ON A RECURSIVE CONSTRUCTION OF DIRICHLET FORM
ON THE SIERPINSKI GASKET

QINGSONG GU, KA-SING LAU, AND HUA QIU

ABsTrRACT. Let I';, denote the n-th level Sierpinski graph of the Sierpiniski gasket K. We
consider, for any given conductance (ay, by, co) on Iy, the Dirchlet form & on K ob-
tained from a recursive construction of compatible sequence of conductances (a,, b, ¢,
onI,,n > 0. We prove that there is a dichotomy situation: either ay = by = ¢y and &
is the standard Dirichlet form, or ay > by = ¢ (or the two symmetric alternatives), and
& is a non-self-similar Dirichlet form independent of ag, by. The second situation has
been studied in [9} [10] as a one-dimensional asymptotic diffusion. The analytic approach
here is more direct and yields sharper results; in particular, for the spectral property, we
give a precise estimate of the eigenvalue distribution of the associated Laplacian, which
improves a similar result in [10]].

1. Introduction

Dirichlet forms play a central role in the analysis on fractals. There is a large literature
on the topic based on Kigami’s analytic approach on the post critically finite (p.c.f.) self-
similar sets, and the probabilistic approach of Lindstrgm on the nested fractals as well as
Barlow and Bass on the Sierpifiski carpet (see [} 12, 13, 16} 12, [15} 116} [17, 24, 25, 27, 29]
and the references therein). In those studies, the Sierpinski gaskets and carpets are always
served as fundamental examples, and are a source of inspiration.

Recall that a Sierpiriski gasket (SG) is the unique nonempty compact set K in R? sat-
isfying K = Ui3:] Fi(K) for an iterated function system (IFS) {F ,-}le on R? such that
F:(x) = %(x— pi)+ p; with non-collinear p;’s. For convenience, we fix p; =0, p, = 1, p3 =
exp (”Tﬁ) Denote by Vi = {p1, p2, p3} the boundary of K, and let F,, = F,, o---oF,, for
aword w € W, = {1,2,3}". The standard Dirichlet form (&, F ) on the SG is well-known

[18. 29]: the energy & and the domain ¥ are given by

5 n
E(u) = lim (5) Z(M(P) —u(@)?, F ={ueCK): Eu) < o} (1.1)

P~nq

where p ~, g means p # g and p,q € F,(V;) for some w € W,. The domain ¥ is known
to be some Besov type space [[15]. In [28], Sabot classified all the Dirichlet forms on the
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SG which satisfy the energy self-similar identity

3
Ew) = Z

i=1 i

| —

EwoF)), (1.2)

~

where r;, i = 1,2,3 are some positive numbers called the renormalization factors of the
energy form. The energy self-similar identity for the p.c.f fractals and nested fractals is
also studied in detail in [[18]].

More generally, one can also consider Dirichlet form without satisfying the energy self-
similar identity. Let I'y be the complete graph on V; and for n > 1, I';, the graph on V,
which is defined inductively by V,, = Ui3:1 F;(V,_1) with the edge relation ~, defined as in
(I.1). Let I(V,) be the collection of functions defined on V,, and let (&,, [(V,)) be defined
by

En(u) = Zp Cho(u(p) —u(@))?, u€ V), (1.3)

where cg,q) > 0, call it the conductance of p and g in I',. In the case that E(u) :=

lim, 0 E,(1) < oo exists for u on V., = |J,_, V,, it will allow us to define a Dirichlet
form on the SG. For the limit to exist, the key issue is that the sequence of &,’s are com-
patible (see[18]] for details): the restriction (or trace) of &, on {(V,_,) must be equal to
8,,_1, n>1.

In an attempt to produce all the Dirichlet forms (include the non-self-similar ones),
Meyers, Strichartz and Teplyaev [22] used the compatibility condition to solve a system
of linear equations of conductances on V; (9 of them) in terms of those on V| as well as the
given values of the harmonic functions on V; \ Vj, then extend this inductively. However
the setup is too general and the expressions are rather complicated, thus it does not give
much information on the structure of the limiting Dirichlet form. Recently two of the
authors studied some anomalous p.c.f. fractals in regard to the domains of the Dirichlet
forms and the associated Besov spaces [8]. In their investigation, a construction of the
non-self-similar energy form was considered, and some interesting properties were found
(see Section 4). In this note we intend to use the SG to study this construction in greater
detail so as to give more insight to the general cases.

For this class of Dirichlet form on the SG, we require the conductances of the cells
F,(Vy) on the same level |w| = n have the same expression (note that the conductances
on the edges of F,(V;) may be different), and we will give a necessary and sufficient
condition for the existence of a compatibility sequence {&,},. The tool we use is the well-
known electrical network theory. The energy &,(u) in (I.3) corresponds to an electrical
network R(I',) with resistance ' = (c'w)~', and u is the potential on V,. The sequence
of networks {R(I',)}>, are sald to be companble if the trace of R(I',) on V,_; equals
R(,-1), n > 1. Note that this is equivalent to the compatibility of the sequence of energy
forms &,,n > 0.

