SOME PROPERTIES OF THE DERIVATIVES ON SIERPINSKI
GASKET TYPE FRACTALS

SHIPING CAO AND HUA QIU*

ABsTRACT. In this paper, we focus on Strichartz’s derivatives, a family of
derivatives including the normal derivative, on p.c.f. (post critically finite)
fractals, which are defined at vertices in the graphs that approximate the frac-
tal. We obtain a weak continuity property of the derivatives for functions in
the domain of the Laplacian. For a function with zero normal derivative at any
fixed vertex, the derivatives, including the normal derivatives, of the neighbor-
ing vertices will decay to zero. The rates of approximations are described and
several non-trivial examples are provided to illustrate that our estimates are
optimal. We also study the boundedness property of derivatives for functions
in the domain of the Laplacian. A necessary condition for a function having
a weak tangent of order one at a vertex is provided. Furthermore, we give a
counter-example of a conjecture of Strichartz on the existence of higher order
weak tangents.

1. INTRODUCTION

The theory of analysis on fractals, analogous to that on manifolds, has been
being well developed. The pioneering work is the analytic construction of the
Laplacians, for a class of self-similar fractals that include the Sierpinski gasket as a
typical example, developed by Kigami [15-20], in which the Laplacians are defined
as renormalized limits of graph Laplacians. There are a lot of works in exploring
some properties of these fractal Laplacians that are natural analogs of those of the
usual Laplacian. See [1, 2, 7, 9, 13, 23-26, 28-36, 38| and the references therein.
Especially, there were several works in developing a calculus on fractals [3, 8, 22,
27, 34, 39].

Since the fractal Laplacian acts as a differential operator with order greater than
one, in analogy with the usual Laplacians on manifolds which are of second order
(see [35, 37] for explanations), it is natural to make clear what is the first order
derivative or gradient. Basically, there are two approaches. One is to regard the
Dirichlet form as an integral of the inner product of gradients, see [4-6, 10-12, 14,
17, 22] for some works on this approach. Please see [11] for a survey on recent
developments and more references therein. It seems that this could not provide any
direct information for a pointwise gradient. The other is to define the pointwise
gradient directly. Teplyaev [39] has made a satisfactory definition of the gradient at
general points in fractals and obtained some properties. For the vertices (boundary
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points of cells) in fractals, starting from the normal derivative, Strichartz [34] has
introduced a family of derivatives at any vertex x, and using which, he has made up
a (local) gradient df (z). See [39] to find a description of the relations between these
different definitions and the results of Kigami, Kusuoka, Teplyaev and Strichartz.

In this paper, we continue to study the properties of Strichartz’s derivatives at
vertices in fractals.

We begin by assuming that a fractal K is an invariant set of a finite iterated
function system (i.f.s.) of contractive similarities in some Euclidean space R?, which
means K is the unique nonempty compact set satisfying

N
K = | FiK,
i=1
where we denote the mappings by {F;}i=1,... v. We define W,, = {1,--- , N}, the
set of words of length n, and write F,, = Fy,, o---0F,, forawordw=w;---w, €
W,. We call F,K a cell of level n.

We use Strichartz’s definition of the p.c.f. self-similar sets [37], which is simpler
than Kigami’s one [16], although all our results could be derived in his context.
K is a post critically finite (p.c.f.) self-similar set if K is connected, and there is
a finite set Vy C K called the boundary, such that for any two different words w
and w’ of the same length, the intersection of F,,K and F, K is contained in the
intersection of their boundaries, i.e., F, K N F, K C F,Vo N F,/Vy.

Denote by V,, = UweW" F,Vo and Vi, = {J,,50 Vn- A point z € V, is called a
junction vertez if there are at least two different w,w’ € W, for some n such that
x € F, KN F, K. Otherwise we call z a nonjunction vertex.

We assume that there is a regular harmonic structure on the p.c.f. self-similar
set K. Thus there exists a self-similar Dirichlet form £ on K such that for functions
f: K — R, one has

N
E(f) =D rj"E(fo )

for some choice of renormalization factors ri,--- ,ry € (0,1). This quadratic form
is obtained as the limit of &, (f) := En(f, f) on the m-level approximating graphs,
where the m-level bilinear form &,,(-,-) is defined as

gm(fag) = Z Tﬁlgo(fOFw:gon)’

lw|=m
with
E(f9)= > ci(f(wi) = F0))(g(vi) — g(v))),
1<i<j<No
for some positive conductances c;;. Here we write ry, = 1y, -7y, for w =
W1+ Wiy -

Let Hy denote the space of harmonic functions on K that minimize &,, at all
levels for given boundary values on Vj. Let S(Ho, V) denote the space of contin-
uous functions whose restrictions to each cell F,, K of level m are harmonic (i.e.,
h o F,, is harmonic for any w € W,).

Readers may refer to the books [21] and [37] for exact definitions and any unex-
plained notations.

In this paper, two additional assumptions are made, as Strichartz did in [34].
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Hypothesis 1.1. (a) Each point vj,j =1,---, Ny in the boundary set Vy is the
fized point of a unique mapping in the i.f.s., which we denote F;. Also, we assume
that for any F; and Fj in the i.f.s., i # j, the intersection F; K N F;K consists of
at most one point v with v = Fyv,, = Fjv, for some vertices vy, and v, in V.

(b) For each v; € Vg, let M; denote the No x Ny matriz that transforms the
values hly, to h|r,v, for harmonic functions h, i.e.,

No
h(Fjor) = Y (My)ah(wy).
=1
We assume that each M; has a complete set of real left eigenvectors ;i with real
nonzero eigenvalues Aji, i.e.,

BikMj = AjeBjk,
where for each j the eigenvalues \j, are labeled in decreasing order of absolute
value.

We will list some basic properties of the eigenvalues and eigenvectors of the
matrixes M; in the next section. Here we only mention that the largest eigenvalue
of M; is A\j1 = 1, the second largest eigenvalue is Ajo = r;, the j-th renormalization
factor of the harmonic structure, and |\;i| < Ajo for k& > 3.

The following is the definition of Strichartz’s derivatives at the boundary vertices.

Definition 1.2. Let f be a continuous function defined in a neighborhood of
v; € Vo. The derivatives djif(v;) for 2 < k < Ny are defined as the following
limits, if they exist,

djrf(v5) = T AR" Bk flrpvy

where ﬁjkle]mVO s
No

> (Birhf (Fw).

=1

The derivative djsf(v;) is just the normal derivative of f at v; with suitable
choice of B2, and d;, f(v;), k > 3 could be viewed as derivatives of somewhat “higher
order”. If h is harmonic in a neighborhood of v, then all derivatives d;;h(v;) exist
and may be evaluated without taking the limit. See Lemma 3.3 in [34].

