SOBOLEV SPACES ON P.C.F. SELF-SIMILAR SETS: BOUNDARY
BEHAVIOR AND INTERPOLATION THEOREMS
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ABSTRACT. We study the Sobolev spaces H?(K) and H§(K) on p.c.f. self-similar sets.
First, for ¢ € R", we make an exact description of the tangents of functions in H°(K)
at the boundary, and introduce a countable set of critical orders that arises naturally in
the boundary behavior of functions. These critical orders are just % + Z+ in the Euclidean
case, but become complicated on fractals. Second, we characterize HS (K) as the space of
functions in H? (K) with tangents of appropriate order, that depend on o and critical orders,
being 0. Last, we extend H°(K) to o € R, and obtain various interpolation theorems with
o € RT or 0 € R. The interpolation space presents a critical phenomenon when the resulted
order oy is critical. Moreover, for the interpolation couple (H{ (K), Hf '(K)), more than the
classical theorem, our interpolation theorem fully covers the teratological case that {o,o’}
contains at least one critical order.
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1. INTRODUCTION

The boundary behavior of functions, as an important topic in analysis on fractals, has
been studied for years since the construction of the Laplacians on fractals. See [I18], [19] for
Kigami’s construction of the Laplacians on p.c.f. self-similar sets, see [3, [ [, 14}, 23| 24] for
the probabilistic approach, and see books [20, [36] for further developments. Many important
results are obtained, including tangents and gradients [21], 22} 29, [33], 34} 38, 10} @, 12} [37].
See also [32] 33],37] for related topics on the smooth bump functions, distributions and splines
on fractals.

In this paper, we will take a further step to study the boundary behavior of functions in
Sobolev spaces on p.c.f. self-similar sets, which are analogs of H?(Q2),0 € R, in the R" case.
This is a continuation of our previous work [I1].

Recall that for a domain 2 in R” with smooth boundary, for o € Z, H?(2) is the space of
function f’s on € such that f and its derivatives (in the sense of distributions) up to order o
are in L%(Q), and the definition of H°(£2) can be generalized to all real o via complex interpo-
lation or other numerous equivalent methods. There are rich fundamental results concerning
the boundary behavior of functions in H?(2), including the trace theorems, interpolation
theorems, which provide powerful tools in the study of non-homogeneous boundary value
problems and further topics on 2. Among them, the characterization of HJ(2), o > 0,

N

HY(Q) = {f € H7(9): 51 =

0, V0§j<a—%}, (1.1)
which was first discovered in [26] 27, 28] by J.L. Lions and E. Magenes, plays a central and
delicate role. See monograph [25] for a systematic development and various applications.

We will reproduce the characterization of HJ () in the fractal setting, and stem from
which, we aim to provide a throughout study on the interpolation of H?(2) on fractals. Due
to the complicity of the fractal feature, we need to take a quite different approach.

In the classical setting, for o ¢ % + Z, HJ(R") consisting of Sobolev functions supported
in R, can be embedded into H?(R™) as a subspace, by extending functions by 0 outside
R”. What’s more, there exists a retraction mapping 7' : H?(R") — H{ (R’ ). The proof of
and the interpolation result of H?(2) essentially rely on this extension, and the local
coordinate representation of H?({2) along the boundary. The values in % + Z4 are called
critical orders, since H§ (£2) will present some critical phenomena when o is such a value.

However, on the p.c.f. self-similar sets, there are “derivatives” other than Laplacians
and normal derivatives at the boundary, Although these new derivatives do not matter in the
matching conditions when extending a function to a larger fractal domain, they indeed reflect
the boundary behavior of functions [34]. As a consequence, for a p.c.f. fractal domain Q with
boundary, HJ () is usually smaller than the space of functions in H "(Q) with support in 2,
where  is a larger fractal domain, and the retraction mapping does not exist. In addition,
the occurrence of the new derivatives will create more “critical orders” in the fractal setting.

Instead of extending functions by 0 outside the fractal, we will extract the information of
the boundary behavior with a more straightforward method, by splitting the functions. See
Lemma[4.4] Theorem [4.7)and the remark after Definition[5.5] This method features our work,
and shows natural insight into the Sobolev spaces. Here we summary the decomposition of
spaces by splitting, but leave the explanation of notations in later context.
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Theorem 1. Let K be a p.c.f. self-similar set with boundary Voy. Let k > 1 be an integer,
and 0 < o < 2k. We have

H (K \ Vo) = kety Toty , @ (Puer Rity (P (Hio1, A r3/2ulg~D/2))),

HY (K \ Vo) = kery Tog,_, ® (Buwer Rty (P(Hi1; 78 0T V%),
HgO(K \ VO) = ker, THkA D (@wG’P RHk—l,W (lg(Hk—l? 7"3/2M£f_1)/2)))-

A surprising consequence of the above decomposition result is that it provides privilege
when considering the interpolation couple (Hg'(K \ Vo), Hy?(K \ Vo)) for at least one of
01,09 being a critical order, while in the R" case, Lions and Magenes’s method will meet
teratological difficulty, see [25] (Chapter 1, Section 18). For example, when K is chosen to
be the unit interval I = [0, 1], we will have no difficulty to generalize the interpolation result
for [H°1(0,1), H?2(0,1)]p when o1 or o2 is in § + Z.

Now we briefly introduce our main results. Let K be a p.c.f. self-similar set which possesses
a local regular Dirichlet form in the sense of Kigami. Let Vj be its boundary consisting of
finitely many points. For o € R, by a slight abuse of notation, we write H?(K) for the
Sobolev space on the domain K \ Vj. A systematical introduction of Sobolev spaces can be
found in [35] on fractals by R.S. Strichartz and in [15] on more general metric measure spaces
by A. Grigor’yan. See also [11I 16, 17] for some equivalent Besov type characterizations of
H?(K), and [7, 8, 1T}, 13}, [30] for related results on Besov spaces and interpolation properties.
Our work deals with the boundaries of fractal domains, and interested readers can find some
works on Euclidean domains with fractal boundaries [I BI]. In this paper, we focus on the
following three aspects.

Firstly, we study tangents at boundary points for functions in H°(K) with ¢ € R*.
In history, various different approaches are developed towards gradients and tangents for
functions on K. Typical ideas include defining the gradients by the energy measures [21], 22]
and defining the tangents as the multiharmonic functions that match the local behavior of
functions f at a generic point [38] or a vertex [34], 33] in K. We will introduce a simpler but
more efficient description based on the latter idea, and give a thorough study of tangents at
points in Vp for functions in H?(K). See Definition Theorem and Theorem

Secondly, we study the Sobolev space HJ (K) with o € R, which is defined as the closure of
all compactly supported smooth functions with respect to the norm of H?(K). In particular,
analogously to , we will show that(Theorem ,

Theorem 2. Foro >0, H{(K) = {f € H'(K) : TU(JU)(f) =0,Yw € 71 (Vo) }. In particular,
HY(K)=H(K) if o < %.

Here 7 is the canonical coding map associated with K, Ta(,a)( f)(Definition and
stands for the tangent of f at w(w) with order that, roughly speaking, works best for H?(K),
and dg is the spectral dimension of K. Readers are suggested to compare this result with the
authors’ previous work on the characterization of Hf,(K) and H{ (K) in [II]. As we have
mentioned, the proof of Theorem [2] essentially relies on the splitting method in Theorem
and is very different from Lions and Magenes’s method for classical domains in [25]. We will
use the smooth bump functions developed by L.G. Rogers, R.S. Strichartz and A. Teplyaev
in [32] as an important tool.
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Lastly, we study the interpolation theorems concerning H°(K) and HJ(K). First, using
the results obtained in the previous parts, we are ready to deal with the case 0 € RT(Theorem

FAF.5 and 7).

Theorem 3.
[H(K),H" (K)]yg = H1=97197 () Vo >0’ >0,0 €[0,1],

[HS(K), H (K))g = HS 7 (K), Yo > o' > 0,0 € (0,1),
where Hfy(K) C HJ(K) are analogs of the Lions-Magenes spaces. In particular,

[HE(K), Hgy (K)o = HS D7 (K), Yo >0’ > 0,0 € 0,1],

and H§y(K) = HJ(K) except a countable set of critical orders of o that arises naturally in
Theorem dealing with tangents of functions in H°(K).

In particular, for Hy type Sobolev spaces, this theorem covers the teratological case that
o or ¢’ is a critical order.

Moreover, we then introduce the space H?(K) with o0 < 0 as the dual of H;?(K), and
extend the story of interpolation theorem to o € R. The difficulty in this part lies in the fact
that the domain of Laplacian is not generally closed under multiplication [6], and we develop
a projection technique that preserves regularity instead. It holds that(Theorem ,

Theorem 4. For —co < o' <o <ooand 0<6 <1,

H(K), if og = (1—0)o+ 0’ >0,

[HU(K)vHU (K)]9 = {(HO_OUS(K))/’ if op = (1 —9)0—1—90” < 0.

In particular, [H? (K), H (K)|g = H?(K) except og is in the countable set of critical orders.

We briefly introduce the structure of our writing. In Section 2, we provide backgrounds
and definitions that will be used later. T'wo conditions, (C1) and (C2), will be introduced for
convenience. In Section 3, we study the tangents (and pre-tangents) at the boundary points
for functions in H?(K) with o € R*. In Section 4, we characterize HJ(K) in terms of the
boundary behavior of functions in H?(K). In Section 5, we develop interpolation theorems
for Sobolev spaces H?(K), HJ(K) and HJ,(K) with 0 € RT. In Section 6, we extend the
interpolation theorem of H? (K') to o € R. In Section 7, we present some examples, along with
some equivalent narrations of our results. In the Appendix, we present a useful decomposition
lemma on certain weighted sequence spaces of functions with mixed norms, which plays a
key role throughout the paper, then provide a brief discussion on how to prove the previous
main theorems without assuming (C1).