Let (ag, by, cy) be the conductance on V;, and let (a,, b,, c,) be the conductances of
F,(Vy),|lw| = n,n > 1 to be determined. By the well-known A — Y transform [18, [29]],

the resistances (an b1, nl) on the A-side is equivalent to a set of resistances (x,, Y, Z)
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on the Y-side. It is direct to show (use (2.I) and refer to Figure [2) that {R(I',)}, are
compatible can be reduced to {(x,, Y, 2,)}us0 satisfy

Xp-1 = X T ¢(-xn;yna Zn)y
Yn-1=Yn+ ¢(yn;zn, Xn), nz 1’ (14)
Zn-1=2nt+ ¢(Zn; Xns yn)’

where ¢(x,; v, 2,) = % and symmetrically for the other two. We will refer to

finding the solution of (x,, y,, z,) from (x,—1, Yu-1,2Zs-1) @S a recursive construction of the
energy form &,. Necessarily, (x,, y,, 2,) has to be positive, and the following is a necessary
and sufficient condition for this to hold.

Proposition 1.1. For ay, by, cy > 0, in order for (1.4)) to have positive solutions (x,, Yu, 2,), 1 >
1, it is necessary and sufficient that xy > yo = zo > 0 (or the symmetric alternates).

In this case, x, > y, = 2, > 0, n > 0 and {(x,, Yn, Z,)}n>0 i uniquely determined by the
initial data (xy, yo, 20).

The proposition will be proved in Lemmas We let u be the normalized a-

. log3 -
Hausdorff measure on K with a@ = %. For two functions f, g > 0, we use f < g to mean

that they dominate each other by a positive constant. As a consequence of Proposition
[I.1] we have the following theorem.

Theorem 1.2. For the case xy > yo = 29 > 0 in the above proposition, we have ay > by =
co and

n 1 3\
ay=——" =2 by=c,=——— =|2] .
Yn(2X + Yn) 20+ Y0 \2
Moreover () = lim 8™ (u) defines a strongly local regular Dirichlet form on

L*(K, p) with domain F independent of (ay, by); it satisfies
3
M) = " EP uo F), (1.5)
i=1

but does not satisfy the energy self-similar identity. (Here glob) .= g s defined as in
(1.3) with conductances (ay, by, c,) on each n-level subcells).

It follows that for initial data xo > yo = zo > 0 on I, the recursive construction gives
a dichotomy result on the Dirchlet forms: when ay = by = ¢y > 0, then @) is the
standard Dirichlet form in (I.1]); when ay > by(= ¢p) > 0, then by the above estimation of
a, and b,(= c,), we have

8(“°’b°)(u) .

sup {2n Z ((uw(pZ) - Mw(p3))2 + (%) (l/lw(pl) - Mw(l’2))2 + (%)

>
n20 weW,

n

(o) - uw<p3))2)},

where u,(x) = u o F,(x). It is seen that there are two scaling factors in @), The

renormalizing factor is 2", and the energy is basically concentrated on the p, p3 direction.
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For this Dirichlet form &%) with a, > by, we can give a sharp estimate of the dis-
tribution of the eigenvalues (Section 3). Let A“-?) be the Laplacian, the infinitesimal
generator of (8(“°’b0), 7:) on L*(K,u). Denote by p'@#)(¢) the eigenvalue count with the
Dirichlet boundary condition (D.B.C), that is

plaobo(py = #{/1 < t: Ais an eigenvalue of —A“? with D.B.C.}, (1.6)

Theorem 1.3. Assume that ay > by = co, and let ty = inf{t : p'@P)(t) > 0}, then

log3
p(ao’bO)(l) = tlog(%, r>ty.

We remark that in another investigation, K. Hattori, T. Hattori and Watanabe [9]] studied
the asymptotically one-dimensional diffusion processes on the SG (see also Hambly and
Jones [10]], Hambly and Yang [13]). The random walk they considered is in fact the
normalized probability of (a,, b,,b,) as transition probability on the three sides of the
n-level cells of the SG. (They used this as an assumption, and in fact it is one of the
dichotomy cases from Theorem|[I.2](or Proposition[I.1).) We will give a brief comparison
of these two approaches in Section 2. For the estimate of the eigenvalue distribution in
Theorem it improves the lower bound of p@)(¢) in [10, Theorem 13] where it was
shown to be C~!7°¢3/10¢0/2)(Jog 1) with § > log 3/ log 2, using a heat kernel technique in
the estimation.