The above definition could be extended to all vertices in V,. For a nonjunction
vertex ¢ € V,, \ V,,_1, there is a unique word w of length n such that x = F,v;
for some 1 < j < No. We write Up(z) = F,FJ"K, and call {Up(2)}m>0 a
standard system of neighborhoods of x. For a junction vertex x € V,, \ V,,_1, by
Hypotheses 1.1(a), it is just an image under a mapping F,, of a junction vertex
in Vj, where w is a word of length n — 1. Let J(z) denote the set of indices j
such that there exist 1 < j° < Ny with = F,Fjv;;. Obviously, §J(z) > 2.
We write U, (2) = Uje 500 Fu i F]0 K, and call {Uy,(2) >0 a standard system of
neighborhoods of x.

Definition 1.3. Let f be a continuous function defined in a neighborhood of a
verter x € Vi, \ V1.

(a) If © = Fy,v; is a nonjunction vertex, then the deriwatives djif(z) for 2 <
k < Ny are defined as the following limits, if they exist,

(1.1) dinf(@) = Tm 1, A5" B fle, move-
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(b) If = is a junction vertex, then the derivatives djf(x) for j € J(z) and
2 < k < Ny are defined as the following limits, if they exist,
. 1 —1\—
djrief(x) = T oy, AL B f
Furthermore, the normal derivatives of f at x are said to satisfy the compatibility

condition if
Z djra f(z) = 0.

Jj€J(x)

FuF; FIVo-

We write df (z) for the collection of derivatives at x, and refer to it as the gradient
of f at x. f is called differentiable at the vertex z if all the derivatives at x exist
and the compatibility condition holds if z is a junction vertex. For example, if h is
harmonic in a neighborhood of x, then h is differentiable at x and all the derivatives
may be evaluated without taking the limit. See Lemma 3.6 in [34].

Let p be a self-similar measure on K with weights (u1,- -+, un). It is known that
for any function f in dom(A,), the normal derivatives d;o f(x) or djo f(z) always
exist at any vertex x and satisfy the compatibility condition if x is a junction vertex,
where the notation dom(A,,) denotes the domain of the Laplacian with respect to
the measure p. However, for other derivatives, in general, we need the assumption

(12) Tipy < |)\J'N()|7v1 <j< NO

to guarantee the existence of djif(x) or d;jf(x), k > 3. For fractals without
symmetry, the condition is necessary. See Theorem 4.1 in [34] for details.

Remark 1.4. For “higher order” derivatives d;; or dj/k(?) < k < Np), there are
two different scalings. Let = F,,v; be a nonjunction vertex. Then for any word
u, we have

dj(f o F ) (Fuw) =1y g f(2),
and for any m > 0, we have
dir(f o FuF"F ") (2) = Nikdji f ().
The case of junction vertices is very similar. We omit it.

It was proved in [34] that for a function f € dom(A,), the normal derivatives
djof(x) and djof(x) are uniformly bounded as x varies over all vertices. And
for a harmonic function A with zero normal derivative at a vertex x, the normal
derivatives of its neighboring vertices will decay to zero, which can be interpreted
as a weak continuity property of the normal derivatives. See Theorem 4.3 in [34].

For general functions in dom(A,), it is natural to expect the same properties.
In fact, an easy observation is that if we assume (1.2) and djsf(v;) = 0 for some
vertex v; € Vp, by Lemma 6.4 of [29], we have

1f = Pl iy < Cim(ripg)™ 1A,

where h is the unique harmonic function defined on FJ" K satisfying dh(v;) = df (v;)
and h(v;) = f(v;). Also, we have ||h||Loo(F]7”K) < C5|A;3]™. Then using the local
Gauss-Green’s formula, letting ¢ be the unique harmonic function on Fj"K with
value 1 at F;"v; and 0 at other vertices in F}"V; for some i # j, we have

No
afEPo <1 [ (Spfodul + 3 dao(E] ) (F o)
j =1

< 1 Awf oo + Cr7 ™ 1 f L) = O((Ajary 1)™).
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The above discussion is rough but shows that the expected weak continuity property
is reasonable.

In this paper we will drop the assumption (1.2), and show that the normal
derivative is continuous at any vertex x with vanished normal derivative, which
means that the normal derivatives at all vertices in Uy, (z)(not only in 0U,,(x))
will go to zero as m goes to infinity. Nevertheless, for “higher order” derivatives,
we will still obtain the boundedness property, and similar weak continuity property
for functions in dom(A,,). For “higher order” derivatives, the assumption (1.2) is
necessary, since it guarantees the existence of the derivatives. We will provide the
optimal estimates for the rates of the all the above approximations.

We will prove the following three theorems. These results answer the question
post by Strichartz in [34] positively.

Theorem 1.5. Let f € dom(A,,). Then the normal derivative of f(x) is bounded
by a multiple of || f|loo+||Aufllec as x varies over all vertices. Furthermore, for any
fized nonjunction vertex x = F,v; (or junction vertex v = Fy, Fjuv; ), if djsf(z) =0
(or djof(xz) =0), we have the optimal estimate

O(u7), if ripg > |Ajsl,
dizf(y)(or (dira f(y)) =  O(mu}"), if iy = [Ajsl,
O((Njsr; ™), if iy < |Agal,

for all vertices y € Up,(z).

Theorem 1.6. (a) Let h be a harmonic function. Then all the derivatives of
h(z) are uniformly bounded as x varies over all vertices.

(b) Assume (1.2). Let f € dom(A,), then f is differentiable at all vertices and

all the derivatives of f are uniformly bounded by a multiple of || f|loc + || Anfloo-

Theorem 1.7. (a) Let h be a harmonic function, x = F,v; be a nonjunction
vertex (or x = F,Fjvj be a junction vertex) with zero normal derivative. Then for
any vertices y € Up,(2) \ {z}, we have the optimal estimate

dixh(y)(or dirh(y)) = O((Njsr; 1)™), Vk > 3.

(b) Assume (1.2). Let f € dom(A,), and x be a vertex with zero normal derivative,
then the above estimate still holds, with f replaced by h.

Several non-trivial examples will be provided to illustrate that our estimates
are optimal. There are some typical fractals, including the Sierpinski gasket, for
which the condition (1.2) does not hold. However, for these fractals, the results
in Theorem 1.6 and 1.7 are still valid, provided that A, f satisfies an appropriate
Holder condition.

These results will be given in Section 3 and Section 4. We remark here that
when we consider the energy Laplacian A, in replace of A, where v is the Kusuoka
measure [22], we will have very similar results. The only difference is that for each
1 < j < Ny, the order of Z/(ijK) should be r;-” in replace of u;-” in the discussion.

