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Abstract

Let A be a Noetherian algebra and AC' a Wakamatsu tilting module with ' = Endy C. We
are concerned with some relative homological dimensions of certain modules with respect to C.
Firstly, a new non-commutative generalization of the Auslander—Bridger formula for modules
with finite C-Gorenstein projective dimensions is established. As an application, we prove under
some conditions that if the Gorenstein projective dimension of C' is finite, then C' is isomorphic
to A. This provides an evidence for the Wakamatsu tilting conjecture. Secondly, when A is
semilocal, we show that the left and right injective dimension of ACT is at most n if and only
if the C-Gorenstein projective dimension of any simple left A-module (or right I'-module) is at
most n. Its dual version is also obtained. Finally, when A = I' is local, we give an equivalent
characterization for the finiteness of the left and right injective dimensions of ACr in terms of
cotorsion pairs generated by the classes of C-oo-torsionfree modules.
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1 Introduction

The study of generalized tilting modules, which were usually called Wakamatsu tilting modules,
was initiated by Wakamatsu [45]. Foxby [14], Golod [17] and Vasconcelos [43] independently ini-
tiated the study of semidualizing modules (under different names) over commutative Noetherian
rings, which were generalized to non-commutative rings in [22]. A Wakamatsu tilting module
AC with I' = Endy C is also known as a semidualizing bimodule 5 Cr.

Of the relative homological invariants of modules, the Gorenstein projective dimension is the
one of most interest in Gorenstein homological algebra [4, [13]. As a generalization of Goren-
stein projective dimension, Golod [17] used a semidualizing module C to defined C-Gorenstein
projective dimension for finitely generated modules. For an R-module M, we use pdgp M and
G-pdp M (Ge-pdgr M) to denote the projective and (C-)Gorenstein projective dimensions of
M, respectively. In fact, Golod proved the following well-known result for finitely generated
modules over commutative Noetherian local rings.

Theorem 1.1. ([I7]) Let R be a commutative Noetherian local ring and C' a semidualizing R-
module. If M 1is a finitely generated R-module with finite C-Gorenstein projective dimension,
then

Gc-pdp M + depthr(M) = depthr(R).
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It is an extension of the Auslander-Bridge formula [4]. One aim of this paper is to give a non-
commutative analogue of Theorem for Noetherian algebras over a commutative Noetherian
ring and give applications. A Noetherian R-algebra A is a ring endowed with a ring homomor-
phism R — A with R a commutative Noetherian ring, whose image is contained in the center of
A and A is finitely generated as an R-module [33]. It follows that A is a left and right Noetherian
ring. Moreover, the endomorphism ring I' := Endp M of any finitely generated left A-module
M is also a Noetherian R-algebra.

In contrast with the commutative case, the study of Gorenstein projective dimension with
respect to a semidualizing bimodule is a very active area of research in non-commutative algebra,
as evidenced by various works like [3], 27, 28], 29, 36], 50]. In the rest of this section, we always
assume that A is a Noetherian R-algebra and AC is a Wakamatsu tilting (= semidualizing)
module with I' = Endp C. Our first main result, which appears as Theorem plays a crucial
role in the study of module depth by relating it to C-Gorenstein projective dimension, thus
provides an essential understanding of the structure and properties of modules over Noetherian
algebras.

Theorem A. Let 0 # M € mod A with Go-pdy M < oo. If A is semilocal and C' satisfies the
condition (hegy"), then

Gco-pdpy M + depthp(M) = depthr(C).

See Section 3 for the definition of the condition (hch”). Motivated by [32, Proposition], we
give an application of Theorem [A] concerning when a Wakamatsu tilting module C' is isomorphic
to A. The following theorem appears as Theorem [3.15

Theorem B. Let A be local and G-pdy C < oco. Then C = A if one of the following two
conditions is satisfied:
(1) A=T.

(2) R is a Henselian local ring and C' is indecomposable as a A-module.

The proof of the above theorem builds on two spectral sequences, which are of independent
interest. In fact, this result is related to the Wakamatsu tilting conjecture, which states that,
over an Artinian algebra A, if AC' is a Wakamatsu tilting module with projective dimension
finite, then C is a tilting A-module. Note that this long-standing conjecture can be stated over
arbitrary rings and Gorenstein projective dimension is a refinement of projective dimension for
modules. It is easily seen from Theorem [B] that the Wakamatsu tilting conjecture is true for
special Wakamatsu tilting modules over Noetherian local algebras.

Suppose that R is a commutative Noetherian local ring and k is the residue field. The
characterization of a local ring by the homological properties of its finite modules begins with
the classical criteria for the regularity of R, which is due to Auslander, Buchsbaum and Serre
[8, Theorem 2.2.7]. They proved that R is regular if and only if pdyp M < oo for any finitely
generated R-module M, and if and only if pd k < co. Parallel to Auslander-Buchsbaum-Serre’s
regularity theorem, Christensen [I1] showed that R is Gorenstein if and only if G-pdp M < oo for
any finitely generated R-module M, and if and only if G-pdg k < o0o; and this was extended to
the C-Gorenstein projective dimension by himself [I2]. To be more precise, it was shown in [12]
Proposition 8.4] that a semidualizing R-module C' is dualizing if and only if Go-pdp M < oo for
any finitely generated R-module M, and if and only if Go-pdg k < oco. Inspired by the preceding
studies in the commutative setting, we extend Christensen’s result to the non-commutative case;
moreover, the corresponding dual version is also obtained. Actually, we prove the following result
(see Theorem 4.7)).



Theorem C. Let A be semilocal and n > 0.

(i) The following statements are equivalent.
(1) The left and right injective dimensions of ACt are at most n.
(2) Geo-pdy S < n for any simple left A-module S.
(3) Go-pdy M < n for any finitely generated left A-module M.
(4) Ge-pdrop T < n for any simple right T'-module T
(5) Go-pdror N < n for any finitely generated right I'-module N.
The following statements are equivalent.

"Y' The left and right projective dimensions of \Cr are at most n.

(i)

)

(2") The Bass injective dimension of any simple left A-module is at most n.

(3") The Bass injective dimension of any finitely generated left A-module is at most n.

(4') The Bass injective dimension of any simple right T'-module is at most n.

(5") The Bass injective dimension of any finitely generated right T'-module is at most n.

(6') The Auslander projective dimension of any simple left T'-module is at most n.

(7") The Auslander projective dimension of any finitely generated left T-module is at most
n.

(8") The Auslander projective dimension of any simple right A-module is at most n.

(9') The Auslander projective dimension of any finitely generated right A-module is at
most n.

Hovey proved that if R is a Gorenstein ring, then (GP(Mod R), P<>°(Mod R)) is a cotorsion
pair [23, Theorem 8.3], where GP(Mod R) is the class of Gorenstein projective left R-modules
and P<>°(Mod R) is the class of left R-modules with finite projective dimension. Note that any
finitely generated Gorenstein projective module is co-torsionfree in the sense [4] (cf. Definition
[4.13)). It is natural to ask when the class 7 (mod A) of finitely generated co-torsionfree left A-
modules and the class P<>°(mod A) of finitely generated left A-modules with finite projective
dimension form a cotorsion pair. This question is investigated in Section 4, whose main result
is the following theorem on Noetherian algebras.

Theorem D. If A is local, then the following statements are equivalent.
(1) A is Gorenstein.
(2) Both (T (mod A), P<**(mod A)) and (T (mod A°), P<*°(mod A°P)) are cotorsion pairs.

