RESISTANCE FORMS ON SELF-SIMILAR SETS WITH FINITE
RAMIFICATION OF FINITE TYPE

SHIPING CAO AND HUA QIU

ABSTRACT. In this paper, we introduce the finite neighboring type and the finite chain length
conditions for a connected self-similar set K. We show that with these two conditions, K
is a finitely ramified graph directed (f.r.g.d.) fractal defined by Hambly and Nyberg[IT].
We give some nontrivial examples and compute the harmonic structures on them explicitly.
Furthermore, for a fr.g.d. self-similar set K, we provide an equivalent description, the
finitely ramified of finite type (f.r.f.t.) cell structure of K, and investigate the relationship
of harmonic structures associated with different f.r.f.t. cell structures of K.

1. INTRODUCTION

The construction of Laplacians is a core topic in analysis on fractals. One of the most
important approaches is Kigami’s construction on p.c.f. self-similar sets[I8, [19], using graph
approximations. See books [20, [34] for details, and [21], 23] for deep discussions on closely
related concepts such as resistance forms and harmonic structures. Beyond Kigami’s con-
struction, the only other approaches to obtaining Laplacians are indirect and nonconstructive
by probability techniques, see [8, [0} 10} 1T}, 15].

It is desirable to enlarge the class of self-similar sets on which Kigami’s spirit works.
Hambly and Nyberg[17] introduced a class of fractals, named finitely ramified graph directed
(f.r.g.d. for short) fractals, which generalized the class of p.c.f. self-similar sets and admit
very natural graph approximations. The technique of Kigami continues to work through
simple extensions. See [16] 27, 29] for a discussion on the existence of harmonic structures
and Laplacians on f.r.g.d. fractals.

The graph directed constructions provide a more general setting of fractals which are no
longer exactly self-similar but do inherit self-similar features. See [26] for a detailed anal-
ysis on geometry structures and dimension estimates of such fractals. The finitely ramified
assumption is essentially necessary for Kigami’s technique so as to provide suitable graph
approximations. One of the well known examples of f.r.g.d. fractals is the Hanoi attractor,
see Figure [1 The Laplacians and their properties on the Hanoi attractor have been well in-
vestigated in a sequence of papers [2], 3], 4] [5]. Besides Hambly and Nyberg’s extension, there
is another direction of extension of Kigami’s approach, see [0}, [14] 32, 33] for the construction
of Laplacians on a class of Julia sets for quadratic or cubic polynomials, which are finitely
ramified.
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F1GURE 1. The Hanoi attractor.

In certain cases, a self-similar set can be an fr.g.d. fractal(we always assume it to be
connected). Trivial examples are p.c.f. self-similar sets, which have f.r.g.d. constructions with
the directed-graphs being singletons. A more interesting example is the diamond fractal(see
Figure 2), on which the Laplacian was constructed and well studied[24, 28]. See [I] for
an investigation of the heat kernel on the diamond fractal. This sheds light on defining

FIGURE 2. The diamond fractal.

Laplacians in a direct and constructive way on certain non p.c.f. self-similar sets.

In this work, we will give conditions that guarantee a self-similar set K to be an f.r.g.d.
fractal. Intuitively, the graph directed requirement allows overlaps when the similitudes
are iterated, but it seems that the overlapping types among distinct comparable similar
copies of K should be finite. Basing on this observation, together with the finitely ramified
requirement, we present two conditions for K, called the finite neighboring type and finite
chain length conditions, denoted by (F1) and (F2), which do not imply each other. We will
prove that K is an f.r.g.d. fractal providing it satisfies both the two conditions.

The “finite type” assumption is quite useful for calculating the Hausdorff dimension of
certain self-similar sets which do not necessarily satisfy the open set condition. See [25, 30, [31]
for detail discussions on this topic. Our condition (F1) is a variation of their assumptions.
On the other hand, the consideration of chains of copies is also frequently used in analysis of
fractals, for example see [13, 22] 23] to find investigations on heat kernel estimates. In our
setting, we require the overlap to be infinite.

We will provide some interesting examples satisfying the above two conditions, see Figure
Harmonic structures on them will be computed in detail. Notice that there may exist
multiple f.r.g.d. constructions associated with one self-similar set. We will have a discussion
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on when harmonic structures on different f.r.g.d. constructions lead to a same resistance
form. In particular, we will introduce the concept of homogeneous harmonic structures.

Ficure 3. Examples of f.r.g.d. self-similar sets.

However, we will point out that an f.r.g.d. self-similar set K does not necessarily admit the
conditions (F1) and (F2). We will use the idea of finitely ramified cell structures introduced
by Teplyaev [35] to get an equivalent condition for K to be f.r.g.d. To be more precise, we
will introduce a finitely ramified of finite type (f.r.f.t. for short) cell structure of K basing on
its f.r.g.d. construction. This structure provides some convenience when we are interested in
K itself rather than the f.r.g.d. fractal family including K. We will use this new setting to
study homogeneous harmonic structures.

At the end of this introduction, let’s look at the organization of the paper. In Section 2, we
will introduce (F1) and (F2), and show that they lead to f.r.g.d. constructions. In Section
3, we will show some f.r.g.d. constructions associated with the examples in Figure [3| and
will provide details on computing the harmonic structures. In Section 4, we will introduce
the concept of f.r.f.t. cell structures. In Section 5, we will deal with homogeneous harmonic
structures.

2. (F1), (F2) AND F.R.G.D. CONSTRUCTIONS

We consider a connected self-similar set & in R", which is the attractor of an i.f.s. {F;}Y,,
ie.

N
K =|JFK.
i=1
We denote ¢; the similarity ratio of F;, 1 <i < N, and ¢, = min{cy, ca, -+ ,cn}.

For n > 1, denote W,, = {1,2,--- , N}" the set of words of length n. Together with W, =
{0}, we write Wy = U,,50 Wa. For w = wiws - --w, € Wy, write F, = Fyy, 0 Fyy, 0---0 Fyy,
and ¢y, = Cy, Cuy * * * Cw,, for short, with the convention that cy = 1.

2.1. The conditions (F1) and (F2). First, the finite neighboring type condition is defined
as follows.

(F1). There are only finitely many similitudes h = F;'F, with w,u € W, and Fy KNF, K #
0, and with similarity ratio c, € (cx,1/cy).
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This condition, formulated in algebraic terms, was introduced in [7] by Bandt and Rao to
describe algorithms to verify the open set condition. It is also related with the finite type
concept as mentioned in the Introduction.