We also study tangents in this paper. As in [34], for a function f differentiable
at a vertex xz, a weak tangent of order one, denoted as T (f) at x, is defined as a
harmonic function on Up(z), which assumes the same value and gradient at x as
those of f.

For any function f which is differentiable at a vertex x, let h,, denote the har-
monic function that assumes the same values as f at the boundary points of U, (z),
extended to be harmonic on Up(z). In Theorem 3.11 in [34], it is proved that A,
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converges uniformly to T¥(f) on Up(z) as m — oo. However, we will prove that
it is not true in general, unless we assume some additional reasonable assumptions
on the harmonic structure and the self-similar measure.

If we assume that §Vy = 3 and all structures have the full D3 symmetry, we
could extend the definition of order one tangent to higher order. Here D3 symmetry
means that all the structures are invariant under any homeomorphism of K. In this
case, all ’s and p's should be the same. Denote p the value of rjp; and Az the
value of A3 for j =1, 2,3 since they are the same, respectively. Then for a vertex
x and a function f defined in a neighborhood of z, an n-harmonic function h is
called a weak tangent of order n of f at x if

(1.3) (f = Mlov, ) = o((p"1r)™),
and

(f =h—=(f = h) o go)lov,.(x) = o((P" " A3)™),
where n-harmonic functions means those functions satisfying the equation Ajh =
0, and g, is a local point symmetry at « with reasonable understanding(we omit
the exact definition).

In [34], there is a conjecture, Conjecture 6.7, saying that for a function f €
dom(An~1), f has a weak tangent of order n at x if and only if dAF f(z) exists
with compatibility conditions holding at = for each k < n — 1. It is true for n = 1
since it is exact the definition of order one tangent. However, it is not true for
n > 2. We will give a counter-example.

The results about tangents will be given in Section 5.

This paper can be regarded as a supplement of [34]. Before the end of this section,
we mention a very useful result which could be obtained by an easy combination
of the results in the appendix of [34] and the results in the appendix of [39], saying
that, any function f in dom(A,) satisfies a Holder estimate that

(1.4) [f (@) = FW)] < erw([flloo + 184 f]lo0)

for any z,y € F, K and any word w, where c is a positive constant.

2. BASIC RESULTS OF THE EIGENVECTORS OF M;

In this section, we will give some basic properties of the eigenvalues and eigen-
vectors of the transformation matrix M;. Let {\;x}1<k<n, be the set of eigenvalues
labeled in decreasing order of absolute value. For each Aji, we denote B, and a;i,
the left and right eigenvectors of Aj; respectively. Additionally, we normalize that
Bikajk = 1.

Proposition 2.1. (a) The largest eigenvalue of M; is Aj1 = 1. It has a right
eigenvector a1 = (1,--- , 1), and a left eigenvector Bj1 with (B1)1 = ;1.

(b) The second largest eigenvalue is Ajo = rj < 1, the j-th renormalization factor
of the harmonic structure. It has a left eigenvector Bjo with (Bj2); = >, ¢ij and
(Bj2)i = —cij for L # 3.

(c) The eigenspace of \jo is of one dimension and |Aji| < Ajo for k > 3.

(d) Bjrojy = 0 for 1 < k1 < Ny, where Bjroy is Zivzol(ﬂjk)s(ajl)s'

(¢) For k> 2, "1 (Bj)1 =0 and (aji); = 0.

Proof. One could find the proofs of (a), (b), (c¢) from [34]. (d) is obvious. (e)
follows from the combining of (a) and (d). O
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Let {hjr}1<k<n, be a collection of harmonic functions on K, where each hjj
assumes values o, on Vp, i.e., hjp(v;) = (aji); for each . Obviously, h;i assumes
constant value 1 on K.

PI‘OpOSitiOH 2.2. (a) hjlejV(] = )\jkhjk|V07 djkhjl(’l)j) = akl-

(b) hjr(v;) =0 for k = 2.

(c) {hjr}1<k<n, spans the space of harmonic functions on K. For any harmonic
function h, it could be written as a linear combination that

No
() =h(v;) + > dikh(v;)he()-

k=2

Proof. (a) follows from the definition of a3, and S;5. (b) follows from Proposition
2.1(e). (c) is a corollary of (a) and (b). O

In the rest of this section, we will give some necessary and sufficient conditions
for (Bjx); = 0 for all k > 3, which means that in this case the calculation of “higher
order” derivatives of a function f at v; will not involve the value f(v;). This will
be useful in Section 5.

Proposition 2.3. The following three conditions are equivalent.

(a) (Bjr); =0 for all k > 3.

(b) (cj2); = c(1 = dj;) for all l, where ¢ is a nonzero constant.

(c) The j-th column of M; assumes the values that (M;);; =1 — Xja + Aj20;.

Proof. (a)=(b) Combining (a) and Proposition 2.1(e), we have that 8,k > 3
expand the linear space of dimension Ny — 2 orthogonal to the constant vector and
dj1. Since Bjrajo = 0,k > 3, we conclude that

(ajg)l =S —l—t(;jl,l > 1,

for some constants s and ¢t. Moreover, by Proposition 2.1(e), (a;2); = 0. This
determines that s = —¢, which immediately yields (b).
(b)=(c) Taking ;o into the characteristic equation, we have
Mjajs = Ajpayo,
which yields that
> (M), = Aja, for all I # j.
k#j
Noticing that all row sums of M; are one and the j-th row of M; is di;, we then
have
(Mj)i; = 1= Ajp for I # j, and (Mj);; =1,
which is what (c) says.
(c)=(a) For each k > 3, since B,;zM; = A\jxBjk, by considering the j-th column
of M;, we have

> (= 22)Bik)i + Bin); = Aix(Bin);-
I#7
Combining the above formula with Proposition 2.1(e), we obtain that (8;x); = 0.
Thus (a) holds. O
Remark 2.4. In the D3 symmetry case, condition (c¢) automatically holds. Thus
(Bj3); = 0, which means that the tangential derivative of a function f at v; does
not involve the value f(v;).
Finally, we give an example which does not satisfy the conditions in Proposition
2.3.
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Ezample 2.5. Let vi,v9,v3 be the vertices of an equilateral triangle and let
Fi(x) = %(x + v;), i=1,2,3. The Sierpinski gasket, SG, is the unique compact set
such that SG = |J?_, F;8G. Then Vi = {v1,va,v3}.

Consider a family of self-similar Dirichlet forms on SG, that has a single bilateral
symmetry. So we require ro = r3 and

Eo(f) = (F(v1) = F(v2))? + (f(v1) = f(v3))” + e(f(v2) = f(v3))?

for some ¢ > 0. We denote the conductances of & and r2&; on the edges of the
graphs T'g and T’y in Figure 1, where s = r5/r is a constant to be determined.