The recursive construction can be extended to more general p.c.f. sets (see [8] for some
examples), but it also have limitation. In Section 4, we give two other examples that this
construction have abnormality. The first one is the twisted SG introduced by Mihai and
Strichartz [23], it is a modification of the IFS of the SG that reflecting the three subcells of
the SG along the angle bisectors at the three vertices. We show that for ay > by = ¢, the
closure of V, under the (effective) resistance metric has interesting topology different from
the SG; the second one is from [8], it is called a Sierpinski sickle, which is the attractor of
an IFS of 17 similitudes and three boundary points, of which the recursive construction
does not yield a compatible sequence for a Dirichlet form.

2. Proof of Theorem 1.2

Let (a, b, c) denote the conductance of a A-shape network. Recall the A-Y transform
(seee.g., [18]], [29])) states that the A-shaped network with resistance (a~!,b™!, c!) and the
Y-shaped network with resistance (x,y, z) (see Figure [I)) are equivalent by the following
relation

a b c
x=2 y=2 g=f @.1)
n n n
with n = ab + bc + ca, and conversely,
azf, b:X, c:z, (2.2)
r r r

where r = xy + yz+zx =~ \.

AN



Figure 1. A — Y-transform

Assume the conductances on the edges of the n-th level cells are given by (a,, b,, c,)
for n > 0. The compatibility of the n-th and (n — 1)-th resistance networks on the Y-side
reduces to trace the left side graph in Figure 2] on Vj, which yields (I.4).

p 1 n n yn p2

Ficure 2. Consistence of the n-th and (n — 1)-th resistance networks

Our first lemma is to characterize all compatible resistance sequences {(X,,, Y, Zu)}n>0-

Lemma 2.1. In order for to have positive solutions (x,, y,,z,) for all n > 1, it is
necessary and sufficient that xo > yo = zo > 0 (or its symmetric alternatives).

Proof. Sufficiency. Without loss of generality, assume that x, > yo = zo > 0. Then the
equations (T.4) becomes

— (eity)?
S BT (2.3)
— — yixi+yr) :
Yo(=20) = y1 + A2
Using the second equation in (2.3]), we obtain
2
y
X = 5= =2y, (2.4)
2y1 = Yo

(we can exclude the case that 2y; = yp). Substituting (2.4) back to the first equation in

(2.3), we obtain
S5yt + (4xo — 2y0)y1 — 2x0y0 — ¥ = 0,
which gives yj, then x; (by substituting into (2.4)) again) as the following:

X =15 (14x0 +3y0-2 \/4)63 +6x0y0 + 6)’(2))’

yi(=2) =3 (—2X0 + Yo + \/4)6% + 6x0y0 + 6)’3),

(2.5)




is a pair of positive solution of (I.4). Also by xo > yo, we have
1

75 (2Ox0 -5 \/4x0 + 6x0y0 + 6y0) > 0.

Hence, x; > y; = z;. We can repeat this process inductively, and obtain the sequence

{(%5 Vs Zn)}n0 as positive solution of (1.4).

—-Nn=

Necessity. Without loss of generality, let xo > yo > zo > 0, we will show that yy = z,.
Assume otherwise, yg > zo. Let (x1, y1,2;) be positive solution of (1.4) for n = 1, we first
prove the following claims in regard to (xy, y;, z1):

(1) x| = Y1 > 1. For if X1 <Y1, then Clearly, X1 + ¢(X1;y1,21) <y + gb(yl;z],xl),
which is xy < yg, a contradiction. Hence x; > y;; by the same argument, we have y; > z;
from yO > 70.

(11) = > }2. Indeed, if this were not true, lettlng = = u, > 1, we have

<1 20

Vi Yo _ i1+ z1,x1)
_S,Uo—_— : .
21 20 a1+ @ xny)

Therefore y L < i ’:ﬁ‘ that is y; < z;, which contradicts the fact that y; > z; in (i).

(ii1) Let A9 = 2"0 > 1,and letp = (6 -4 ) (> 1), we claim that

> App. (2.6)

If otherwise, then

< Agp. (2.7)
By (1.4), we have
2xo 2x+2¢(x15y1,21)

+z0 O1+2)@xi+y1+z)
Yo¥zo On+z)+ 5050

Ao = (2.8)

Observe that
2(x1 +y1 +21)

Qx1+y1+21)
This, together with (2.7), (2.8)) and a simple calculation, yields

200 +yDx +z1)
1 +20)@2x1 +y1 + 21)
On the other hand, by using p = % (6 -4, 1), we have

2(x1 +y)(x1 +z1) 1 2xy +y1 +21)? 1(1 N 2x; )
2

S —
01 +z20)Q2x1 +y1 +21) 2 01 +z20)@2x1 +y1 +21) itz

1
<50+ d-p) =4 -(3=2p).

< 2.

> Ao - (3-2p). (2.9)

This contradicts (2.9), and (iii) follows.
By (i), we can carry out the estimate in (iii) inductively and obtain
2x,
Ynt Zn

>Ay-p" > 00, asn— oo. (2.10)
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Also using (ii), we have ﬁ— > i—g =y, > 1 forany n > 1, and a similar argument as in (iii)
yields

Ir 00, asn— oo 2.11)

Zn
(for example, one can take p = (5 — )/4 > 1, and show that there is n, such that for all
n > ny, i— > p’z—:l‘ holds).