Next, we introduce the finite chain length condition. Before that, we first note that it
is possible that F,, = F, with w # u € W,. By removing all but the smallest words
in the lexicographical order (or any fixed order), we obtain a word set Wy C W, such that
{FuwK }wew, consists of distinct copies of K and {Fyy K }yew, = {FuwK }wew,. For0 <\ <1,
define

Wy ={w=wwy- wy € Wy : ¢y <A< CupyCug "+ Cuppy_1 }
and call it a partition with respect to A\. Note that the set W), is finite; for distinct words
w,u € Wy, Fi\y K and F, K can not contain each other; and Ac, < ¢, < A, YVw € Wj,.

Definition 2.1. (a). We call a finite collection of words in Wy
v = (wM, w® . ™)
an overlapping chain if
#(Fyen KN (| FywK)) =o00,¥1<i<n—1,
1<j<i

and F, K ¢ F, ;K for distinct 1 < i,j <n, and call n the length of ~.

(b). Moreover, for 0 < < 1, we call the chain vy a d-overlapping chain if § < cw@)c:u(lj) <
61 for any w® and w9 in 4.

(c¢). Denote L5(K) the supremum of the lengths of d-overlapping chains in K, V0 < 6 < 1.

The finite chain length condition is defined as follows.
(F2). L5(K) < oo for any 0 < < 1.

The following proposition shows that (F2) is equivalent to a seemingly weaker version.
(F2). L5(K) < 0o for some 0 < 8§ < c,.
Proposition 2.2. (F2) is equivalent to (F2).

Proof. Tt is enough to show that (F2) implies (F2). Fix a 0 < § < ¢, such that L5(K) < oc.

First, we can see that Ly (K) < L5(K) < oo for any 1 > ¢ > §. This is due to the fact
that any &’-overlapping chain is automatically a d-overlapping chain.

Next, we show Lg(K) < oo for any 0 < ¢ < §. Let v be a §'-overlapping chain with
v = (w(l),w@), e ,w(”)). We denote by A = max{c,i) : 1 <i < n}, then for each 1 <i < n,
we could choose @™ in W) such that F, oK C FgzuK. It is clear that, after deleting the
repeated ones if necessary, ({D(l), o@ ... ,@(")) forms a c,-overlapping chain, we denote it
by 7. Since 0 < ¢, 7 is also a Jd-overlapping chain, and hence the length of 74 is no more
than L£5(K). Notice that the similarity ratio of elements in v has a lower bound A¢’, and the
similarity ratio of elements in 4 has an upper bound A. Then an easy calculation shows that
the length of 7 is no more than #Ws Ls(K). From the arbitrariness of v, we have proved
that Ly (K) < oo. O

Remark. (F1) and (F2) can not imply each other, which can be illustrated by the following
two examples.
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Example 1.(Golden ratio Sierpinski gasket) Let {q; ?:1 be the three vertices of an equilateral
triangle, and {F;}3_; be the three contractive similitudes,

P o —p*(z—q) +aq,

Bz —p(x—q) +q, F3:x—pl@—q3)+gs,
with p = ‘/52*1. The golden ratio Sierpinski gasket SGY is the invariant set of the i.f.s.
{F}3_,, ie., 8G9 = U?:l F;(8GY), see Figure {4 (a). It is a slight variant of Example 5.4 in
[30].

FIGURE 4. The golden ratio Sierpinski gasket SGY (left) and an overlapping
chain (right).

Obviously, SGY satisfies (F1), see a detailed discussion in [30]. However, SGY does not
satisfy (F2). In fact, consider the collection of copies {F,SG7|w € {2,3}"}, n > 1, located
along the bottom line of SGY. By ordering the words in lexicographical order, i.e., letting
w® =22...2 w® =22...23, ... w?®") = 33...3, and removing the completely overlap-
ping ones, we can find that the collection ~,, = (w(l), w®, .. w(2n)) provides a d-overlapping
chain for any 0 < § < 1. See Figure [4| (b) for such a chain with n = 3. Since n can be arbi-
trarily large, SGY does not satisfy (F2).

Example 2.(\-gaskets with irrational moving sliders) Let A € [0,1]. Define the following
i.f.s{F}},in R?,
1 1

1 1
F03$—>§5U7 F11$—>§$+(§,0), F22$—>§.1‘—|—(

1 1 V3 1 1 A V3

F3:0— - —.—), Fy:xz— - -+ = —

e et o) e ged (g

Let K be the invariant set of this i.f.s. See Figure [5| for an illustration.

Obviously, K satisfies (F2). In fact, given any two copies F, K and F, K}, either they

intersect each other by at most one point, or one contains the other. So any overlapping
chain has length at most 1.

[SSR )

,0),

).
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el

Fy F Fy

FIGURE 5. An illustration for K.

On the other hand, K does not satisfy (F1) when A is an irrational number. In fact, write
the ternary expansion of A,

A= izi?ﬁ,
=1

with I; € {0,1,2},Vi > 1. By shifting the coefficients in this expansion, we get a sequence of
irrational numbers

o0
M=) L3 k> 1.
i=1
For the sake of uniformity, write A\g = A. It is not hard to see that for any k£ > 0, F4F§“K AN
F3Fy, Ky # 0, where [l = lily - - -1, € {0,1,2}F C W.. Moreover, a calculation yields that

_ 1 V3
(F3Fy,) o FyFy ta — o — (55 + (%, 0).
Notice that Ay # A\ when k # k' since A is irrational, and thus K does not satisfy (F1).
This example was introduced in [36](Example 3) for a different purpose. Some adjustment

is made in our setting.

2.2. Relation with f.r.g.d. constructions. Recall the concept of graph-directed con-
struction and f.r.g.d. fractals, which can be found in detail in [I7, 26]. Let G = (S, E) be a
directed-graph, where S is the set of states(call vertices in this graph states to avoid confusion)
and F is the set of edges of the graph. Note that multiple edges and loops are allowed. For
an edge e € E, denote by i(e) the initial state and f(e) the final state of e.

Definition 2.3. Let G = (S, E) be a directed-graph. Assign each e € E a similitude 1. with
similarity ratio le, and each s € S a compact connected set Js. Call G = (S, E,{¢e}ecr) a
graph-directed construction if the following conditions are satisfied,

1. Vs € S, there is at least one edge e € E, such that s = i(e);

2.Vses, Ui(e):s ¢e<]f(e) C Js;

3. For a cycle ejeq - - - ey, where cycle means f(ex) = i(exy1),Vk = 1,2,--- ;n— 1 and
flen) =i(e1), we have [Tp_; le, < 1.
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Condition 2 in Definition means that . maps from Jg) into Ji). To see why we
need Condition 3, one can consider the case S = {1}, and then condition 3 means that each
similitude . is a contraction, so by standard theory, there exists a unique self-similar set
Ky C Jj such that K7 = Ue€E¢e(Kl)-

It is well-known that there is a unique vector of compact sets I = {K}scs such that for
each s € S, K is contained in Js, and

K, = ' U wer(e)-

i(e)=s

We call them the invariant sets of the graph-directed construction G. We will always assume
that each K is connected.