U1 U1

U2 U3 V2 U3

Figure 1. The conductances of & and r&;.

The renormalization equation requires s and ¢ has the relationship
35%c% + 25%c — 2s¢* —2¢— 1 =0.
A detailed calculation could be found in Chapter 4 of [37].

Let h be a harmonic function on SG with respect to the above Dirichlet form.
The mean value property of h at vertices Fovs, vz and Fhv; give that

(2 4 2¢)h(Fov3) — h(Frvs) — h(Fovr) — ch(va) — ch(vs) =0,
(2 4+ s+ sc)h(Frvs) — h(Favs) — sch(Favy) — sh(vy) — h(vs) =0,
(2 + s+ sc)h(Fovy) — h(Fyvz) — sch(Fivz) — sh(vy) — h(vy) = 0.

This yields

h(F2UB) 11+;—227777 n ! sc n T]2+s+sc h(’U1)
h(Fivs) | = 25, + TR T T @) tstase) | | Ale2) |
h(FQUI) 2+s I # + (24s)(2+s+2sc) 27—‘,13 + (2+s)(2+s+2sc) (U?’

_ 2c+sc+1
where 7 = 525 -

Thus the transformation matrix M, is

1+s5—2n n_ 4 2+s+sc n_ 4 sc
2453 2+s (24s)(2+s+2sc) 245 (2+s)(2+s+2sc)
My = 0 1 0

1—-2n n n

One can check that My satisfies Hypothesis 1.1(b) when |s — 1| is sufficiently small.
In fact, when s = 1, M> is diagonalizable with three different eigenvalues and all
entries of My are continuous functions of s.
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Comparing (Ms)12 and (Ms)s2, we can find they are not equal, since otherwise
it leads to a different identity

282 4+ e +es—2c—s—1=0

of s and c.
Hence M5 does not satisfy the condition(c) in Proposition 2.3, at least for those
s very close, but not equal to 1, which means (f23)2 # 0.

3. BOUNDEDNESS AND WEAK CONTINUITY OF NORMAL DERIVATIVES

We prove Theorem 1.5 in this section, and provide some examples to show that
our results are optimal.

Lemma 3.1. Let f € dom(A,). Then the normal derivative of f over vertices
of K is bounded by a multiple of || f|lso + [|Auf|loo-

This result is proved in [34], by using Gauss-Green’s formula. For the convenience
of readers, we still provide a proof. But our proof is somewhat different to that in
[34], and could be extended to other derivatives.

Proof. Notice that from Proposition 2.1(e), for 1 < j < Ny, we have Zf\fl (Bjo)i =
0. Combining it with formula (1.4), the Holder estimate of f, we obtain an estimate
that

o Bizflrvl < el fllse + 1A llo)

for any word w and any j, with some constant ¢ > 0. Since we have the existences
of normal derivatives at all vertices, we get that for any z = F,v; € Vi,

dsaf ()] = | T vt B flerpvs] < el flbe + 180 fllo): O

Now we devote to prove the weak continuity property. For convenience, we only
give the proof in the case of x = v; € Vj for some 1 < j < Ny, since for other
vertices we just need to use scaling. First, we give some lemmas.

Lemma 3.2. Let 1 < j < Ny, 2< k< Ny, m>0. Foranyy € F"K, we have

dizhji(y) (or dirzhji(y)) = O((Ajrr; H)™).
Proof. By using Proposition 2.2(a) and Lemma 3.1, we get

|diohjk ()| = |r; ™ dia(hji o F}")(F; ™)

= [(r; " Njk) " dazhge (F; ™ y)| < e(ry M Ae)™,

for any nonjunction vertices y € F/"K, where c is a positive constant. The same
estimate holds for junction vertices. [J

Lemma 3.3. Let f € dom(A,). Then for 1 < j < Ny and m > 0, we have

(3.1) djaf(vj) = Hi(F; " 2)Auf(2)du(z) + ;™ Bia flrmve,

FMK
where H; is the harmonic function on K with boundary values H;(v;) = 65,1 <
I < Ny.

Proof. First let m = 0. Applying the Gauss-Green’s formula on K, we get

No
djzf(vj)=/KHjAufdu+Zf(vz)dej(Ul)-
=1
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Replacing f by a harmonic function h in the above equality, we have
No
djzh ’Uj Zh ’Ul dlgH (’Ul)
1=1
which implies that dioH;(v;) = (B;2); by the arbitrariness of h. Thus we have
proved (3.1) in the case of m = 0.
For m > 0, we only need to apply the local Gauss-Green’s formula on FJ"K,
and notice that dig(H; o F;7™)(F["v) = r;™(Bj2): by using scaling. [J
We will need the Green’s function G(y, z) which solves the Dirichlet problem for
the Poisson equations on K. Recall that G(y, z) can be expressed as

Gly,2) = Y ru¥(Fy 'y, Fy'2),
w20

where the summation is taken over all words, and W is a linear combination of
products ¥, (y)1q(2) where 1,1, are tent functions in S(Ho, V1), taking value 1
at p (or q) in V4 \ Vo and 0 at other vertices in V. For each term W (F, 1y, F12),
the understanding is that it assumes value 0 unless y and z both belong to the cell
F,K. See detailed explanations in [21] and [34].

For 1 < j < Ny, 2 < k < Ny, by the definition of the function ¥, there exists a
piecewise harmonic function a;i € S(Ho, V1) satisfying

aji(2) = djr (-, 2)(v))-
Obviously, a;x|v, =0 and aji # 0.
Lemma 3.4. Let f € dom(Au). Then for 1<j< Ny, 2<k<Ng,m2>0,

(32) A BinS

Fove = Bieflve — S TN, / 4 (F"2) A f(2)du(2).

Proof. Let h be a harmonic function which assumes the same values as f on Vj.
Then

f=- /K G, 2)Auf(2)dpa(z) + h.

Taking the above formula into the left side of (3.2), we obtain that it equals to
A Bl — A / BikG - 2) rpvo A f (2)dpa(2)
= Biflv - Z " / A B (F ™ 72 g Ay (2)da(2)

= Birflve — Z TnAjk: / )\fk(min)ﬁjk‘l’('vFj_nz)|FJ."L*"VOAuf(Z>dM(z)

nK

n
J

- ﬁjkﬂ%—;)r;x;;/ e DA (),

where we use the fact that h is harmonic, h|y, = flv, and ¥(:,-) is piecewise har-
monic with respect to the first variable. [



SOME PROPERTIES OF THE DERIVATIVES ON SIERPINSKI GASKET TYPE FRACTALS 11

Proof of Theorem 1.5. The boundedness for the normal derivative of f has been
shown in Lemma 3.1. So we only need to prove the weak continuity property.