2. PRELIMINARIES

We introduce some backgrounds in this section, including the Dirichlet forms and Sobolev
spaces on p.c.f. self-similar sets.

Let {F;}Y, be a finite collection of contractions on a complete metric space (M, d). The
self-similar set associated with the iterated function system (i.f.s.) {F;}¥, is the unique
compact set K C M satisfying K = Ul]\il F;K. For m > 1, we define W,,, = {1,--- | N} the
collection of words of length m, and for each w = wyws - - - w,,, € Wy, denote

Fy=Fy oFy,0---0F,,.
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For uniformity, we set Wy = {0}, with Fj being the identity map. For convenience, let
Wi = Up_o Wi be the collection of all finite words.

Let ¥ = {1,2,--- , N} be the shift space endowed with the natural product topology.
There is a continuous surjection 7 : ¥ — K defined by

= [ Fu. K,

m>1

where for w = wjws - -+ in ¥ we write [w]y, = wiws -+ - Wiy, € Wy, for each m > 1. Let

Cx=|JREENFK, C=r'Ck), P=|]o"C
i#] m>1
where o is the shift map define as o(wjwy--+) = waws---. P is called the post critical set.
Call K a p.c.f. self-similar set if #P < oco. In what follows, we always assume that K is a
connected p.c.f. self-similar set. Let Vo = 7(P) and call it the boundary of K. For m > 1,
we always have F\, K N F,y K C F,Vy N F,Vy for any w # w' € W,,.
We recall the fact that each w € P takes the form w = 7w, with 7,w € W,. For uniformity,
we will use the same representation w = 7w for each w € W,. In particular, we set 7 = ) if
w € P is periodic.

2.1. Dirichlet forms on p.c.f. self-similar sets. Let’s briefly recall the construction of
Dirichlet forms on p.c.f. self-similar sets. Readers are suggested to refer to books [20] and
[36] for any unexplained details and notations.

For m > 1, denote Vi, = U,epw,, FwVo and let I(V,,) = {f : f maps V},, into R}. Write

Vi= Umzo Vin
Let H = (Hpq)pqev, be a symmetric linear operator (matrix) on [(Vp). H is called a
(discrete) Laplacian on Vj if H is non-positive definite; Hu = 0 if and only if u is constant
on Vy; and Hj, > 0 for any p # g € Vy. Given a Laplacian H on Vj and a vector r = {ri}ﬁ\;l
with 7; > 0, 1 < i < N, define the (discrete) Dirichlet form on Vy by
EO(fJ g) = _(f7 Hg)7

for f,g € I(Vh), and inductively on V;,, by

Zr (foF;,goF;),m>1,

for f,g € l(Viy). Write &,(f) = m(f, f) for short.
Say (H,r) is a harmonic structure if for any f € [(Vp),

Eo(f) = min{&1(g) : g € 1(V1),9lv, = [}-

In addition, call (H,r) a regular harmonic structure, if 0 < r; < 1,V1 < i < N. In this paper,
we will always assume that there exists a regular harmonic structure associated with K.

Now for each f € C(K), the sequence {&,,(f)}m>0 is nondecreasing, so the following
definitions make sense. Let dom& = {f € C(K) : W}gnoo Em(f) < oo}, and

E(f,g9) = li_r>n Em(f,g) for f,g € domé.

We write £(f) := E(f, f) for short, and call £(f) the energy of f. It is known that (€, dom&)
turns out to be a local reqular Dirichlet form on L?(K, ) for any Radon measure p on K.
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An important feature of the form (€, dom&) is the following self-similar identity,

N
E(f,9)=> r;'E&(foFi,goFy), VfgedomE. (2.1)
i=1
Denote 7y = 1y, Ty *  * Tw,, for each w € Wy, m > 0. Then for m > 1, we have

En(fr9)= > ra'€(foFugoFy), E(f,9)= Y 15'E(f 0 Fu, g0 Fy).

wWEWm, weWn,

Lastly, we need to mention that there is a natural metric on K related with the energy
form (€, dom&), called the effective resistance metric, which is defined as

R(z,y) = (min{&(f) : f € dom& and f(z) =1, f(y = 0)})_1,V:E #yeK.

2.2. The Laplacians and Sobolev spaces. Now we come to the basic concepts of the
Laplacians and Sobolev spaces on K. Readers may find detailed backgrounds and further
discussions in various contexts, for example [11], 20}, 35, [36].

We always choose i to be a self-similar measure on K in this paper. To be more precise,
we fix a weight vector {;} |, and let u be the unique probability measure supported on K
such that

N
p(A) = pp(FA), VACK.
=1

One can easily check that p(FiyyK) = py := flw, - * fw,, » for each w € Wp,.
For f € dom&, say A, f = u if

E(f,e) = —/Kwpdu

holds for any ¢ € domo&, with domo€ = {p € dom& : ¢|y, = 0}.
Write A, = A and L?(K, ) = L?(K) for short.

Definition 2.1. For k € Z., define the Sobolev space H*(K) as
H*(K)={f e L*(K): AV f € L*(K) for all0 < j <k}
with the norm || f|| garxy of f given by

k
1120y = SN £y = 1By + IAS £l 22
i=0

For0< 0 <1, keZy, define H2k+29(K) to be the complex interpolation space
HQ(k+9) (K) — [H2k(K), H2k+2(K)]9.

Analogously, by additionally requiring that each AJ f satisfies the Dirichlet boundary con-
dition for j < k in the above definition when k € Z, , we get a subspace, denoted by H%k (K),
of H?*(K). The definition can be extended to any ¢ > 0 by using Bessel type potentials. For
o >0, we have H}(K) = (id — Ap)~/2L*(K), with norm [|(id — Ap)?/? || 12(xc), where Ap
is the Dirichlet Laplacian. In particular, for k € Z; and f € H&(K), we have

| f1] fr2e ey =< HfHH%’“(K) = HAkaLQ(K)'
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Similarly, we can define Hg (K) = (id — Ay)~/2L?(K) with Ay being the Neumann Lapla-
cian. See [35] by Strichartz for more details.

Before the end of this section, we mention two conditions that we will assume throughout

the main part of this paper (Section 3 to Section 6).
(C1): For any p € Vy, we assume #7~1(p) = 1.
(C2): There exists dg > 0 such that p; = er, V1<i<N.

The condition (C1) is a geometric condition, which is naturally satisfied for nested fractals,
see [20, 24]. When (C1) holds, we only have one outward “direction” for each boundary
vertex, so we can avoid the tedious treatments of the “matching condition” on the boundary.
However, all the main theorems in this paper, including Theorem
and are valid even if (C1) is not satisfied, as long as we assume (C2). See Appendix
or a further discussion on (C1).

The condition (C2) means that the self-similar measure p is dg-regular with respect to
the effective resistance metric R. With (C2) assumed, we have some clear descriptions of
Sobolev spaces of lower orders o, see [I1], 17]. In particular, most theorems in this paper will
fail for lower o without (C2).

Throughout the paper, we always write f < g if f < Cg for some constant C > 0, and
write f < g if both f < g and g S f. In addition, we write X = ®}_, X}, for Banach spaces
X and X, 1 <k <n,if
1. Xp Cc X and ||-||x, < |x, for each 1 <k < n;

2. for each = € X, there is a unique representation x =Y ,_; xy, with 2 € X3, 1 < k <n.

3. BOUNDARY BEHAVIORS OF H7(K)

In this section, we study the boundary behavior of functions in Sobolev spaces H? (K),
o > 0. We focus on the tangents of functions at the boundary Vj, and introduce the concept
of pre-tangents, which will serve as an important tool in further development throughout
Section 4-6, including the characterization theorem of HJ(K), and interpolation theorems of
various Sobolev spaces. We assume the condition (C2) in this section.

3.1. Tangents and pre-tangents. For a function f on R, we have the Taylor series expan-
sion

(@) = f(wo) + f'(x)(x — o) + %fﬂ(wo)(x Cao) e

The polynomial f(zo) + f'(z)(x — 20) + 3£ (z0)(x — 20)? + - -+ + 4 ™ (20)(x — 20)™ which
serves as a tangent of f at xq, reflects the local behavior of f, and includes all its information
of derivatives with orders no more than n at xg. Analogously, it is natural to define tangents
of functions on K at a point as elements of multiharmonic functions (Definition [3.1). We
will focus on boundary vertices in this paper, and our definition of tangents (Definition
is modified from that of Rogers and Strichartz [33, B4]. Readers can also find theorems on
tangents at generic points in [38].

Definition 3.1. For k >0, let Hy, = {f € H**2(K) : A¥1f =0} be the space of (k+ 1)-
multiharmonic functions on K. Let He = UZOZO Hi. .

We consider a sequence of cells that shrink to a boundary vertex, and order multiharmonic
functions according to the convergence rate, analogous to (x — z()™ in the classical cases.
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Definition 3.2. Fiz w € W,.

(a). Define Ay by Ay f(x) = f(EFyx) for any function f on K.

(b). Let {\w}2, be the set of nonzero eigenvalues of Ay : He — He, which is ordered
in decreasing order of absolute values, i.e. 1 = |Xow| > [Aw| = [Aow| > -+, Let B, =
UnZ  ker(Ay — Niw)™ C He be the generalized eigenspace of Ay, corresponding to A .