The theorem above, which is included in Corollary is an immediate consequence of
Theorem [£.141

Now, we briefly describe the structure of this paper. In Section 2, we give some terminology
and preliminary results. In Section 3, we prove Theorem |A| (see Theorem . A natural
question concerning Wakamatsu tilting modules is: when is a Wakamatsu tilting module free?
As an application of Theorem [A] we provide some conditions for a Wakamatsu tilting module
with finite Gorenstein projective dimension to be free (Theorem [Bf cf. Theorem .

In Section 4, when A is semilocal, we characterize the finiteness of the left and right injective
dimensions of a Wakamatsu tilting module C in terms of the finiteness of the C-Gorenstein
projective dimension of left or right simples modules. Surprisingly, we prove in a dual manner
that the Auslander projective and Bass injective dimensions of left or right simple modules are
useful in characterizing the projective dimensions of a Wakamatsu tilting module (Theorem
cf. Theorem. Furthermore, we obtain a characterization of Wakamatsu tilting modules with
finite injective dimensions in terms of cotorsion pairs generated by the class of C-oco-torsionfree

modules (Theorem [4.14)).



2 Preliminaries

We begin with our convention, which is valid throughout the paper.

Convention 2.1. All rings are associative rings with unit and all modules are unital. For a
ring A, we use Mod A (mod A) to denote the category of (finitely generated) left A-modules,
and use D?(A) to denote the bounded derived category of Mod A. For a module M € Mod A,
we use addp M to denote the subcategory of mod A consisting of all direct summands of finite
direct sums of copies of M, and use pdy M and idy M to denote the projective and injective
dimensions of M, respectively. We use J to denote the Jacobson radical of A. Recall that A
is semilocal if A/J is semisimple. Throughout this paper, R is a commutative Noetherian ring
with the Jacobson radical m.

Let A, I" be rings and AUr a bimodule. Let M € Mod A and let
o¥; : M — Homror (Homp (M, U),U)

via o (2)(f) = f(z) for any x € M and f € Hom (M, U) be the canonical evaluation homo-
morphism. Recall from [I] that M is called U-torsionless if o, is a monomorphism, and is called
U -reflexive if O’]\U4 is an isomorphism. The following observation is a non-commutative version of
[11, Proposition 1.1.9(b)].

Lemma 2.2. Let \Ur be a bimodule and let M be a Noetherian left A-module, and set (—)* :=
Hom(—,U). Then the following statements are equivalent.

(1) M is U-reflexive.

(2) M = M.

Proof. The implication (1) = (2) is trivial. Suppose that (2) holds true. It follows from [I]
Proposition 20.14] that o}, = J%w is a split monomorphism. So there is a module X € Mod R

such that M = M"* = M ¢ X, and hence
M2MaX2MaXxPe. . .2pyex™e...
If M is not U-reflexive, then X # 0, and thus
X;X(2)§-~;CéX(")§~--

is a strictly increasing chain of submodules of M, which contradicts that M is Noetherian. It
follows that M is U-reflexive and (1) holds true. O

Next we recall the definitions of semidualizing bimodule and Wakamatsu tilting module.

Definition 2.3. ([22]). A (A,T')-bimodule A Cr is called semidualizing if the following conditions
are satisfied:

al) AC admits a degreewise finite A-projective resolution.

) Cr admits a degreewise finite ['°P-projective resolution.

) The homothety map x5 : AAx — Homror(C, C) is an isomorphism.

(b2) The homothety map x5 : rI't — Homy (C, C) is an isomorphism.
) Ext;'(C,C) = 0.
) Extro,(C,C) = 0.

We refer to [0, 22] for more general examples of semidualizing bimodules.



Definition 2.4. ([45, [46]). A module C' € Mod A is called Wakamatsu tilting if the following
conditions are satisfied:

(a) AC admits a degreewise finite A-projective resolution.

(b) Extz!(C,C) = 0.

(¢) There is an exact sequence

0= AA=C' 50l 50—

in Mod A with all C% in add C, which remains exact after applying the functor Homy (—, C”)
for any C’ € add, C.

Remark 2.5. For a bimodule 5Cr, it follows from [46, Corollary 3.2] that AC' is Wakamatsu
tilting with I' = Endy C' if and only if Cr is Wakamatsu tilting with A = Endr C, and if and
only if ACT is semidualizing bimodule.

Based on the work of Holm and Jgrgensen [21], the following notions were introduced and
studied in non-commutative rings by Liu, Huang and Xu [36].

Definition 2.6. ([30]). Let AC' be a Wakamatsu tilting module with I' = End, C.
(i) A module M € ModA is called C-Gorenstein projective if the following conditions are
satisfied:
(1) Ext3'(M,C @r P) = 0 for any projective left [-module P.
(2) There is an exact sequence

0—+M-—=CerP’—CerP —--.

in Mod A with all P? projective, which remains exact after applying the functor
Homy (—, C ®r P) for any projective left I-module P.
(ii)) A module M € ModI is called C-Gorenstein injective if the following conditions are
satisfied:
(1) Extl%l(HomA(C, I), M) = 0 for any injective left A-module I.
(2) There is an exact sequence

-+ —= Homy (C, I1) — Homu (C, Iy) = M — 0

in ModI'" with all I; injective, which remains exact after applying the functor
Homr(Homa (C, I), —) for any injective left A-module I.

If ACr = AAp, then C-Gorenstein projective and injective modules are exactly Gorenstein
projective and injective modules, respectively. We write

GPc(Mod A) := {C-Gorenstein projective left A-modules},

GPc(modA) := GPc(Mod A) Nmod A,
GP(mod A) := {finitely generated Gorenstein projective left A-modules},
GZc(ModT') := {C-Gorenstein injective left I'-modules}.

From now on, A is a Noetherian R-algebra, we fix a Wakamatsu tilting module
AC with I' = Endy C. For convenience, we write

(=)' := Homy (-, C) and (—)* := Homy (—, A).

We state the definition of totally C-reflexive modules and the connection with C'-Gorenstein
projective modules.



Definition 2.7. We say that M € mod A is totally C-reflexive if the following conditions are
satisfied:
(1) Extz'(M,C) =0.
(2) Extza,(MT,C) =0.
(3) M is C-reflexive.
Note that these modules are called C-reflexive in [3]. For and M € mod A, it follows from
[48, Theorem 4.4] that M is C-Gorenstein projective if and only if M is totally C-reflexive.
Let X be a subcategory of Mod A. Recall that X is called resolving if it contains all projective
left A-modules, and it is closed under extensions and kernels of epimorphisms. Dually, the notion
of coresolving subcategories is defined. Let M € Mod A. The X -projective dimension X-pdy M
of M is defined as inf{n | there is an exact sequence

0—-X,— - =2X1=-Xo—-M—=0

in Mod A with all X; in X'}. If no such an integer exists, then set X-pdy M = co. Dually, the
notion of X-injective dimension X-idy M of M is defined (cf. [26],27]). When X = GP¢(Mod A),
the X-projective dimension of M, denoted by Geo-pdy M, is called the C-Gorenstein projective
dimension of M. For any M € ModT', when X = GZ¢(ModT"), the X-injective dimension of M,
denoted by Gg-idr M, is called the C-Gorenstein injective dimension of M. In particular, we
use G-pdy M and G-idy M to denote the Gorenstein projective and injective dimensions of M,
respectively.
Let I be an ideal of R and M € Mod R. Recall from [I5, Definition 2.3] that

depthy (I, M) := inf{i > 0 | Ext’%(R/m, M) # 0}

is called the I-depth of M over R. We write depthp (M) for the m-depth of M. In [19, Corollary
3.2], Goto and Nishida established a characterization of the depth of a non-zero finitely generated
A-module over local rings. Using similar arguments, we can extend this result to semilocal rings
as follows.