As stated before, we only give the proof in the case of z = v;. Split f on F"K
into two functions,

[=h+/e,

where f; is the harmonic function on Fj" K assuming the same boundary values as
Jon F;"Vy. We will estimate the normal derivative of f1 and fs in F}" K separately.

First we look at f;. By using Proposition 2.2(c) and Lemma 3.2, for any y €
F"K, we have

No No
(3.3) |dia f1(y)| =| Zdjkfl(vj) cdighjr(y)| < ZC(T;1|/\jk|)m\djkf1(Uj)|
k=2 k=2

for some positive constant c.
For k = 2, using Lemma 3.3, noticing that d;s f(v;) = 0, we have

(34)  djafi(vj) =r;"Bjaflrmvy = — /FMK Hi(F7™2) A f (2)dp(2) = O(pf")-

For k > 3, using Lemma 3.4, we have

djk f1(vj) = A" Bj flEmvy

m—1
— Bunflvy — ST /F L n(E ) A (2)du2)
n=0 J

(3.5)
O r ™), if rjpg > [Ajkl,
=4 O(m), if rjp; = Akl
O(1), if rjp < [Ajel.

Combining (3.3), (3.4) and (3.5), we have

O(u3), if rjpg > |Agal,
(3.6) diz f1(y) = § O(mul"), if 7y = [Ajal,
O((N\jsry ™), if ripy < |Azal,
for any y € F/"K.
Next, we estimate the normal derivatives of fo on Fj"K. It is easy to check

that Aﬂf\F]mK = A#fQ‘F]mK and fg\pjmvo = 0. Then by using Lemma 3.1, for any
y € Fj"K, we have

dia f2(y)| = ;" di2(f2 0 FJ")(F;™y)]
<oy ([[Au(f2 0 FJ")|loo + [ f2 0 Fj™ [lo0)
=cr; " ([[Au(f2 0 Fj")lloo + || /K G (-, 2)Au(fa 0 FI™)(2)du(2)]| )

m

< pMNAL2 LRy = AL e (rr k),

(3.7)

for some positive constants ¢, ¢’.
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Combining (3.6) and (3.7), we have proved that

O(uf"), if rjpg > |Ajsl,
di f(y) = dia f1(y) + diz f2(y) = § O(mu]"), if rjpy = N3l
O((Ajar; ™), if ripy < |Njsl-

It remains to show that our estimates are optimal. For convenience, we introduce
the notation a,, =< b,,, which means that there exists a constant C > 0 such that
C7 ', < ay < Chypy, ¥m > 0, for two sequences of numbers a,,, by,.

For rjpu; < |\;3|, consider the harmonic function hj;3. Obviously dj2hj;3(v;) = 0.

Choose a vertex yo in K with nonzero normal derivative. Then by Proposition
2.2(a), we have

dishj3(F}"yo) = (Ajar; )™ dizhjs(yo), ¥m > 0,
which gives that
dithg(ijyo) = (/\jgf'j_l)m.

Thus the rate O(()\jgrj_l)m) is the optimal estimate in this case.
For rjpu; > |\;3], we take a function f € dom(A,), satisfying A, f =1 on K and
dj2f(v;) = 0. By using the Gauss-Green’s formula, we have

> dpf(F] o) = pf.
I#]

Thus there exists a sequence of {v;,, }m>0 such that
di o f (Fj"v,) < pj.

This shows that the rate O(u}") is the optimal estimate in this case.

As for rjp; = |Aj3| case, to find an optimal decay rate, we need that [, a;3(z)du(z) #
0 and Aj3 > 0. Obviously, this may happen. Still look at the function f satisfying
that A,f =1 on K and djsf(v;) = 0, and choose yo to be the vertice satisfying
dighjg,(yo) 7é 0. Then

dia f(F}"yo) = dia f1(F}"yo) + dia f2(F}" o)
= (djzf1(vs))diahjz(Fj"yo) + O(u]")

m—1
=S /K a;3(2)dp(2))dizhss (F"o) + O(ul")
n=0

AT /K a;5(2)du(2)) dishs (o) + O(™)
= m:uj )

since [} aj3(2)du(z) # 0, dihjs(yo) # 0 and 7“]-_1/\j3 = pj. So the rate O(mu]") is
the optimal estimate in this case. [J
Remark 8.5. For pjr; = |Ajs], if it occurs that \;3 < 0 or

[ antdu() =0,
K

(This could happen, for example, see the Sierpinski gasket SG equipped with the
standard Dirichlet form.) then the decay rate of normal derivatives is o(mpuf") in
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Theorem 1.5. In fact, we can rewrite the estimate in equality (3.5) for £ = 3 in this
case that

djsf1(v;) = Aj5" Bisflrmve

m—1
= Baflv — X 1N / DA ()

S [ ) - st
= o(m)

since A, f is continuous at v; and rj|\j3|'u; = 1. Then following the same
argument in the proof of Theorem 1.5, we get that

diz f(y) = o(mpj")

for any y € F;"K. The following example provides the nearest decay rate to mpuf"
that we could find.

Ezample 3.6. Let {c,}n>0 be a sequence of positive numbers which converge to
0, and ¢ be a nonnegative continuous function on K \ {v;} with values

(3.8) Plrrve = cnlAjs|"r; ™,V > 0,

and being harmonic in remaining regions. Let g be a function on K, defined as
o0

(3.9) 9(z) = ¢(x) Y 15 A5 ags(Fy "),
n=0

where we assume that a;3(F; "z) =0 for x ¢ FJ'K.
Obviously, g is continuous on K, and g(z) — 0 as & — v;, since ||¢HLOO(F;LK) =

0(()\j3r;1)"). Define

flz) = */K(G(LZ) + hja(x) H; (2))g(2)dp(2).
It is easy to check that A, f = g and dj2 f(v;) = 0, by Lemma 3.3.
Split f = f1 + f2 on Fj"K as we did in the proof of Theorem 1.5. Let y €

Fj"K. We then have di2 f2(y) = O(u]"). Expanding the harmonic function fi by
Proposition 2.2(c), following the proof in Theorem 1.5, we write

fi=—h | Zr Aiaga(F"2)g(2)du(z) + R,

such that I is the summation of d;y. f1(v; ) hji. for k # 3, satisfying dia R(y) = O(u}").
So it remains to estimate

dishss( /ZMJB ajs(F} " 2)g(2)du(2).

By Lemma 3.2, di2h;3(y) = O(u]") for y € FJ" K. Moreover, for fixed vertex yo
with dighjg(yo) # 0, we have dithg(ijyo) = ,U,;n
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Asfor I:= [, " TN ags(F " 2)g(2)dp(2), we write I = I) + Iy, where

m—1
L- / S A ags (7" 2)g(2)d(2)
FJ?”K n=0
and

b= Z /F‘ZK\F1+1 T] >\j3 a]3(F "2)g(z)du(z).