We define a shift space associated with G to address points in K, s € S. A finite sequence
of edges in G, denoted by e = ejeq - - ey, is called a walk if f(ex) = i(exy1),V1 <k <n-—1.
We write |e| = n for the length of the walk. An infinite sequence of edges is called an infinite
walk, denoted by € = €1eg- -, if for any n > 1, the first n steps [€], = €162+ - €, is a walk
of length n. Denote by E, the collection of finite walks in GG, and E*° the space of infinite
walks. For convenience, let i(e) = i(e1) or i(e) = i(€1) the initial state of a walk, and let
f(e) = f(e) the final state of a walk. Then we define a projection 7 : E* — (J g Ks by

{m()} = [ Yien K f(lelm):
n=1

where we use the notation e = tbe, 01, 0+ - - 01, . Noticing that g, Ky ([, is a decreasing
sequence of subsets in Kj(), with diameter converging to 0 by Condition 3 in Definition @,
the right side of the above identity determines a unique point 7(€) in Kie)-

Analogous to p.c.f. self-similar sets, for each s € S, we introduce the set of level 1 inter-
section Oy = Ue;ﬁe’ei_l(s) Ve p(e) N e Kgery, where e € i~!(s) means i(e) = s, the critical
set Cg = U,eq ™ H(Cs), and the post-critical set Pg = J;2, 0™(Cg), where o is the shift map
on E® ie. o(ejea---) = €ae3---. For each s € S, we write V; = {m(€) : i(e) = s,e € Pg}.
We can see that

wer(e) N Ql)e’va(e’) = djevf(e) N @Zje’vf(e’)a if Z(e) = i(e/)'

In particular, if Vs is finite for each s € S, each pair of cells e K.y and e K () intersect
at finitely many points. This leads to the definition of f.r.g.d. fractals [I7].

Definition 2.4. A family K = {K}ses constructed by the graph-directed construction G =
(S, E,{tbe}eck) is called a finitely ramified graph-directed (f.r.g.d. for short) fractal family if
Vs is finite for each s € S. Fach member K; € K is called an f.r.g.d. fractal.

We will briefly recall the construction of resistance forms on f.r.g.d. fractals in Subsection
3.1. See [17] for more details.

In the rest of this section, we construct an f.r.g.d. construction for a self-similar set K
under the assumptions (F1) and (F2). The idea is to break K into a finite union of c,-
overlapping chains of finite types. We need to overcome the difficulty of showing #V; < oo
for each state. We will achieve this idea by using maximal chains.
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Definition 2.5. (1). Say a c.-overlapping chain v = (w(l),w@), oo w™) @ mazimal c,-
overlapping chain if and only if there is no another w € Wy such that vy = (w(l),w(z), e w™, w)
18 a cy-overlapping chain.

(2). Denote A = {~ : v is a mazimal c,-overlapping chain}, and write K, = Uw,67 F,K

for each v € A. In particular, Ky = K, where 6 := () € A is a trivial chain.

(3). For ~v,n € A, say v ~ n if there exists a similitude ¢~ such that Yw € v and
w' € W, with F,y K = F, K, there are uw € n and ' € W, with Fy K = F, K, satisfying that
¢y o Fyr = Fy, and a same condition holds conversely for ¢y~ = (;5;37

Clearly, ¢~ ,(Ky) = K, for v ~ 7. Obviously, “~” is an equivalent relationship on A.
Lemma 2.6. Assume (F1) and (F2). Then #(A/ ~) < co.

Proof. We enlarge A to be A’ = {~ : v is a c,-overlapping chain}, and define ~ on A’ as in
Definition (3). Write A], = {7 : 7 is a cs-overlapping chain of length n} for n > 1.

One can check that #(A},/ ~) < oo, Vn > 1. This can be done by induction hypothesis.
First, #(A}/ ~) = 1. Next, assume #(A},_,/ ~) < co. By (F1), there are at most finitely
many ways to add a new word w € Wy to a fixed v € A} _;. So each type in A}, _;/ ~ will
only lead to finitely many different types in AJ,/ ~, which implies #(A},/ ~) < co.

Lastly, by (F2), we have #(A/ ~) < #(A'/ ~) = Yre ™ # (A / ~) < . O

n=1
The following lemma shows how to get an f.r.g.d. construction of K by using maximal
cy-overlapping chains.

Lemma 2.7. Assume (F1) and (F2). For v € A, there is a finite number of mazimal
cy-overlapping chains {*yi}le with k > 1 satisfying the following properties:
k
1Ky = Uiz Ky
2. #K,, NK,, < oo fori#j;
1 @)

3. For each v; = (w; ", w;”, - wgn)), and for any v ~ v with a similitude ¢~ as defined

in Deﬁnition (3), write ~] = (w;(l), - ,w:-(n)) with F ) K = ¢y (F ) K). Then 7 is
still a mazimal c-chain and v} ~ ;. 1 l

Proof. Let ¢y = min,e,c,. Let 0 < X < ciey, and write W), = {fweWy: #K,NK, =
oo}.For any w € Wy, and w' € W, with Fy K = F,K, there exist v € v and v/, u € W,,
such that F,y K = F,K and F,y = FF,, since otherwise we can lengthen the chain v with
a new word w satisfying F, K C Fiz K. In particular, we have I}, K C K.

For each w € W, ,, there exists a unique maximal c,-overlapping chain ~,, containing w
such that v, C W) . In fact, we choose 7,, to be the largest c,-overlapping chain consisting of
words in W) , that contains w. If +,, is not maximal, then there exists a word v € Wy \ W)
such that 7, U {u} is still a c.-overlapping chain. Let’s consider two cases of ¢,:

1. ¢y < \. Then there is a word v’ € W), such that F,, K C F,K, and thus #F,KNK,, 6 =
oo. This gives that v’ € W, and thus F\y K C K,. This contradicts the definition of ~,,.

2. ¢y > A. Then we can choose a word ' € W), such that Fiy K C F, K and #F,K N
K., = oo. A same contradiction as case 1 happens.