Now consider
yn—l = )’n + ¢()7n§ Zns xn)’
Zn-1 = Zn + &(Zn3 Xns Vi),

for n and = sufficiently large. By — 00, it reduces to
YntZn

Yn-1 = (%yn + %Zn)(l + 0(1))’
in-1 = (%Zn + %yn)(l + 0(1))’

where o(1) is an error term that tends to 0 as n — oo. Therefore we obtain

- 3 1

Yn = Zyn—l - ZZn—l’
- 3 1

n = Zn-1 ~ gYVn-1-

This together with (2.11)) contradicts the assumption that {z,},> are positive. Therefore
we must have yy = 79, and this completes the proof. m|

Lemma 2.2. Let xy > yy = 79 > 0 be fixed, then forn > 1,
X, = % (14x,,_1 +3yp-1 — 2 \/4x5_1 + 6X,_1Vpo1 + 6yi_1),

Yy = %(—2)@,—1 + Vo1 + \/4’6,3_1 + 60Xy 1Yp-1 + 6)’3—1)'

Also for xo = yo = 20, then x, =y, = 7, = (g) Xo, and for xy > yo = 2o,

2\" 1\
Xn =131 > n=n =<|5] -
3) 0 T2

Proof. Similar to (2.5)), we can solve equations (I.4) for x, and y, as the above. It follows

n

that if xo = yo = zo, then x, =y, = z, = 3 Xo. By Lemma [2.1} we see that xo > yy =

z0 > 0 implies x,, > y, = z, inductively. Also from (2.10), we see that for all n > 0,

2 < C6" for some constant C > 0 and 0 < § < 1 (depending only on i—g). Combining this

with
X 1 2
e T R B i R I E=a
Xn—-1 15 Xn—-1 Xn—-1 Xn—-1

we can find C; > 0 such that for large n,

Xn

2

Z_C <

3 ! Xn—1
7

2
<=+ C;0".
=3 1



Therefore we havex, = ( )n . Similarly, we have

n 1 n— n— : n—

4 :——2x1+1+\/4(x 1) +6x1+6,
Yn-1 5 Yn-1 Yn-1 Yn-1
2=l 4]

Yn-1

2
3

= - ,
p L \/4(£) + 6% 1+ 6
) Yn-1 Yn-1

Yn-1
2 +_ym4

Xn-1

2 -ty 46t g6(2)

Xn—1 Xn—1

b

and we can find C, > 0 such that for large n,

Loe< 2 <licw
2 ? B Yn-1 - 2 e
This implies that y, < (%)n .
O
Proof of Proposition [I.1] It follows readily from Lemmas [2.1]and o

It follows from the compatibility of {(x,,, Y., Z:)}n=0 and the A-Y transform that {851“0’170)},120
are compatible. Hence for a function u € ¢€(V,), we can construct inductively har-
monic extensions u,, on V,,, m > n and " (u,) = @ (y); also for u € €(V.),
E,(uly,) is an increasing sequence. We define E(u) := (i) = lim,_. EL"(u]y, ) for
u € £(V,). Recall that the (effective) resistance metric R := R“-") on V, x V, is defined
by R@-b)(x, x) = 0 for any x € V, , and for any two distinct points x,y € V,,

R(x,y)™" = inf{&u) : u e (V,), u(x) =1,u(y) = 0}.

Note that for ag = by = ¢y, then R(x,y) < |x — y|” where y = % (18] [29].

Proposition 2.3. For ay > by = ¢, the completion of the (V,, R“*)) is K, and

C7lx — y| < R (x,y) < Clx —y|”, x,yeK (2.12)
where y' = % — 1 and C > 0 is a constant depending on ay and b.
Furthermore R s a bounded metric with

sup {R“™(x,y) : x,y € K} < C'y. (2.13)

where C’ > 0 is independent of ay and by.

Proof. Fix xo > yo = 7o > 0, then x,, > y, = z,. Asin 2.2), r, = X,V + YuZu + ZuXy =
2%,y + y2. By (2.2) and Lemma 2.2}

Xn Xn Yn Yn 3\n
ay=—=——x=2" by=c,=—=—"—x(=]).
Fno 2X,90 + Y2 Fno 2X.Vn + V2 ( )
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Let us write R(x, y) = R“™(x,y). To estimate R(x, y) on V,, we first consider x ~, y,
and let w&")(z) = 0,(2), x,z € V,, where ¢, is the Dirac measure on V,,. It follows that

R'(x,y) <EW™) < C 2" =Clx -y ™.