Lemma 2.8. Let R be a semilocal ring and 0 # M € mod A. Then
depthp(M) = inf{i > 0 | Ext} (A/J, M) # 0}.
Proof. Suppose depthp(M) = d. We will make use of induction on d. If d = 0, then
Homp (A/mA, M) = Hompg(R/m, M) # 0.

Since m Homa (A/mA, M) = 0, it follows that Homp (A/mA, M) has finite length over R, and
hence it also has finite length over A by [31, Lemma 2.2(a)]. This implies Homy (A/J, M) # 0.
Now suppose d > 0. It follows from [8] Theorem 1.2.5] that there is an M-regular element = € m
such that depthp(M/xM) = d — 1. By the induction hypothesis, we have

inf{i > 0| Exti (A/J, M/xM) # 0} =d — 1.

Note that o ExtY (A/J, M) = 0 for any i > 0. Thus applying the functor Homa(A/J, —) to the
exact sequence
0— M5 M- M/zM — 0

yields the following exact sequence
0 — BExt',(A/J, M) — Exty Y(A/J, M/xM) — Ext (A/J, M) = 0

for any 4 > 1. Thus Ext} '(A/J,M/xM) = 0 implies Ext}(A/J, M) for 0 < i < d and
Extd (A/J, M) = ExtC Y (A/J, M/xM) # 0. O



Let M € Mod R. We use Ass(M) (respectively, Supp(M)) to denote the set of associated
(respectively, support) prime ideals of M, and use anng(M) to denote the annihilator of M in
R. We use Spec(R) and Max(R) to denote the prime and maximal spectra of R, respectively.

For commutative algebra we use the same notation and terminology as in [8, 37]. We refer
to [34] for the theory of non-commutative rings.

3 Auslander—Bridger formula for (C-Gorenstein projective di-
mension

This section deals with the C-Gorenstein projective dimension of finitely generated modules.
The main result (Theorem [3.9) gives a relative Gorenstein projective version of the classical
Auslander—Bridger formula over Noetherian algebras.

For any M € Mod A or Mod A’ and = € R, we write M := M ®g R/(x). In the following
result, we use Lemma to achieve a Wakamatsu tilting A-module C with T’ = Endxé.

Proposition 3.1. If x € m is C-reqular, then C is a Wakamatsu tilting A-module with T =
Endxé

Proof. Since z is C-regular, there is an exact sequence
0C5C—-C—=0

in mod T'°P. Applying the functor Homrer(—, C) to this sequence yields that A — Extio, (C, C)

is an isomorphism and Extz2,(C,C) = 0. It follows from [40, Theorem 8.34] that

Extis;

(C,C) = ExtiHi (C,C) =0

for any 7 > 0. Thus

A = Extiop (C, C) 2 Homyop(C, C) 2 Hompsy(Homy (A, 0), O)

and Extl%olp (C,C) =0 for any i > 1. By Lemma we have that A is C-reflexive. Note that A
is C-reflexive if and only if the homothety map X% : KKK — Homfozi (C,C) is an isomorphism.
Similarly, we get that Ext%l (C,0) = 0 and the homothety map X% t vlp —>7Homx(6, ?) is
an isomorphism. We conclude that C' is a Wakamatsu tilting A-module with I' = End; C by
Remark 2.5 O

We need the following two lemmas.

Lemma 3.2. It holds that
(1) Let 0 # M € modA. If M is C-torsionless, then Assr(M) C Assr(C).
(2) If A=T and A is local, then depthr(A) = depthp(C).

Proof. (1) Since M is C-torsionless, there is a monomorphism 0 — M — C™ in mod A. So
Assgp(M) C Assg(C™) = Assgr(C).

(2) For any r > 1, it suffices to show that depthr(A) > r if and only if depthy(C) > r. Note
that there are isomorphisms

Homyp (A/J, A) = Homp (A/J,Homp (C, C)) = Homp (C®AA/J, C) = Homy (C, Hompor (A/J, C)).



Thus Hompoer (A/J,C) = 0 implies Homp (A/J,A) = 0. On the contrary, if Homa(A/J,A) = 0,
since Hompop (A/J, C') is annihilated by J and A is local, we obtain Homper(A/J,C) = 0. It
follows from Lemma [2.8 that depthyr(A) > 1 if and only if depthy(C) > 1.
Let » > 2. Since
m g UPEASSR(C)UASSR(A)p = UpEAssR(C')p>
there is an element = € m which is both A-regular and C-regular by the induction hypothesis. It
follows from Proposition that C is a Wakamatsu tilting A-module with A = Endxé. Thus
by induction hypothesis, we have that depthr(A) > r — 1 if and only if depthz(C) > r — 1, and
therefore depthp(A) > r if and only if depthp(C) > r. O

Lemma 3.3. ([37, p.140, Lemma 2)) or [39, Lemma 2.1]) Let A be a Noetherian R-algebra, and
let M, N € mod A and x € m. Suppose that x is both A-regular and M -reqular and that tN = 0.
Then Ext} (M, N) = EXt%(M, N) for anyn > 0.

Before proceeding, we need to investigate the totally C-reflexive property over a quotient
ring modulo an ideal generated by a regular element.

Proposition 3.4. Let M € mod A such that M # 0 and let © € m be a C-reqular element. If
M is totally C-reflexive, then M is totally C-reflexive.

Proof. By assumption, M is C-torsionless. It follows from Lemma that x is both A-regular
and M-regular. Since z is C-regular, there is an exact sequence

0C35C—>C—=0

in mod A. Because Extil(M ,C) = 0, applying the functor Homp (M, —) yields the following
exact sequence B
0 — Homy (M, C) 5 Homy (M, C) — Homy (M, C) — 0.

This shows that = is Homp (M, C)-regular. In addition, we have Ext%(ﬂ, O) = Exti (M,C) =0
for any i > 1 and Homa (M, C) = Homy (M, C) by Lemma Thus

Homy (M, C) = Homy (M, C) = Homg (M, C).
Similarly, since Ext?olp (Homy (M, C),C) = 0, we have
Ext;Tp(HomK(M, C),C) = Exthop (Homy (M, C),C) = 0

for any i > 1 and

Homper (Homy (M, C), C) = Homgsy(Homa (M, C), C) = Homgoy (Homy (M, C), C).

Then the following commutative diagram

M M Homgs;(Homy (M, C), C)
o lN
M
Hompor (Homy (M, C), C) =~ Homps(Homy (M, C), C)
implies that a% is an isomorphism. This completes the proof. O



Combining Lemma [3.:2] with Proposition [3.4] we get the following result.

Corollary 3.5. Let M € mod A. If x € m is both C-regular and M -reqular, then Gg-pdxﬁ <
GC'pdA M.

Proof. 1If Go-pdy, M = oo, then the assertion holds true obviously. Suppose Go-pdy M = n <
oo. By [3, Lemma 2.1], there is an exact sequence

0=-G,—=Gp1— =G =-Gy—>M—=0

in mod A with G; totally C-reflexive. As x is C-regular, it is also A-regular by Lemma [3.2}
Thus we deduce from the proof of [I1, Lemma 1.3.4(1)] that Torgl(A, M) = 0. So applying the
functor A ®, — to the above exact sequence yields the following exact sequence

0-G,—Gpn1——G —Gy—M—0.
Now G; is totally C-reflexive by Proposition and thus Gg—pdxﬁ < n as desired. ]

Next our aim is to establish Theorem [A] advertised in the introduction. First we prove the
following result.