(c¢). Define El,w = @é;OEi,w and El,w = @é;l/EM,, where

l/ = min{i Z 0: ’/\i,w‘ = ‘)‘lﬂu }, l” = max{z' Z 0: |Ai7w‘ = ‘)\l,w’}-

Remark. (a). It is well known that lim;_,o |A; | = 0, and Ej,, is of finite dimension for
each [. In addition, we have Ao, = 1 and Eg,, = EAo,w = onw = constants.

(). Tf |Aiyw] = My, then By, o, = Ejy 4 and By, o, = Ej, 4. In other words, the definition
of El,w and El,w only depends on the absolute value of A; .

Now, we define the tangent of a function f at a boundary vertex p € V}.

Definition 3.3. Let f € C(K), w = 1w € P with w =ww---, and | > 0. A multiharmonic
function h € Ey,, is called a l-tangent of f at w(w) if

|A-f — h||L°°(F3K) = 0()‘211))’
and we denote Ty, f := h. In particular, || f —TjufllLornr) = O(Afw) if T=10.

Intuitively, each w € P represents a boundary point p € Vj and a “direction” that ap-
proaches p. We can view the collection of tangents 7; ,,w € 7~1(p) as the “tangent” at the
boundary point p € Vj.

On the other hand, for further development in Section 4-6, we need more delicate descrip-
tions of the boundary behavior of f. For this purpose, we record some important information
in a sequence of multiharmonic functions that reflects the “average” of f on each cell.

Notation. Let X be a closed subspace of L*(K), and w € W,.
(a). Define Ay x = Ay o Px, where Px is the orthogonal projection from L*(K) onto X.
(b). Define Au(f) = (AL fhuzo for cach f € L2(K).
(c). With little abuse of notations, we write Px Ay (f) = {Px AL f}n>0-

Definition 3.4. Fiz | > 0 such that for any distinct w = 7w and W' = 70" in P, we
have F,F. K N FT/FZU,K =0. Let k € ZT, w = 7 € P, f be a function on K. Define
Tt v wf = Pr,_ Aw(ALALF). Call Ty, of the k-pre-tangent of f at w(w).

Remark. In Definition the requirement F,FLK N FT/leU,K = () ensures that the pre-
tangents of different vertices will not interfere each other. This will provide some convenience
in Section 4 and 5.

Before ending this subsection of definitions, we would like to introduce some sequence
spaces which will frequently occur.

Definition 3.5. Let X be a Banach space, with norm || - ||x, and A: X — X be a compact
operator. Denote o(A, X) the spectrum of A: X — X.
(a). For o> 0, define

P(X5a) = {s = {sa}nlo : {a " [sullx}no € P},

with norm ||s]|2(x,a) = Ha‘"HanXHlQ.
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(b). For a >0, define
lQ(X, Asa) = {s ={sn}oro: {Sn+1 — Asn}rry € ZQ(X;a)},

with norm |||li2(x A.0) = Snt+1 — Asnlliz(x0) + (IS0l x-
(c). For each s € X, define Sa(s) = {A"s}72, with norm ||Sa()lls,x) =1 lIx-

In applications, we usually take X to be certain subspaces of L?(K), and A to be A, or
Ay x.

We have a lemma (Lemma connecting the above three classes of sequence spaces,
which will be used frequently in this paper. We take the same setting as in Definition
Let {\;};>0 be the nonzero eigenvalues of A, which is ordered in decreasing order of absolute
values. Let Ej be the corresponding generalized eigenspaces. In addition, denote E, = @%LOEi
and E; = QY By, where I = min{i > 0: |\| = [ N[}, 17 = max{i > 0: [\;| = | A}

Lemma 3.6. Let 12(X; ) be the closure of I*(X;a) in I2(X, A;a). ThenI2(X;a) = 1*(X; )
if and only if o ¢ {|\i|}i>0. In addition,

(a). For a > |Xo| or o(A, X) = {0}, we have I*(X, A;a) = 12(X; ).

(b). For |[A\y1] < a < |N| or a < |N| =min{|\g| : A € 0(A4, X)}, we have

(X, A;0) = SA(E) ® 2(X; ).

Remark. We arrange the proof of this lemma in Appendix [A]l In the rest of this paper,
without further clarification, we will always take [2(X;a) to be the closure of I*(X;a) in
I2(X, A;a) as in the lemma.

3.2. Construction of tangents. In this subsection, we construct the tangents for functions
f € H?(K) at points in V. We treat the higher order case (0 > 2) and the lower order case
(o < 2) separately. For simplicity, we will fix an w = w € P.

Higher order case. We start by studying functions in H?*(K), k > 1.

Lemma 3.7. Let k > 1. There exists g, € C(K x K) such that

Auf(2) — Away, f(2) = /K Guni (2, 1) (— ) £ () dpy)

for any f € H**(K).

Proof. Tt is easy to see that (Aw — Aw i, )|#,_, = 0. So it suffices to prove the lemma
for f = G*F(—A)*f, where G is the Green’s operator. We only need to take

uwk(2,y) = /K“(Aw — Awpy )Gy (2)G (Y1, 92) - Glyr—1,y)dplyr) - - dps(ye—1),
where Gy(z) = G(x,y) is the Green’s function. O

Lemma 3.8. Let f € L*(K) and g € L*°(K). Define s = {,ug/2 S A f(@)g(z)dp(x)}o2),
then we have

Islliz S N2y 9l oo (k)
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Proof. Let Z = K \ Fyy K. Then || f|| 25y = H||Mn/2AanL2(Z)Hl2 by scaling, and
| f@at@nto)| = | Z i [ AT S ATg()du(z)
m=0
< o | A Fll 22y 191l oo (k) -

So using Minkowski inequality, we get

Islliz < llgllzoe o) Z w2 LA fll 2 2

< gl zoe () Z 120 1l ey

Since p,, < 1, we get the lemma. O
Using Lemma [3.7] and [3.8 we get the following key observation.

Proposition 3.9. A, € E(H"(K),l2(L°°(K) A, 1,7“5,/2u1(g_1)/2)) foro>2 and k >
[0/2].

Proof. First, we consider the H?*(K),k > 1 case. We have the estimate
IAWTf = Aw g A flleo (i / gk (- 9) o0 0y (=) (AL F) () dpaly) |

' Im/ 192,55 )L oo (1) AT (= A)F F) () dpa(y)]

by using Lemma [3.7| and scaling. Since |A*f|l 720y < IIf |25y, by using Lemma (3.8, we
(K) H?F(K)

have proved the assertion for the H?*(K) case.
For general case, we need to use the complex interpolation. For any k' > k, we see that

PL(K), Aw sty ys ity %) = P (Hror, Ay iy /%) + (LK) rgp 2
= 12 (i1, Awty s ol ™V2) + (L (K )5l 12)
= (LK), Auguy ol V2),

where the first and last equalities are easy consequences of Lemma using the fact that
E}w C Hy—1 for the largest [ with |A; | > rfjjuﬁ 12

The proposition then follows from the fact that
1P(X, As0), (X, A; By = 1(X, A0l p%),
and [H?*(K), H**2(K)]p = H**+2(K) with 6 € [0,1]. O

Using Lemma we get the existence of tangents for functions in H?(K) with higher
orders.

Lower order case. For this case, we need condition (C2), which guarantees that H?(K) C

L>*(K) as long as o > %S, where dg = 12+d§’H is the spectral dimension of K. When K is the
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unit interval, we have %S = %, which is indeed the critical order in the Euclidean case (See
125]).

For 0 <t <1, define

Aty ={ue Wy :iry <t <ry},

where for ©v = wjug - Uy, v = uiug - Um,m—1. In particular, set r = minij\i1 r;, and let
Ay = A(r™) for m > 0. For any u € W,, define the average of f on F,K by Avg,(f) =
it fFuK fdp. In particular, Avgy(f) = [, fdu.

For m > 1, define the space of m-Haar functions

jm = {]Em = Z culFuK Py € RaAvgu’(fm) = O,Vu/ € Am—l}’
’U,GAm

where 1 is the characteristic function of a set E. Let Jgy be the space of constant functions.
Let

Lo(K) = {f € LX(K) : {P;, f172g € P(LP(K); r7UHm/2)
with norm |- [z ) = I{Ps, - InZolli2(r2(rc)pe1+am)/2)- The following result comes from The-
orem 3.9 and 4.11 in [I1].

Proposition 3.10. For & < o < 1, we have H?(K) = T'y(K) N C(K), with £l 7o () =<
117

Using Proposition we get the following estimate.

Lemma 3.11. For each f € H”(K) with dTS <o <1, let fu=30_, P f. Then, we have
{fn}n>o0 € lz(LOO(K);TU/QT(U—I)dH/Q)'

Proof. Noticing that [|P; fllzec(r) < pndm/ QHPjn fllz2(k)» by using Minkowski inequality,
we have

HT,fncr/Zrn(lfo')dH/Q H,r,fno/Q n(l—o)dgy /2 Z ern)dH/Q

anHLOO(K)le H jm+anL2(K)Hl2

m02ma 1)d 2—mn0'1d 2
=|| Z?” / M2y mme A2 Py fllzaco e
S Z rme 2@ DA 2| | o gy
m=0
This finishes the proof. O

Using Lemma [3.11} we can easily get the following proposition.

Proposition 3.12. A, € E(H”(K),ZQ(L‘X’(K) Aw 1,7“5,/2u1(f 1)/2)> for o > %S and
k> [o/2].

Proof. By Proposition it suffices to prove the case o < 2. For %S < o <1, it is easy

to see that for f € H?(K) and n > 0, choosing I such that /! < 77 < 7!, we have

AL f — AwPy A% Fllpee(rey < IALF — P Al fllzeeey ST Y. P flliex)
m=I[+1
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It then follows from Lemma [3.17] that
{AD fhnzo € P(L(K), AwPj s re/2ulg~072).

