BOUNDARY VALUE PROBLEMS FOR HARMONIC FUNCTIONS ON
DOMAINS IN SIERPINSKI GASKETS

SHIPING CAO AND HUA QIU*

ABsTrRACT. We study boundary value problems for harmonic functions on certain domains in the
level-! Sierpinski gaskets SG;(I > 2) whose boundaries are Cantor sets. We give explicit analogues of
the Poisson integral formula to recover harmonic functions from their boundary values. Three types
of domains, the left half domain of SG; and the upper and lower domains generated by horizontal
cuts of SG; are considered at present. We characterize harmonic functions of finite energy and obtain
their energy estimates in terms of their boundary values. This paper settles several open problems
raised in previous work.

1. INTRODUCTION

A Dirichlet problem is the problem of finding a function which is harmonic in the interior of a given
domain that takes continuous prescribed values on the boundary of the domain. The solvability of
this problem depends on the geometry of the boundary. For a bounded domain D with sufficiently
smooth boundary 0D, the Dirichlet problem is always solvable, and the general solution is given by

u(z) = (8)0nG(x, s)ds,
aD
where G(x,y) is the Green’s function for D, 0,G(x,s) is the normal derivative of G(z,y) along the
boundary and the integration is performed on the boundary. The integral kernel 9, G(z, s) is called
the Poisson kernel for D.

With a well developed theory of Laplacians on post-critically finite (p.c.f.) sets, originated by
Kigami [Kil,Ki2], it is natural to look for analogous results in the fractal context. Harmonic functions
on p.c.f. self-similar sets are of finite dimension. Due to the self-similar construction of the fractal,
the Dirichlet problem on the entire fractal always reduces to solving systems of linear equations and
multiplying matrices. However, for the boundary value problem on bounded subsets of fractals, the
knowledge remains far from clear.

(a) (b)

Figure 1.1. Upper and lower domains in SG and SGs.
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The study of such problem was initiated in [S1] by Strichartz, where the upper domain generated by
a horizontal cut of the Sierpinski gasket SG was considered. See Figure 1.1(a). Later it was continued
in [OS] and [GKQS] to general case. In general, the boundary consists of a Cantor set together with
the upper boundary vertex of SG. An explicit harmonic extension algorithm is given for solving the
Dirichlet problem on such domains and the harmonic functions of finite energy are characterized in
terms of their boundary values. The main tool is the Haar series expansion of the boundary values on
the Cantor set with respect to the normalized Hausdorff measure by symmetry consideration. Since
the only generator of the Haar basis is antisymmetric, one can localize the harmonic extension of
this generator to any small scale along the boundary to get other basis harmonic functions. This
observation plays a key role in their proof. However, as pointed out in [GKQS], the results could not
be extended to other fractals, even for the level-3 Sierpinski gasket SG3 on the base of their approach.
See Figure 1.1(b). The reason is that for SG3 there exists a generator which is symmetric rather than
antisymmetric whose harmonic extension could not be localized to small scales. On the other hand,
the problem becomes much harder if we consider the domain lying below the horizontal cut instead.
Except the very special case that the domains are made up of 2" adjacent triangles of size 27" lying
on the bottom line of SG(in this case, the boundary is a finite set), we have little knowledge.

(a) ) (b)
Figure 1.2. Half domains in §G and SGs.

Recently, there is another natural choice of domain, namely the left half part of SG generated by a
vertical cut along one of the symmetry lines of the gasket, becoming be interested. See Figure 1.2(a).
It is the simplest example whose boundary is given as a level set of a harmonic function. In the SG
setting, the boundary of the half domain consists of a countably infinite set of points, which makes
it possible to study the Dirichlet problem by solving systems of countably infinite linear equations
and multiplying infinite matrices. See [LS| for a satisfactory discussion on this domain, including
an explicit harmonic extension algorithm, the characterization of harmonic functions of finite energy,
and an explicit Dirichlet to Neumann map for harmonic functions. However, if we consider the left
half domain of level-l Sierpinski gasket SG; for [ > 3 instead, the approach in [LS] is not applicable.
Compared to the SG case, the essential difference is that the boundary of the left half part of SG;
becomes a Cantor set together with the single left boundary vertex. See Figure 1.2(b).

In the following, we will use upper domain, lower domain and half domain to denote the above
three types of domains respectively for simplicity. They are probably the simplest domains which
should be handled in §G. In this paper, we will consider the analogues of them in level-l Sierpinski
gasket. We will give explicit harmonic extension algorithms for all the three types of domains as well
as the energy estimates for harmonic functions in terms of the boundary values (except the energy
estimate for lower domains). This answers the questions raised in the above mentioned papers. We
introduce some new techniques to overcome the difficulties we met before. In fact, for each interior
point x in the domain §2 under consideration, we find certain measure u, along the boundary 9
analogous to 9, G(z, s)ds in Euclidean case, so that

u(x) = [ f(s)dpz(s).
9
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We observe that the measure pu, is closely related to the normal derivatives of some special harmonic
functions along the boundary of €2, which is crucial to our approach.

Nevertheless, these three types of domains are still the simplest domains in fractals with fractal
boundary. We hope our results introduce different ideas and give insight into more general techniques
for solving the Dirichlet problem and even other boundary value problems on more general fractal
domains.

1.1. Preliminaries and the solvability of Dirichlet problems. Let [ > 2, recall that the level-I
24i1-2

Sierpinski gasket SG is the unique nonempty compact subset of R? satisfying SG, = ,_¢ F:SG,

with Fj’s being contraction mappings defined as F;(z) = 1z + d;; with suitable d;; € R2. The

set Vj, which consists of the three vertices qo, g1, g2 of the smallest triangle containing SG;, is called
12

the boundary. For convenience, we renumber {F;},_# so that Fi(¢;) = ¢; for i = 0,1,2. SG, is
the standard Sierpinski gasket (denoted by SG for simplicity). For SGs, in addition to Fy, Fy, Fs,
we denote by F3(z) = 1z 4 L(q1 + q2), Fu(2) = 32+ 3(q0 + ¢2) and F5(2) = 32 + %(q0 + q1) the
remaining three mappings, see Figure 1.3. These fractals have a well-developed theory of Laplacians,
which allows us to perform analysis on them. In this paper, We will first describe the situation in
more detail in the case of SG3 for half domains and upper domains, and SG for lower domains, then
extend the considerations to general SG; case.

do
Fy
Fs Fy
B\ /Fy F,

q1 q2
Figure 1.3. I'1,I'9, '3 of SG3.

We introduce some necessary notations. Readers can refer to textbooks [Ki3] and [S3] for precise
definitions and known facts. For m > 1, let W, = {0,1,--- ,ﬂ%}m be the collection of words
with length m and Wy, = {0}. Write W, = J;-_, Wy, and denote the length of w € W, by |w|. For
W= wiwsg -+ Wy, € Wy, we define Fy, = F,,, 0 Fy, 0---0 Fy, and call F,8G; a m-cell of §G;. Using

1241-2

the contraction mappings F;, we inductively define sets of vertices V,,, by V,,, = U,_¢ FiVin—1 and
write Vi = U,,>¢ Vin- Denote x ~y, y if and only if z # y and z,y € V,,, belong to a same m-cell.
The vertices V,,, together with the edge relation ~,,, form a graph I',, that approximates SG;. See
Figure 1.3 for an illustration for SGs.

For m > 0, the natural discrete resistance form on I'y, is given by

Em(u,v) =17 Y7 (u(@) —u(y)) (v(z) — v(y))

for u,v being functions defined on V,,,, where r = % for SG and r =
function u defined on Vi, it is easy to check that the graph energies &, (u
sequence so that lim,, .. &y (u) exists if we allow the value +oco. Define

E(u) = lim & (u)

for §G3. For a real-valued
:= Em(u, u) is an increasing

Gl

~—

to be the energy of the function u and say that v € domé& if and only if £(u) < co. We regard
dom& C C(8G,;) since each function of finite energy admits a unique continuous extension to SG;.
Moreover, dom& is dense in C(SG;). There is a natural resistance form on S§G; defined as

E(u,v) = li_r>n Em(u,v)
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for u,v € domé€.

Let v be the standard(with equal weights) self-similar probability measure on SG;. The standard
Laplacian A could be defined using a weak formulation. Suppose u € dom& and f is continuous, say
u € domA with Au = f if

E(u,v) = — Sfudv
SG;
holds for all v € domoE where domo€ = {v : v € dom&,v|y, = 0}.