It is easy to verify that [I1| = o(r mAJ3 pit) = o(1), since g(z) — 0 as z — v;.
Taking the expression (3.9) of g into Iy, we have

= Z/F’K\F“rl Zrn)‘ 5 a;3(F;"2))"0(2)du(2)-

n=0
Since ¢ is bounded by the boundary values (3.8) on each FIK \ FiT'K, we get

m—1 m—1
1,.—1,1
I, > Zc ]|)\j3| cl|/\j3|7'j ujchcn
=0 n=0
for some constant ¢ > 0.
Combining all the above estimates, we finally obtain that

m—1

|dia f(F}"y0)| > C(Z Cn) iy’

n=0
for some constant ¢ > 0.
Looking at the choice of {c,}, we have that the decay rate of dia f(F}"yo) could
be very close to the rate of muj", but it still equals to o(mpu’").

0

9/25 9/25

3/5 3/5

12/25

4/5
Figure 2. The values of h = H; + Hs.

Remark 3.7. The condition djof(x) = 0 (or dj2f(z) = 0) is necessary. Other-
wise, the continuity result in Theorem 1.5 is not true. For example, consider the
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harmonic function h = Hs + Hs, which is a multiple of hi5, on the Sierpinski gas-
ket, SG, equipped with the standard Dirichlet form (In this case, ¢;; =1, r; = 3/5
and Aj3 = 1/5 for all 4,5 = 1,2,3.). It is easy to calculate that dish(vi) # 0
and dsah(F{"Favs) = 0 for all m > 0. Thus dsoh(F]" Fyuz) does not converge to
dy2h(v1), although F™ Favs converges to vy, as m — oo. See Figure 2 for the values
of h.

4. BOUNDNESS AND WEAK CONTINUITY OF OTHER DERIVATIVES

In this section, we prove Theorem 1.6 and Theorem 1.7. Also, we provide some
remarks and examples under the proofs.

Proof of Theorem 1.6. (a) From Proposition 2.1(e), we have ZlNzol(ﬂjk)l =
0, k¥ > 2. Combining it with the fact that h satisfies the Holder estimate that
|h(z) — h(y)| < c||h]|loorew for any z,y € F,, K and any word w, with some constant
¢ > 0, we have

|djkh(z)| = |r, ' Bjkh|F,ve| < € ||h]|oo for any nonjunction vertex , and
|djrkh(x)| = |ryy'r5 ! Bikhl myryvo| < ¢||h]|so for any junction vertex
where ¢ > 0 be a constant.

(b) The differentiability of f at vertices in V, is provided by Theorem 4.1 in [34].
We now estimate the bound of the derivatives. Let x = Fy,v; be a nonjunction
vertex. For k£ > 2, we still use a;i to denote the piecewise harmonic function
defined by a;x(2) = djx¥ (v, 2) as that in Section 3. Taking m =1 in Lemma 3.4,
we have

(4.1) - /Kajk(Z)Auf(Z)d/u(z) = X Biefl e — B flve-

Scaling (4.1) down to Fy, FJ'K, n > 0, we get

( ) - /F i T?Aj_k"ajk o Fj_" o Fujl(Z)AHf(z)d/j,(Z)
4.2 L

_.—1y—(n+1) —1y—
=rw Ajp - Bikf e, v, = T A Bik Sl rupve-

Summing (4.2) from n = 0 to m — 1, we have

m—1
43) 2 / - rPA a0 Fy™ o it (2) Ay f(2)du(z) =
: n=0 w j’

r;l)\j_kmﬁjkf

Since f is differentiable at z, the limit of the left side of (4.3) exists as m — oo.
Moreover, by (1.2), the assumption that 7;u; < |Ajn,|, it can be bounded by

—1
FuFVo — Tw BikfIF,ve-

| Z /F - riAgajg o "o E N (2)ALf(2)du(2)]
(4.4) ”;g vy

< Y (el i) lagilloo 1A flloo < et ||y flloo

n=0

with some constant ¢; > 0 for all k > 2.
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On the other hand, similar to the proof of (a) part, by using (1.4), the Holder
estimate of f, we also have |78k flr,vol < c2(||flloo+ 1A, f]lo0) for some constant

co > 0.
Thus
(4.5)
djrf(x) = — Z / riAg ajp o F "o F ()AL f (2)dp(2) + 7y Bi f R vo
0/ FLFIK

is bounded by a multiple of || f|lcc + ||ALf|loc. For the junction vertices, the proof
is same. Thus, all derivatives of f are uniformly bounded by a multiple of || f||co +
18 flloo- O

Remark 4.1. This boundedness property of derivatives can also be derived from
Corollary 5.1 in [39], which says that under the same assumption (1.2), the gradient
(in a different meaning) at any point in K exists and is continuous in the symbol
space. In addition, the weak continuity property for “higher order” derivatives can
be derived from it, although it could not provide the decay rate directly.

Proof of Theorem 1.7. The proof is analogous to that of Lemma 3.2 and Theorem
1.5, with suitable modifications. We still assume x = v;, since for other vertices,
we could use scaling.

(a) For any harmonic function h, and any vertex y € FJ"K \ {v;}, we have the
following equality using scaling,

dir(ho FJm)(Ffmy) = r;”dlkh(y)

Since d;;hj; is uniformly bounded by a constant ¢ > 0 for all [ > 3, as guaranteed
by Theorem 1.6, we have

dirhji(y)| = |r; " di(hji 0 F}™)(F; ™y
(4.6) — Iy N duh ()
< ery™Pal™ < el|hgslry )™
for all y € F"K \ {v;}, where we use Proposition 2.2(a) for the second equality.
On the other hand, since h assumes 0 normal derivative at v;, by using Propo-
sition 2.2(c), we could write

No

h=h(v;) + Y djh(v;)hj.
=3

Combining this with (4.6), we have d;;h(y) = O(()\jgrjfl)m) for ally € F{"K\{v;}.

(b) Similar to the proof of Theorem 1.5, we write

f=F+fon F'K
with f1 and f> defined in the same manner. A similar argument yields that
dirf1(y) = O((/\j?ﬁj_l)m)
and
dir f2(y) = O(p")

for y € F"K \ {v;}, since now we could use (4.6) and Theorem 1.6. Combining
the above two estimates, noticing that pu; < |/\j3\7‘j_1 from (1.2), we have proved
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that di f(y) = O((/\jgrj_l)m). In addition, this estimate is optimal due to the same
reason as in Theorem 1.5. [J

Remark 4.2. Suppose #Vy = 3 and all structures have the full D3 symmetry.
Theorem 1.6(b) and Theorem 1.7(b) are still valid without the hypothesis r;u; <
|\j3| (in this case, Ng = 3), if we additionally assume that g = A, f satisfies the
Holder estimate that

(4.7) lg(z) —g(y)| < ™

for all x,y belonging to the same m-cells, where « is a constant satisfying
(4.8) kY < |Azsl,

for all j.