Using the well-known fact that Ep,, = Jo, the fact that Muw = Ty < 7*5/2/;1(5 D/2 1 and
Lemma (b), we see that

ZQ(LOO( )A P- 0/2 1(5 1)/2):l2(LOO(K) Aw’Ho,TU/Q 1(5 1)/2)

J?w w

This implies that
Ay € L(H(K), (LK), Au s 8/ *uT72) ).

The rest of the proof follows from complex interpolation, and using Proposition [3.9 O

A theorem on tangents. Now, we conclude our results in the following theorem. For
convenience, in the rest of this paper, we use the following notations.

Definition 3.13. For o > dg/2 and w = 1w € P, let l,(0) be the unique integer such that

|)‘lw )+1, w| <TU/2 (G b/ < |)‘lw(a),w|‘

For convenience, we write TUS o) = =T}, (o) w for short.
In particular, when o < dg/2, we letl (0) = =1 and T}, (o) = 0. Also, set H_1 = {0}
for convenience.

From Proposition Proposition [3.12] and Lemma [3.6], we have

Theorem 3.14. Let w = 7w € P and o > dg/2, then ATY) € E(H”(K),Elw(a)w). In
addition,

Zr Tl A f = TS P e ey S I W i

if [N (o) +1,0] < Tfuﬂuz(fl < Ny (o) w0 -

Remark 1. Theorem is still true for o > 2 without condition (C2).
Remark 2. The estimate in Theorem is sharp, which can be deduced from a stronger

result (Theorem [3.17)).

3.3. A theorem on pre-tangents. In the rest of this section, we focus on pre-tangents.
For convenience, in the discussion below, we fix w € W, and consider Py, ,A,. The results
about pre-tangents can be easily deduced.

Lemma 3.15. Forw € Wy, 0 > 0 andk > [0/2], Py, ,Aw € L(H?(K),*(Hi— 1,Aw,rz,/2ugf_l)/2)).

Proof. For o = 0, it is easy to see the assertion by using Lemma In fact, Hy_1(K) is
a finite dimensional subspace of C(K), so there is g, € C'(K x K) such that Py, ,f(x) =
S5 96(x,y) f(y)dp(y). Then a similar argument as in the proof of Proposition works.
For the 0 > 2 case, the lemma is a consequence of Proposition noticing that

P'Hk—lAng - AwPHk—lAZ)f = PHk—l (AZ+1f - Aw,Hk—1A7ulJf)‘

For 0 < o < 2, the assertion can be proved by using complex interpolation. O
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Proposition 3.16. Forw =14 € P, 0 >0 and k € Z™, there is a recovering map
Ricww € L2 (Hi—1, Aws g2l V/?), HO (K))

such that Py, | AwRpw = td. In addition, Ry, () vanishes in a neighbourhood of Vo \{m(w)}.

Proof. First we assume that F,, K is bounded away from Vp \ {m(w)}. Then, for each
h € Hj_1, obviously there is f € domA®> such that A, f = h, Py, ,f = 0 and f vanishes
in a neighbourhood of Vj \ {m(w)}. By a standard argument, there is a linear map Ry, :
Hi—1 — domA*> such that ARy (h) = h, Py, ,Riw(h) = 0 and Ry, (h) vanishes in a
neighbourhood of ¥ \ {7(w)}.

By a same reason, there is a map R;c,w : Hi—1 — domA> such that AwRL,w(h) = Ayh,
Py, Ry ,(h) = h and R, (h) vanishes in a neighbourhood of Vp \ {m(w)}.

Now for any h = {h, }n>0 € 2(Hp_1, Aw; rf/%&i"””), we define

Riw(h) = Rp o (ho) + Z Rpgw(hn — Ayhp_1) 0 "L

n=1

We need to show that Ry, ,, is well defined and is in E(ZQ(Hk 1, A T a/2 1(5 1)/2), H"(K))
First, we consider o = 2k’ < 2k. Write f, = Ryw(hn — Awhn—1) 0 Fy ntln > 1 and
fo = R}, (ho) for short. Then we see that

H{Ak fn}nZOHp(Loo(K)W;l/? S ||h‘0HHk—l + H{h‘n - Awhn—l}nZOH

ZZ(Hk_l T@lﬂk 71/2)

_ || HZQ Hk 17Aw7 k:, k 71/2)
Write Z = K \ F, K. Then we have
n+1 n+1

1D 1AY foalll ey = 214G D~ 1A flllzz e S i D0 1A fnlloe a2
m=0 m=0

m=0

Y Lz 2RI fullieola S KA fubuzollgee ity

m=—1

Thus, || 20 |AY fn < ||

K172 By a same argument, we have

=0 1A% fonl || 12 1)

2(Hp—1,Awirk oy

H z:O ’fm|HL2(K) 5 ”h”lQ(Hk—hAw?Nz;l/Q) < ||h’||12(Hk717Aw;T5/#5—1/2)' (31)
m=

The above estimates show that Ry, (h) = S20°_ fi, is well defined in H?* (K), and Ry, €
L(2 My, A v i), B (K)).

Next, we consider o = 2k’ > 2k. We can see that for any n > 1, A¥ f,, is supported in
F'Z with | AF foll 2y S o " P Ihy — Awhn—1]l34, - This shows that

HAk Rk,w(h)HLQ(K) 5 HhHl2(Hk—17Aw§Tﬁ)/lJ«g71/2)‘ (32)

Combining estimates 1) and 1’ we still see that Ry, ., € E(l2(Hk_1, Ay; gpﬁ)_lﬂ) H (K))
Using complex interpolation, we see that for any o > 0, we have

Rk,w S L(ZQ(Hk—lv Awa TZ/Q (071)/2)7 HU(K))
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Lastly, it is easy to check that Py, | ARk w = id from the definition.
For the case F, KN (Vo \ {m(w)}) # 0, we only need slightly modify the definition of Ry,
and Iy . O
Now we are able to provide the exact space of pre-tangents for H?(K).

Theorem 3.17. Let 0 > 0, k > [0/2] and w = 7w € P. Let | be the same integer as in
Definition [3.4)
(a). The k-pre-tangent mapping Ts,_, w is bounded and surjective from H? (K) to 1*(Hg—1, Aw; rg/z,u,,(f_l)/z).
(b). Forh e ”H%ﬁl, write Ry, w(h) = Riw(h)oFytFY. Then Ry, w is bounded from
(M1, A 73 20lS ™) to HO(K), and Try 1w © Ry g w = id.
(c). Assume f € H°(K),o > %5 and Ty, wf =0. Then Ay (A f) € lz(LOO(K);rZ)ﬂ/,Lg*U/Q).
Proof. (a) and (b) are easy consequences of Lemma and Proposition (c) can be

observed from Proposition and Proposition noticing that Ay, 3, ,An(A-f)=0,n>1
from the assumption of (c). O

4. THE SOBOLEV SPACES H{ (K)

We now proceed to study the Sobolev spaces HS (K). In this section, we will make a full
characterization of the relationship between H{(K) and H?(K) in terms of the boundary
behavior of functions. We assume both the conditions (C1) and (C2) in this section.

Recall that our domain is Q = K \ V) with boundary V. The space of smooth functions
with compact support is defined as

D) = {f € C.(Q) : AFf € C.(Q),VE > 0},

where C.(€2) is the space of continuous functions with compact supports in €2. See [33] for
basic properties of D(€2) in the fractal settings. Naturally, D(2) is a subspace of H?(K),
Yo > 0.

Definition 4.1. For o > 0, define HJ(K) as the closure of D(Q2) in H°(K) with respect to
the norm || - || o (i)

Theorem 4.2. For o > 0, we have HJ(K) = {f € H’(K) : TLSU)(f) =0,Yw € P}. In
particular, HJ(K) = H?(K) if o < %S.

Both Theorem and [.2 have elegant analogues for domains 2 € R™ with good bound-
ary. Related development can be found in [25] (Chapter 1, Section 9 and 10).

In the rest of this section, we will focus on the proof of Theorem Since Tu(,a) is

continuous by Theorem and Tu(,g) Ip() = 0, we can see that one direction of the theorem
holds, i.e.,

H(K) C {f e H (K): T\ (f) = 0,Yw € P}.
For the other direction, we first develop two lemmas (Lemma and Lemma [4.6)).
The first lemma is an application of Theorem Recall the definition of T3, , . and
R, w in Definition and Theorem

Definition 4.3. For 0 > 0, k > [0/2], define kersTy, , = {f € H*(K) : Ty, _,wf =
0,Vw € P}, with induced norm || - || go (k-
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Lemma 4.4. Let 0 >0, k > [0/2].
(a). For each w = 1w € P and o > 0, we have

IRats—so Mo (i) X NPl 2y, aype/2ue-0r2):

(b). HO(K) = kery Toy_, ® (Buwer Rty w(P(Hi 1, Au; 3 *u1ld ™)), Yo > 0.
(c). Let o' > o >0, then kery/ Ty, , is a dense subspace of kery Ty, -

Proof. (a) is an easy consequence of Theorem (a), (b).
(b). Given any function f € H?(K), we can easily see that

f - Z RHk—h"J © THk—17w<f) € ker, T"Hk_y

w€eP

The decomposition of f is obviously unique.

(). For a subspace X C H(K), we write X for the closure of X in H°(K) for short. For

convenience, we also write Xu o = Ry, 0 (*(Hi—1, Aw; TZ)/QIU(J_I)/Q) for short.