A function h is harmonic if it minimizes the energy from each level to its next level. All the harmonic
functions form a 3-dimensional space, and hence any given values on Vj can uniquely determine a
harmonic function on §G;. They are just the solutions of the equation Ah = 0. In particular, there is
an explicit extension algorithm, which determines h|y, in terms of hly, and inductively h o F |y, in
terms of h o Fy|y, for any w € W, in a same manner. See Figure 1.4 for the exact formula for SGs.
A harmonic function h satisfies the mean value property, that is, for each m > 1,

> (h@) = h(y)) = 0,Ya € Vi \ Vo

Y~m@T

h(qo)

Sh(qo)+4h<q1)+3h(mo)+3h(ql)+4h(q2>
15 15

h(g0)+% (g1 )/h(g2)

4h(g0)+8h(q1)+3h(h2) 3 4h8go)+3h(g1)+8h(g2)
15 15
31/(g0)+8h(g) - 44(g2) 3h(a +4+8Xm
15 15
h(q1) h(g2)

Figure 1.4. Harmonic extension algorithm of SGs.

The normal derivative of a function u at a boundary point ¢; € Vy is defined by
On(q:) = lim 77" (2u(gqi) — u(F}"gi41) — w(F"gi1))

(cyclic notation g3 = gg) providing the limit exists. For harmonic functions, these derivatives can be
evaluated without taking limit. We could localize the definition of normal derivative to any vertex in
Vi. Let & = Fy,q; be a boundary point of a m-cell F,,8G;. Define 0¥u(x) the normal derivative of
u at & with respect to the cell F,,8G; to be r~™9,(u o F,)(¢;). In this paper, we use the notations
05,0,7,0) to represent the normal derivatives of different directions for simplicity. In particular,
Ot u(qo) = Onu(qo), 05 u(qr) = Onu(qr), 0,7 u(qe) = Onu(qe). For u € domA, the sum of all normal
derivatives of u in different directions must vanish at each = € V. \ V,. This is called the matching
condition.

We have an analogue of Gauss-Green’s formula in the fractal setting. Suppose u € domA, then

Onu(g;) exists for all ¢; € V and

E(u,v) = /sg (Au)vdy + Z v(g;)Onu(q;), Vv € domé.

q:€Vo
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We also have a localized version of this formula,

Ealu,v) = — / (Au)vdy + Zv(x)@nu(x)
A e
for any simple set A, which is defined as a finite union of cells.
Let Q be a half, upper or lower domain in SG;. Consider the Dirichlet problem

(1.1) Au =0 in Q,
uloq = f, f € C(09).

Proposition 1.1. The Dirichlet problem (1.1) has a unique solution.

Proof. First, by Lemma 8.2 in [Ki5|, if there exists a function v € dom& such that v|aq = f, then
a solution of (1.1) exists, which minimizes the energy on 2. For general case, notice that the set
dom€&|aq = {f € C(00)|Fv € dom&,v|ga = [} is dense in C(9N), since dom& is dense in C(SG;) and
0 is a closed subset of SG;. Let {f,} be a sequence of functions in dom&|pq converging uniformly to
f, and wu,, be their corresponding solutions of (1.1). Then {u,} also uniformly converge to a function u
with u|gq = f by the maximum principle for harmonic functions. It is easy to get that u is harmonic
in Q.

The uniqueness of the solution is an immediate consequence of the maximum principle. ([l

1.2. The organization of the paper. Throughout this paper, although in different situations, we
always use the same symbol € to denote the domain and X to denote the Cantor set boundary without
causing any confusion.

In Section 2, we solve the Dirichlet problem for the half domain in SG3. An explicit harmonic
extension algorithm is provided. Let f be the prescribed value on 0f2. We only need to find the
explicit formula for the values of the extended harmonic function v on Vi N €2, since if we do so, then
the value of u in the 1-cells contained in €2 is determined by the harmonic extension algorithm, and
then the problem of finding values of u in the remaining region is essentially the same by dilation. An
interesting phenomenon is that the solution could be expressed explicitly in terms of only a countable
set of points which is dense in 9€2. We also characterize the energy estimate of solutions of finite
energy in terms of their boundary values.

We consider the Dirichlet problem for the upper domain in SG3 in Section 3. Basing on the same
reason, we find the explicit formula for a finite number of crucial points, and then use dilation to
continue. For the energy estimate, we still use the technique of Haar series expansion. But now
we expand the boundary values with respect to a more natural probability measure rather than the
normalized Hausdorff measure.

In Section 4, we deal with the lower domain in SG. Essentially the method is the same as before,
but the situation is more complicated. We still obtain the explicit harmonic extension algorithm.
However, it is unclear how to work out the energy estimate in term of the boundary values.

Finally, we show that our methods on the above three types of domains are still valid for general
SG; and briefly state the outcomes. We present an intriguing correspondence between the normal
derivatives and the boundary values of harmonic functions along boundaries on the half domain of
SG, although we have no idea on how to extend it to general cases.

At the end of this section, we list some previous work on related topics. See [GKQS], [HKu], []],
[Ki4], [LRSUJ, [LS], [OS] and the references therein. In particular, in [LRSU], some extension problems
on 8§G, which aim at finding a function minimizing Sobolev types of norms with certain prescribed
data such as values and derivatives at a finite set, are studied. It is interesting to consider analogous
problems on domains considered in this paper. We leave these as open problems for future research.
The energy estimates considered in this paper characterize the restriction to the Cantor set boundary
X of functions of finite energy on Q. It is also interesting to characterize the traces on X of functions
in some other Sobolev spaces, such as domy2(AF) defined as {u € L?(SG;) : Au € L*(8G;),Vj < k}.
One may also consider how to extend a function of finite energy defined on 2 to a function of finite
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energy on the whole §G;, and analogous problems for other Sobolev spaces. Related problems are
discussed in LS|, [GKQS]. The above mentioned Sobolev spaces are easily characterized in terms of
expansions in eigenfunctions of the Laplacian, see [S2]. For half domains, as pointed out in [LS] in
the SG setting, essentially, there are no new eigenfunctions. A complete theory of the eigenspaces of
the Laplacian on the upper domain in SG with X equal to the bottom line segment is given in [Q].

2. DIRICHLET PROBLEM ON THE HALF DOMAIN OF SGj3

In this section, we focus on solving the Dirichlet problem on the half domain of SG3. We will first
give an extension algorithm for harmonic functions with continuous prescribed boundary values, then
estimate the energies of them in terms of their boundary values.

2.1. Extension Algorithm. The domain {2 can be defined by a level set of an antisymmetric har-
monic function, denoted by hq, with boundary values hq|{49,q:,4.3 = (0,1, —1). Define

Q={x€8G3\Vy: hy(z)> 0},
and the boundary
0N ={q}UX, with X = {z € §G3 : ho(x) = 0}.
Let € denote the closure of 2. It is easy to check that
Q= F18G3 UFsSG3 U FoQQ U F3Q.

As shown in Section 1, to solve the Dirichlet problem (1.1), we only need to find the explicit
algorithm for the values of the harmonic function v on V3 N Q. For convenience, we use xgp, yg, 29 to
represent the three “crucial” vertices in Vi N Q) with

zp = F1q2,yp = F1q0, 29 = Foq1.

We also denote py = Fsqo.
For m > 0, write

Wy ={0,3}™ and W, = | | W,
m=0

Obviously, W C W,y and W, C W,. Denote
Loy = wa@a Yw = Lw¥p, 2w = FwZQh Pw = LwPo for w € W*

Obviously, {Zw, Yuw 2w } e, C Ve NQ and {pu}, e, = Ve N X\ {qo}-
Now, we proceed to show how to determine the values of the harmonic function v on V4 () Q in
terms of the boundary function f. From the matching condition at each vertex in V; ()2, we have

1505 u(wp) + 2u(zg) — ulye) — fla1) = 0,
(2.1) du(yp) — u(zg) — u(zo) — f(q1) — f(pe) =0,
1505 u(zp) + 2u(z) — u(yo) — f(py) = 0.
To make the equations (2.1) enough to determine the unknowns, we need to represent the normal
derivatives at xy and zy in terms of {u(zp), u(yy), u(zy)} and the boundary data f.
We will prove that there exists a signed measure on the boundary 92 such that the normal derivative
of u at ¢; could be evaluated as the integral of f with respect to this measure. This signed measure is

determined by the normal derivative of the antisymmetric harmonic function h, along the boundary
0f). See Figure 2.1 for the values of h, on V; N Q.

Theorem 2.1. Let u be a solution of the Dirichlet problem (1.1). Then

(22) O ular) =35@) = 3 Zhuf (),

w€V~V*
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W=

1 4
15
Figure 2.1. The values of h, on V; N .

where fly = flu, s Py, With po = % and pz = %. In addition, if u € dom&q, we have
Ea(ha,u) = Oy u(qr).

Proof. Set O1 = F18G3|J F58Gs, and O,,, = UwEVV*,|w|§m—l F,,0; for m > 2. Obviously, Q equals
the closure of Um21 O,,. See Figure 2.2 for O; and Os.