Thus, we have proved that ~, is a maximal c.-overlapping chain. Obviously, K, =
UwEW,\WK“fw and #K,, N K,, < oo if 7, # v,. Moreover, due to (F2), by choosing A
small ehough, we can ensure the existence of at least two chains of this form.
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Conclusion 3 is easy to get by choosing X' = X - CC%/, and repeating the same operation on

K. as we did on K, noticing the one to one correspondence between W), and W),/ by
the discussion in the first paragraph. O

As a consequence of Lemma we are able to define an f.r.g.d. construction of K with
state set S := A/ ~. For each s € S, we choose a representative maximal c,-overlapping
chain v, in s, and denote Ky = K,,. In particular, for the equivalent class of 6 = (0)), we
denoted it by ¥, and always choose vy = 0 and Ky = K.

For each s € S, by Lemma we can find finitely many maximal c,-overlapping chains

77;(5)’ 1 <i < ng, such that Ky = |}, KV(S) and #KV@ N KV(S) < oo for any i # j. For each
i i J

’yz-(s), denote its equivalent class by s;, and define an edge e such that i(e) = s and f(e) = s;.
In addition, for this edge e, we assign a similitude . by

¢e = gb,ysl_,,yi(S)-
Let E be the collection of edges defined above. We then get a graph-directed construction
(S, E,{te}eck). It remains to show that it is finitely ramified.

Theorem 2.8. FEach self-similar set K satisfying (F1) and (F2) is a f.r.g.d. fractal.

Proof. Let (S, E,{t¢}ecr) be defined as above. For s € S, let V5 be the same as introduced
above Definition We only need to prove that #Vs; < oo, Vs € S.

In fact, for each x € Vi, we can find a v in s and a walk e so that K, = 9K and
Yexr € Ky N K\ K,. In addition, assume z € F,, K where w € 75, and let v € 7 so that
F,K = y.F,K. By Deﬁnition(3), we can find v' € W, with Fy = ¢ F,, and Fy K = F, K.

Let A = ¢, minyey ¢,. Then we can find u € W) \ W,y so that vex € F,, K N F, K. Since
v is maximal, we have #F, K N F, K < co. In other words, if we define h = F;,lFu, then
Yex € FyhK N Fy K, which shows that x € F,, hK N F, K.

The above discussions shows that for each z € Vi, we can find a word w € ~,, a similitude h
of the form F, ' F, with c;'c, € (¢3,1) such that z € F,hKNF,K and #F,hKNF,K < co.
By (F1), we know that there are only finitely many different choices of h, so Vj is a finite
set. O

3. EXAMPLES

In this section, we will introduce some examples of self-similar sets which are not p.c.f.
but satisfying (F1) and (F2). We will provide f.r.g.d. constructions and construct resistance
forms for these examples.

3.1. Harmonic structures on f.r.g.d. fractals. First, let’s briefly recall the harmonic
structures on f.r.g.d. fractal families(Definition introduced by Hambly and Nyberg[17].
The idea is based on Kigami’s compatible sequence of resistance networks[20)], 21].

Let V be a finite set. A symmetric linear operator(matrix) H : (V) — (V) is called a
(discrete) Laplacian on V if H is non-positive definite, Hu = 0 if and only if w is a constant
on V, and Hyy, > 0 for all z # y € V. The pair (V, H) is called a (finite) resistance network.



10 SHIPING CAO AND HUA QIU

Write © ~ y if Hyy, > 0. There is a symmetric bilinear form Ex(-,-) on I(V), called the
(discrete) resistance form associated with H, written as

Er(u,v) ZCW/ (y))(v(a:) — v(y)), Yu,v € [(V),
z~y

with ¢ = Hyy called the conductance between z,y. We write Eg(u) = Eg(u,u) for short.
Now, consider an fr.g.d. construction G = (S, E, {¢e}ecr). Let K = {Ks}ses be the
associated f. r g d. fractal family. Recall that for each s € S, V; is the boundary of K. For
n >0, let vim = Ujejzn,i(e)=s VeV(e) be the level n vertices. Let D = {D,}scs where D
is a Laplacian on Vj, and let r={rc}ecr € Rf . Inductively, we define a resistance form on
VS(”) by
58(”)(% U) - Z r;lng(e)(uO¢;1’Uo¢g1)’ VU,’U € l(vs(n))v

le|=n,i(e)=s

. 0
where re = ¢, 7e, -+ Te, for e = ejea---e,. In particular SS( ) = Ep

(n)
{(Vs(n) g )}n>0 to be compatible in the following sense.

s

Write H ™) the Laplacian corresponding to &'. For s € S, we require the sequence

Definition 3.1. If (V, Hy) and (U, Hy) are two pairs of resistance networks satisfying that
VCcU and
Em, () = min{€p, (u) : w € I(U),uly =v}, Yoel(V), (3.1)

we say they are compatible and write (V, Hy) < (U, Ha).

This was introduced by Kigami in the construction of harmonic structures and resistance
forms on p.c.f. self-similar sets [I8][19]. Note that if (V, H;) < (U, Hg) then for any v € [(V),
there exists a unique function v € [(U) attaining the minimum in . Essentially using
the same idea, Hambly and Nyberg[I7] extend the concept of harmom'c structure to f.r.g.d.
fractal families in the following way.

Definition 3.2. (a). The pair (D,r), where D = {Ds}scs is a set of Laplacians on Vs and
r e Rf, is called a harmonic structure if

(Vs, Dg) < (VD HY), vses. (3.2)

S S

(b). Say (D,r) is a regular harmonic structure if re < 1 for each cycle e(e € E, with
i(e) = f(e)).
Using a standard proof, for each s € S, we see that
(Vs D) < (VD HY) < (VP HP)) < -,

which gives a compatible sequence of networks on approximation graphs of K. Furthermore,
if (D, r) is regular, then for any Borel measure ps on K, there is a limit form (&5, Fs), which
is a local regular Dirichlet form on L, (K).

Before ending this subsection, we will mention an interesting fact about cut-points in the
fractals that will simplify the calculation. Let K = {Ks}ses be an f.r.g.d. fractal family. For
s €8, we call p a cut-point of K if K\ {p} is disconnected. Note that since K is connected,
K\ {p} is a locally arcwise connected set.
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Proposition 3.3. Let G = (S, E, {tc}ecr) be an f.r.g.d. construction, and K = {Ks}scs be
the corresponding f.r.g.d. fractal family. For s € S, let p be a cut-point of K, and {py}i-,
be a finite set in K\ {p}. Write the restriction of & onto V = {p} U{pi}i, by

gs|V(u’v) = Z Ca,y (U(I) - u(y)) (U(SU) - U(y))’ Vu, v e l(V),

z#yeV

then cp, p, > 0 only if pi, p; belong to a same connected component of K\ {p}.