Lemma 3.6. Assume that TT # 0 for any simple T°P-module T. Then for any M € mod A, the
following statements are equivalent.

(1) Ge-pdy M = 0.

(2) Go-pdy M < oc.

Proof. (1) = (2) It is trivial.
(2) = (1) Suppose Gg-pdy M = n < co. The case for n = 0 is trivial. If n = 1, there is an
exact sequence
0—-Gi—>Gy— M—=0

in mod A with Gy and G totally C-reflexive. Applying the functor (=)' to it yields the following
exact sequence
0— M= G = Gl = Ext}(M,C) =0

in mod I'? and ExtKI(M ,C) = 0. Since both O'go and ng are isomorphisms, it follows from
the following commutative diagram

0 G Go

»C l lac
G Go
0 —Exti(M,C)f —— GIT = Gy
that Ext)(M,C)! = 0. If Ext)(M,C) # 0, there is an epimorphism f : Ext}(M,C) — T in

mod I'P with T simple, and so Tt = 0, contradicting the assumption. Thus Ext[l\(M, C) =0,
which implies Go-pdy, M = 0 by [3, Theorem 2.2]. Now suppose that n > 1 and

0—-G,—>Gp1— =G —>Gy—>M—=0

is an exact sequence in mod A with all G; totally C-reflexive. Set M’ := Im(G,—1 — Gp_2).
Since Ge-pdy M’ < 1, we have Go-pd, M’ = 0 by the above argument. Repeating this process,
we finally get Go-pdy, M = 0. O



For a Noetherian R-algebra A, in order to study the problem when the injective dimension
of a finitely generated module with finite injective dimension is equal to depthp(A), Goto and
Nishida in [I§] introduced the following “homogeneity condition”:

(he) Exth (S, A) # 0 for any simple left A-module S, where ¢t = depth(A).

Following Lemma [3.6] it is natural to introduce the following condition, which extends the
above condition to the relative setting.

For 0 # M € mod A, we say that M satisfies the condition (hcy,) if Extl (S,C) # 0 for any
simple left A-module S, where ¢ = depthz(M). This condition will play an important role in
the sequel. In addition, if A is local, then by Lemma we infer that M satisfies the condition
(hch;) automatically. Now we provide an alternative characterization of the condition (hcy;).

Proposition 3.7. Let 0 # M € mod A with depthp (M) =t. Then the following statements are
equivalent.

(1) M satisfies the condition (hch;).

(2) If

. 0 d 1 d! -l dt
I°:=0->M—>I{(M) — I)(M) — - — I} (M) — ---

is a minimal injective resolution of M, then E\(M) contains S for any simple left A-
module S.

Proof. We claim that the complex Homy (S, I®) has zero differentials for any simple left A-module
S. Iff:5— I}\(M ) is some non-zero homomorphism, then f is monic since S is simple. Thus
I§ (M) contains S and the injective envelope I5(S) of S is a direct summand of I%(M). If
d'f # 0, then d'f is monic, and so I} (M) contains S and I(S) is also a direct summand of
I71(M). Thus I5(S) appears as a common direct summand of T (M) and I5™ (M) under &,
contradicting the minimality of I®. The claim is proved. Now the assertion follows easily from
this claim. O

Proposition 3.8. Let 0 # M € mod A with Go-pdy M < oco. If A is semilocal and C' satisfies
the condition (hcgop), then the following statements are equivalent.

(1) Ge-pdy M = 0.

(2) Every C-regular sequence is M-regular sequence.
(3) depthg(M) > depthp(C).

(4) depthp(M) = depthp(C).

Proof. By assumption, there is a commutative Noetherian semilocal ring R such that A is a
Noetherian R-algebra.

(1) = (2) It follows from Lemma and Proposition

(2) = (3) It is obvious.

(3) = (4) We proceed by induction on ¢ := depthp(C). When t = 0, we have G-
pdy M = 0 by Lemma As M # 0, we have MT # 0. Thus there is an epimorphism
f: M — T in modI'°? with T simple. By the condition (hcgop), there is a monomorphism
0 —T — C in modI'P. Applying the functor Hompor (M t —) to it yields an exact sequence

0 — Homper (M, T)(# 0) — Homra (M, C) = M.

Thanks to [34, Proposition 20.6], we get m Hompes (MT, T) = 0, and thus depthy(M) = 0.
Now let ¢ > 1. Since depthp(M) > depthp(C) =t > 1, there is an element x € m which is
both C-regular and M-regular. By Corollary we have Gé—pdxﬂ < 00. Since

depthp(M) = depthp(M) — 1 > depthy(C) — 1 = depthz(C),
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we have depthp(M) = depthz(C) by the induction hypothesis. Thus depthy (M) = depthg(C).

(4) = (1) By assumption, it suffices to prove Extil(M ,C) = 0. We also proceed by
induction on ¢ := depthp(C). If ¢ = 0, then Gog-pdy M = 0 by Lemma If ¢ > 1, then
depthr(M) = depthr(C) > 1, and hence there is an element x € m which is both C-regular and
M-regular. Since

depthp(M) = depthr(M) — 1 = depthp(C) — 1 = depthy(C),
we have Ex‘c%1 (M,C) = 0 by the induction hypothesis. This gives Extil(M ,C) =0 by Lemma
[3:3] From the exact sequence
05C5C—C—0

in mod A, we get the following exact sequence
Ext) (M, C) 5 Exti (M, C) — Exty (M,C) =0
for any i > 1. Tt follows from the Nakayama lemma that Ext3' (M, C) = 0. O

We are now in a position to prove the following theorem, which generalizes [38, Proposition
3.4].

Theorem 3.9. Let 0 # M € mod A with Go-pdy M < co. If A is semilocal and C' satisfies the
condition (hc5™), then

Gco-pdpy M + depthp(M) = depthyp(C).

Proof. We proceed by induction on Ge-pdy M. The case for Go-pdy M = 0 follows from
Proposition Now suppose Go-pdy M =n > 1. Then there is an exact sequence

0O K—G—M-—=0

in mod A with G being C-Gorenstein projective and Go-pdy K = n — 1. By the induction
hypothesis, we have
Gc-pdp K + depthp(K) = depthy(C).

Since Go-pdy G = 0 and Geo-pdy M = n > 1, it follows from Propositionthat depthyp(G) =
depthr(C) and depthp(M) < depthp(C) = depthp(G). Thus depthp(K) = depthr(M) + 1 by
[8, Proposition 1.2.9], and therefore the assertion follows. O

It should be pointed out that the condition (hcgop) is necessary for Theorem as shown
in the following example.

Example 3.10. Let A be a finite dimensional K-algebra over an algebraically closed field K
given be the quiver

1——=2.

For ¢ = 1,2, we use P(i) and S(i) to denote the projective and simple modules correspond-
ing to the vertex i, respectively. Take C' := A and M := S(1). Since depthg(A) = 0 and
Homypor(S(2),A) = 0, it means that A does not satisfy the condition (hcy”). On the other
hand, because depthy (M) = 0 and G-pdy M = pdy M = 1, the equation in Theorem does
not hold true.

Corollary 3.11. If A is semilocal and C satisfies the condition (hch”), then depthp(A) =
depthpr(C).
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Proof. Since Go-pdy A = 0, we have depthp(A) = depthy(C) by Theorem O
The following corollary extends [39, Theorem 1.10].