Figure 2.2. Simple sets O, O;.

Applying the local Gauss-Green’s formula on O,,, we get

Eo,n (ha,u) :8;L_ha(Q1)f(Q1) + Z a:ha(pw)f(pw)

wWEW,,|w|<m—1

+ Y (07 ha(@w)u(@w) + O ha(zuw)ulz)) -

wEWm71
It is easy to calculate the normal derivatives of h, at p., Tw, Zw,

6 12 3
a:ha(pw) = _?Nwa an%ha(mw) = _7ﬂwa aiha(zw) = _?Mw-
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So we have the estimate that

€0, (havu) = (Bf(a) = 3 Zwuf(p)]

w€V~V*
<| Y O ha@a) + 0ha()) Y 0 hapw)| - Il
WEWm_1 wEW,,|w|>m
305y

Thus if u € dom&q, by taking the limit we have Eq(ha,u) = 3f(q1) — > e, Spwf (Pw)-

For the rest part of the theorem, we introduce a sequence of harmonic functions {uy, }n>0 which
are piecewise constant on X, defined as u,|p. x = f(p,), V7 € W,,.. The existence of such functions
is ensured by Proposition 1.1. Moreover, it is easy to check that u, uniformly converges to u by the
maximum principle for harmonic functions. Applying Gauss-Green’s formula, we have

€0, (ha, un) =0y, un(q1)ha(qr) + Z 0" tn(pw)ha(Pw)
weW.,|w|<m—1
+ Z 8 U (Top) o (To0) +8:Lun(zw)ha(zw))

WEWm—1

:a:un(ql) + Z (a:un(xw)ha(xw) + 8Zun(zw)ha(zw)) .

wGWm—l

For fixed n and 7 € W,,, we have that 9, ty, (Z74 ), O}t (2r4) take the same sign, and D we W, ] =m (07 tn (T7w)+

8£un(zq.w)) are uniformly bounded, as u, o F, = ¢; + coh, for some constants ¢y, ce. In addition,
ha(xy) and hg(zy) converge uniformly to 0 as |w| — co. Thus, letting m — oo, we get

Ealha,upn) = n}gnoo (8 Un(q1) Z Z 6 W(Tr) o (Trw) + aiu(sz)ha(sz)))
TEW, WEW,,
= 0y, un(q1)-
Combining this equality with the first part of the proof, we then have

6
aqj“n(%) = 3un(q1) — Z ?qun(pw)a

weEW,
Taking n — oo, we get (2.2). O

Remark. One can regard the signed measure 364, — > <y, g twOp,, as the normal derivative of hq
on Jf). In this opinion, Theorem 2.1 is just a result of the extended “Guass-Green’s formula” acting
on h, and wu.

In the following, we denote p the probability measure ZwEW* % HwOp, on X. Thus we could write

(2.3) O u(q) = 3f(qr) — 3 /X fdu.

Now, we have enough information to calculate the values u(zg), u(ygp), u(zg).

Theorem 2.2.(Extension Algorithm) There exists a unique solution of the Dirichlet problem
(1.1). In addition, we have

(2.4) u(zg) = 15.f(a1) + 15 (o) + 55 [ [ o Fodu+ 55 [ fo Fadp,
(2.5) u(yp) = 3 (@) + 5f(po) + ¢ [x f o Fodu+ § [ f o Fsdp,
(26) u( )_%5 ( ) %f(p@)'F%foOFod/lﬁ-%foOngu.
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Proof. The existence and uniqueness of a solution of (1.1) has been shown in Proposition 1.1. Taking
3“ (zg) = 205 (uo F3)(q1) = 2 (3u(wg) — 3 [ f o Fsdp) and 85 u(zg) = 295 (uo Fo)(q1) =

B (3u(zp) — 3 [ [ o Fodp) into (2.1), and solving the system of linear equations, we get (2.4), (2.5)
and (2.6). O

2.2. Energy Estimate. In Theorem 2.2, we have shown that the harmonic function uw could be
explicitly determined by its values at only countably infinite vertices {g1} U{pw}, ey, - It is natural
to hope that the energy estimate of u also depends on the same values as well.

Theorem 2.3. Let f € C(99), and write

QU = (Fla) = S0)) + 32 CO((F0w) ~ S o)

wEW*

2

+ (Fow) ~ Fpus)?)-

Then we have the energy estimate that

C1Q(f) < E(u) < C2Q(f),
where C1,Cy are two positive constants independent of f.
Proof. Notice that

£o,(u) =2 ((Flar) — u(eg)” + (Flar) — ulwe)” + () — u(wo))”

+ (£p0) = u(w0)” + (F(po) = ulz0))” + (ulvo) — u(z0))”)

> ()~ Fow)’,

where the cquality holds when u(zp) = 2/(a1) + 4 (o) uly) = 1f(ar) + 5/(po) and u(zy) =
%f(ql) + %f(p@). Similarly, for any w € W,, we also have

15
7

2

&r,0, (’LL) + EF,00: (’LL) > Cl( )|w\ (f(pw) - f(pr)) ’

and
15

N (F(pw) = Fpus))’,

&r,0,(u) + EF, 50, (1) > ca(—

where ¢y, ¢y are suitable positive constants. Thus, we have

Eo(w) = Y Er,0,(u) =0, (W) + D (Erueo, (W) + Ery0, (1))

wEW* wEVV*
1 1
= 5501 (u) + g Z (25Fw01 (u) + ngOOI (u) + ngSOl (u))
weW,
1 . 45
> 3 min{ey, g, 2—8} -Q(f).

Conversely, we assume without loss of generality that Q(f) < oo, otherwise there is nothing to
prove. Consider a piecewise harmonic function v defined on {2, which is harmonic in F,01,Vw € W,
with values vjgq = f and v(zy) = v(zw) = f(pw), Yw € W,. See Figure 2.3 for the value of this
function.
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flq1)

Figure 2.3. The values of v on O,.

It is easy to calculate the energy of v,

SQ(U) = Z ngol(v)

wEW,
15
== (f(a) = £(p0)*
7,15
+ Y 1 ((Fw) = FRu0))” + (Fpu) = F(Pus)”)
wEW,
225
SZ_SQ(f).
On the other hand, £q(v) > Eq(u), as harmonic functions minimize the energy. O

3. DIRICHLET PROBLEM ON UPPER DOMAINS OF SG3

In this section, we deal with the Dirichlet problem on upper domains of SGs. Prescribe that the
boundary vertices qg, q1,q2 € R? take the following coordinates,

1 2
qo = (ﬁ7 1)7 Q1 = (070)7 q2 = (%70)'

Then for each 0 < A < 1, define the upper domain
O\ ={(z,y) €8G5\ Voly > 1 = A},
together with the boundary
o = {qo} U Xy, with Xy = {(z,y) € SGsly =1 - A}.

See Figure 3.1 for an illustration. Denote ) = Q) |J 09, the closure of Q. In the following context,
we write X instead of X, when there is no confusion.
For 0 < A < 1, there is a unique representation

(o)
(3.1) A= 3T,
k=1
with an integer sequence 0 < m; < mg < ---, and ¢ = 1 or 2. Denote

oo
RA =) yy37(memm),
k=2
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q2

Figure 3.1. The upper domain.

Inductively, write

An=R"A= Y 3 (memmn),
k=n+1
Set \g = A and mg = 0.
It is easy to check the following relationship between €2, and Q)

n+17
Fé""“_m”_l(FoSgg U F4Q)\n+l U F5Q>\n+1)
if the1 =1,
(3.2) Qu, = BN (Fy8Gs U FiSGs U F5S8Gs
UF1Qy,,, U, UFQ,,)
if lp4+1 = 2.

11

For 1 <i < 5, write p} = Fg”l_lFiqo. We omit the superscript A when there is no confusion caused.

See Figure 3.2 for an illustration.

q0 qo
D5 D4
p Y2
P1 D2
m 1
' : FS”)AA@AIFO/\R\QMFAQM
Casel : 11 =1 Case2:11 =2

Figure 3.2. The relationship between (2,, and 2,,.

For convenience, let

Wy =[] Su, and W2 = | W}, with Sy = {4,5} and S, = {1,2,3},
k=1 n>0

and write
F)=Fm™71F, - F" "7 R, forw e W)
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Then Vn > 0,
U Xu
weW)

where X,, = FASG 3 N X. It is easy to see that for A not a triadic rational, X is homeomorphic to the
space XA = [152, S.. equipped with the product topology. Otherwise, X is a union of finite segments.
Here we give an example to help readers to get familiar with the notations.

Example. We plot the area Q) for A = 0.39 =371 +372+2.373 +.... See Figure 3.3. In this
case, t1 = 1,19 = 1,13 = 2 and

W = {4,5}, Ws = {4,5}% = {44,45,54,55}, Wy = {4,5}% x {1,2,3}.

