

If Λ is one of the following rings: (1) a commutative Noetherian ring with a dualizing complex;
(2) a left Noetherian ring having finite right self-injective dimension; (3) a left Artinian ring
such that the injective envelope of any simple left module is finitely generated (in particular,
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an Artinian algebra), then the character module of any Gorenstein injective left Λ-module is a
Gorenstein flat ([30, Example 3.1]).

Let Γ be semilocal and n ⩾ 0. In view of Theorem 4.7, it is interesting to know whether the
following statements are equivalent.
(1) idΛC = idΓop C ⩽ n.
(2) GC-idΓ T

′ ⩽ n for any simple left Γ-module T ′.
(3) GC-idΓN

′ ⩽ n for any N ′ ∈ modΓ.
(4) GC-idΓop T ⩽ n for any simple right Γ-module T .
(5) GC-idΓop N ⩽ n for any N ∈ modΓop.
In general, we have (1) ⇐⇒ (3) ⇐⇒ (5) =⇒ (2) + (4) by [28, Theorem 5.20]. When

ΛCΓ = ΛΛΛ and Λ is either a commutative Noetherian ring with a dualizing complex or an
Artinian algebra, all these conditions are equivalent by Corollary 4.10.

In the sequel we aim at giving some equivalent characterizations of Wakamatsu tilting mod-
ules with finite injective dimension in terms of certain cotorsion pairs. The following result will
be useful, and the idea of the proof comes from that of [2, Lemma 2.2].

Lemma 4.11. Let R be semilocal and M ∈ modΓ. If depthR(C) = t and M is free as a
Γp-module for any p ∈ Spec(R)\Max(R), then it holds that
(1) ExtiΛ(C ⊗Γ M,C) ∼= ExtiΓ(M,Γ) for any i ⩽ t.
(2) There is an injection Extt+1

Λ (C ⊗Γ M,C) → Extt+1
Γ (M,Γ).

Proof. (1) Since ΛC is a Wakamatsu tilting module, by [40, Theorem 10.62] there is a spectral
sequence

Ep,q
2 = ExtpΛ(Tor

Γ
q (C,M), C) ⇒ ExtnΓ(M,Γ).

Then we have a filtration {ϕjH i} of H i = ExtiΓ(M,Γ) satisfying

0 = ϕi+1H i ⊆ ϕiH i ⊆ · · · ⊆ ϕ1H i ⊆ ϕ0H i = H i

with Ej,i−j
∞ ∼= ϕjH i/ϕj+1H i for all i and j. For any p ∈ Spec(R)\Max(R), since Mp is a free

Γp-module by assumption, we get that TorΓi (C,M) has finite length as a Λ-module for any
i > 0. Thus by Lemma 2.8 we have Ep,q

2 = 0 for any p < t and q > 0. For any i ⩽ t, we have

Ei,0
2

∼= Ei,0
∞ ∼= ϕiH i/ϕi+1H i. So ExtiΛ(C ⊗Γ M,C) ∼= ExtiΓ(M,Γ).

(2) Since Et+1,0
2

∼= Et+1,0
∞ , we obtain an injection Extt+1

Λ (C ⊗Γ M,C) → Extt+1
Γ (M,Γ).

We recall the notion of cotorsion pairs.

Definition 4.12. (cf. [16]) Let U ,V be subcategories of modΛ. The pair (U ,V) is called a
cotorsion pair if

U = ⊥1V := {U ∈ modΛ | Ext1Λ(U, V ) = 0 for any V ∈ V}

and
V = U⊥1 := {V ∈ ModΛ | Ext1Λ(U, V ) = 0 for any U ∈ U}.

Let M ∈ modΛ and let

P1
f−→ P0 → M → 0

be a projective presentation of M in modΛ. Recall from [29] that TrC M := Coker f † is called
the transpose of M with respect to C. Note that TrC M is defined up to projective summands.

Definition 4.13. A module M ∈ modΛ is called C-∞-torsionfree if Ext⩾1
Γop(TrC M,C) = 0.
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When ΛCΓ = ΛΛΛ, a C-∞-torsionfree module is exactly a ∞-torsionfree module defined in
[4]. We write

TC(modΛ) := {M ∈ modΛ | M is C-∞-torsionfree},

P<∞
C (modΛ) := {X ∈ modΛ | addC- pdΛX < ∞},

XC(modΛ) := {M ∈ modΛ | Ext1Λ(M,X) = 0 for any X ∈ P<∞
C (modΛ)}.

In particular, when ΛCΓ = ΛΛΛ, we write

T (modΛ) := TΛ(modΛ), P<∞(modΛ) := P<∞
Λ (modΛ) and X (modΛ) := XΛ(modΛ).

The right-sided versions of these natation are defined symmetrically.
Part of [2, Theorem 1.1] are included in the following theorem.

Theorem 4.14. Let Λ = Γ be local. Then the following statements are equivalent.
(1) idΛC = idΛop C < ∞.
(2) XC(modΛ) = TC(modΛ) and XC(modΛop) = TC(modΛop).
(3) XC(modΛ) = GPC(modΛ) and XC(modΛop) = GPC(modΛop).
(4) Both (TC(modΛ),P<∞

C (modΛ)) and (TC(modΛop),P<∞
C (modΛop)) are cotorsion pairs.

(5) Both (GPC(modΛ),P<∞
C (modΛ)) and (GPC(modΛop),P<∞

C (modΛop)) are cotorsion pairs.