Corollary 3.12. Let 0 # M € mod A with Go-pdy M < oo. If A is semilocal and C' satisfies
the condition (het”), then

Gco-pdy M + depthp(M) = depthyp(A).
Proof. Tt follows from Theorem and Corollary O

Proposition 3.13. Suppose that A is semilocal, depthr(A) = 0 and A satisfies the condition
(heX™). If G-pdy C < oo, then C = A.

Proof. Since depthp(A) = 0, we have G-pd, C' = 0 by Theorem [3.9} In view of [44, Proposition
2.2], there are the following two spectral sequences with the same limit

EPY = Extl., (C, Extl.,(C*,A)) = H", (3.1)
ES? = ExtR,, (Tor (C,C*),A) = H". (3.2)

Then we have a filtration {¢’ H'} of H' satisfying
0=¢ H CHH C-.. CHH C¢°H = H

with B0 =~ ¢/ H /¢ TTH® for all i and j. Since C is Gorenstein projective, it follows that
Extiip(C’*,A) =0, and hence

0=Ey' =By = ¢'H' /o' H'
by (3.1). Since E;’O = BExtlo, (C,C) = 0 by (3.1) again, we get

0=FE""=E > o' H' /¢>H".
So H' =0, and hence ¢! H' = 0. Furthermore, it follows from (3.2) that

Ext}o, (C@p C*,A) = Ey° = EXV >~ o' H' J¢? H' = 0.
Set M := C @p C*. Then
M* = (C®r C*)" = Homrop (C, C) = A.
Applying the functor (—)* to the following exact sequence
0—+M —-P—M—=20
in mod A°? with P projective yields an exact sequence
0— M*— P*— M; — 0. (3.3)

Since M7 has finite projective dimension and depthr(A) = 0, we have that M] is Gorenstein
projective by Corollary and hence the exact sequence (3.3) splits. Now consider the
following commutative diagram with exact rows:

0 M, P M 0
bk
- P M

0 M;* P M 0.
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It follows that 0’5\\4 : M — M** is surjective. As M* = A, this implies that there is a module
K € mod A°? such that M = M** @ K, and hence

Since A has invariant basis number, we have K* = 0. If K # 0, then there is an epimorphism
f: K — S in mod A°? with S simple. It follows that S* = 0, which contradicts the assumption.
Thus K =0 and M = M** = A. Therefore C' = A by [0, Proposition A.1]. O

Recalled from [35] that a local ring R is said to be Henselian provided, for every Noetherian
R-algebra A (not necessarily commutative), each idempotent of A/.J lifts to an idempotent of A.
A slight modification of the proof of [35, Theorem 1.8] allows us to prove the following lemma.

Lemma 3.14. If R is a Henselian local ring and M € mod A, then M is indecomposable if and
only if IV := Endp M is a local ring.

Proof. The sufficiency follows from [34], Section 19]. In the following, we prove the necessity.
We write J(I") for the Jacobson radical of I'. Since mI" C J(I") by [34, Proposition 20.6], we
have that I/ J(I"”) is a finite-dimensional k-algebra with & = R/m. Thus I'"/J(I") is semisimple
by [1, Proposition 15.17]. Moreover, since M is indecomposable, it follows that I has no non-
trivial idempotents. Moreover, since R is Henselian local ring, each idempotent of I'/J(I)
lifts to an idempotent of IV. Thus I"/J(I"”) has no non-trivial idempotents, which implies that
I"/J(I") is a division ring by Wedderburn-Artin Theorem, and therefore I' is a local ring by
[34, Theorem 19.1]. ]

As an application of Proposition we give a non-commutative version of [32, Proposition].

Theorem 3.15. Let A be local and G-pdy C < co. Then C = A if one of the following two
conditions is satisfied:
(1) A=T.

(2) R is a Henselian local ring and C' is indecomposable as A-module.

Proof. The assertion that depthp(A) = depthy(C) follows from Lemma Corollary and
Lemma [3.14] if either (1) or (2) holds.

If depthp(A) > 1, then by Lemma there is an element x in m such that it is both A-
regular and C-regular. It follows from Proposition and Corollary that C is a Wakamatsu
tilting A-module with A = Endxé and G—pdxé < G-pdy C < oo. Thus, by using induction on
depthp(A), we may assume depthp(A) = 0. Then the result follows from Proposition O

4 Injective and projective dimensions of C

In this section we discuss the projective (respectively, injective) dimension of a Wakamatsu
tilting module C' in connection with the homological behavior of the Auslander and Bass classes
(respectively, C-Gorenstein projective modules).

Definition 4.1. ([22]). The Auslander class Ac(I') with respect to C consists of all left I'-
modules N satisfying the following conditions:

(A1) Torl,(C,N)=0.

(A2) Ext;'(C,C @r N) = 0.
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(A3) The canonical evaluation homomorphism
un : N — Homy (C,C ®&r N)

defined by pun(z)(c) = c® x for any x € N and ¢ € C is an isomorphism in ModT".
The Bass class Bo(A) with respect to C' consists of all left A-modules M satisfying the following
conditions:
(B1) Ext3'(C, M) = 0.
(B2) Torl,(C,Homy(C, M))=0.
(B3) The canonical evaluation homomorphism

Orr : C ®r HomA(C, M) — M

defined by Op(c ® f) = f(c) for any ¢ € C and f € Homy(C, M) is an isomorphism in
Mod A.
Symmetrically, the Auslander class in Mod A°? and the Bass class in Mod I'? are defined.

Definition 4.2. A full subcategory A% (I") of D*(T) consisting of complexes N*® is called the
Auslander class with respect to C' if the following conditions are satisfied:

(1) C @k N* € Db(A).

(2) The natural morphism N°® — RHomy (C,C @& N®) is an isomorphism in D®(T).

The proof of the following lemma is similar to that of [41, Lemma 5.3].

Lemma 4.3. For any N € ModT', the following statements are equivalent.
(1) Ac(I)-pdp N < oo.
(2) N e A%(D).

Proof. (1) = (2) Since A¢(I')-pdpr N < oo, there is an exact sequence
0—=4,— =>4 =>4 —-N—=0

in ModT" with A; in A¢(T"). Note from the definition that any Imodule in A¢(I") belongs to
A% (I'). Since AZ(I') is closed under taking triangles, we have N € A% (I).

(2) = (1) Suppose N € A%(T) and P* is a projective resolution of N. Since C ®F N €
D’(A), the supremum s := sup{n | H,(C ®% N) # 0} is finite. Consider the truncated complex

TP*: =+ 5 P93 Psy1 > P, —>0—>0—---.
It is easy to verify that
H;(C @L 7P*[—s]) = Hiy (C ®E N) =0

for any i > 1. Since 7P*®[—s] is isomorphic to the s-th syzygy module Q°N of N, it fol-
lows that Torl,(C,Q°N) = 0. Since N € A%(I), we have 7P*[—s] € A%(T) as well. Thus
the natural morphism Q°N — R Homy (C,C ®p Q°N) is an isomorphism, equivalently Q*N =
Homy (C, C @r Q*N) and Ext;' (C,C®rQ°N) = 0. Consequently, Q*N is in Ac(T) and Ac(T)-
pdr N <5 < 0. O

Proposition 4.4. ([25, Theorem 4.4]) Let N € ModTI" with Ac(T')-pdpr N < oo and n > 0.
Then the following statements are equivalent.
(1) Ac(I)-pdp N < n.
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(2) Tort, . ,(C,N)=0.