Figure 3.3. The upper domain () 39. The shaded regions are F2Qy,, F4Qy,, F23Q,-

3.1. Extension Algorithm. We still use f to denote the boundary data on 92 and u the harmonic
solution of the Dirichlet problem (1.1). We only need to find an explicit algorithm for the values of u
at p;’s since if we do so, the problem of finding values of u in the remaining region is essentially the
same after dilation.

From the matching condition at each vertex p;, we have the following system of equations.

Case 1(11 = 1):

53) {a£u<p5> +

)™ (2u(ps) — u(pa) — fqo)) =0,
N ulpa) + ( 0

)™ (2u(pa) — u(ps) — f(q0)) =

NCRE

Case 2(11 = 2):

4“(175) u(p1) — u(ps) — u(pa) — f(qo) =0

du(ps) — u(p2) — u(ps) — U(ps) f(a0) =0,
(3.4) ANMu(pr) + ()™ (2 ( —u(p3) —u(ps)) =0
NMu(p2) + ()™ (2u(p2) — u(ps) — u(ps)) =0,

ANMulps) + ()™ (4U(p3) —u(p1) — u(p2) — u(pa) — u(ps)) = 0.

Due to the same consideration in Section 2, we need to express the normal derivatives 9] u(p;)’s in
the above equations in terms of u(p;)’s and the boundary data f. Thus we turn to find the explicit
representation of 9l u(q) in terms of the boundary values.

For this purpose, we need to look at the normal derivative along the boundary of a special harmonic
function on 2y, denoted by hj, assuming value 1 at gy and 0 along X. We will write hg = h for
simplicity if there is no confusion.

Lemma 3.1. Denote a(X) = ho(pa)(= ho(ps) by symmetry) and n(X) = 0 ho(qo) = 2(2)™ (1 —
a())). Then

m lf L1 = la
(3.5) a(X) = 9 gien(Rn) tn(RAY if 11 =2
6+15n(RN)+3n(RN)? ' .
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Denote
1 ; _
A 1+2(32)m2 ™1 (1-x) o =1,
T ([L‘) = 3+6( 1.))m,2 my (1 JE)+2(( )'mz ml(l 2‘,‘))2

5 if L1 = 2
3+15(15)7)L2 my 1 I)-‘rﬁ( 15 m2—m1(1_m)) )

then a(X) = T*(a(RN)). In addition,
a(A) = lim T* o T o--- 0T (0).
n—oo
Proof. By (3.2) and the definition of hg, we have hg o F* = ho(p;)hi?, Vi € W}, Taking u = hg
and 9] ho(p;) = (32)™ ho(pi)n(RA) into (3.3) or (3.4), noticing that hg is symmetric in Qy, we have,
n(RN)a(A) + (2a(X) — a(X) = 1) =0, if i =1,
or
4a(A) — a(A) = 1 = ho(p1) — ho(ps) = 0,
N(B\)ho(p1) + (2ho(p1) — a(N) = ho(ps)) =0,  if 11 =2.
n(RA)ho(ps) + (4u(ps) — 2a(X) = 2ho(p1)) =0,

Solving the above equations, we get (3.5) and

(3.6) {ho(pl) - 0(P26)+2n(%+1)5n(12,\)+3n(1%/\) in case of 1; = 2.
o(ps) = 6+ 150 (RN +3n(BN)2

Moreover, substituting n(RA) = 2(12)m27™1(1 — a(R))) into (3.5), we have a(\) = T*(a(R\)).
Inductively,
a\) =T 0T o...o T2 (a()\n)).

For the rest part of the theorem, we introduce a sequence of functions u;) which assume values
W FAp,™) = wd(FApd™) = 0,Yw € W and u)|a, = holaa,, and take harmonic extension in the
remaining region. A similar discussion yields that

whpa) =T 0 T o0 7M1 (0).

In fact, Vi € W7\, we have upoF}* = up (p;)ul? . Taking u = u)) and 9Ju) (p;) = ()™ up (pi) O} ul; (qo)
into (3.3) or (3.4), after a similar calculation we have u)\(ps) = T)‘( M (! ).
Looking at the region bounded by {go} U {Ffv‘pi“,Fﬁ;ps }wew, applying the maximum principle
for harmonic functions, we get
0 < (ho — ho — up) (Fap;™).
(o = )pe) < _max | (ho—ud)(E2p)
Since for i = 4,5, u) (FAp}™) = 0,Yw € W)}, and ho(F)p}™) converges uniformly to 0 as [w| — oo, we
then have u) (p4) — ho(ps) as n — co. O

Remark. In fact, we have

a(A)= lim T o T o--- 0T (c),

n—oo

for any fixed constant —oo < ¢ < 1. We only need small changes in the proof, and readers may refer

to Theorem 4.7 for a similar discussion.
« is an increasing function of A\ on (%,

have a(\) = a(3™ 1)) by dilation. Thus

1], because h3b|Q/\a > hge if Ay > Ag. For 0 < A\ < 3, W

75 — /2353
. <« <a(l) = —— = 0. ,
3.7 0 A 1 &0 0.441538
34618 (1—2)+2-(18)%(1—x)?
3+15- L5 (1—x)+6-()2(1—2)2"

where (1) is the root of z =
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Definition 3.2. Let 0 < A < 1, denote

1
=g fori=45 ifu =1,
or

6+n(RA)

A 18+Zn(RA) fori=1,2, =9

Hi = § 3+n(RA) _3 if =2
912n(RN) fori=3,

Define a probability measure p> on X by

|w]
(3.8) H u’\’“ L Yw € W
We can easily verify that
(3.9) pro By = (T] mai i, Yw e Wy,
k=1
and 1 11 1
Z<,U'{\:,ué\<§a §<ﬂ§<§v if 11(A) =2,

since n(RA) > 0.
Lemma 3.3. Yw € W2, 0l ho(F)qo) = p (Xw)n(A).
Proof. By the local Gauss-Green’s formula, we have 8] ho(q) = > o 0T ho(F)qo).
weW{

If 11 = 1, then 8 ho(p;) = 3n(A) = pdn(A) by symmetry consideration. If ¢; = 2, then 9] ho(p1) :
Ot ho(p2) : OFho(ps) = ho(p1) : ho(p2) : ho(ps), which still leads to 9} ho(pi) = pin(\) by (3.6).
Applying the above discussion iteratively, we get

871;h0( ) (/U‘IU‘|1Z;‘| l)aThO( WIW2 W)y | — IQO):
|w]

Hmk 1) = M (Xw)n(N), Vo € W O

Theorem 3.4. Let u be a solution of the Dirichlet problem (1.1). Then

(3.10) Oula) = n() (F(aw) ~ [ fu)

In addition, if u € dom&q, , we have
o (o) = Ofu(an) = () ()~ [ fd)

Proof. For n > 1, let Oy, be the simple set whose boundary vertices are {qo} U{Fqo}wew-
Noticing that {Oz\,n}nzl is expanding with (J,,~; Oxn = 2, using a similar proof as that of Theorem
2.1, the theorem follows. - O

Corollary 3.5. &q, (ho) = n(N).

Proof. We only need to show that hg € dom&q,. This is obvious since for any n > 1, by Gauss-
Green’s formula, we always have

€0, (ho) = O ho(a0) — D 9hho(Fygo)ho(Fingo) < 0} ho(qo)- O
weWwp
y (3.7) and the fact that n(A) = 2(32)™1 (1 — (), the energy of hg is estimated by
15 15 15,0,

2(1— a(l))(7)m1 ~ 1116924(—)"™ < n(A) = £a, (ho) < 2(=)
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This result will be helpful in the energy estimate for general functions.
Combining Theorem 3.4 with equations (3.3) and (3.4), we could calculate the values of the solution
u at the “crucial” points p;’s for i € W7\, which are sufficient to recover u by induction.

Theorem 3.6.(Extension Algorithm) There exists a unique solution of the Dirichlet problem
(1.1). In addition, we have the following formulas for u(p;),i € W{.
Case 1 (11 =1):

_ 1 2n(RA) 4 n(RN)? X 7. RA
u(pa) —Wf(%) + 31 45(RN) + 7(RN)? /Xm foFldu®
n(RA) A A
3+ 4n(RN) + n(RN)? Jx,, fo ™.
Case 2 (11 =2):
1
W) = (7] T 1oz R T T e (54 397U + 5n(R) fao)

+ (60n(RX) + 76n(RA)? + 15n(RN)®) fo Fduf+
XRa

(B0n(RA) +n(RN?) | fo F2duR* + (36n(RA) + 20n(RA)?) fo Fg\dum),

XRA XRA

51n(RA) + 3n(RN)?
6+ 16m(RN) + 3n(RN)? Jx,,

B 6 + 2n(R\)
=65 1on(in) + sn(ine? @)

47I(R>\) X7, RA X7, R
Fid + F3d ,
6+ 1577(R)\) + 377(R)\)2 ( X JoFidy XRa JoFrdu )

foFgdu™

u(ps)

1

UP1) =5 7650 (RN £ 1029 (R £ 157(R0)? ((54 + 84n(RA) +39n(RA)* + 51(RN)°) £ (a0)

+(24n(RA) + 120(RN)? 4 n(RN)?) fo Flduf
XRa

+(30n(RA) + 27n(RA)? + 4n(RN)?) / fo Fyduf?
XRa

+(270(RA) + 24n(RA)? + 5n(RA)?) Fo F;dum).