The key observation is that a;3 is skew-symmetric with respect to the vertex v;,
which yields that in (4.4), each term in the summation could be rewrote as,

[ e e F A — Auf@)dutz),

FuFPK

and this is bounded by a multiple of 1,77 [A;3|™"u7". Since rju;y < |A;3], we
could still get the convergence of (4.4). In this setting, the existence of the deriva-
tives also holds, which was proved in [34], due to the same reason.

Example 4.3. (1) The Sierpinski gasket, which has all r; = 3/5, p; = 1/3,
Ajz = 1/5 in the D3 symmetry case. Hence r;u; = A;3 for all j.

(2) The hexagasket, which can be generated by 6 mappings with simultaneously
rotation and contraction by a ratio of 1/3 in the plane. In this case, we take all
r; = 3/7, pj = 1/6 and Aj3 = 1/7, thus the condition rju; < |A;3] holds. See
Figure 3 for the first two level graphs that approximate the hexagasket.

(3) The level 3 Sierpinski gasket, SG3, obtained by taking 6 contractive mappings
of ratios 1/3, as shown in Figure 4. All r; = 7/15, u; = 1/6 and Aj3 = 1/15. Thus
the condition 7;u; < |A;3] does not hold.

Please find the detail information of these examples in the book [37]. If A, f €
dom(A,,) then (4.7) holds with v = r; as shown in (1.4). Then an easy calculation
yields that the condition (4.8) holds for examples (1) and (3) above. Thus the
conclusions in Theorem 1.6 and 1.7 are valid for these fractals.

Figure 3. The first 2 graphs that approximate the hexagasket.
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7
/N

Figure 4. The first graph that approximates SGjs.

Remark 4.4. The condition djs f(z) = 0 in Theorem 1.7 could not be replaced
by djrf(xz) = 0, although it looks more “reasonable”. For example, look at the
Sierpinski gasket, SG, equipped with the standard Dirichlet form. We consider
the harmonic function h = Hs + Hs, which is a multiple of his. It is easy to
calculate that dish(vi) = =2, dish(v1) = 0, and dizh(F{"vy) = 1/3 for all m > 1.
So dy3h(F{"v2) does not converge to dizh(vy1), although F{"vy converges to vy, as
m — 0o. See Figure 5 for the values of h.

0

9/2 9/25

3/5

12/25 3/5

4/5
Figure 5. The values of h.

Remark 4.5. As we know, the assumption (1.2) in Theorem 1.6(b) is only a
sufficient condition which guarantees the existence of all derivatives of f. It could
be relaxed as stated in Remark 4.2 in the D3 symmetry case. One may ask a
question that: Whether does Theorem 1.6(b) still hold as long as f € dom(A,)
and f is differentiable at all vertices? We will give an example to illustrate that
this is not true.

Ezample 4.6. Consider the Sierpinski gasket, SG, equipped with the standard
Dirichlet form and the standard self-similar measure. So all r; = 3/5, u; = 1/3.
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First, we define a sequence of functions g;,l > 0, satisfying

_Augl Z CL33 3?

with the Dirichlet boundary condition, i.e., g;|v, = 0. Here each term in the sum-
mation has the understanding that ass(F5 "z) is zero unless z belongs to F§'SG.
It is easy to observe that ||A,g;|ls is uniformly bounded and

dzzgi(vs) > (I +1)c >0,

for all [ with some constant ¢ > 0. In fact, by using (4.5), noticing that ass is
skew-summery with respect to vs and r3us = As3, we have

(4.9)
dSSgl 'U3 Z /m )\g3m’l“gna33(F3imZ>Augl(z)du(g)

= Z Z / A3z rytazs(Fy ™ 2)asz(Fy " 2)du(2)

n=0m=n" F5"S9

a Z Z / As3 T s ags (Fy ™" 2)agy (2)dp(2)

n=0m=n mns

= Z Z / 33 rgtags(Fy " 2)ass(2)du(z) = (I + 1)dssgo(vs) > 0.

n=0m=0

Now we define a function g, which is the solution of the following Dirichlet
problem,

Aug(z) =720 37 A, gza (F7 R ),
g|V0 =0.
See Figure 6 to find the support of A, g(x).

Next we estimate the tangential derivatives of g at the vertices F}Fjvs. By using
(4.5) and (4.9), we have

d33g(F2F1v3 Z/ Aggtass(Fy T 1F 2)A,g(2)dp(z)
F} FlF’"Sg
+rytry 6339|F2’F1V0
== 3 [ A a(Fy ) g () ul)
= JFpsa
+ TEIT;16339|FLF1V0
— 3721 Z/ A5 ass(Fy ™ 2) A ugss (2)dp(z) + O(1)

=372~ 1d339331 (’03) + O( ) > 03_21_1(33l + 1) + 0(1)



SOME PROPERTIES OF THE DERIVATIVES ON SIERPINSKI GASKET TYPE FRACTALS 20

U1

vg" U3

Figure 6. The support of A,g(x).

Thus we have proved that {ds3g(FiFiv3)}i>0 is unbounded, although we have
g € dom(A,) and is differentiable at all vertices in Vi. (The only vertex we need
to check is vs, where A, g converges to 0 at an adequately large rate.)

We summarize this into the following theorem.

Theorem 4.7. Let f € dom(A,) be differentiable at all vertices in V,. The
derivatives of f may not be uniformly bounded if the condition (1.2) does not hold.

5. THE WEAK TANGENT

Let f be a function which is differentiable at a vertex x. The weak tangent of
order one of f at x, denoted as TF(f), is the harmonic function on Uy(z) with the
same value and the same gradient as f at xz. Let h,, be the harmonic function
assuming the same values as f at the boundary of U,,(x), extended to be harmonic
on Up(x). Theorem 3.11 in [34] says that h,, converges to T7 (f) uniformly on Up(x)
as m goes to infinity. However, the following example will show that this is not
true.

Ezxample 5.1. Consider the Sierpinski gasket SG, equipped with a self-similar
Dirichlet form which only has a single bilateral symmetry, as described in Example
2.5.

Define a function f on SG as following. We assume

f(FaFv) =n
f(v1) =0, f(vs)

where 7 is a constant such that |Aas] = [A33] < 1 < Aaa = A32. For the values of f
at other points, we take harmonic extension.
Choose = = Fyvs, it is easy to check that

doo f(z) = das f(x) = ds2 f(x) = ds3 f(2) = 0.
Thus f is differentiable at « and T (f) = 0 on Up(x).