Proof. The proof is obvious and routine by a standard discussion of harmonic structures.
We omit it. 0O

3.2. Overlapping Vicsek set. Let {qi}le be the four vertices of a square, and g5 be the
center. The Overlapping Vicsek set(see Figure @, denoted by OV, is the invariant set of the
i.fs. {Fi}?:p

1 1 1 2
Fi:oe——-2+-q, F,:x— -x+-q;,1=2,3,4,5.

2 2 3 3
44 q3
q1 q2

FIGURE 6. The set OV.

We can easily check that both (F1) and (F2) hold for OV, and thus by Theorem oy
is an f.r.g.d. fractal. We provide an f.r.g.d. construction of OV as follows.
Let K1 = OV and Ky = Ui:1727475 F,0V, then

{Kl = Ky U F3Kq, (3.3)

Ko=FKy2UFRK UFK UF5K;.

Then {Kj, K3} can be viewed as invariant sets of an f.r.g.d. construction G = (S, E,T") with
S = {1,2} being the state set, F being the edge set consisting of 6 edges, and I' being the
collection of similitudes associated with E, see Figure[7] In an obvious way, we could rewrite

(3.3) into
K1 =1 K2 UKy, (3.4)
Koy = ¢3Ko Utpa Ky U s Ky U s K.

The sets Vi = {q1,q2,93,q4} and Vo = {q1,¢2,q, F3q1} are boundaries of K; and Ko
respectively as defined in the last section. Since g5 is a cut-point that divides both K; and
K> into pieces, and in view of Proposition it is more convenient to look at the harmonic
structures involving ¢5. Let

‘71 - {%’}?:1, ‘72 - {(I1,(Z27Q47F3Q1a%}a
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¢1
4
Ky % Ko )3
FIGURE 7. An fr.g.d. construction of OV.

and for s = 1,2, n > 0, write v = U|e| me:s%f/f(e). Given D = {D,}es and
(n) .

r = {Te¢}ecE, we can define H§ ") on Va™ in a same manner as that for the pair (D, r), which
is the restriction of (D, r) to {V,}es. The resulting resistance forms on OV are the same as
that of (D, ).

Using Proposition we start from resistance networks on {Vi, Va} as shown in Figure
To simplify the notations, we write r](gle =1/ (Di)pq the resistance between p, ¢ in the network
(f/i, Dz) Without loss of generality, we denote

1 — 1 — 1 — 1 —
Targs = b Tadgs =@ Tagas = Vs Taugs = G
and
(2) 2 — (2) _ @2 _
Ta1gs = L, Targs = %5 Thyqi,g5 — d, Taugs = €+
We write 71,79, -+ , 76 for the renormalization factors, see Figure [9}
44 q3
c b
a5
a
qr q2

FIGURE 8. The resistance network (V;, D;), i = 1,2.

By operating on resistors in series, the renormalization formulas (see (3.1]) and ( . are
equivalent to the following equations,
(0 = a,c=c,ri=1,r¢b=d,
ro(l+b)+d=0b,
3 1+d —I—T’6:1, (3.5)




RESISTANCE FORMS ON SELF-SIMILAR SETS WITH FINITE RAMIFICATION OF FINITE TYPE 13

T2 rs5
76
r T4
T3
FIGURE 9. The renormalization factors ri,7r9, -+, 7¢.
It is easy to get that
1 b—d b—d ab— ad chb —cd d (3.6)
m=1rn=— r=——, 1 =——,T5=——, 'g = —. .
PR Ty P T bged T ab+ad P ab+db T b

To make the harmonic structure regular, we only need to assume a, b,c,d > 0 and b > d. The
solution depends on 4 parameters.

At the end of this example, we point out that the f.r.g.d. construction of OV is not unique.
For example, if we insist on using the maximal c,-overlapping chains as illustrated in the proof
of Lemma [2.7] and Theorem [2.8] we can get another f.r.g.d. construction as shown in Figure
Furthermore, if we impose some good symmetry on the resulting resistance forms, we will
see that these two constructions provide the same resistance forms on OV. See discussions

in Section 5.

F1GURE 10. Another f.r.g.d. construction of OV.

3.3. Overlapping gasket. Let {qi}?zl be the vertices of an equilateral triangle, and {q4, g5 }
be the midpoints of the line segments qigz and gq1g3. The Overlapping gasket, denoted by
OG, is the invariant set of the i.f.s. {F;}2_;,
Fy:x— %:1:+ %qg, Fi:x— %er %qi,z’ =1,3,4,5,
see the left picture of Figure [T1] for OG.
Let K1 = OG and Ky = (OG \ FoOG) U {q4}, see Figure We have

Ky = F3 K U Ko,
Ko =MNKiUFKUFKUFyKo,
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FIGURE 11. The set OG (left) and Ko (right).

and thus {K7, K2} can be viewed as invariant sets of an f.r.g.d. construction G = (S, E,T)
with S = {1, 2} being the state set, E being the edge set consisting of 6 edges, and I" being
the collection of similitudes associated with E. In an obvious way, we rewrite (3.7]) into

K1 = {1 K1 UKy,
Ko = 3K7 Upa K Uips Ky U g K.

See Figure [12] for an illustration.

(3.8)

&
S
7

FIGURE 12. An fr.g.d. construction of OG.

Now, let’s compute the harmonic structures. For simplicity, take

1 — 1 — 1 — 2 _— 2 _ 2 _—
qu,qg =a, Tq17q3 - b’ Tq2,q3 =6 Tq1,q4 - d’ Tq17q3 =6 T(B#M - f’

where r;,(,le’s are the resistances in the resistance networks (V;, D;),i = 1,2, see Figure

For the renormalization factors, we set ro = 1 as 12 = id. Furthermore, to simplify the
computation, we demand that cells of same size have the same energy. To be precise, for any
two cells Ke,, Ke, with the same type and same size, we require re; = re,. We call (D,r)
a homogeneous reqular harmonic structure if the above condition is satisfied. Then it is easy
to verify that we need to require r3 = r4 = r5 = g, and we use the symbol s to denote them
hereafter.

It is convenient to use the A — Y transformation for resistance networks here, see Figure
for an illustration of the A — Y transformation. See Figure [15] for the transformations
between the first two level resistance networks.
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q1 q1

44 e

q2 qs3 q3

FIGURE 13. The resistance networks (V;, D;),i =1, 2.

Ry
Ryo Ri3 <—>
Ry
R23 RS
FIGURE 14. An illustration of the A — Y transformation, with R; =
%, {i,7,k} ={1,2,3}. All R;’s and R;;’s are resistances.

FIGURE 15. Transformations between the first two level resistance networks.