X R
The formulas for u(pz2),u(ps) can be obtained symmetrically.

Proof. See Proposition 1.1 for the existence and uniqueness of the solution. Substituting 9} u(p;) =
(L2)ymin(RA) (u(p;) — me [ o F}duf*) for i € W into (3.3) or (3.4), after solving linear equations,
we get the result. 0

3.2. Haar series expansion and energy estimate. Now we consider the energy estimate for the
harmonic solutions in terms of their boundary values. For a harmonic function u with boundary value
ulx = f in L3(X,p), we will give an estimation of £g, (u) in terms of the Fourier coefficients of f
with respect to a Haar basis.

Definition 3.7. (1) Assume 0 < A < 1. Define WA and X to be piecewise constant functions
on X such that,

(3.11) YAy =1,0W Ay, = —1, if iy =1,
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(3.12) if =2,

w(z),xbﬁ — 1/;(2),>\|X2 _ M§7¢(2),/\|X3 _ _2/@7
and there is no YA for 1y = 1. In addition, for w € W}, define 1/11(5)’)‘ supported in X, by
1/)1(01))\ - 1/)(1)7/\n ° (Fl/l\))—l’

{w(l))\bﬁ = 17¢(1)’A|X2 = _1a7vb(1)’>\|X3 =0,

and similarly
vt =@ o (B if tnyr = 2.
(2) Forw € W) and j < lw|+1, define a series of harmonic functions on Sy by

P Mao) = 0, and B x = i,

We will write 1/)1(3 ) and hg ) instead of 1/11(5 )A and hg )A when it causes no confusion. Set dzéj A
DA and BY = p)A,

It is easy to check that for w € W) and j < 141, hS,Z) is supported in FAQy, with th) =
hé)])’)‘” o (F))~!, noticing that 8£hé)])(q0) = 0 by Theorem 3.4. Moreover, {wg)}wewﬁ,jguwm u {1}

form an orthogonal basis of L?(X, ui*). See Figure 3.4 for an illustration of h(*) and h(?).

0 0 0
0 0
1 —1 1 0 —1 fy o =2 pd
h(l)(Ll = 1) h(l)(bl = 2) h(2) (L1 = 2)

Figure 3.4. Boundary values of h(!), h(2),

Before performing the energy estimate, we list two basic lemmas.

Lemma 3.8. There exist two positive constants Cy and Csy, such that
Co()meinr < £, (hD)) < Ca() e,

forall0 < A<1andw e W), j< w41

*

Proof. We only need to prove that £, (h\7)) is bounded above and below by multiples of ()™,
as th’ PA hé)j )An o (F))~!. In particular, we will restrict our consideration to % < A < 1, since for
general 0 < A < 1, h9)X is supported in Fj"*~1(SG3) with h()A = RG)BTITIA Fymth So it s
sufficient to assume m; = 1 and prove that £q, (b)) is bounded above and below by two positive

constants.

First, we consider % < A < 1. In this case, t; = 2. Let c1,cq,c3 be some selected constants
independent of A. For each % < X < 1, write v the harmonic function on Q) which assumes 0 at g

and takes constant ¢; along X; for i = 1,2,3. We claim that
Eay, (17) > Eay, (™), if Ag < .

To prove the claim, we construct another function ¢ on Q)\b such that 17|39Ab = v/\b\agxb,ﬁ(pi) =

vra(p;) for each 1 < i < 5 and ¥ is harmonic in remaining region. So 9|4 = v*e|4, for A =
FySGs U F4S8Gs U F58G3, which says that
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&a,, (V) < Eq,, (v72),
2

by using Corollary 3.5 and the fact that n(R\) is decreasing on £ < A < 1. In addition, we have
&a,, (0) = &q,, (v*), since harmonic functions minimize the energy. Combining the two inequalities,
we obtain the claim.

Thus, Eq, (v}) > Eq, (v') (more precisely, Eq, (v*) > lime_oEq,_, (v'7°)) which provides a lower
bound of {£q, (v*)}. On the other hand, to find an upper bound of {€q, (v*)}, consider the function
v € C(A) which is harmonic in A and assumes 0 at go, ¢; at p; for ¢ = 1,2,3. It is easy to find that
Eq, (1Y) < E4(v) by extending v to Qy with Ul paqp, = Ci-

The energy estimate of h(!) is a special case in the above discussion. To estimate the energy of
h(), observe that the boundary values (R |x,, h®|x,, h?|x,) vary within a compact set, denoted
by C, since we always have i <=y < % and % <y < % We then have

0< inf{gQ1 (vl) : (v1|X1,17U1|X1,27Ul‘Xl,a) € C}
< &q, (W) < sup{€a(0) : (v(p1),v(p2),0(ps)) € C} < 0.
Thus we have proved that £g, (k7)) is bounded above and below by two positive constants, when
Z<oa<t
A similar discussion is valid for % <A< % O

The next lemma shows that all the basis functions {hq(ﬂ )} are pairwise orthogonal in energy.

Lemma 3.9. Assume 0 < A <1 and w,w’ € W. Then Eq, (h,(g),hg:)) £ 0 if and only if w = w’
and j = j'.

Proof. We discuss in different cases.

If X, [ Xw = 0, then obviously SQ)\( w 7hiﬁ,)) =0, as h and h(J ) support in disjoint regions.

If X, € Xy, then

1 . -/ -/
Ean (WG, 00) = (22w (91 (D) o F2)(a0) () (Fdao) — hG)

w w’

Xw) = Oa

by Theorem 3.4 and the fact that 82(]17(3) o F))(qo) = 0.

Ifw=w"and j # j/, then hﬁﬁ) and hfg:) assume different symmetries. So we also have 5(h§5>, hg,/)) =
0. O

Remark. The proof of Lemma 3.9 also implies that £q, (hq(g), ho) = 0 for each w € W), j < Ljw|+1-

Now for the harmonic solution w of the Dirichlet problem (1.1), we have the following estimate in
energy in terms of its boundary data f.

Theorem 3.10. Let u be the harmonic function in Qy with boundary values u(qy) = a and

u|x, = f, where
f=b+ > > v

WEWRQ J<tjw|+1

= w@rad) [ popae

Then Eq, (u) is bounded above and below by multiples of

with

tn+1

(3.13) ({f 2y j{: > j{: 1 )] el 2,

n=0weWw) j=1

In particular, u has finite energy if and only if (3.14) is finite.
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Proof. We have

ln41

u:b—i-(a—b)ho—i-i Z ch)hg).

n=0weWw) j=1

Since we have shown in Lemma 3.9 that the functions hg U{hq(ﬁ )} are orthogonal in energy,

ln41

oy (1) = (a— D60, () + 5 30 3 1260, (1D).

n=0weWw) j=1

Then (3.14) follows from Lemma 3.8 and Corollary 3.5.

4. DIRICHLET PROBLEMS ON LOWER DOMAINS OF SG

18

In this section, we consider the Dirichlet problem on lower domains of SG. Similar to the last section,

we assume SG is contained in R? with boundary vertices qq = (%, 1), 1 =(0,0), g2 = (%,
0 < A <1, the lower domain of §G, denoted by €, is defined as
Q) ={(z,y) € SG\ Voly <1 - A}
The boundary of €2} is
aQ; = X,\_ U {q1aq2}7
with
Y- _ Vi) N Xy, if A is a dyadic rational,
A X, if A is not a dyadic rational,

0). Let

where d()\) is the smallest integer such that \ is a multiple of 274" and X, = {(z,y) € SGly = 1-A}.
We still abbreviate X,  to X throughout this section for convenience. Write 0, = Q, U 0§, the

closure of €1} . See Figure 4.1 for two typical domains.

Figure 4.1. Two typical domain Q,’s. ) is (or not) a dyadic rational.

For 0 < A < 1, we write A in its binary expansion,
(o ]
A= Zek()\)2*k,ek()\) =0,1for k> 1.
k=1
We forbid infinitely consecutive 1’s to make the expansion unique. Denote

SA=) erpr(N27.
k=1
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It is easy to check the relationship between €1 and g, as following,

(4.1) O — FoQ5,UFSGJFSG, if e1(\) =0,
A FQg, U FQg,, if e1(\) = 1.