On the the other hand, we have
3\n
R™(x,y) 2 min{a,, by} 2 Co(5)" = Colx =y s/ e,

For the estimate of R(x,y) with any distinct x,y € V.. Let n be the maximal integer such
that both x, y belong to either an n-level cell or a union of two adjacent n-level cells. Then

using a similar argument as above, we have R(x,y) < C (g)n and R(x,y) > C~'27". This

gives that R(x,y) satisfies the required estimate since |x — y| < 27". This completes the
proof of (2.12) for x,y € V., thus it follows that the completion of (V,,R) is K, and the
same estimate holds for x,y € K.

To prove (2.13)), we only need to estimate R(x, p;) from above with x € K since for any
two points x,y in K, R(x,y) < R(x, p1) + R(y, p1). We can find a chain of points {x,} ", in
V. with xo = p; and x, — x as n — oo such that x,, x,,,; are two of the boundary points

of some (n + 1)-cell. Thus by triangle inequality, we have

Rt p1) < ) R(6, X01) < )by (2.14)
n=0 n=0

On the other hand, we see that

bn—1 _ 2xp + Yn { Xn Yn }

= < max ,
b, 2Xp-1 + Yn-1 Xn—-1 Yn—-1

1 _ _ 12\ 1 _ 112 _
:max{_(14+3yn1_2\/4+6yn1+6(ynl))’_(_z)(nl+1+\/4(Xn 1) +6an+6)}
15 Xn—1 Xn-1 Xn-1 5 Yn—-1 Yn-1 Yn-1

1 1 _ _ 13
Smax{—(14+3—2\/4_1), —(—2x” ) Foid| +3)} =2 <.
15 5 Yn—1 Yn-1 15

Therefore the series in (2.14) converges and is bounded above by Cb;'.

It follows that under the resistance metric, u € €(V,) can be extended harmonically on
V., then continuously on K, and we call this an n-piecewise harmonic function on K. As
a special case, consider the harmonic function that takes value 1,0,0 on py, ps, p3. Itis
direct to check, using the harmonicity of u at V; \ V,, that

a, + b, b,

- . 2.15
34,120, u(p23) 301 1 20, (2.15)

u(pi2) = u(p3) =

For the special case that ayp = by = ¢y, it is the %—%—law in the standard Dirichlet form on
SG [1829].
9



Proof of Theorem 1.2} Fix x; > yy = zo > 0, it follows from the proof in Proposition
3\n
thata, < 2", b, = ¢, =< (E) .Forue C(K)andn > 0, let
2 2 2
EMw) = 3 by(tto(p1) = (P2 + bu(ttu(P1) = t0(p3)) + an(ttu(p2) — tu(p3))
weW,

where u,(x) = u o F,(x). Define
@M () = lim LM (uly,),  F(= F ) = {u € C(K) : E™(u) < oo}.

In view of the compatibility of the sequence {(a,, b,, c,)},, we have 8,(1“‘)’b°)(u) = ?:1 82‘2 ibl)(uo
F;). By taking limit, we obtain

3
8(a(),b0)(u) — Za(ul,lﬂ)(u oF)).
i=1

It is standard to check that (@, F) is a Dirichlet form on L*(K, u). It is regular by
observing that the piecewise harmonic functions are continuous functions in ¥ and are
dense in C(K), and C(K) N F(= F) is trivially (E@?)2 + || - ||;2,»-dense in F. By
using the above identity repeatedly, we obtain that for any n > 1,

8(a0’b0)(1/l) — Z a(an,bn)(u o Fw)’ (2.16)

weW,

which leads to the strong locality of (&@?), ).

Finally, we see that (§@-?), ) does not satisfy the energy self-similar identity . It
is because if it satisfies the identity for some r;, then by our construction, all the r; in (1.1])
should be equal. However, by the uniqueness result of Sabot [28]], (£“*, ) should be
the standard one defined by (I.1)), a contradiction. O

The following dichotomic result follows directly from Theorem

Corollary 2.4. For the recursive construction of the Dirichlet form with initial data
(ap, by, cp), there are only two cases, either

(i) ap = by = co, and in this case & is the standard Dirichlet form as in (1),
or

(ii) ag > by = co (or the symmetric alternates), and the Dirichlet form satisfies

E(n) <

3\" 3\
sup {2" > ((uw(Pz) o (p3)) +(Z) (1o(P1) = to(p))” + (Z) (to(p1) — uw<p3>)2)}.

n20 weWw,

It is well-known that a regular strongly local Dirichlet form associates with a continu-
ous diffusion process [3]]. In fact, this probability counter part of &@-*) had been studied
by Hattori et al [9] as an asymptotically one-dimensional diffusion processes on the SG.
To conclude this section, we give a brief discussion of their study in comparison with our
consideration.