Proof. By Lemma 3.2, we may suppose depthR(Λ) = depthR(C) = t.
(2) =⇒ (1) Since ExtiΛop(Λ/J,Λ) has finite length as a Λ-module for each i, we have

ExtjΛ(Ext
i
Λop(Λ/J,Λ),Λ) = 0 for any 1 ⩽ i ⩽ t + 1 and 0 ⩽ j ⩽ i − 2. It follows from [4,

Proposition 2.26] that Ωt+1(Λ/J) is (t + 1)-torsionfree. Thus Ext1⩽i⩽t+1
Λ (TrΩt+1(Λ/J),Λ) = 0

for any 1 ⩽ i ⩽ t+ 1. Since TrΩt+1(Λ/J) is free as a Λp-module for any p ∈ Spec(R)\{m}, we
get from Lemma 4.11 that Ext1⩽i⩽t+1

Λ (C ⊗Λ TrΩt+1(Λ/J), C) = 0.
Let 0 ̸= X ∈ P<∞

C (modΛ). Then Corollary 3.12 yields addC- pdΛX ⩽ t, and hence there
is an exact sequence

0 → Ct
ft→ Ct−1

ft−1→ · · · f2→ C1
f1→ C0

f0→ X → 0

in modΛ with all Ci in addC. Set Xi := Im fi. Then we have

Ext1Λ(C ⊗Λ TrΩt+1(Λ/J), X) ∼= Ext2Λ(C ⊗Λ TrΩt+1(Λ/J), X1) ∼= · · ·
∼=Extt+1

Λ (C ⊗Λ TrΩt+1(Λ/J), Xt) = 0.

It means C ⊗Λ TrΩt+1(Λ/J) ∈ XC(modΛ), whence, by assumption C ⊗Λ TrΩt+1(Λ/J) ∈
TC(modΛ). Since there are isomorphisms

HomΛ(C ⊗Λ TrΩt+1(Λ/J), C)

∼=HomΛ(TrΩ
t+1(Λ/J),Λ)

∼=Ω2Ωt+1(Λ/J) ∼= Ωt+3(Λ/J),

the fact C ⊗Λ TrΩt+1(Λ/J) ∈ TC(modΛ) implies

Exti+t+3
Λop (Λ/J,C) ∼= ExtiΛop(Ωt+3(Λ/J), C) = 0

for any i ⩾ 1. So idΛop C < ∞. Similarly, we get that idΛC < ∞ by the equality XC(modΛop) =
TC(modΛop). Therefore (1) holds by [24, Theorem 2.7].

Since GPC(modΛ) ⊆ TC(modΛ) and GPC(modΛop) ⊆ TC(modΛop), the proof of (3) =⇒ (1)
is similar to that of (2) =⇒ (1).
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(1) =⇒ (3) The inclusion GPC(modΛ) ⊆ XC(modΛ) is obvious. As for the reverse inclusion,
let M ∈ XC(modΛ). It follows from [28, Theorem 1.4] that GC-pdΛM < ∞. Then by [36,
Lemma 2.7], there is an exact sequence

0 → X → G → M → 0

in modΛ with addC- pdΛX < ∞ and G ∈ GPC(modΛ). So this sequence splits, and hence
M ∈ GPC(modΛ) and XC(modΛ) ⊆ GPC(modΛ). This proves XC(modΛ) = GPC(modΛ).
Symmetrically, we have XC(modΛop) = GPC(modΛop).

(1) =⇒ (2) Since (1) implies (3) and GPC(modΛ) ⊆ TC(modΛ), it suffices to show TC(modΛ) ⊆
GPC(modΛ). Given M ∈ TC(modΛ), then there is an exact sequence

0 → M → C0 → C1 → · · · → Cn → . . .

in modΛ with all Ci in addC. It follows from [3, Lemma 2.1] that M ∈ GPC(modΛ) and
TC(modΛ) ⊆ GPC(modΛ). Symmetrically, we have XC(modΛop) = TC(modΛop).

The implications (4) =⇒ (2) and (5) =⇒ (3) are obvious.
(1) =⇒ (5) Since (1) implies (3) and P<∞

C (modΛ) ⊆ GPC(modΛ)⊥1 , it suffices to show
GPC(modΛ)⊥1 ⊆ P<∞

C (modΛ). Given M ∈ GPC(modΛ)⊥1 , we have GC-pdΛM < ∞ by [28,
Theorem 1.4]. It follows from [36, Corollary 3.4] that there is an exact sequence

0 → M → X → G → 0

in modΛ with addC- pdΛX < ∞ and G ∈ GPC(modΛ). Then this sequence splits and hence
M ∈ P<∞

C (modΛ). It means that (GPC(modΛ),P<∞
C (modΛ)) is a cotorsion pair. Symmetri-

cally, we have that (GPC(modΛop),P<∞
C (modΛop)) is a cotorsion pair.

(1) =⇒ (4) Since (1) implies (2) and (3), we get

XC(modΛ) = TC(modΛ) = GPC(modΛ)

and
XC(modΛop) = TC(modΛop) = GPC(modΛop).

If we specialize the preceding theorem to the case for ΛCΓ = ΛΛΛ, we obtain the following
equivalent characterizations of Gorenstein algebras in terms of certain cotorsion pairs.

Corollary 4.15. If Λ is local, then the following statements are equivalent.
(1) Λ is Gorenstein.
(2) X (modΛ) = T (modΛ) and X (modΛop) = T (modΛop).
(3) X (modΛ) = GP(modΛ) and X (modΛop) = GP(modΛop).
(4) Both (T (modΛ),P<∞(modΛ)) and (T (modΛop),P<∞(modΛop)) are cotorsion pairs.
(5) Both (GP(modΛ),P<∞(modΛ)) and (GP(modΛop),P<∞(modΛop)) are cotorsion pairs.
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