See Figure 4.2 for an illustration.

QO QO
FOQ_ /// 5\
Foq 52N\ Fogs fmmmmmm e
F,8G F,8G FiQg, FQg,
a1 Figs 42 q Figo 42

Figure 4.2. The relationship between (2, and Qg,. e;(\) =0 in the left one and e;()\) =1
in the right one.

It is natural to introduce the following sets of words
W = {w e Wy,Jwp = 0if e (\) =0, and wyp = 1 or 2 if ex(\) = 1,V1 < k < m},
so that
X= J XuV¥m=>0,
weEW
where X,, = F,S8G N X. Write W:‘ = Umzo Wf,‘L In addition, denote Aj ,, to be the closure

of O\ U Fwﬂgm)\, which is the union of all m-cells contained in ). For example, Ay =
weEW

FngUFQSQ if 61()\) = 07 and A,\,l = (Z) if 61()\) =1.

4.1. Extension Algorithm. The Dirichlet problem on €2} is stated as

(4.2) {Au =01in Q,

u\89; =f,fe€C(09).
Analogous to the previous two sections, we only need to find an explicit algorithm for u\Q; N in

terms of the boundary data f, since then the problem of finding values of u elsewhere in €, is
essentially the same after dilation.
From the matching condition at each vertex in V; [J2}, there exist the equations,

du(F1g2) — f(q1) — f(g2) — u(Foqr) — u(Fogz) = 0,

(4.3) 205 u(Foq) + (2u(Foq1) —u(Figa) — f(q1)) =0,  if ex(A) =0,
30, u(Foge) + (2u(Fogz) — uw(Figz) — f(g2)) =0,

and

(44) 8;U(F1Q2) + 5‘,Tu(F1q2) = 0, if 61()\) =1.

We need to express the involved normal derivatives in terms of u(Foq1), u(Foqz), u(Fige) and the
boundary data f. For this purpose, we introduce two important coefficients

(4.5) m(N) = 0y hi (1), n2(A) = =8, 17 (g2),
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where h? is the harmonic function with values hy(q1) = 1,h3(g2) = 0 and h?|x = 0. Symmetrically,
we have

12(A) = =85 ha(q1), m(N) = 9,73 (ga),
where h3 is the harmonic function with values hy(q;) = 0,h3(g2) = 1 and hj|x = 0. We omit the

superscript A of h} when there is no confusion caused. We will discuss on how to calculate these
coefficients in the second part of this section. Here we only mention the following property.

Lemma 4.1. For 0 < A <1, we have n1(A\) > 2, 0 < np(A\) < 1.

Proof. By using the maximum principle for harmonic functions, it is easy to see that 7; is an
increasing function of A, and 7 is a decreasing function of A. Thus we have

mA) 2m(0) =2, m(A) <n(0) =1.
Obviously, 72(A) = —3,,7h1(g2) is nonnegative. O

Remark.  More precisely, we have n1(A) + n2(A\) > 3. In fact, we just need to consider the
antisymmetric harmonic function h; — he whose normal derivative at ¢; is 1 (A) + 72(\). Using the
maximum principle on the left half part of €2}, one can check that 7; 47, is an increasing function of

A
Using the coefficients 71 (), 72()), we have the following two lemmas.

Lemma 4.2. Assume h = h(q1)h1 + h(g2)ha. If e1(\) =0, then

(Genirian) =% (3nion)

If e1(\) =1, then

(o) = (Grhian) - o (onirann) = (25hian)

Here the matrices Mf‘ are

<3+37]1(S)\)+37]2(S)\) 3401 (SA)+n2(SA) )
M/\
0 )

6+47]1(S/\;+4n2(5>\) 6+4n155)\;+4n255')\§

3+7]1(Sk +7]2(S>\) 3+37]1 S +3T]2 S
(4.6) 61471 (SN +4m2(SN) 64411 (SA)+4n2(SN)
' 1 0 12(SN)  _ ma(S\)
M} ={ sy ma(sn | and Mg = 2n(SA) 2m(SX) )
201(SA) 211 (SA) 0 1
Proof. Tt follows by direct computation. We omit it. d
By iteratively using the above matrices, we have
O h(Fuwaqr)\ _ ox (05 h(a)
&0 (omnirn) =2 (25hien)
for w € W) with M) = Mg“:“_l’\ - MZAM) . Moreover,

Lemma 4.3. Assume h = h(q1)h1 + h(g2)h2. Then Vm > 0,

(4.8) > (05 h(Fuq) + 0, M(Fugz)) = 05 h(q1) + 0, h(ga),

weEW
and Yw € W2,
(4.9) Oy h(Fuwq1) + 0, h(Fuwq2) > 0, if h(q1) > 0 and h(gz) > 0.
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Proof. By using the local Gauss-Green’s formula on Ay ,, we get (4.8) holds for each m > 0. Notice
that for w € W2,

O h(Fuas) + 0, h(Fatz) = (3)") (A(Fus) + h(Fug2)) (1 (S™13) = (1),

By using Lemma 4.1 and the maximum principle for harmonic functions, we have both 7 (S |w|)\) —
n2(S1®I\) > 0 and h(F,q1) + h(Fuq2) > 0, in case of h(gy) > 0 and h(gz) > 0, which gives (4.9). O
According to Lemma 4.2 and 4.3, we introduce two measures on X.

Definition 4.4. Define uj to be the unique probability measure on X satisfying

1 (A) )
1(Xy) = ————— (1,1 MA(”1 >,V e W
Hi) = Ly =y D Me ()Y
Symmetrically, define 113 by
1 —12(N) <
MXy) = ——— (1,1 JW(772 ),v e W
1) = Sy ()M )Y

Note that for i = 1,2, we have 0} hi(Fuq1) + 0, hi(Fugz) = (m(A) — n2(N)) 3 (Xw)-
Theorem 4.5. Let u be a solution of the Dirichlet problem (4.2). Then

(4.10) O u(qr) =m\) flar) — m2(N) flg2) — (m(A) = n2(N)) /X fdps,
(4.11) 0 ula) = mNfa2) =) o) = (m ) = (V) [ e
In addition, if Sgg(u) < 00, then

(4.12) Eqr (h1,u) = 05 ulqr), Eg-(ha,u) = 0, u(g2).

Proof. Using the local Gauss-Green’s formula on Aj ,,, we have
Eay (b, w) =05 ha(q1) f(q1) + 9, ha(a2) f(g2)

= Y (05 h(Fuq)u(Fuq) + 0, h(Fugz)u(Fugs))
u)GVT/yi‘L
=m (A fla1) —n2(N) f(g2)
Z U(F’w(h) + u(FwQQ)

- (05 M1 (Fuwqr) + 07 ha (Fuge))

~ 2
weW
-y W) ZlBe) (e (Fug) - 07 b (Fags).
weVVﬁ;L

Analogous to the proof of Theorem 2.1, it is easy to see that

i o M) EAE) (o () + 0 () = () = V) | g
weW

On the other hand, by Lemma 4.1, we have

05 hi(Fuwq1) — 0, hi(Fuge)| = ’(g)m(M(Fw(ﬁ) — h1(Fug2)) (m(S™A) + 772(Sm>\))‘

< 3" (a(Fu) + a(Fug) (m(S™) —~ ma(57 X))
= 3(8;_}7/1(qu1) + 0;’/11 (FwQQ)).
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So by Lemma 4.3, > s 105 hi(Fuqr) — 9, hi(Fugz)| < 3(n(X) — n2(X)). Noticing that u is
uniformly continuous on Q;, we have

: u(Fy —u(Fy
Jm Y (Fuq1) 2 ( qz),(aghl(qul)—a:hl(quQ)):o,

wEWA

Combining the above facts, we get

(4.13) oy (o) = (NS (@r) = maNF ) = () =) [ fa
Similarly,
(4.14) Eay (ha.) = MmN (@) = @) = (nN) = m) [ i
The rest part of the proof is similar to that of Theorem 2.1. 0

Combining Theorem 4.5 with (4.3) and (4.4), after an easy calculation, we finally get the following
extension algorithm.