It is obvious that ker,s T3, |, C kers T3, ,, and X, o» C X, 5, which leads to
HU( ) kero’ T’Hk 1 (@WGPXOJ,O'/)'
However, we know that H? (K) = HY(K) by a standard argument. This implies that
kery Ty, , = kery Ty, - O

The second lemma will focus on smooth functions. We will use smooth bump functions
developed by Rogers, Strichartz and Teplyaev in [32]. In particular, we need the following
easy consequence (See Theorem 4.3 and estimate (4.7) in [32]).

Proposition 4.5. Let k> 1,p € Vi and f € domA*>. There is a function g € domA*> such

that
{Hgllmk(x) S ey,
Ag(q) = AT f(q), 0.2 g(q) = 0,2 f(q),¥j = 0,V € Vo \ {p},
and the support of g is away from p.

Using Proposition we have the following lemma.

Lemma 4.6. Let k > 1 and f € H**(K). IfVw =10 € P, Ty, _,wf € B(Hp_1;7 rk 1/2),

then f € H2*(K).

Proof. For each w = 7w € P, by an easy estimate, we can see that

IALA-f — Py, AT AL Fll o ey S Thr il | Al A A £l 250y = o(rbr =12,
In addition, it is obvious from the assumption that
1 Pr_y A Ar fll e (i) =< 1Py A Ar fllag . (x) — o(rkn(k=1/2)ny

Thus we have || A7, Ar f | 2wy = o(r ’mm(f L/2n ™.

Now, we construct g € D(2) that well approximates f in H?*(K). For any £ > 0, we can
do the following.

1. Choose a large n such that || A} Az f| e gy < e ,Vw e P.

2. Let P; be the heat kernel generated by the Dirichlet Laplaman A p. Choose t small
enough so that || f — Pfl gos iy < € and [[ALA-(f — Pof)ll ey < erk ,u(k L/2m k,uk 2

(k—1/2)n e 1/2
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3. By Proposition for each w, we can find a g, supported in F}F; \ m(w) such that
A" gl r2(Fn 1) < ro i F Dy _kﬂ_kH/QHAnArngH%(K)
< Oy My, /2y 2R T2 AR AP f| ppon gy < 2C,

and AjAZATgw(Q) = AjAZATPtf(Q),8nAJATuL;AT9w(Q) = anA]AZJATPtf(Q)aVJ >0, €V
{m(w)}. Replace P f|pnp, (k) with g, for each w, and name the induced function g. Clearly,
g € D(92). One can then check that

I1f = gll e iy < CTIAYF — A¥gllree) < C'(1+ 24P + 2C#P)e,
noticing that both f, g are in HQDk (K). The lemma is proved by choosing ¢ arbitrarily. U

Proof of Theorem . It suffices to show {f € H7(K) : Tu(,g)(f) =0,Yw € P} C HJ(K).
Choose k large enough so that o < 2k. By Lemma [4.6] we have

kero T, , ® <@wep Rty 10 (P (Hppm1; mhipl 1/2))) C H3*(K) c H§(K).
As a consequence, by using Lemma (a) and (c), we get
kery, T3, , © (@wep Ryk_hw( (Hp—1; 7“0/2 (0_1)/2))) C HJ(K).

On the other hand, by Theorem (b),(c) and Lemma (b), and using Lemma we
can see that

{fe H(K): TUSU)(f) =0,Yw € P} = ker, THk_1@<@w6PRHk_1, ( (Hr—1; r0/2u1(f_1)/2))>.

The assertion follows immediately. ([l

As a consequence of Theorem we have the following characterization of HJ (K).

Theorem 4.7. Let k > 1 be an integer, and let 0 < o < 2k. Then we have

HE(K) = kero Ty, & ((Suep Ry (P20 ) @)

5. INTERPOLATION OF H?(K): 0 >0

Now we are ready to turn to the second topic, the interpolation theorems. In this section,
we prove some interpolation theorems for Sobolev spaces with non-negative orders, and we
will combine these results in a final theorem on Sobolev spaces with real orders in Section 6.
We assume both (C1) and (C2) in this section.

Lemma 5.1. Let (Zy, Z1) be an interpolation couple, which means Zy and Z1 are continuously
embedded in a same Hausdorff topological vector space. Let Zy = Xo® Yy and Z1 = X1 D Y1,
and assume that (Xo + X1) N (Yo + Y1) = {0}. Then we have

((l) [ZO)Zl]B - [XOaXl] D [Yba}/l]ef

(b) Assume that [Zo, Z1)g = XY and X C Xo+ X1,Y C Yo+ Y4, then X = [Xo, X1]o
and Y = [Yy, Y1)p, with equivalent norms.

Proof. (a). Since Zo+ 21 = (Xo+X1)+ Yo+ Y1) with (Xo+X1)N(Yo+Y1) = {0}, we can
define the natural projection P : Zy + Z; — Xo+ X; such that (1 - P) : Zp+ Z1 — Yo + Y7.
It is easy to check that P € L([Zo, Z1]o, [ X0, Xi]p) and 1 — P € L([Zo, Z1]s, [Yo, Y1) by using
complex interpolation. So [Z(), Z1]9 = [X(),Xl]g + D/(),Yl]g with [Xo,Xl]g N [YE),Yl]g = {0}
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It remains to check that ||z, 2], < [|*/lx,x,], for any = € [Xo, X1]o and ||yll(zy,2,], <
1Ylljvo,v1], for any y € [Yo,Y1]s. Let ix be the embedding map from Xo + X1 — Zo + Z1.
Then, by using complex interpolation, one can see that ix € L([Xo, X1y, [Z0, Z1]9). As a
consequence, HxH[Xo,Xﬂg = HPxH[Xo,Xﬂg S HxH[Zo,Zﬂg = HiXxH[Zo,Zﬂg S H‘Z.H[X(),Xﬂ@? where
we also use the fact that P € L£([Zo, Z1]p, [Xo, X1]p). The proof for [Yp, Y1y is the same.

(b). Clearly [Xo, X1]o = P([Z0, Z1]o) = X, and [Yo,Yi]p = (1 — P)([Zo, Z1]p) = Y. The
estimate of the norms is obvious. g

Lemma 5.2. ker, Ty, _,,0 > 0 (defined in Definition 18 stable under complex interpo-
lation, i.e., for 2k > o > o’ > 0, it holds that

[kel‘g Tkal , keI‘U/ TH;C,JQ = ker(1,9)0+90/ Tkal , Yo € [0, 1]

Proof. We need to use the fact that Hg(K ) is stable under complex interpolation, see
[B5]. In other words, HO "7 (K) = [HE(K), HE (K)]p,¥0 € [0,1]. Tt is easy to see
that HY)(K) = kery Ty, , ® Xo, where we write Xo = @uepRuy 4w T, 1 w(HH(K)) for
convenience. Also, one can see (kerg T, +kery THk_l) N(Xo+Xo) =kery Ty, NXy =
{0}, ker(1_g)oy00' Tr,—y C kergr Ty, and X(1_pyo490r C Xor. The lemma follows from
Lemma (b). O

Lemma 5.3. Let X be a Banach space and A be a compact operator in L(X,X). Denote

12(X; ) the closure of I>(X;a) in I2(X, A;«). Then, we have
[2(X; @), B(X; B)lo = 12(X;a170p7),
foranyoo>a>p>0and 0 <0 <1.

Proof. Let’s first make some observations of the special cases.

Claim 1: Let 8 = |\, then [12(Ep; ), 12(Ep; B)]g = 12(Ep; a(1=9 59).
In this case, by using Lemma [3.6] we see that

[12(Ep; @), 12(Ey; B))y = [12(Ep; ), 2(Ey, A; B)]o = [12(Ey, A a), 12(Er, A; B)]o
= 12(Ey, A; 170 8%) = 12(EBy; 017989,

where the last equality holds since a1~ 3% > [N

Claim 2: Let a = |\, then [12(Ey; ), 12(Ey; B)]g = 12(Ey; o179 59).
First, choose 61,60, € (0,1) such that 01 + 02 — 6105 = 0, we can see

[2(Ep; o), B(Ey; B)ly = [P (B Ay o), P(Ey; B)]o
= [[*(Ey, A ), (Ep; B))oy, 1 (Eis B) ],
C [I2(Ey, A; o100 80 12(Ey; B))o,
= [12(Ey; "0 @ Sa(E), 12(Ep; B) @ {0}, = (B a9 5%),

where we use Lemmain the first and fourth lines, use the fact that 12(E; 3) C I2(E;, A; B)
in the third line, and use Lemma in the last equality. On the other hand, we also have

P(E;a'™8%) = [I2(Ey; a), 12(Ey; B)le C [12(Ep; ), 12(Ey; B)]o-

Combining the above two embedding relationships, noticing that both of them are continuous,
we get the claim.
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Now we return to prove the lemma. We need to consider four different cases, based on
whether o, 8 € {|N]}72,-

For the extreme case a = ||, 5 = |\y| for some I’ > [, we devide the space X into three
pieces X = E; ® Ey @Y, such that 0(A,Y) = o(A,X) \ [{z: |z| = |\| or [Ar|}. By using
Lemma we see that

{P(X;a) = 2(Ey;0) @ 2(Ey;0) @ (Y ),
P(X;8) = I2(Ey; 8) @ 12(E; B) @ 1X(Y; B).