In view of Figure it is more convenient to use the Y-shaped networks for the calculation,
then solve the A-shaped networks by doing the inverse A — Y transformation. See Figure
for the Y-shaped networks with resistances a’, v, €', d’, f/ marked there.
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q1 q1

FIGURE 16. The Y-shaped resistance network of (V;, D;), i=1,2.

Put the resistances and renormalization factors into the transformations shown in Figure

15 We get
ff=1d=V,e+r +mrd=d, (3.9)

by the transformation on Vl(l), and

s(1+a’)(140) _
S A
s(14+a’)(a’+b
e + 2(1+a/10') = ela

25b’+5+%:b’

by the transformation on VQ(I), using equations in 1) Solving these equations, we get

;g 2434 1 1 o
{b—d— a9 =g tait . =1

2+a/ rl _ _2_a/+3(a/)2 (310)

§ = I3d77 4a’+4(a’)?

The solution depends on the parameter a’ and gives us the homogeneous regular harmonic
structures when a’ > 2.

3.4. Vicsek windmill. Let {g;}?_; be the vertices of a square in R?, say {(0,0), (1,0), (1,1),(0,1)}
for convenience. The Vicsek windmill, denoted by VW, is the invariant set of the i.f.s. {F;}5_;,

1 3
E(.T) =T+ —q, 1= 17273747

4 4
1 1 1 11
F5(.Z') = Z'x + (170)7F6(1.) = zw + (57 1)7
1 11 1 13
F7(x) - Zm + (17 5)7F8<$) = Z‘r + (57 Z)?

see Figure [T7] for YW.
There is an f.r.g.d. construction of VW which has three states S = {1,2,3}, with

Ki=VYW, Ky=FVWUEFVW, K;=FFVWUF F3VWUF5F,VW.

As the fr.g.d. construction of {Kj, Ky, K3} involves long equations, we omit the exact
expressions. But readers can get all the information from Figure

The set VW possesses an obvious rotational symmetry. It is reasonable to require the
harmonic structures to possess the same symmetry as well as to be homogeneous and regular.
At the first glance, to determine a homogeneous regular harmonic structure (D, r), we need
8 parameters for the renormalization factors. For 4,j € {1,2,3}, we use 7; to denote the
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FIGURE 17. The Vicsek windmill VW (up left), Ko (up right) and K3 (down).

11 12 21 23 722

31 733 732 |

| |

F1GURE 18. The f.r.g.d. construction and the renormalization factors for VW.

renormalization factor associated with the edge in E from i to j, see Figure [I§ Note that
there is no r13 since no such edge exists in F.
Noticing that the homogeneity requirement of (D, r) implies that

n
_n
H Tig—1ir = 711>
k=1
for any finite head-to-tail sequences of factors 7iyi,, 7iyi0, =+ 5 T4, _1i, With ig = 4, = 1. We

can see that ry; = 7199 = rs3 by the equations 719721711 = 712799791 and 7119793731711 =
r19793T337T31. In a similar way, we can get that risre; = 7‘%1,7'127‘237’31 = 7‘51)’1 and rogr3s =

735 = 72,. So there are only three free parameters r11,721,731. Furthermore, if (D,r) is a
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homogeneous regular harmonic structure with r = {r;;} as above, then by letting D] = Dy,
Dy = T1UDy, Dy = D3, and r’ the vector of constant 711, it is easy to check that (D', r’)
is also a homogeneous regular harmonic structure, which yields the same resistance form

induced by (D, r).

Basing on the above discussion, we only need to consider the homogeneous regular harmonic
structures (D, r) with r being a constant vector. To simplify the notations, we denote the
common factor by 7.

On the other hand, unlike the previous examples, it is easy to observe that for each
cell, its boundary is not fully involved when intersecting with other cells. Thus, regarding
the rotational symmetry, we only need to consider certain restricted resistance networks of
(Vi, D;)’s. Firstly, we choose a Y-shaped restricted network on {q2,¢s,q4} of (V1,D1), and
denote the resistances to be a,b, ¢, see Figure|[l9|(a). In addition, the restricted network on
{q1,92,q4} is given by symmetry, see Figure ) By simple series connection, the effective
resistance between g2 and g4 is always a + c¢. Secondly, for (Va, Dy), we restrict the network
onto {q1, F5q3}, two of the diagonal vertices in V5, and set the resistance between them to be
d, see Figure (c). Lastly, for (V3, D3), we restrict the network onto {F} Fgq1, F5Fiqa} or
{F1 F3qu, F5F4qs3}, two of the four vertices in V3 lying on a long side, and denote the resistance
by e, which are same by the rotational symmetry, see Flgure (d)

R

F5q3
d F1Fyqq € F5Fyq2

q1

(¢) (d)

FIGURE 19. The three types of restricted resistance networks in (V;, D;)’s

Now we come to the calculations.

First, look at the level-1 resistance network corresponding to (V;, D;), generated by the
above level-0 restricted networks, see Figure By comparing the effective resistances be-
tween ¢;, ¢; with that of (Vi, Dy) for distinct (7,5)’s, using series connection, we have

r(2a+b+c+d)=a+Db,
r(da +4c) = a+c,
r(2a+b+3c+d)=b+c.
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Solving the equations, we get

1
=7 c=2a, d=23b. (3.11)
44 43
q1 a2

FIGURE 20. The Level-1 resistance network corresponding to (Vi, Dy).

Next, we look at the level-1 resistance network corresponding to (Va2, D3), shown in Figure
We just need to compare the effective resistance between q; and F5qs with that of (Va, Da).
Using series and parallel connection of resistors, we get

1
d=r(2b+2d+ §(a+b+20+e)).

Substituting (3.11]) into the above equation, we get
e ="Tb— ba. (3.12)

Fiqs Fsq3

q1 Fsqo

FIGURE 21. The Level-1 resistance network corresponding to (Va, Da).

Finally, we look at the level-1 resistance network corresponding to (Vs, D3), shown in
Figure By using series connection operation, we simplify the network into what Figure

[23] presents.
Then by using the symmetry of the above network, we can easily calculate the effective

resistance between F) Fgq1 and F5Fyqo, which gives that
2

(a+b+2c+e) t+(a+b+e)!
Substituting (3.11)) and (3.12)) into the above equation, we get

_ BV B1B+VT) 4B 1
—_— —— 3 -_— ) 4-

:2 = —
16 c=2a, d 16 © 16

r(2a+b+c+d+

) =e.

b
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FiFgqy F5Faq3

FlFBQl> <F5F4QQ

FIGURE 22. The Level-1 resistance network corresponding to (V3, D3).

r(a+b+2c+e) r(a+b+2c+e)

r(b+d r(2a+c¢)
FsFyqo

FI1GURE 23. A simplification of the resistance network in Figure

Thus we get a unique rotational symmetric homogeneous regular harmonic structure up to
scalar constants.