For a random walk {Z,((""’) }x on V, with @ = (ay, @, @3), the probability that the walk

goes to the four neighbors (except at V) in the three directions (counting the opposite
10



direction as one), define the (n — 1)-decimated walk {Z}}, on V,_; that records the visit of
Z,(C""’) in V,,_; in the {-th time (with a state distinct from Z;_|). Then it is direct to show
that for {Z,({”’“) }« with starting point on V,_;, {Z}}, obeys the same law as {Z,E”_I’T")}k where

a3 a3a) aa;
Ta = C(al + ),

3 a + 3 a3 + 3
and C is a normalized constant [9]. This sets up the compatible condition by letting
a,-1 = Ta, (renormalization group), the exact analog of (I.4). Then they define the
random walk using

oy = (a'n,l’ a2, an,3) = C/(l’ Wy, Wn)a

where 0 < wy < 1, C’ is a normalized constant, and w,, n > 1, are defined inductively by

W, = ( - 2+3w,_; + \/4 + 6W,_; + 6w,21_1 ) /(6 =w,_1).

For x,,y, in Lemma it can be shown that y,/x, has the same expression as the above
Wh.

Note that in this case lim,. @, = (1,0,0). Let X,(n) = Zig(n, @,), then with some
more work, they proved that {X;(n)}> ; converges weakly to a continuous, strongly Markov
processes X; on K, and the moves are asymptotically one-dimensional, dominated in the
direction parallel to p,p3, and of order O(3/4)" in the other two directions. This is in line
with the expression of @ in Corollary ii), as the energy has two scaling exponents
and is concentrated in the p,p; direction.

3. Spectral asymptotics

Let A@) be the Laplacian, the infinitesimal generator of the Dirichlet form (8(“0”’0), F )
on L*(K,u). In both cases ay = by and ay > by, by using the resistance estimates in
Proposition and a standard argument, we see that ¥ is compactly imbedded in C(K)
and hence in L?(K, u). Therefore the eigenvalues of —A@) with the Dirichlet or Neu-
mann boundary condition are nonnegative, countable and have no limit point. Denote by
pl@b)(¢) the eigenvalue counting function of —A“-?0) with the Dirichlet boundary con-
dition as in (L.6)), and by p\5*"(r) the eigenvalue counting function of —A“") with the
Neumann boundary condition, where in both cases, each eigenvalue is counted accord-
ing to its multiplicity. We are interested in the asymptotic growth rate of p'“@*0)(¢) and
pg\‘,’o’b‘))(t) as t — oo. It is known that (see [19, Lemma 2.3(2)])

p(ao,bo)(t) < pg\io,bo)(t) < p(ao,bo)(t) +3, (31)

where 3 is the dimension of the space of all the harmonic functions on K. Hence p‘“-?0)(¢)
and pgf,’”’b")(t) have the same asymptotic behavior.

In the case ay = by = ¢ for the standard Dirichlet form, it is known that (e.g. [6], [19])

p(ao,bo)(t) - l10g3/10g5, f — oo,

In the following, our concentration is on the case ay > by = co. First we provide a
general result on the dimension of some linear subspaces. Recall that a linear subspace £

of L2(K, u) is called a sublattice if u € £ implies |u| € L.
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Proposition 3.1. Let K be a compact connected set and u be a Borel measure on K with
full support, and let (&,F) be a regular Dirichlet form on L*(K,u) with ¥ < C(K).
Denote by {P,}»o the associated semigroup of operators of (&,F ). Suppose L C F is a
closed linear sublattice of L*(K, ), and there exists C > 0 such that

Pu < Cu, V>0, u>0, ue L. (3.2)

Then L has dimension at most one.

Proof. The essentially idea of the proof comes from [4, Theorems 7.2, 7.3]. Suppose L
is nontrivial, let # > 0 be any non-zero element in £, then u € C(K). Let U = {x € K :
u(x) # 0}. We claim that U = K, modulo a y-null set. If v € C(K) and |v| < au for some
@ > 0, then by the Markovian property of {P,},-¢ and (3.2), we have

|Pv| < PJv| < aPu < aCu.

Hence for
G={veCK):|vl<au for some a > 0},
then P(G) C G for all t > 0. As U is an open set by definition, G contains all the

continuous functions that are compactly supported in U. The L2-closure of G is the set of
all v € L*(K,u) withv = 0 on K \ U. So U is an invariant set of the semigroup {P,}o.
(A p-measurable set B C K is said to be P,—invariant if P,(1gf) = 13P,f u-a.e. for any
f € L* and t > 0.) Hence by [5, Theorem 1.6.1], 1, € . However, as K is connected,
this holds if and only if U = K or U = (. Since u is nonzero, we conclude that U = K,

and the claim follows.

Now, if u € L, then u* and u~ are in £ and have disjoint supports. It follows from
the claim that one of them must vanish. Hence u € £ implies u > 0 or (—u) > 0. If u,v
are two distinct positive elements of £, then u + nv is either positive or negative for all
n € R. But the sum must change sign as 7 increases through R. Hence there is 77 such that
u +nv = 0. This is a contradiction, and hence £ is one dimensional. O

Lemma 3.2. Let K be the Sierpiriski gasket and u be the normalized Hausdorff measure
on K. Let (E“Y,F) be the Dirichlet form defined in Theorem Let A be the eigen-
function space of Ay, the first eigenvalue of —A with Dirichlet boundary condition. Then
A is of dimension one.