"(ag2); for j=1,2 and m >0,
= O, f(F1U3) = 0,
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On the other hand, using the bilateral symmetry, we could obtain that

Zy~m+11‘ Ca:yf(y) m ny\zl;v Cwyf(y) m
hm () = =" == =1"ho(),
2oyiaw Oy 2y Coy

which results that
dosho () = 13 A58 (Ba3) 2hum () = 73 A3 0™ (B23)2ho ().

Thus daghm(z) — 00 as m — oo since |Agz] < n and (Ba23)2 # 0 as shown in
Example 2.5. So we have

Boghum|Fyv, — 00 as m — 00,

which means ||hn,|lcc — 00 as m — oo. Hence h,, does not converge to T (f) as
m — 00.

We need some extra assumption to make Theorem 3.11 in [34] holds.

Theorem 5.2. Suppose one of the condition in Proposition 2.3 holds. Then for
any f differentiable at x, h,, converges to TF(f) uniformly.

Proof. The proof is essential the same as that of Theorem 3.11 in [34], where
the condition (8;x); = 0 is misapplied. we omit it here. [J

As pointed out below the proof of Proposition 2.3, in the D3 symmetry case, the
assumption in Theorem 5.2 holds automatically.

Theorem 5.3. Suppose

(5.1) Ty max i < Ajn|

for every j. Then for any f € dom(A,), for any vertex x, hy, converges to TT(f)
uniformly.

Proof. Condition (5.1) guarantees the differentiability of f at « by using Theorem
4.1 in [34].

For a nonjunction vertex x, Vk > 2, we have

dipf(x) = im djihm (),

since on the right side of (1.1) we may replace f by h,, and h,, is harmonic on
Up(z). In particular, this also shows the limit exists. We have h,,(z) = f(z) for all
m since z is a boundary point of U,,(z). On the other hand, there is an estimate
for harmonic functions, |h(y)| < ¢(|h(z)| + ||dh(z)||) uniformly for y € Uy(x), which
is a result of Proposition 2.2(c). Using this estimate for h,,, — T (f), we obtain that
hum converges uniformly on Up(z) to TF(f).

If x is a junction vertex, x = Fy, Fjv;,, Vj € J(z), = is no longer a boundary point
of Uy, (x). We have to estimate f(z) — hy,(z). Using the compatibility condition
at z, we have f(z) — hy(x) = o(A}ly) for all j/. Furthermore, with the assumption
(5.1), we can get a more precise estimate.

Let 12" denote the piecewise harmonic function in S(Hg, V;,,) which takes value
1 at x and 0 at other vertices in V,,.
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From the pointwise formula for A, f at x, we have

Y en(f) - f@)
Aufle) = lim S

1—1y—
2ijea@)Tw T Aya Bief|r, v,

5.2 =— lim
(5.2) m—so0 fK "/JZK”HWHldN
— lim Zje](z) r;lr;lA;?(ﬁj,z)j/(hm(x) - f($>)
Mm—00 fK ¢;71+|w\+1d'u ’

where for the third equality we use the compatibility condition
> 1w 15 Ap Byl ()| py Py = 0,
jed(z)

since h,, is harmonic.
The integral [, w;"Hw‘Hd,u in (5.2) can be calculated that

/K,(/};n-&-|w|+1dﬂz Z

uwuju?f/ Hjdp
jel(x) K

where H; denotes the harmonic function taking 1 at v; and 0 at other vertices
in V. Thus the integral converges to zero with the rate (u17(,))™, where ) =
max;c j(g) Kjs- Denote 1z = minje ;) {r; }, we then have

(@) = hin(2) = O((ry(2) Hr(2)™)

from the convergence of (5.2).
Combining this estimate with the assumption (5.1), we get

f(@) = hin(x) = o(Ajri),
for all 5/, Yk > 2. So we have

Ak () = T ry Ty A5 Byt

= n’}gnoo dj/khm(x).

FuFFiVo

Using a similar argument as the nonjunction case, we still obtain that h,, con-
verges uniformly on Up(z) to T7(f). O

At last, we will give an example which could serve as a counter-example of
Conjecture 6.7 in [34] on the existence of weak tangents of higher order.

Ezample 5.4. For the Sierpinski gasket SG, we assume all the structures satisfy
the D3 symmetry. In this case, all r; = 3/5, p; = 1/3. Denote by p = rjp; and r
the common value of r;. Define a function f € dom(A,,) which satisfies

Auf = ZZ?:O nmwl@f—"l_;’zvs’
f(v1) = 0,df(v1) =0,

where 7 is a constant, r < n < 1, ¥ is a piecewise harmonic function in S(Ho, V;)
satisfying ¥ (y) = 64y for y € V,,,. One can easily verify that dA, f(v1) = 0. We
will show that f does not have a weak tangent at v, of order 2.
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In fact, by using the Gauss-Green’s formula, we have

Flo2) + flus) = /K Hy (1) A f () dp(z),

where H; is the harmonic function satisfying H;(v;) = 01;. Using scaling, we then
have

F(EP ) + F(Fvs) = o™ /K Hy(2) (A f) (FP ) dp()
=p"n" (f(v2) + f(v3)).

But from the proof of Lemma 6.2 in [34], for any 2-harmonic function h, there
exist constants a, b, c € R such that

(5.4) h(F{"vg) + h(F{"v3) = ar™ + bp™ + c(rp)™.

Combining (5.3) and (5.4), we could claim that it is impossible to have any 2-
harmonic function h satisfying (1.3), where n is replaced with 2, since r < n < 1.
Thus f does not have a weak tangent of order 2 at v;.

Before the end of this section, we would like to pose a problem that should be con-
sidered. The Hypothesis 1.1 requires the harmonic structure to be nondegenerate,
i.e., all the transformation matrices to be nonsingular. This excludes some typical
fractals such as the Vicsek set. Consider a square with corners {vy, va, v3,v4} and
center vs. For 1 < j <5, let F; be a contractive mapping with ratio 1/3 and fixed
point v;. The invariant set of this i.f.s. is called the Vicsek set, denoted by V. Then
N =5, Ny = 4 and Vy = {v1,v2,v3,04}. See Figure 7 for the second level graph
of V. This fractal has D4 symmetry. Equip V with the standard Dirichlet form
and standard measure. Then all r; = 1/3, p; = 1/5, and all the transformation
matrices M; are permutations of

(5.3)

M,y =

GO0 =
St ©
Bl-ogl- o

o= ©

12

It is easy to calculate that Ajo = 1/3, Aj3 = Aju = 0. Thus this harmonic structure
of V is degenerate. Is there a satisfactory theory of derivatives or gradients on V7
Or even on other fractals in degenerate case?
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