Lemma 4.5. Let M be a finite length A-module.
(1) Assume that X is a resolving subcategory of Mod A. If X-pd, S < oo for any simple
A-module S, then X-pdy M < oco.
(2) Assume that Y is a coresolving subcategory of Mod A. If Y-idp S < oo for any simple
A-module S, then Y-idy M < co.

Proof. We only prove (1) since (2) is dual. Setting [ := length, M < oo, we verify the finiteness
of X-pd, M by induction on . If [ = 1, then M is simple and thus X-pd, M < oo by assumption.
If [ > 1, then there is an exact sequence

0O—>M — M — My —0

in Mod A with length, M; =1 —1 and length, Ms = 1. By the induction hypothesis, we obtain
X-pdpy M; < oo and X-pdp My < oo. In view of [26, Theorem 3.2, we have X-pdy M < co. O

Now we prove Theorem [C] from Section 1; our proof hinges on the following lemma.

Lemma 4.6. Let A be semilocal.

(i) Assume that Exty (—, C) vanishes on mod A for i > 0. Then the following statements are
equivalent.
(1) Ge-pdy S < oo for any simple A-module S.
(2) Go-pdy M < oo for any M € mod A.

(ii) Assume that Ext’y(C, —) vanishes on mod A for i > 0. Then the following statements are
equivalent.
(1) Be(A)-idp S < oo for any simple A-module S.
(2") Be(A)-idpy M < oo for any M € mod A.

(iii) Assume that Tor: (C, —) vanishes on modT' for i > 0. Then the following statements are
equivalent.
(1") Ac(T)-pdpr T < oo for any simple T'-module T
(2") Ac(T)-idpr N < oo for any N € modT.

Proof. By assumption, there is a commutative Noetherian semilocal ring R such that A is a
Noetherian R-algebra. Let M € mod A and set d := dimg M, the Krull dimension of M as an
R-module. The set

M’ :={x € M | m"z =0 for some n > 0}

is a A-submodule of M, which has finite length over R, and hence it also has finite length over
A by [31, Lemma 2.2(a)]. Then we get an exact sequence

0—->M —-M-—M"—0

in mod A with M” = M/M’. Since the R-module M” has a positive depth, there is € m such
that it is not a zero-divisor on M”. Then we get an exact sequence

0= M"S M- M —0

in mod A with dimz(M”) = dimg(M") — 1. Moreover, It follows from [20, Corollary 7.22] that
there is a triangle in D®(mod A) of the form

M" 5 M — M" — M"[1].
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The implications (2) => (1) and (2') = (1’) are trivial.

(1) = (2) We verify the finiteness of G¢-pdy M by induction on d. Notice that M is a
finitely generated R-module, so d = 0 means M has finite length as an R-module, and hence it
also has finite length as a A-module. Since GP¢(Mod A) is a resolving subcategory of Mod A by
[26, Remark 4.4], we have Go-pdy M < oo by Lemma

Now suppose that d > 1 and the assertion (2) holds for all finitely generated A-modules
of Krull dimension smaller than d. By assumption and [3, Lemma 3.3], we have that G¢-
pdy M < oo if and only if the natural morphism o, : M — R Homrer (R Homy (M, C),C) is an
isomorphism in D?(mod A), and if and only if its mapping cone Cone(cy;) is acyclic.

By the above argument, it suffices to prove Gg-pdy M” < co. Note that dimz(M”) < d. By
the induction hypothesis, one has that Go-pdy M” < oo and hence Cone(c. ) is acyclic. Set

F(—) := RHomror(RHomp(—,C),C). By [47, Exercise 10.2.6], we get the following diagram
whose rows and columns are triangles

M// x Ml/ W M// [1]

e} C C
M SV O-IM//

F(M") ——— F(M") F(M")

F(M)[]

Cone(c§,) —— Cone(c§,) — Cone(afm,) — Cone(c§,)[1]
M"[1] M"[1] M"[1] M"[2]

in D’(mod A). Observe that the source and target of ¢, are complexes that have finitely
generated cohomology in each degree and r € m. Thus the Nakayama lemma implies that the
homology Cone(c{},) is zero, as desired.

(1) = (2/) It is dual to the argument in the proof of (1) = (2). We verify the finiteness of
Be(A)-idy M by induction on d. Notice that M is a finitely generated R-module, so d = 0 means
M has finite length as an R-module, and hence it also has finite length as a A-module. Since
Bc(A) is a coresolving subcategory of Mod A by [26, Remark 4.4], we have Be(A)-idy M < oo
by Lemma 4.5

Now suppose that d > 1 and the assertion (2’) holds for all finitely generated A-modules
of Krull dimension smaller than d. Note that both A and I' are Noetherian R-algebras. By
assumption and [41l Lemma 5.3], we have that Bo(A)-idy M < oo if and only if the natural
morphism 6y : C ®% RHomy (C, M) — M is an isomorphism in D®(mod A), and if and only if
its mapping cone Cone(fys) is acyclic.

By the above argument, it suffices to prove that Be(A)-idy M” < co. Note that dimp(M”) <
d. By the induction hypothesis, one has that Bo(A)-idy M” < oo and hence Cone(f5;77) is acyclic.
Set G(—) := C @2 R Hom, (C, —). By [47, Exercise 10.2.6], we get the following diagram whose
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rows and columns are triangles

G(M") G(M") G(M") G(M")[1]
GM” 9]\/[// HW
M// x M// W M/l[l]

Cone(0ys) —= Cone(fps) — Cone(b377) — Cone (0 )[1]

G(M")[1] —— G(M")[1] —— G(M")[1] G(M")[2]
in D’(modA). Observe that the source and target of 67, are complexes that have finitely
generated cohomology in each degree and r € m. Thus the Nakayama lemma implies that the
homology Cone(0,,) is zero, as desired.

Similarly, we can prove the equivalence of (1”) <= (2”) by using Lemma O

Now we are ready to prove the following theorem.

Theorem 4.7. Let A be semilocal and n > 0.

(i) The following statements are equivalent.

( ) ldAC :idropc < n.

Go-pdy S < n for any simple left A-module S.
Go-pdy M < n for any M € mod A.
Go-pdrep T < n for any simple right I'-module T .
Go-pdrop N < n for any N € mod I'°P.
followmg statements are equivalent.
pdp C = pdrep C < n.
Bo(A)-idpy S < n for any simple left A-module S.

A)-idpy M < n for any M € mod A.
I°P)-idper T' < m for any simple right T'-module T'.
I'°P)-idre» N < n for any N € mod I'P.

)-pdp T < n for any simple left T-module T".
)-pdp N' < n for any N' € modT.
P)-pdpep S" < n for any simple right A-module S’.
A°P)-pdpop M’ < n for any M' € mod A°P.

= &
‘AQA

Ac(T
Ac(T
Ac(A
Ac(

Proof. The implications (1) = (3) and (3) = (1) follow from [28, Theorem 5.20] and [50
Theorem 3.6], respectively. The implication (3) = (2) is trivial.

(2) = (3) By [39, Proposition.2.7], we have idy C' < n. Thus for any M € mod A, we have
Geo-pdy M < oo by Lemma [4.6] and therefore Go-pdy M < n by [3, Theorem 2.2].

The implications (1) = (3') and and (1') = (7') follow from [41], Corollary 4.9] and [27
Theorem 4.15], respectively. Both (3') = (2') and (7') = (6') are trivial.