The assertion then follows by using Lemma (a) and the two claims. The other three
cases can be proved similarly. O

The following are main theorems of this section.
Theorem 5.4. The Sobolev spaces H° (K) are stable under complex interpolation.
Proof. For o > ¢’ > 0, we can easily see that
[H(K), H? (K))g = HI=07+7 () vo € [0, 1]

by using the Lemma (b), Lemma (a), Lemma and the fact that I2(X, 4;a) is
stable under complex interpolation. O

The interpolation result for HJ (K) is somewhat complicated. The result will coincide with
the R™ case. Interested readers may read [25] for an interpolation theorem for HJ(€2) with
Q CR™

Definition 5.5. For ¢ > 0, define
Hiy(K) = {f € H7(K) : f-p~7 € L*(K)},

where p(x) = R(x,Vp)Y/?+4u/2 on K with R(-,-) being the effective resistance metric. For
each f € H§ (K), we assign the norm

| f e, (x0y = 1 o2y + 1F o™ L2 (k)

Remark 1. H{,(K) are natural analogs of the Lions-Magenes spaces, see [25].
Remark 2. One can easily see that for all 2k > o with k € N, we have
H§y(K) =kery Ta,_, ® (©Ouwep Ry w(P(Hr—1; 752l 072))).
In addition, for f = fo + > cp Ru, 1 w(he) € H(K) with fy € ker, T, , and h,, €

12(7'%71;7“5/2/11(3_1)/2), we have

1AW g ) =< W follgrecrey + Y 1ol gy,
w€eP

)/2)‘

/2 (oc—1
1;Tw  Hw

We have the following interpolation theorems.
Theorem 5.6. The spaces H§,(K) are stable under complez interpolation.

Proof. The theorem is a consequence of the above Remark 2, by a same method as Theorem

b4l O
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Theorem 5.7. Let 0 > o' > 0, then [H(K), HS (K))g = Hgg*M 9" (K),v0 € (0,1). In
particular, [HS(K), H (K)]p = Hél_9)0+90 (K) if and only if 0 2 ge =1/ ¢ {|\wl}ey for
any w = Tw € P, with o9 = (1 — 0)o + bo.

Proof. The first assertion follows from Theorem Lemma and The second
assertion is a consequence of Lemma, O

6. INTERPOLATION OF H?(K): 0 € R

In this section, we will extend the definition of Sobolev spaces H? (K) to negative orders,
and study the associated interpolation theorem. Readers may read Lions and Magenes’s
monograph [25] for classical theorems on bounded domains in R™. Part of the idea in this
section is inspired by [25]. We will apply the theorems in Section 4 and 5, which are proven
with conditions (C1) and (C2).

Definition 6.1. For o > 0, we define H 7 (K) = (Hg(K)),, with the identification HO(K) =
(HY(K))' ¢ H°(K), noticing that H(K) = HJ(K) = L*(K).

Remark 1. In the above definition, we naturally embed the space H(K) into H 7 (K).
More concretely, for each f € H O(K), we can Correspond it with a linear functional ¢y €

(H§ (K )) by the formula ¢r(g) = [ f(@)g9(@)du(z) =< g,f >r2k), Vg € HJ(K). As a
consequence, we always have

H°(K)C H? (K), Yoo>o >0 > —oc.
Remark 2. We also embed H°(K) into (HgO(K))/ in a same way. Notice that H 7(K) =
(HgO(K))/ if and only if rf/%ﬁ’ /2 ¢ {| A\ wl}i>0 for any w = 7w € P.

The following interpolation theorem is the main result in this section, which is a perfect
analogue to the classical theorem.

Theorem 6.2. Let —co < 0’ <0 < 400, 0< 0 <1 and og=(1—0)o+0c’'. We have

oo :
[H(K), H" (K)]p = {fH_Efg{;{f’i f200’< .
00 ) 0 :
In particular,
[H7(K), H? (K)]p = H*(K)
if and only if Twag/2u (00+1)/2 ¢ {|Nwl}iz0 for any w = Tw € P.
In the rest of this section, we devote to prove Theorem [6.2]

6.1. Lemmas. We collect some lemmas first. For convenience, we let Z be a Hilbert space
with inner product < -,- >z. Let Z; C Z be a Banach space which is dense and continuously
embedded in Z.
Define Z_; as the dual space of Z;, and embed Z into Z_; by
z2—= () =<-,z2>z€ Z_4. (6.1)

By this, we have the relation Z; C Z C Z_;. In addition, we have the following lemma due
to Lions and Magenes [25] (Proposition 2.1).

Lemma 6.3. [Z_1,Z1]1 =2
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The next lemma will play a key role in the proof of Theorem

Lemma 6.4. Let Z%O) C Z1 be a closed subspace of Z1 and suppose Zfo) is dense in Z. Define
Z(_Ol) in a same way as Z_y. If there is a map L € L(Z,Z) N L(Z1,Z1) such that

L+ide £(2,2)n L2y, 29),
L*—ide £(Z,2)nL(Z1, 2%,

where id is the identity map and L* is the adjoint operator of L with respect to Z, then
0
29, 211 = 2.

Proof. Let Z = Z x Z with inner product < Z,Z' >-=< 21,2] >z + < 22,2y >z, where
Z = (z1,22) and 2/ = (21, 25). Define 7, = {(z1,22) € Z1 X Z1 : 21 + z = Z(O)} with norm
[(z1,22)ll7, = ll21llz, + [[22]lz,- Like we have done before, we define Z_1 with Z naturally
embedded in Z_1, noticing here that Z; is dense in Z by the assumption on Zfo).
Now we define the extension map F € £(Z,Z) N L(Z1,Z1) as follows

E(z) = (z,Lz), VzelZ.
The map E can be naturally extended to be E € E(Z(_Ol), Z_1) with the formula
Ep(2) = p(E"2),
for any ¢ € Z(_Ol) and Z € 7, noticing that E*Z = E*(z21,22) = 21 + L*20 = 21 + 22 +
(L* —id)zy € Zfo). Therefore, we get E € E(Z(_OI),Z,l) N L(Z1,Z1). As a consequence,
E e L’([Z(_Ol) s 2112, Z) by using complex interpolation and Lemma

0)

We also define a restriction map R : Z_; — Z(_1 by the formula

(R3)(2) = ¢(2,0), VpeZ_qandze 7,

It is then easy to see that RFE is the identity map from Z_ © ) to Z° © ). In addition, we have
R(Z) = Z. Thus we get

29, 21}y = RE(12), Z1)112) € R(Z) =
(

On the other hand, we have Z = [Z(Ol),Z( )]1/2 c |z 1) Z1]1/2 by using Lemma This
finishes the proof. O

6.2. A decomposition by projection. Lemmal6.4]provides the strategy of the proof. Nev-
ertheless, we need to overcome the difficulty that multiplication does not preserve smoothness
in the fractal case [6]. In this part, for k£ € N, we focus on constructing a subspace S, in
L%(K), such that the projections of functions in H?*(K) on Sk, maintain the smoothness,
which will give us a new decomposition of the space H?*(K). This will play the role of
multiplication by smooth bump functions.

Lemma 6.5. Forw = w € P, assuming I, KNVp :~{7r(w)} without loss of generality, there is
a linear map Ry : Hip—1 — domA> such that Ay Ry, .,(h) = Ayh, Py, (M 1)(h) = Ry.w(h)

and Ry, (R) is supported away from Vo \ {m(w)}.
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Proof. To achieve this, we choose a basis {h1, ha,- - ,hy} of Hi_1, and denote
aij:<hi7h‘>L2(F K)> ]_<Zj<n

It is clear that we can find h; € domA™,1 < i < n, such that A,h; = Ay,h;, the support of
h is a small neighbourhood of F,, K, and < hz, hj > L2(K)= Qij- In addition, we can assume
that o

< hiyhj >pe)=¢ij taij, 1<4,5<n
with € = max; j{|e;;|} small enough so that we can find f; € domA®> supported in some
compact subsets of K \ F,, K away from the boundary, satisfying

<f’i7il'>L2(K)_ 07 VlSZ,an,

< f’u f] L2(K 5ij87 v1 S Z7] S n,

< fi, h >L2(K)= €ij + 51'3‘5, V1<, <n.
Set Rk’w(hi) = hi + f;, and extend R;@w to be the linear map Hi_1 — domA*>. One can
then check that

< h;, Rkﬂu(hj) >r2(k)=< ék,w(hi), Rk,w(hj) >p2(K)= Gij + €ij + dize,

and thus Pp (M 1)(h,~) = Ry(h;i) for any 1 < i < n. The lemma follows immediately. [
Definition 6.6. Letw =1w € P, k > 1 be an integer. B

(a). Write fu,n for Ri(h) for short. We omit k since Ry, can be defined consistently
for different k’s.

(b). Let Sk be the subspace of L*(K) spanned by the functions { fynoFy™ : h € Hig_1,n >
0}.

We have the following theorem.
Theorem 6.7. Let k > 1 be an integer, f € H**(K), and w = 7 € P.

(a). If Arf LSy, in L*(K), we have T£2k)f =0.

(b). Ps, ,A.f € H*¥(K), and f — p;AiPs,  A-f € H*(K), where A% is the adjoint
operator of A, in L*(K), which can be expressed by Arg = pu-'go F-1 Vg € L*(K).

Proof. (a). Let h =TS**) f and f = A, f — h. Then we have
< fuwann 0 Fy™ o F7U f > 12050y = pitir < fwann, ApArf >12(x)
= g (< fu,anns Ah > 12050 + < fu,anns A f >12050) )
= MwMT(wa A:,thLz K) +0(/\?w(2k M fw,annll L2k )

Thus the left side equals 0 for any n > 0 only if Tw% f=h=0.