Proof. We make use of the Rayleigh quotient for the first eigenvalue:
E(u)

A = inf ——
P s [lul2

(3.3)
where ¥ := {u € F : uly, = 0}. There exists a function u € ¥ attains the infimum, and all
such functions must be eigenfunctions with eigenvalue A,. Therefore by the Markovian
property of the Dirichlet form, we see that A is a closed sublattice, hence also u™, u~ are
contained in A;. For any u € A, we have

(o) tn (o) tn

Pu = Z —A"u = Z — () 'u=e"u<u.

n! n!
n=0 n=0

By using Proposition 3.1| with £ = A;, we see that A, is of dimension at most one, and

thus A is one dimensional since A; is nontrivial. O

12



Lemma 3.3. There exists C > 0 such that for any initial data a > b = ¢ > 0 on Iy, we
have
C'b < A" < Cb, (3.4)

where /l(la’b) is the first eigenvalues of —A“? with the Dirichlet boundary condition.

Proof. We will make use of the Rayleigh quotient in (3.3) again. Let u; be the I-piecewise
harmonic function on K with prescribed values u(p;) = ui(p2) = ui(p3) = u;(p23) =0,
ui(pr2) = ui(p13) = 1, where p;; is the vertex in V; opposite to p, for distinct i, j,k €
{1,2,3} (see Figure 3| for the values of u;). Then by (2.14)

0

Ficure 3. The value of u;

2 a, + bz 2 2
a2 > f YRS (—) L2
2 F21(K)UF31(K) : 9 302 + 2b2 81

where a,, b, are the second iterations of a (= ay), b (= by) respectively. Also observe that
&E@D(y,) = 6b,. Therefore

(a,b)
< E'Y(uy)

< 7~ < C'by < Cb
llees Iz

(ab)
Al

for some C’,C > 0.
To estimate the lower bound, we let u € ¥, then
lu(x) = u)P < R“(x, E“"(w), x,y € K.
It follows that for u € ¥y = {u € ¥ : uly, = 0}, u # 0, by choosing y = p3, we have
lu(x)l> < R4D(x, p)&*P(u), VxeK.

Integrating both sides with respect to i, we obtain

3 < f R“P(x, p3)dp(x) - V().
K

Recall that the resistance R(x,y), x,y € K has the expression R(x,y) = sup {% :
u € F,Eu) # 0}. Using (2.13)), we have C; > 0 such that
Elab)
cp< &

uall3
13



Since u is arbitrary, this implies that C;b < /l(la’b). This completes the proof of the lemma.
]

Lemma 3.4. Let ay > by = ¢, then forallt > 0 and n > 0,

¢ t
3ot (L) < gm0, and g0y < 3 (). (3.5)

Here p@"n)(t) is the eigenvalue counting function using a, > b, = c, as initial data on
Vo. We refer to the similar proof in [19, Propsitions 6.2, 6.3]. The technique is that first
we restrict &@?) on the sub-domain 7, := {u € F : uly, = 0}. Denote by p (t; 8(“0’}’0)@
the corresponding eigenvalue counting function, then by making use of the identity (1.5)
we have the following relation

p (180 F7) = 3t (%) _

where % in the bracket is the scaling factor of u. Using this repeatedly and that p (t; 88”’1’), Tl) <
p (1), we obtain the first inequality in (3.5). The second inequality can be shown by con-
structing another Dirichlet form which has domain 7, ;= {u : K\ V; > R:uoF; =
fion K\ V, for some f; € ¥,i = 1,2,3} and using a similar argument.

Theorem 3.5. Assume that ay > by = co on Iy, then for ty = inf{t : pl0-20(£) > 0},

paOb(r) < g, t> t.
Similarly, the same inequality holds when p“*)(t) is replaced by p(“o P)(t) and for any
o > 0.

Proof. By Lemma [3.2] we see that if we use a, > b, = c, as initial data on Iy, then we
have p(a,,,b,,) (/l(lan,bn)) =1, and p(an by, )(/l(a" bn)) < p(a,,,b,,) (/lgan,bn)) +3 = 4. Then by Lemma
3.4] we have

(aO bO) (3"/1(an bn ) S 4 . 3}1

Letting t = 3", by Lemma [3.3] we have t = 3"b, = 3"(3/2)" = (9/2)" and 3" =
flog3/10e®/2) 1t follows that

log3
p(g) < pl@OM (1) < Crer

for some C > 0. The same argument yields the other inequality. O

Recall that the spectral dimension d of a Dirichlet form is defined to be lim ”%g’j@
[—00

if the limit exists. Heuristically, d;/2 = d/d, where d is the Hausdorff dimension of
K, and d,, is the walk dimension of K. The walk dimension is the space-time relation
E. (X, — x*) ~ ¥ of the associate diffusion process [29], which is also the critical
exponent of the Besov space corresponding to the domain of the Dirichlet form [7, 8}, [15]]
(see Section 4). From Theorem [3.5] we see that for ay > by,

log9 _log9

=87 =2 .
10g(9/2) log 2
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4. Other examples and remarks

In this section, we consider two more examples. The first one is a modification of the
SG such that for ay > by = cq, the closure of V, under the resistance metric is different
from the SG; the second one is detailed in [8], it is a p.c.f. set constructed by an IFS of
17 maps with three boundary points, of which the recursive construction does not yield a
compatible sequence of Dirichlet forms &,, n > 0.