4. F.R.F.T. STRUCTURES

It looks like both (F1) and (F2) are convenient to be formulated and checked for a self-
similar set K. But unfortunately they are not necessary for K to possess an f.r.g.d. con-
struction. For example, let r € (0,1) be an irrational number, let’s consider the unit segment
I = [0, 1], which can be regarded as an invariant set of the i.f.s.,

Fr:x—re, F:xz—(1-rz+r (4.1)

It is easy to see that (F1) can not hold by looking at the small copies of I around the point
x = r. But of cause there is a canonical f.r.g.d. construction of I associated with the i.f.s.,
whose state set is a singleton. In this section, we will introduce a more general setting, called
finitely ramified of finite type (f.r.f.t. for short) cell structure for a self-similar set K, which
is necessary and sufficient for K to be an f.r.g.d. fractal.

Definition 4.1. Let K be a connected self-similar set and {Ky}aca be a countable collection
of distinct compact connected subsets in K, containing no singleton, satisfying that

1. there is an index ¥ € A, called the root of A, such that K = Ky;

2. for any o € A, there is a finite set Ay C A with #A, > 2, such that K, = UﬁeAa Kp,
call a the parent of B, and [ the child of a;

3. any a € A\ {0} is an offspring of 9.

Call {Kq, Ao tacn a cell structure of K, and A its index set.

Definition 4.2. (a). For o, € A, write o ~ [ if there exists a similitude ¢ 5 such that

)

¢a,8(Ka) = Kg. Denote A/ ~ the collection of equivalent classes in A with respect to “~7.
(b). Fix the similitude ¢o.g 50 that ¢a,a = id and ¢y g0 Pary = Pa,g, Yo~ B, 5 ~ 7.
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Remark. To achieve Definition (b), we choose one « for each equivalent class and
fix a ¢op for each 8 ~ . Then we define ¢g, = d);ig, and define ¢g, = ¢o¢s,o for any
B~ a,y~ . g

Now, we introduce the following conditions for a cell structure { Ky, Aq}aca-

(A1). Assume #(A/ ~) < 0.

(A2). For a ~ o, there is a one to one correspondence between N, and Ay such that
VB € Aq, there exists a unique B’ € Ay satisfying f ~ B’ and ¢pp = Paar-

(A3). For each «, there exists a finite set V, C Ko such that Vo, € A, if Ko, K3 are
not contained in each other, then it holds that K, N Kg =V, NVg; and if in addition o ~ 3,
then ¢o Vo = Vs.

Definition 4.3. We say a cell structure { Ky, Ao Yaca is finitely ramified of finite type (f.r.f.t.
for short) if (A1), (A2) and (A3) are satisfied, and call K an f.r.f.t. self-similar set.

We can construct an fr.g.d. construction from a given fr.f.t. cell structure. We write
A/ ~={T, T2, -+, Tm}. For each a € A, write t(a) so that a € Ty(,), and call Ty, the
type of a. Choose an element oy in T for 1 < s < M (for convenience, we require K, has
the largest diameter in cells of type T, and obviously a; = ¢). Then we have

Kas = U K,B = U ¢at(ﬁ)7ﬁ(Kat(ﬁ))’ V1 S S S M. (42)
,BEAaS BEAO‘S

Thus we have a directed-graph G = (5, E) with state set S and edge set E defined by
S:{laQa"'yM}7 E:{(Sat(ﬁ)):1§8§M766A0{s}¢ (43)

and K is an fr.g.d. fractal as a member of the fr.g.d. family {K,,}2;.

Let G = (S, E,{¢c}ecr) be the associated fr.g.d. construction. There is a one to one
correspondence between A and walks in F, starting from state 1. We write e(?, ) for the
unique walk associated with o € A, then clearly ¥e = ¢q, (e

Conversely, if we have an f.r.g.d. construction (S, E, {t¢}ccp) with K = K, for some s € S,
then we can construct an f.r.f.t. cell structure {Ke, Aetecn, with A = {e € E, : i(e) = s}
and A = {ee :i(e) = f(e),e € E}.

We conclude the above discussion with the following theorem.

Theorem 4.4. A connected self-similar set possesses an f.r.f.t. cell structure if and only if
it is an f.r.g.d. fractal.

See [35] for a more general discussion on finitely ramified cell structures.

5. HOMOGENEOUS REGULAR HARMONIC STRUCTURES

Throughout this section, we assume K to be an f.r.f.t. self-similar set. Let { K, Ag}aca be
an f.r.f.t. cell structure of K and G = (5, F, {t)c }ccr) be the associated f.r.g.d. construction.
We say (D, r) a harmonic structure of {K,, Aq}aen, if it is a harmonic structure of G =
(S, E,{te}ecr). We will focus on homogeneous regular harmonic structures. As indicated in
previous examples, there may exist multiple f.r.g.d. constructions, or equivalently, multiple
f.r.f.t. cell structures of K. It is of interest to ask whether they lead to same resistance forms.
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Definition 5.1. Let (D, r) be a harmonic structure of an f.r.f.t. cell structure { Ky, Ao ach-
We say (D, r) is homogeneous if for any two cells K., Kg with the same type and same size,

Te(W,a) = Te(9,6)

In the case that the associated directed-graph G = (S, E) is strongly connected, i.e., for
any two states s, ¢ in S, there is a walk e such that i(e) = s, f(e) = ¢, we have the following
proposition. Note that the examples in Section 3 are all in this case.

Proposition 5.2. Let (D, r) be a homogeneous harmonic structure of an f.r.f.t. cell structure
{Ka,Ao}acn. Suppose the associated directed-graph G = (S, E) is strongly connected. Then
for any 1 < s < M, for any o, 8 € T, the ratio re(y q)/Tew,3) depends only on the ratio
diam(Ky)/diam(Kg), i.e., there exists a function c(-) : R — RT such that re(y o)/Te(s,p) =
c(diam(K,)/diam(Kg)).

diam(Kq) _ diam(Kg) q
diam(Kg) diam(Kz) "

G is strongly connected, we can always find a walk e such that i(e) = s and f(e) = 1.
Connecting the walks e(¥,) and e(d,3) by e, we get a walk e; = e(¥,a)ee(¥, ), and
similarly e = e(¥, B)ee(d, &). Note that both e; and e are walks from 1 to ¢. Obviously,
Ve, and e, have the same similarity ratio, which gives that

Proof. Let &, B € T, be another pair of indices such that ince

Te; = Tey)
since (D,r) is homogeneous. As a result, Te@,a) e,3) = Te(®,8)Te(,a) Thus the ratio
Te(9,a)/Te(w,3) only depends on diam(K,)/diam(Kg). O

Now for the fr.ft. self-similar set K, let S := {Kq4, Aatacr, S := {Kuo, AL, }oren be its
two distinct f.r.f.t. cell structures. We use G = (S, F) and G' = (S’, E’) to denote their
associated directed-graphs respectively.