(3") = (1’) Since Be(A)-ida A < n, we have pdre, C < n by [41], Theorem 4.8(2)]. For any
X € Mod A, we have X = ligigXi with all X; in mod A, and thus

Ext) (C, X) = Ext} (C,lim_ X;) = limy_ Ext} (C, X;)
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by [16, Lemma 6.6]. It follows from [41, Theorem 4.2] that Ext;"*!(C, X;) = 0, which implies
Ext?"™(C,X) = 0. Thus pd, C' < n, and therefore pdy C = pdr., C' < n by [42, Proposition
4.1].

(2") = (3’) Since A is semilocal, we have that A/J is a direct sum of simple A-modules and
each simple A-module occurs in the sum, up to isomorphism. By (2’), we have EXtK—H (C,A)T) =
0. It follows from [49, Corollary 2| that pdy C' < n. Thus for any M € mod A, we have B¢ (A)-
idy M < oo by Lemma and therefore Bo(A)-idy M < n by |1l Theorem 4.2].

(6') = (7') By (6') and Proposition we get Torh,1(C,T'/J(T)) = 0. It follows from
[49, Corollary 2] that pdpe, C < n. Then for any N’ € modT', we have Ac(T')-pdp N’ < oo by
Lemma and thus A¢(T)-pdp N < n by Proposition again.

The implication (6") <= (4’) follows from [25, Theorem 3.3].

According to the symmetry, the proof is finished. O

The following corollary is a consequence of Theorem in which the assertion (i) is a
C-version of [10, Theorem 3.1].

Corollary 4.8. Let A =T be semilocal and n > 0.
(i) The following statements are equivalent.
(1) idp C = idper C < n.
(2) Go-pdy A/J < n.
(3) Go-pdper A/J < .
(ii) The following statements are equivalent.
(1) pdAC = pdper C < .
(2") Bo(A)-idpy A/J < n.
( ,) ( ) ldAozo A/J < n.
(4) Ac(A)-pdy AL <.
(5") Ac(A)-pdper A/J < n.

Proof. Since A is semilocal, we have that A/J is a direct sum of simple A-modules and each
simple A-module occurs in the sum, up to isomorphism. Now both assertions follow immediately
from Theorem [£71 O

The following result gives a sufficient condition for the C-Gorenstein projective and A¢c(A)-
projective dimensions of J to be left-right symmetric, in which the assertion (1) is a C-version
of [10, Corollary 3.3].

Corollary 4.9. If A =T is semilocal, then it holds that

(1) Ge-pdy J = Go-pdpes J;

(2) Ac(A)-pdy J = Ac(AP)-pdpep J.
Proof. (1) Tt suffices to prove the inequality Go-pdy J < Go-pdyep J. When Ge-pdpep J = 00,
the assertion follows trivially. Now suppose Gco-pdpep J = n < 00. Note that Go-pdyer A = G-
pdy A =0 (cf. [26, Remark 4.4(3)(a)]). It follows from [36, Lemma 3.2(1)] that

Ge—pdper A/ J < max{Gc-pdpor A,Ge-pdpopr J + 1} =n + 1.

In light of Corollary [4.8[i), we have Go-pdy A/J = n + 1. It follows from [36, Lemma 3.2(2)]
that
Geo-pdy J < max{Gc-pdpy A,Ge-pdy A/ J — 1} =n.

The assertion follows.
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(2) It suffices to prove the inequality Ac(A)-pdy J < Ac(AP)-pdpep J. When Ag(A°P)-
pdper J = 00, the assertion follows trivially. Now suppose Ac(A°)-pdyer J = n < co. Note
that Ac(AP)-pdpep A = Ac(A)-pdpy A = 0 by [22] Lemma 4.1], it follows from [26, Theorem
3.2] that

AC’(AOP)‘ pdAop A/J < maX{AC(AOp)- pdAop A, AC(AOp)— pdAop z] + 1} =N + 1

In light of Corollary [4.8(ii), we have Ac(A)-pdy A/J = n+1. Applying [26, Theorem 3.2] again,
we have

Ac(A)-pdy J < max{Ac(A)-pdp A, Ac(A)-pdy A/J — 1} =n.
The assertion follows. O

Recall that a module M € Mod A is called Gorenstein flat if the following conditions are
satisfied:
(1) Tor/;l(l, M) = 0 for any injective right A-module I.
(2) There is an exact sequence
0—-M—>F 5 F' ...

in Mod A with all F* flat, which remains exact after applying the functor I ®, — for any
injective right A-module I.
When X = {Gorenstein flat left A-modules}, the X-projective dimension of M is called the
Gorenstein flat dimension of M ([13]).

Recall that a left and right Noetherian ring is called Gorenstein if its left and right self-
injective dimensions are finite. For any M € Mod A, recall that M := Homgy (M, Q/Z) is called
its character module, where Z is the additive group of integers and Q is the additive group of
rational numbers. As a consequence of Corollary (i), we obtain some new characterizations
of Gorenstein algebras, which extends [10, Theorem 3.1].

Corollary 4.10. If A is a semilocal ring, then the following statements are equivalent.

(1) A is Gorenstein.

(2) G-pdyA/J < 0.

(2") G-pdpep A/J < .
If the character module of any Gorenstein injective left A-module is Gorenstein flat, then the
above three conditions and the below condition are equivalent.

(3) G-idpy A/J < 0.

Proof. Putting ACr = pAp in Corollary [4.§[i), we get (1) <= (2) <= (2). By [28, Theorem
5.20], we have (1) = (3).

Now suppose that the character module of any Gorenstein injective left A-module is Goren-
stein flat, we prove (3) = (2).

By (3), we may assume that G-idy A/J = n < oo. Then for any simple left A-module
S, we have G-idy S < n since S is a direct summand of A/J. As (A/J)T is semisimple, it
follows that (A/J)" = @®;c;S;, where all S; are simple left A-module. Thus by [30, Theorem 2],
G-idp(A/J)T = G-ida(®e1S:) < n and the Gorenstein flat dimension of (A/J) is at most
n. Since (A/J)T" is semisimple, we have that A/J is a direct summand of (A/J)**. Tt follows
from [7, Proposition 1.3] that G-pdje, A/J < n. O

If A is one of the following rings: (1) a commutative Noetherian ring with a dualizing complex;
(2) a left Noetherian ring having finite right self-injective dimension; (3) a left Artinian ring
such that the injective envelope of any simple left module is finitely generated (in particular,
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an Artinian algebra), then the character module of any Gorenstein injective left A-module is a
Gorenstein flat ([30, Example 3.1]).

Let T be semilocal and n > 0. In view of Theorem @ it is interesting to know whether the
following statements are equivalent.

(1) idp C =idper C < .

(2) Ge-idr T' < n for any simple left I'-module 7".

(3) Ge-idr N < n for any N’ € modT.

(4) Ge-idrer T < n for any simple right I'-module 7.

(5) Ge-idpor N < n for any N € mod I'P.

In general, we have (1) <= (3) <= (5) = (2) + (4) by [28, Theorem 5.20]. When
ACr = AAp and A is either a commutative Noetherian ring with a dualizing complex or an
Artinian algebra, all these conditions are equivalent by Corollary

In the sequel we aim at giving some equivalent characterizations of Wakamatsu tilting mod-
ules with finite injective dimension in terms of certain cotorsion pairs. The following result will
be useful, and the idea of the proof comes from that of [2, Lemma 2.2].

Lemma 4.11. Let R be semilocal and M € modT. If depthr(C) =t and M s free as a
I'y-module for any p € Spec(R)\ Max(R), then it holds that

(1) Exti (C ®@r M,C) = Exth(M,T) for any i < t.