(b). Without loss of generality, we consider the case that w = 1. For each f € H**(K),
we will construct a series » 7 f (") converging in H 2k(K), where each ™) takes the form
fn) = Jwno Fy," for some h € Hi_1, so that Ps, , f = Yoo fn),

First, we look at some special functions. Let f € L?(K) such that Al f € H_; for some
I > 0. Denote S,(clzu = {fwh oF,™:h¢€ Hr1,0 <n <[}, and write P f= Zln:o fn),

k,w

Clearly, g = f — Zl ! ) is k-multiharmonic in F! K, and so 0 = fuw, AL goFy ! by Lemma
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As a consequence, we have f — PS;(J,)wf = 0 on FSF K, which shows that f _PSS,LfLS’“’w'
By this observation, we have the following construction.

Step 1: For any f € L*(K) such that AL f € Hyp_y for some 1 > 0, we can write Ps, . f =
Zfz:o ) where each f™ takes the form f) = fwn o Fy™ for some h € Hy_1.

Step 2: For any f € L*(K) such that A, f € Hy_1 for some | > 0, we have by induction

n—1

17 ey S D2 I g ae iy + D W™ ) S 2" 2y, for n > 0.
m=0 m=0

Therefore we can continuously extend the definition of f™,n > 0 to general functions f in
L*(K).

We have some observations on the sequence {f(™},>o.

Observation 1: For any f € L*(K) andn > 1, A1) = (An-1£)(1),

Proof of Observation 1. We only need to consider the case that Al f € H;_; for some
[>0. Letg=f— 22;:20 f™) . Then we have

Agilpsk,wg = Aﬁzilpgl(c”;ng = PSIc,w (Azll)ilg)’

where S’ISZIH = {funoFy™:h & Hg1,m>n—1}. So we have A7 ~1f(M) = An=14(n) —
(A2~1g)(D. On the other hand, we have (A7~ 1)) = (A7 1g)1) as AP1(f — g) € Hp_1.
Observation 2: There a kernel ¢p € L*°(K x K) such that

AL () = / (e, y) AR (AT () ) dia(y),
K

for any f € H**(K) and n > 1.
Proof of Observation 2. We only need to choose

V(w,y) = (—U’“/Kk1 Gy (@)Gy1,y2) -+ - Glyr—1,9)dp(yr) - - dp(yr—r).

where Gy(x) = G(z,y) is the Green’s function. By Step 2, we immediately have ¢ € L>(K x
K). Since h) = 0,Vh € Hj_1, we can easily see that f(1)(z) = [ic (@, y)AF f(y)dp(y). For
n > 2, we use Observation 1.

Now, by using Observation 2 and Lemma we can see that { f(™},>¢ € I*(L>(K); rﬁjuﬁ_lﬂ)
for any f € H?!(K). Then, a same proof as in Proposition shows that > 7, )
converges in H?*(K) with || >0, f(n)HHQk(K) S N fll 2 (k). On the other hand, we have
Ps, . f =220 fM Vf € H**(K) as desired. In fact, this is true if AL f € Hy_, for some
[ >0, and this kind of functions are dense in H?*(K). O

6.3. Proof of Theorem We return to prove Theorem [6.2} As shown in Lemma
the key is to construct the map “L”. Theorem [6.7] will play a crucial role.

Lemma 6.8. For each w € W”: and | > 0, there is a polynomial p,, such that py,(Ay)+id =0
and py (gt Ayt) —id = 0 on Ej .
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Proof. Since El,u) is of finite dimension, there are polynomials p; and py such that pi(4,,) =
0 and pa(uytA,') =0 on El,w- The zeros of p; and po can be disjoint, since they can be just
the eigenvalues of A, and u,'A,' respectively. Then p; and py are coprime polynomials,
and thus there exist polynomials r; and ro such that rip; — rops = 1. Then the polynomial
Pw = r1P1 + Topo will satisfy the requirement of the lemma. O

Definition 6.9. (a). Letk > 1, w = 7 € P and | = l,,o1). Take py as in Lemma .
Define L&k) = ;A7 Ps, ,pw(Aw)Ar, where A} is the adjoint operator of A;.
(b). Define LF) = Y owep L®,

We have the following Proposition.

Proposition 6.10. L) +id € £L(H(K), H'(K)) N L(H*(K), H*(K)) and (L®)* —id €
L(H(K),H(K)) N L(H?**(K), H3*(K)), where id is the identity map.

Proof. Let w = 7w € P. For any 0 < s < oo and f € H?*(K), by using Theorem we
always have i, A*Ps, W AS Arf € H*(K), has 0 tangent on P \ {m(w)}, and

TR (AL P, ASALf) = TP (AL AS AL f) = AS (TP f)).

As a consequence, we see that LL(,Jk)f has 0 tangent at P\ {7(w)}, and TLSZk)(LL(,Jk)f) =
pw(Aw)Tu(JZk)(f)' By Deﬁnition and Lemma we conclude that (L*) +id) f € H3*(K)
by using the characterization of HZ*(K) in Theorem

To show the other half, we need some observations.

1) (L8)" = urAzpul(A3) P, , Ar, and (L0)" = 3,0 (L57)"

2) For f € H2*(K), TSP (A% f) = pg At (TSP (£)), noticing that A% (f) = pgfo Fil.
The rest of the proof is similar to that of the first part. O
Proof of Theorem [6.2 By using Lemma and Proposition [6.10, we see that

[H 2 (K), (K)o = HO(K).

Thus for —oco < 01 <0 < g2 < 400 and § = ‘1102, by using Theorem and we get

[(Hoo™ (K))', H*(K)] , = HO(K).
As a consequence, we then have
[H (K), H™ (K)]p = H(K),
because
HO(K) = [H7(K), H§* (K)o € [H (K), H*(K)]p C [(Hoy (K))', H*(K)], = H(K).

Then the theorem follows immediately. O

7. EXAMPLES

In this section, we present some concrete examples.



24 SHIPING CAO AND HUA QIU

7.1. D3-symmetric fractals. Tangents on D3-symmetric p.c.f. self-similar sets have been
studied in detail in [34] on the domain of A*. Also see some related studies in [10} @, 33].

More precisely, let’s look at a p.c.f. self-similar set K with exactly three boundary points
Vo = {p1,p2,p3} such that 7 '(p;) = i. Assume that there exists a group G of homeo-
morphisms of K isomorphic to the D3-symmetric group that acts as permutations on Vj,
and G preserves the harmonic structure and the self-similar measure of K. See Figure (1] for
examples.

Ficure 1. Examples of D3-symmetric p.c.f. self-similar sets: the Sierpinski
gasket, the Hexagasket and the level-3 Sierpinski gasket.

For fixed i € {1,2,3}, let hp be the antisymmetric harmonic function with the boundary
values hp(p;) = 0, hp(pi+1) = 1, hp(pive) = —1, where we use the cyclic notation py = py.
Then it is easy to see that,

n

{Nihiso = (il el il b o,

where ¢; is defined by the identity A;hp = t;hp. This means that o(A4;, Ho) = {1,7i, ¢}
In convention, we define normal derivatives and tangential derivatives of functions at p;
by the following pointwise formulas, if the limits exist,

On f(pi) = lim ri M (2f (pi) — fF(Epiv1) — f(F"pita2)),
orf(pi) = nh_)ngo " (f(Fi"le) - f(Finpi+2))'

Assuming (C2), by using Theorem we can easily see the following result.

Theorem 7.1. (a). For o >2n+2 — %S, n € Z*, 0,A"f(p;) is well defined, Vf € H° (K).

(b). For o >2n+ % + %S, n € Z*, Or A" f(p;) is well defined, Vf € H°(K).

The following is an equivalent narration of Theorem

Theorem 7.2. For o >0 and f € H?(K), we have f € HJ(K) if and only if

A" f(pi) =0, VO<n<$—9% andi=1,2,3,
O A™ f (p; VO<n<$+9% —1andi=1,2,3,

=0
OrA™f(pi) =0, YO<n<§—% - 08— andi=1,2,3.

Q N[ N[

[\
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FiGURE 2. The Vicsek set V.

7.2. The Vicsek set. Let {pl 1 be the four vertices of a unit square, and ps be the center
of the square. The Vicsek set V (see Figure ' is the attractor of the i.f.s. {F;}?_;, where

1 2
Fix = ga: + §pi’ fori=1,2,3,4,5.
The boundary set of V is Vy = {p;}}_; with 77 1(p;) = i. There is a unique S4-symmetric
harmonic structure on V, with
|
Ty = §7Z = 1727374757

and
&(f9) = (fi) — f(p))) (9(:) — 9(py)), Vf.g €1(Vh).
i#]
In addition, we take p to be the canonical normalized Hausdorff measure on V.
The Vicsek set V is an interesting example in that {\;;};>0 = {157,371 - 157" },,>0, with
each \;; has a one dimensional generalized eigenspace. We have the following narration of
Theorem 4.2

Theorem 7.3. For o >0 and f € H?(V), we have f € HJ(V) if and only if

A"f(p) =0, YO<n<$%—9% andi=1,234,
A" f(p;)) =0, YO<n< —i—4 1andi=1,2,3,4.