Theorem 4.6.(Extension Algorithm) There exists a unique solution of the Dirichlet problem
(4-2). In addition, we have the following formulas for ul, nas -

If ey (A\) =0, then
9+ 571 (SA) + 12(SN) o)
471 (SN2 + 1471 (SA) — 202(SA) — da(SA)2 + 127\
i 3+T}1(S)\)+5772(S)\) f( )
471 (SN2 + 14771 (SA) — 202 (SA) — dpa(SA)2 + 127\
(74 4n1(SA)) (m(SA) — n2(SN))
T D (SA? + 14 (SN) — 20a(SN) — Ana(SA)? +12 Jx - /o Fodpi®
(SN
)

u(Foqi) =

1+ 4na(SA SA) — n2(SA
n 2( 72 ) (m(SA) = n2(SN)) i / Fo Fodp™,
An (SA)? + 141 (SA) = 2n2(SA) — 4n2(SA)? +12 Jx
and u(Fig2) = 3 (u(Foqr) + u(Fog) + f(q1) + f(g2)). The formula of u(Fogs) is symmetrical to that

of u(Foqu).
If ea(N\) =1, then

n2(SA)
271 (SA)

71 (SA) — m2(SA) (
211 (SA) X5y

4.2. The calculation of 7. In this section, we focus on the calculation of 77 (), 72(A\). In particular,
we will prove the following theorem.

u(Fiq2) =

(@) + fla2)) + foRidu+ [ foRu).

Theorem 4.7. (a) n1(X\) is increasing in [0,1), n2(X) is decreasing in [0, 1).
(b) For 0 <A <1, (n(A),m2(N) = Te,(n) (m(SA), n2(SA)) with

5 3+2x+2y 5 T —y 5 3+2x+42y 5 T —y

4.15 T = - =0 59 0. o
(4.15) o) = (G 2tzty 2 3420296 2+xty 2 3+2$—2y)’
and

5 y2 5y2
41 T =(5@—5-), =)

In addition, for any fized positive numbers c1 > co, we have

(417) (7’]1()\), 772()\)) = 7rli—r>noo Tel()\) o Teg()\) O---0 Tem(/\) (Cl, CQ).
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Proof. By using maximum principle for harmonic functions, (a) follows easily. So we only need to
prove (b).

Looking at the functions hi + he and hy — ho pictured in Figure 4.3, by computing their normal

\
\
\
\

3 3
3+2n1(SX)—Zn2(SA)  3+2nNSA)—2n2(SN)

1 S (S =72 (5X) 1 1 72(SA) 1
34211 (SA)—2n2(SA) 71 (SX)
-
1 _ 1
2+n1 (SA)+n2(SN) 24N (SA)+n2(SN) /_ ____________________
/0 0
1 0 -1 1 0 -1

Figure 4.3. h; + ho and h; — hy in two cases.

derivatives at q1, we get

342171 (SA)+2n2(SA
mA) +n2(N) =35 - 2+21ES>\§+77:?§/\))’ if e1(\) =0
A) _ ()\) _ 5, 311 (SA)=3n2(SA) 1 -
m( 2 3 3¥2n (SN —212(SN)?
m(A) +n2(A) = Sm(SN), .
2 1(S2)? ife;(N\) =1.
mA) = n2(A) = 5 (m(SN) - 255y,

The above equations lead to

(4.18) (1 (N);12(X)) = Tey (x) (M (SA), m2(SN)).
For the rest proof of Theorem 4.7(b), we need some claims and notations.
Claim 1. For 0 < A\ < 1, we have
3

)\)—772()\) = .
hy(Foyq) < (2)le! m( A vi=1,2.
1( Q)—(5) 771(5‘”')\)—772(S\w|)\)’vwGW*’VZ s

Proof of Claim 1. Let m = |w|. Noticing that h;(F,,q;) > 0 by the maximum principle for harmonic
functions, by Lemma 4.1, we have

5
O (Fuqy) + 07 h(Fugz) = (3)™ (m(S™A) = na(S™A)) (1 (Fuq) + hn (Fugz)) = 0.
On the other hand, by Lemma 4.3,
Op hi(Fuqi) + 0, ha(Fuge) < 0y, hi(qr) + 9, hi(g2) = m(A) — n2(A).

Combining the above two inequalities, we get the desired result. O



BOUNDARY VALUE PROBLEMS FOR HARMONIC FUNCTIONS ON DOMAINS IN SIERPINSKI GASKETS 24

Notations. (a) For 0 < A\ < 1 and fized positive numbers ¢c1 > ca, define a sequence of resistance
forms 57(751’02)(', D oon Vir = (Vi NQ3) U{Fuwto}yew with the conductances

0, if & oo vy,

(5)™(c1r — e2), if {z,y} = {Fuwqo, Foqr} or {z,y} = {Fuqo, Fuga}
ci:;”(cl,CQ) = for some w € VNV%,

(g)mCQ, if {z,y} = {Fuq1, Fwqa} for some w € VT/%,

(3)m, Otherwise.

(b) Let hi‘”r(,fl’cz) be a sequence of functions on V) harmonic with respect to 57(51’02)(3 -), assuming

boundary values
hyteres) (q) = 1, RS0 (o) = 0, b ) (Fugo) = 0,Yw € W

,m
Still denote by hi‘:,(,fl’c"’) the piecewise harmonic function which assumes the same value on V. and
takes harmonic extension elsewhere in Qy ({FuSG}, cyix -

In Figure 4.4, we give an example of V) together with some conductances. We abbreviate hi\:,(,fl’q)

to h1,, when there is no confusion caused. By Theorem 4.5, one can easily check that h17m|meQ; =
h1|meQ;, when (¢1,c2) = (771(5"’)\),772(5”1)\)),

Figure 4.4. V) and some conductances. (3 <\ < 3.m=3)

Without loss of generality, we assume that 1 — A > 277 for some integer ;.
Claim 2. For c; > co > 0, we have

(CY @ hrn(Fao) — o (Fa)

=Te,(ny 0 Teyny 0 0T, (n(c1,c2).

5

2 (b (Fao) + h1m(F 1)) )

Proof of Claim 2. It is easy to see the claim holds by inductively using (4.18) when (c1,c¢2) =
(771(5"‘)\), 7o (Sm/\)), since then hl,m‘vmm(l; = h1|meQ;. For general ¢y, ¢o, the claim still holds in a
completely similar way. O

Claim 3. Write (c1,m;,co,m) = Te,(n) © Teyny © -+ -0 Te, (x)(c1, e2) for short. Then

3 3

Ciom — C2m —7
h F; N < (ZymZLh 5 < g(2ym—i
1,m( u%) > (5) 1 — ¢ > (5) ¢l —co

Nw e WA, Vi =1,2.

Proof of Claim 3. The first inequality is obtained analogously to the proof of Claim 1. The second
inequality follows from Claim 2 and the fact ||h1 m (oo < 1. O
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Notice that hi’,(,flm) and hi‘:gl(smk)’m(smk)) satisfy the same mean value equations on V) \
(Uwer» FuVo). By Claim 3, we have the following estimate due to the maximum principle for
harmonic functions,

. - - 3. 1
hka((/lv(ﬂ) _ h)‘a(nl(s A);m2(S™N)) F] i < 4(=\Y""J
|( 1m 1,m )( i 4 )|— (5) (01—02
for (i,4") € {(1,0),(1,2),(2,0),(2,1)}, where we use the fact that n1(S™\) — n2(S™A) > 1.

Thus, by Claim 2, we have

‘ Tey ) 0 Teyny 0+ 0 T, (v (c1,02) — (771(/\)’7720\))”

:‘ Tel()\) o TeQ()\) ©---0 Tem(/\)(Cl,C2) - Tel()\) o Te2()\) O---0 Tem()\) (nl(Sm)\),’I]g(Sm/\)) H

+1),

3 . 1
<8(= m—=2j/_ = 1
<SG+
with ||(a,b)|| = max{|al, |b|}, which yields (4.17) as m — oo for 0 < A < 1 — 277, Noticing that j is
arbitrary, we complete the proof of Theorem 4.7(b). O

4.3. Some calculations on M. In this subsection, we consider two special cases, e;(\) = ea()\) =
c=en(A) =0o0r e (A) =e(N) =+ =epn(N) =1 for some m. It would be convenient to get a

direct expression for M), w € W\ and TopoTy---0 Ty or Ty o Ty -+ -0 Ty.

Proposition 4.8. Assume e1(\) = ea()\) - em(A) = O.m%hen we have
14(m1(S™X) + n2(S™N) = 3)
3(15™ — 1) (1 (S™A) + 12(S™A) — 3) + 14 - 15™
m(S™A) = m2(S™A)
(1= )™ (n(S™A) = n2(S™N)) + (5)™
a

(b) M())‘m=<b 2) with a +b=1 and

(¢)  mQA)+m(A) =3+

m(A) —n2(A) =

14 5™ (1 (S™A) +12(S™N))
(9-15™ 4 5) (01 (S™A) + n2(S™A)) +15(15™ — 1)’

where we use the notation 0™ to represent the word 00---0 of length m.

a—b=

Proposition 4.9. Assume e1(A) = e2(A) = -+ = e, (A) = 1. Denote 0 < & < 1 the solution of
% = %ﬂ Then we have
(a)
5,0 — 2t 2" " m 5.,, T—xz m
m(A) = (g) T+ a1 NG — m(S™A) and n2(\) = (g) WWQ(S A).-

(b) For w € W)\, the matriz M) is given by

M)\ x] _x2m —j 1 _sznz —1
w T _xj+1 x2m7j71 _‘,EQm 1 ’

with j being the integer such that 0 < j < 2™ — 1 satisfying

m

(4.19) j= (wp—1)-2m7*

k=1

The proofs of Proposition 4.8 and 4.9 directly follow from elementary computations. We omit them.
Proposition 4.9 is motivated by Theorem 5.4 of [S1], which solves the special case that A =1 —27™,
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5. EXTENSION TO SG;

In this section, we will briefly discuss how to extend previous results to level-l Sierpinski gasket

SG;.