(2) There is an injection Ext\™ (C ®r M, C) — Exti™ (M, T).

Proof. (1) Since AC' is a Wakamatsu tilting module, by [40, Theorem 10.62] there is a spectral

sequence
EP? = Extf\(Torg(C, M),C) = Extp(M,T).

Then we have a filtration {¢' H'} of H? = Exth(M,T') satisfying
OZ(ﬁiJFlHi - QSZH’ C...C ¢1Hi C ¢0Hi — g

with BL 7 = ¢ H /¢ T HY for all i and j. For any p € Spec(R)\ Max(R), since M, is a free
I'y-module by assumption, we get that Tor{(C’, M) has finite length as a A-module for any
i > 0. Thus by Lemma [2.8| we have E5'? = 0 for any p < t and ¢ > 0. For any i < ¢, we have
B2V = LY ~ giH /¢ H. So Ext)y (C @ M, C) = Exti(M,T).

(2) Since Eé“’o ~ EI0 we obtain an injection Extf;rl(C ®r M,C) — Extffl(M, r. o

We recall the notion of cotorsion pairs.

Definition 4.12. (cf. [16]) Let U,V be subcategories of mod A. The pair (U,V) is called a
cotorsion pair if

U=V :={U emodA | Exth (U, V) =0 for any V € V}

and
V=ut:={V e ModA | Exti(U,V) =0 for any U € U}.

Let M € mod A and let
PP M=o

be a projective presentation of M in mod A. Recall from [29] that Tre M := Coker f1 is called
the transpose of M with respect to C. Note that Tro M is defined up to projective summands.

Definition 4.13. A module M € mod A is called C-co-torsionfree if Extl%olp (Tre M, C) = 0.
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When ACr = pAp, a C-oo-torsionfree module is exactly a oco-torsionfree module defined in
[4]. We write
To(mod A) := {M € mod A | M is C-oo-torsionfree},
PS5 (mod A) := {X € mod A | add C-pd, X < oo},
Xo(mod A) := {M € mod A | Extj (M, X) =0 for any X € P5>(mod A)}.

In particular, when ACr = pAAp, we write
T (mod A) := Tx(mod A), P<*(modA) := P5*>°(modA) and X(modA) := Xx(modA).

The right-sided versions of these natation are defined symmetrically.
Part of [2, Theorem 1.1] are included in the following theorem.

Theorem 4.14. Let A =T be local. Then the following statements are equivalent.

(1) idp C = idper C < 00.

(2) Xo(modA) = Te(modA) and Xeo(mod AP) = Te(mod A°P).

(3) Xo(modA) = GP¢(mod A) and Xo(mod A°P) = GP¢(mod A°P).
(4) Both (Tc(mod A), PS5 (mod A)) and (T¢(mod A%), PS5 (mod AP)) are cotorsion pairs.
(5) Both (GP¢(mod A), P5>(mod A)) and (GPc(mod A%), PS> (mod A)) are cotorsion pairs.

Proof. By Lemma [3.2] we may suppose depthp(A) = depthp(C) =t.

(2) = (1) Since Ext}.,(A/J,A) has finite length as a A-module for each i, we have
Ext) (Extho,(A/J,A),A) = 0 forany 1 < i < t+1and 0 < j < i— 2. It follows from [4
Proposition 2.26] that Q***(A/J) is (t + 1)-torsionfree. Thus Ext3 'S (Tr QH1(A/J),A) = 0
for any 1 <i < t+ 1. Since Tr QT (A/J) is free as a Ay-module for any p € Spec(R)\{m}, we
get from Lemma that Ext/lfigtH(C @ Tr QH(A/T),C) = 0.

Let 0 # X € P5*(modA). Then Corollary yields add C-pd, X < ¢, and hence there

is an exact sequence
O%Ctgct_lft—sl-"ficlféCOf#X—)O
in mod A with all C; in add C. Set X; := Im f;. Then we have
Exth (C @ Tr QT (A/T), X) =2 Ext3 (C @y Tr QYA /T), X)) 22 - -
~Ext\H(C @ Tr QA T), X;) = 0.

It means C ®, TrQ*(A/J) € Xo(modA), whence, by assumption C ®; Tr QT (A/J) €
To(mod A). Since there are isomorphisms

Homy (C @ Tr QYA T), C)
>~ Homp (Tr Q7T (A/T), A)
%Q2Qt+1(A/J) o~ Qt+3(A/J),

the fact C ®p Tr Q1 (A/J) € To(mod A) implies
Extit53 (A, C) = Extho (Q3(A/J),C) = 0

for any i > 1. So idper C' < co. Similarly, we get that idy C' < oo by the equality X (mod AP) =
To(mod A°P). Therefore (1) holds by [24, Theorem 2.7].

Since GP¢(mod A) € To(mod A) and GPe(mod A?) C To(mod AP), the proof of (3) = (1)
is similar to that of (2) = (1).
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(1) = (3) The inclusion GP¢(mod A) C X (mod A) is obvious. As for the reverse inclusion,
let M € Xco(modA). It follows from [28, Theorem 1.4] that Go-pdy M < oco. Then by [36]
Lemma 2.7], there is an exact sequence

0—-X—-G—-M-—=0

in mod A with addC-pdy X < oo and G € GP¢(mod A). So this sequence splits, and hence
M € GPc(modA) and Xo(modA) € GPe(modA). This proves Xo(modA) = GPe(mod A).
Symmetrically, we have X (mod A°?) = GP¢(mod AP).

(1) = (2) Since (1) implies (3) and GP¢(mod A) C To(mod A), it suffices to show To(mod A) C
GPc(mod A). Given M € To(mod A), then there is an exact sequence

0O—-M—->Co—>C,—--—C,, — ...

in mod A with all C; in addC. It follows from [3, Lemma 2.1] that M € GP¢(mod A) and
To(mod A) C GPe(mod A). Symmetrically, we have X (mod A?) = T (mod AP).

The implications (4) = (2) and (5) = (3) are obvious.

(1) = (5) Since (1) implies (3) and P5*°(modA) C GPc(mod A)1!, it suffices to show
GPe(mod A)11 C PS> (mod A). Given M € GP¢(mod A)1, we have Ge-pdy M < oo by [28,
Theorem 1.4]. It follows from [36], Corollary 3.4] that there is an exact sequence

O—-—M—-X—-G—=0

in mod A with add C-pdy X < oo and G € GP¢(mod A). Then this sequence splits and hence
M € P5*(modA). It means that (GPc(mod A), P5>(mod A)) is a cotorsion pair. Symmetri-
cally, we have that (GPc(mod A?), P5°(mod A%)) is a cotorsion pair.

(1) = (4) Since (1) implies (2) and (3), we get

Xo(mod A) = To(mod A) = GPe(mod A)

and
Xo(mod A?) = To(mod A?) = GPe(mod AP).

O

If we specialize the preceding theorem to the case for ACr = A, we obtain the following
equivalent characterizations of Gorenstein algebras in terms of certain cotorsion pairs.

Corollary 4.15. If A is local, then the following statements are equivalent.
(1) A is Gorenstein.
2) X(modA) = T (modA) and X (mod A°P) = T (mod A).
) X(modA) = GP(mod A) and X (mod A?) = GP(mod A).
4) Both (T (mod A), P<>**(mod A)) and (T (mod A°P), P<>°(mod A°?)) are cotorsion pairs.
) B

(
y
( oth (GP(mod A), P<>*(mod A)) and (GP(mod A°P), P<>°(mod A°P)) are cotorsion pairs.

5
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