[SSENIS]

Furthermore, for ¢ > 0, write H%(V) = (id — Ap)~°/2L2(V) and HE (V) = (id —
AN)"/?L?(V), where Ap and Ay are the Dirichlet and Neumann Laplacians. See [11}, 35]
for a detailed discussion on these spaces. Then we have

Theorem 7.4. Foro >0, Hgy(V) = Hp(V)NHF (V) with || f | gg,v) = [1f lrg 00 +11f 11 mg )

Proof. Fix k > [0/2], we break the spaces H;_; into two parts, Hyp_1 = X @ Y® such
that o(A;, X®) = {1,151, ... 1571} and o(A4;, YD) = {371,457 ... 371 . 157 k11,
Using the notations in Deﬁnition -4 and [4:3] one can check that

HP(V) = ker, To, , ® (@;*:1 Roy (X057 /20072

O (O Ry, (POVD, Aisr ;’/2/# 92),
R0 =k T 5 R (K0 A )
(2

7

@ (@;1:1 RHk71773 l2 Y(Z ‘7/2 (‘7_1)/2))>.
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The theorem follows immediately. O

APPENDIX A. THE PROOF OF LEMMA

In this appendix, we prove Lemma[3.6] Recall that X is a Banach space with norm || | x,
A: X — X is a compact operator, and o(A, X) is the spectrum of A : X — X. We let
{A\i}i>0 be the nonzero eigenvalues of A, which is ordered in decreasing order of absolute
values. Let E; be the corresponding generalized eigenspaces, and denote F; = @ﬁ;oEi and
Ep =l E;, where I = min{i > 0: [\;| = [N}, 17 = max{i > 0: |\| = [N}

Proof of Lemma. Let s € [?(X, A; ), and denote tg = sg and t,, = s, — As,_1 forn > 1.
Clearly, t := {tn}n>0 € I*(X;a) with [[t]2x,0) =< |slli2(x,4.0), and also s, = > o A" "y,

We consider three cases separately.

Case 1: a > |\o| or o(A, X) = {0}.

Using the Minkowski inequality, noticing that « is larger than the spectral radius of A :
X — X, we get

n n
Islliz(x;0) = |l Z A" 2y < | Z a Aty lx || 2

m=0 m=0
[e.9] o0
<3 tuzma™ o A || < D oA ([
m=0 m=0
S Usllizx,a50)-

The other direction ||s[|;2x a:0) S [I8lli2(x;a) is obvious. To conclude, in this case, we have

(X, A;0) =1(X;a) =12(X;a).
Case 2: [Nj1| < a < |N] or oo < [N = min{|Ag| : A\ € (A, X)}.

First, we assume A is of finite rank and X = @li:OE,;, so that A~! is well defined. Clearly,
the following limit exists in X,

n—oo

o0
Slim = lim A™"s, = E A",
m=0

since a~! is larger than the spectral radius of A~!. Thus

oo
Sy — A"Si = — Z A"V

m=n+1

Now we define s’ = {s,, — A"Sjip, }n>0. Using Minkowski inequality, we get

o0
I' 20y = [l ™1 D2 A" " tllx || e
m=n+1
o0 o0
<[ e am A x|l < Y Nl AT xox - [l (i)
m=1 m=1

N ”SHZQ(X,A;Q)'
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This shows that s’ € I2(X; ) with the estimate of the norm. So we have s = S4(sim) + 8,
with 8’ € 12(X;a). Clearly, both S4(X) and I2(X; a) are closed subspace of X, and S4(X)N
I2(X;a) = {0}. So we have proved the decomposition

2(X,A;0) = SA(E) @ (X 0).

For general case, since A admits a discrete spectrum, we can find a closed subspace E’f

such that o(A, EY) = (A4, X) \ {\i}._y, and X = E; @ Ef. Then we see that
(X, A;0) = 12(E), A;0) @ P(E7, A; )
= SA(E) @ P(Ej;0) @ 12(EY; o) = Sa(E) @ 12(X;a),

where we use (a) and the finite rank case that we have proved. Obvious, this implies that
I12(X;a) = I?(X;a) in this case, and we have the desired decomposition in part (b) of the
lemma.
Case 3: a = || for some | > 0. (assume |N;| > |N\_1| if [ > 1)

We first show that SA(E;) C I2(X; ). Let s = S4(s) for some s € Fj. Thereis a d > 0
such that (A — X\)% # 0 and (A — \)%ls = 0. Write s®) = (4 — \)¥s,0 < k < d. Fix
mo, mi,- - ,mg € N and take My = Zf:o m; (set M_1 = 0). Then we can design a sequence

g(mo,ma,—ma) — {s;m(”ml""’md)}nzo in I?(X;a) as follows.

s, if n=0,
Ay _ ) A AT~ s, if Myt <n < My,
Loon where A, ’“’155\20_’71”1"" ma) _ g s(k) 4 brp1s®HD) 4o 4 bys(D)
0, if n > M.
We can easily check that
lim lim --- lim |[|Sa(s)— s(mo’ml’""md)le(X Aa) = 0,
mo—r00 M1 —>00 mMq—r00 sy

which gives that Sy (E;) C I2(X; ). Similarly, we have Sa(E;) C 12(X; o).

As a consequence, we have I2(X;a) # I2(X;a), since Sa(E;) C 12(X;a) \ *(X;a). It
remains to prove the decomposition 1?(X, A;a) = Sa(E;_1) ® I2(X; a). Using the decompo-
sition we already proved in Case 1 and 2, we can see

SA(Ei1) + 12(X;0) D Sa(Ey) + 13(X;0) D 13X, Ao — €),

for some small € > 0, where we set £_; = {0} for convenience. Since [*(X,A;a — €) is a
dense subspace of 1?(X, A; ), we have

SA(Ei_1) + 12(X;0) = Sa(Ej_1) + 2(X;a) D (X, A; a). (A1)
Lastly, we have
SA(E_1)NE2(X;a) CSA(E_1) NE(X;a4¢e) =Sa(E_) N(X;a+¢) = {0}, (A2)

for some small € > 0. The decomposition I2(X, A; ) = Sa(E;_1) ® I2(X; a) follows immedi-

ately from (A.1)) and (A.2]). O
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APPENDIX B. ON THE CONDITION (C1)

Although a large amount of p.c.f. fractals, including all the examples in Section 7, satisfy
(C1), there do exist counter examples.

Example. Let {pi1,p2,ps} be the three vertices of a triangle, and py = %2?21 p; be the
center. We define an i.fs. {F;}i ; by

1 1

E(Q?) = §$+ iplul = 152535
1 3

Fy(z) = i + 1P

Call the unique compact set, denoted by SGy, satisfying SG; = U?zl Fi(8Gy), the filled
Sierpinski gasket [2]. See Figure

FIGURE 3. The filled Sierpinski gasket SG .

One can check that C = {12,13,21,23,31,32,41,42,43,123,132,213,231,312,32i}, P =
{1,2,3,12,13,21,23,31,32} and Vi = {p1, p2, p3, F1p2, Fops, F3p1}. One can see that

N (Fipg) = {12,21}.

As a consequence, (C1) fails for SGy. O

Fortunately, all the main theorems in this paper, including Theorem [3.14]
and are valid even if (C1) is not satisfied, as long as we assume (C2). Clearly,
we did not use (C1) in Section 3, but Section 4 and Section 5 are somewhat delicate, where
we need a precise description of the pre-tangents at the boundary. Below we briefly show the
necessary materials in proving Theorem and without using (C1).

We need some new notations. Let w =w € P and k € N.

Notation 1: Denote A, : Ck — CF by (o, 21, Th—1) = (20, TewltwT1, -+ > (Tewfhw)* 1 2p_1).
Notation 2: Denote H\"™) = {h € Hy_1 : Alh(x (1)) = 0,Y0 <1 < k — 1}.
With some effort, one can check the following claims.

Claim 1: There is a natural isomorphism CF x H,(;ﬁ)l — Hr_1, which gives us natural

isomorphisms I, : 12(CF, Ay o) % lz(H,(fw)l,Aw; a) = P(Hp_1, Ap; ).
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Claim 2: Let 0 > 0 and k > [0/2], p € Vo, 7 1(p) = {w1, - ,wm} = {m1, -, Timtim}
and

Xpo = { ({2 }nz0, {2P nz0, - {2 o) € Hl2 (CF, Ay g 2ulg172)

lim (Tn,un-)J(Twi/lwi)inl(wg))l = lim (TTjMTj)il(rijwg) nl( )I,Vz #5,0<1<k— 1}

n—oo n—oo

There is an isomorphism

Ip . Xp,a N ZQ((Ck,A O'/Q'u(o' 1) /2 HZZ (Ck U/QM( )/2))7

w1 3 wl ) wl w;

defined consistently for all o # 21 + % ds 0<l<k-—1.
The key steps of constructing I, 1s first we pick a nondecreasing sequence {ln}n>0 such

that ri <"  and hence by (C2) ufy < M, next we define a sequence {:1: }n>0 by
n— j —0y, i—tn
AZH A ) — Ara)) = A (Al — Atall).

It is easy to check that {w }n>0 € l2((C]c flw].; r;’fui;’j‘”/?) and {wg) )}n>0 € 1?(Ck; %Q/AEUUJ 1)/2)

using Lemma if ({:1:” tn>0, {mn >0, ,{a:,(lm)}nzo) € Xpo and o # 21 + %S,Vl > 0.
The rest of the construction is easy and left to the reader.

By applying the isomorphisms in Claim 1 and Claim 2, we finally are able to give a neat
description of pre-tangents for H?(K),0 <1< k. Theorem is true since we can still
show that the space of pre-tangents is stable under complex interpolation. To show Theorem
a similar argument as Theorem is enough, noticing that we did not use (C1) in
the proof of Lemma The definition of H§,(K) remains the same even if (C1) is not
satisfied, so Theorem remains the same. We may take ﬁg (K) as the right side of ,
then we can see that Hf(K) c HJ(K) c HJ(K), and [ﬁgl (K),ﬁgQ(K)]g = H{,(K) with

= (1 — #)oy1 + Boz. Theorem then follows as well using Theorem Lastly, since
Theorem is a consequence of the above theorems, it remains valid.
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