5.1. Half domains. We still use {2 to denote the half domain and X its Cantor set boundary. As
shown in Section 2, to solve the Dirichlet problem on the half domain of §G, it suffices to obtain the
extension algorithm for u|y,nq in terms of the boundary data f. We summarize it into following two
steps.

Step 1. Find a formula for 07 u(q1), in the form of

Oy ulqr) = 3f(q1) —3/deu.

Here the measure p, as shown in Theorem 2.1 for SG3, is a multiple of the normal derivative of the
antisymmetric harmonic function h, on X. To work out u, we introduce some notations.

L
Let {pqu)}g-i]l ={peVinX:p= Fgs for some 0 < i < m‘%}, and prescribe that p; y locates
above p;1 ¢ for each 1 < j < [L] — 1. Write

Wi = {i: #(F:8G N X) = 00}, and W, = | | W,
m=0

Forwe W,,1<j< [é], denote pj; ., = Fyp;g. Obviously, {pj»w}lgjg[%]@ew* =Vin X\ {q} is
dense in X. See the following example for an illustration.

Example 5.1. In Figure 5.1 (a), we label the contraction mappings of SG4. So we have W =
{0,6}™. The vertices {p;}7_, are plotted in Figure 5.1 (b).

P1 0

Figure 5.1. The half domain of §G,.

With the above notations, introduce the pure atomic probability measure p on X satisfying
1 ~ l
(5.1) p({pjw}) = =500 ha(pjw), forw e Wi and 1 <j < [7].

For i € Wy, denote wi = 7 1he(Fyqr) and write iy = flw, fws, “** M, Where 7 is the renor-
malization factor of the energy on §G;. It is easy to check that 0, ha(pjw) = Hw0; ha(pjp), SO
that

#{pi}) = =550 ha(p0).

Step 2. Solve linear equations determined by the matching conditions of normal derivatives on

ViNQ.
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That is

(5.2) rofu(Fiq1) + ZymFiql,yeFiVo (u(Fiql) — u(y)) =0, ieW,
ZyNIJ; (u(m) - u(y)) =0, for other z € V3 Q.

Taking 0} u(F;q1) = 3r ' (u(Fiq1) — [ f o Fidp) into (5.2), the remaining problem is solving the
linear equations. However, even for the values of h,, the calculation becomes much more complicated,
so we could not provide a general solution of (5.2).

Let’s look at the simplest case.

Example 5.2. Consider the half domain of SG. In this case, W, = {0,0,00,...} and p; g = Fiqo.
For convenience, we write p; = Féﬂpl,@. See Figure 5.2 below for the notations.

F§q D2
Foq P1
q1 Po

Figure 5.2. The vertices on a half SG.

The measure p is given by
p{pr}y) =2-3771

There is only one equation in (5.2),

2u(Fo) = f(ar) = fpn) + 3 (ulFoar) — [ f o Fudi) =o.
So
(53 u(Fom) = ) + 5 £n) + £ [ £ o Fd,

and thus w(Fyq1) = £ f(q1) + £ f(po) + & 351 37" f(px), which is Corollary 2.5 in [LS].

We mention that the Dirichlet to Neumann map was studied in [LS]|, and it was shown that
()10 u(pr) || oo < 00 if {f(pr)}7 € [°°. Here, we present another interesting observation, which
describes where {0, u(pk) }r>o0 live in when f € C'(99).

Theorem 5.3. Let u be the solution of the Dirichlet problem (1.1) on the half domain of SG, then
the series Y p o(2)¥ 10 u(py) converges.

Conversely, given a convergence series {n,}2>_,, there exists a unique f € C(9Q) such that f(q1) =
0, 05 u(qr) = n—1 and 9, u(pi) = (3)* 'y, for k > 0, where u is the harmonic function with boundary
data f.
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Proof. By using (5.3) and the fact that [ fo Fydu = 2f(pe) + 5 [y fo Eytdp, we have

)0 ulpr) =2f () — w(Far) — u(FF )
5

=2f(pr) — u(Fyq) — w(F§qr) + 3
- Culpy) - / f o Fidp)
=2 (RS 1) — w(Ffa) + 5 7o) — 5 / fo Fitidy

3 (u(FEHg )—um?ql))ﬂ(/ Forfu- [ fortia).

1
(w(Fs ' qr) — gu(Fécql)

m\w m\oa

Thus we have .7 ((2)*10; u(py) converges to § [y fdu— 2 f(q0) — 3 f(q1)-
Conversely, suppose there exists such a f € C(99Q), it must satisfies
2f(pr) — ulFgqr) — u(Fy ) = mi,
k k+1 k 3\k—i vk =0,
flow) +u(Fgqu) — 2u(Fy™ qu) = 32 _1(5)" ",

which arise from the definition of normal derivatives at py and Fé““ql, using the fact that —Blu(F(qul) =
o5 u(qr) + Zf:o 0,7u(p;). The solution of the above equations is

U(FSCH(J)**?? 1*421 0m+21__1( ) Zm, vk >0

f(pr) = —n- -3 Zi:o M+ 3 Zi:_1(5)k i + 377ka B
where f(py) and u(F}q) converge to f(qo) = —n-1 — %Z;ﬁo n;. Thus we find a unique function f
which satisfies the prescribed conditions. O

o N ) o
However, it is not clear where {0, “(pj,w)}wew*,lgjg[é] live in for general cases, even for SGs.

For the energy estimate part, for SG;, we have
(5.4) C1Q(f) < &a(u) < C2Q(f)
for some positive constants C1, Cy, with

]

(5.5) pj(l) Z Z Zr \wl F(Pjw) _f(pj’,wi))Q'

J:1 weW, ieWy 7,3

ol

The method is essentially the same as that for SG3 case.

5.2. Upper or lower domains. The Dirichlet problem on the upper and lower domains in general

SG,; are much more complicated.
For the upper domains, we use the infinite expansion

[ee)
A=) ol
k=1

to characterize Qy, where {my},>1 is an increasing sequence of positive integers and ¢, take values
from {1,2,---,1 — 1}. The number ¢; decides the relationship between Qgr-—1) and Qgry, where
R\ = 2;0:2 1 - 17 =) “and there are [ — 1 choices in the SG; setting.

As for the lower domains, we refer to a different expansion

A=) e(WITH,
k=1
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with ey (\) taking values from {0, 1,---,1 — 1}. We forbid infinitely consecutive (I — 1)’s to make the

expansion unique. Similarly, different e;()) determines different type of relationships between Qg _, |

and Qg ,, where SA = Y277 epp1 (AP,

The approaches in Section 3 and Section 4 to solve the Dirichlet problem on upper or lower domains
still work, although the calculations involved turn to be rather complicated. We list the main steps.

Step 1. Denote n(\) = 9} ho(qo) (or mA) = 95 hi(qr), (N = —(“),j’hl(qg)). Represent n(\)
in terms of n(RA) with the relationship between Q) and Qg (or represent 71 (A), 72(\) in terms of
71 (SA) and 12(SA)). Use the above representations iteratively to approximate n(A) (or 71(A), m2(X)),
and the proof is essentially the same as Lemma 3.1 (or Theorem 4.7).

Step 2. Calculate the normal derivatives of hg (or hy,hs) along the Cantor set X, using the
crucial coefficients n(\) (or 71(A),72(A)). The normal derivatives of hg(or hy, ho) hold the key to the
representation of 9] u(qo) (or 95 u(q1),0; u(gz)) in terms of the boundary data f.

Step 3. Solve the linear equations determined by the matching conditions of normal derivatives
on the crucial points.

Lastly, the Haar series expansion used in the energy estimate still works in general SG; cases. The
key observation is that we can still use the analogue of Theorem 3.4 to show that we can decompose
the harmonic solution associated with a square integrable boundary value data (with respect to a
suitable choice of measure), into a summation of countably infinite, pairwise orthogonal in energy,
locally supported harmonic functions with suitable piecewise constant boundary values.
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