For a cell K, ,o/ € A/, we can always find an at most countable set of indices L, C A
such that

Ko \Va = |J Ka (5.1)
a€lL
with
#K,N K,B < oo,Va,B € L. (5.2)

Definition 5.3. We say S’ can be tiled by S, and write S" 4 S, if for any o', € N with
o ~ [, there exist Lo, Lg C A satisfying equations and such that there is a one
to one correspondence po g : Loy — Lg satisfying

o~ pa’,ﬁ’(a) and ¢0¢1pa/ﬁ/(o¢) = qba’,ﬁ’, Yo € La’-

Recall the two f.r.f.t. cell structures S,S" of OV, see Figure [7| and This provides an
example that S € S’ and S’ « S.
The following theorem is the main result in this section.

Theorem 5.4. Let K be a self-similar set, with two distinct f.r.f.t. cell structures & =
{Ka,Aataen and 8" = {Ky, AL, Yoren. Suppose (D, ) is a homogeneous regular harmonic
structure of S, and (€, F) is its induced resistance form. Assume S’ 4 S and G is strongly
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connected, where G = (S, E) is the associated directed-graph of S. Then there is a homoge-
neous reqular harmonic structure (D', 7') of 8" inducing the same resistance form (€, F).

Proof. For each function u € F, we denote its associated energy measure by pg o, then for
each o« € T, with 1 < s < M,

NE,u(Koa) = T;(bﬂ)goés (u’Ka o qsas,a)‘

The energy measure pg,, has no atom by a routine discussion, see [I2] for example. So for
each o/ € A/, we have
Ng,u(Ka’) = Z ,Ufé',u(Ka)a
a€lL
where L, C A is a countable set of indices satisfying (5.1]) and (5.2)).
For each o/ € A', let F := {u|k_, : u € F}, and denote & (f) := peu(Kqy) for each
[ € For with f = ulk ,. It is easy to check that the value of £, (f) is independent of the

choice of u. By using the polarization identity, we can get a bilinear form (E,/, F,/) defined
by

[u—

ga'(fag) ::Z(Ea’(f—f—g)_ga’(f_g))a vf?.ge‘FOé,?

and (E,, Fo) turns out to be a resistance form on K,. In fact, we can easily see that
For = Flk,, and there is a constant C' such that for any f € F, it holds that C€|k_, (f) <
Eu(f) £ €|k, (f). The Markov property easily follows from the definition of £,

We have the following claims.

Claim 1. Ey(f) = Z,B’GA’, 5ﬂf(f|K5/)a Ve Fy.
By definition, there exists u € F so that f = u|x_,. Thus

E(f) = peu(Ka) = Y peaBEp)= > Ex(flx,). O

Bren’, Bren’,

Claim 2. Let For = {f € Fo : flk. # const. for at most finitely many o € Lo }. Then
Fo is dense in Fo with respect to the norm || - |7, = 5;/2() + [ e (k-

Denote by A the set of accumulation points of UaeLa/ Vo Let f € Fy and ¢ € A. For
any € > 0, there is a function f; € F, which is constant in a neighborhood of ¢, such
that [[f — f4ll7, < e In fact, from the definition of F./, there is a function u € F such

that f = u|k_,. Choose a neighborhood U, of ¢, which is a finite union of cells Kz with

B € A, such that ,ué{j(Uq) +[|lu = w(@)l| L~ ,) < 5- In a routine way, it is easy to construct
uq € Fo, such that uy = v on K\ U, and u, is constant in a smaller neighborhood of ¢, with
ué{iq(Uq) + lug — u(@)l| L ,) < 5. Then fy = u4|k, is the desired function.

Noticing that A consists of at most countably many points, we write A = {q1,q2, - }.
Using the above argument, for f € F, and ¢ > 0, we could inductively construct a Cauchy
sequence of functions {f,},>1 in For with fo = f and || f, — fa-1ll7, < €/2", such that
for n > 1, f, is constant in a neighborhood of gz, V1 < k < n. The limit function f takes
constant on a neighborhood of ¢ for each ¢ € A, and clearly is in F,/. Thus we have proved
Claim 2. O
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Claim 8. Suppose o/ € T, 1 < s < M', then f € Fu if and only if f o ¢or o € Fo,
addition, for any f € Fur,

go/(f) 19/ " (f ¢o¢ af )

diam(Ka/g) 1
(Gramr )

with c(-) being the function introduced in Proposition .
The difficulty is to show the one to one correspondence between F,, and F,,. This can

where Te(gr 1) == €

be overcome by Claim 2. In fact, it is easy to see that f — f o ¢y o is bijective from For to
]}a’s . In addition, for any f € F./, by using Proposition and the fact S’ € S, we have

M
- Z Z 74(3_(19,@)50615 (f|Ka o ¢o¢t,o¢)

t=1 a€lL , €T

Z Z _(19,(1)50“5 (f‘Ka o Qsp(a),a ° ¢at,p(a))

t=1 a€L,/,acT;

diam(Ky,) M _
= Gam(Bo)) 2 2 T gpe) St (Bt iy © Gt

197
t=1 a€L _,,a€T; e( p(@)

= Te_(g/ /) (f ° Qo 0! ),
where p : Lo — Ly, is a one to one correspondence such that ¢, p) = @’ 0, Vo € Ly
Since F, and ]}azs are dense in F, and F, respectively by Claim 2, we get Claim 3. [l

For 1 < s < M, let D, be the Laplacian induced by the trace of £y on V... Then,
in view of Claim 1 and Claim 3, ({Dqy, }22 '|,7') is a homogenous regular harmonic structure

of the fr.fit. cell structure &' = {Ku, Al Jarenr With regr oy = (%) for any

o eT/1<s< M. O

Remark. In the case that S’ & S, the conclusion of Theorem may fail to hold. Recall
the example we have mentioned at the beginning of Section 4. For r € (0, 1), let S, be the
canonical fr.f.t. cell structure of the unit segment I = [0,1] associated with the i.f.s.(4.1).
Suppose r is not an algebraic number, then any harmonic structure of S, is homogeneous,
but there is only one of them inducing the same resistance form as that of the homogeneous
regular harmonic structure of Sy /.
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