Let po = 0,p1 = 1,p3 = exp (”T_]) We define the twisted Sierpirniski gasket [23]]
to be the unique nonempty compact set K on R? with the contractions {T,‘}?:1 such that

Fi(x) = T2 -exp (D) + pi, Fa(x) = T2 - exp(-25L) + pa, and F3(x) = =L + ps,
(i.e., F; reflects the sub-triangle K; along the angle bisection at p;). Then the attractor K
is still the Sierpinski gasket. In [23]], Mihai and Strichartz investigated the self-similar

energy forms on this twisted SG.

Similar to the standard SG, by using the A-Y transform (see Figured)), the compatibility
of {(X, Yn, 24)}n>0 must satisfy the following equations:

Xp-1 = Xy + l//(-xn;yn’ Zl’l)’

Yn-1 =Y+ l/’()’n;Zn, xn)’ nz 1’ (41)
Zn—1 = Zn + Y (Zu3 Xy V),
2yﬂz}’l

where ¥(x,; yu, 2,) = , and symmetrically for ¥ (y,; z,, X,,) and ¥(2,,; X, Yn)-

xﬂ +yn +Zﬂ

FiGure 4. A-Y transform for the twisted maps

Lemma 4.1. For xy,y,20 > 0, in order for @.1)) to have positive solution (x,, yn,2,),n >
1, it is necessary and sufficient that xo > yo = zo > 0 (or the symmetric alternates). In this
case, {(Xn, Yn» 20}, IS uniquely determined by (xo, yo, Zo)-

Furthermore, for xo > yo = zo, we have the estimate x, < 1,y, = z, < (%)", and hence
a,=<3" b,=c, <1.

Proof. The proof for the first part is the same as Lemma[2.1] For the sufficiency, assuming
that xy > yg = z9, we can solve

X = % (xo + 2y0 +3 \/9)% - 4X0y0 _4y(2))’

yi(=21) =% (3xo + Yo — \/9)6(2) —4xoyo — 4)’%),
15
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and x; > y; = 7y, then proceed inductively. For the necessity, we need to change p = 2— Alo
for the estimation in (2.6), and make some obvious readjustments on the calculations.

For the second part, we note that x,,, y, can be expressed in terms of x,,_;, y,_; as in (¢.2).
By the same estimation as in Lemma we have x, < 1,y, < (%)", and the estimate of
a,, b, follows. O

It follows from the estimation of the a,, < 3", b, = ¢, < 1 that
2 2 2
En) = {3 (ttu(p2) = 0 (p3))” + (1(P1) = (P2)) + (uas(p1) = uaps)) | (4.3)
weW,

and the compatibility of {&,},>0 implies that for u € £(V.,), E(u) = lim,,_,., E,(uly,) exists.

Let R := R@) denote the resistance metric on V, x V,, and let Q be the completion
of V, with respect to R. We will give a description of the topology and the completion
of (A R). Let Uy = {py, p3}, Uy = U, Fi(U,-)) forn > 1 and U, = |J,50 Uy also let
Wo ={p1}, W, = U?=1 Fi(W,_;)forn>1and W, = |,sq W, (see Figure.

Py

Py b, P

Figure 5. U,,W,,n = 1,2,3; bold lines are the edges joining the neigh-
boring points in U,,, and the bold dots forms W,.

Proposition 4.2. On the twisted SG,
(i) the resistance metric R is a uniform discrete metric on W,, and distg(U.., W,) > 0;
(ii) On U, , for x € U,, let K, be the largest subcell of K that has x as a vertex, then
R(x,y) = |x = y[*8182 for ye U.N Ky (4.4)

on the other hand, let g € Wy \ W;_ with two adjacent cells K/, K é’ (as defined above),
then

1\k
R(x,y) < (g) for xeU,NK, yeU,NK], n>k. 4.5)

Consequently, the completion Q = U,UW,, where i_is pathwise connected and locally
connected, and is such that for each g € Wy \ Wy_y, U, has two limit points p,, p with

Rz p) = (4

Remark 4.1: The completion U, can be realized as cutting up the SG at each g € W,, and
bend the two subcells K7, K" apart at the cut points with the appropriate distance without
breaking the SG (see Figure 6 at q;).
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Ficure 6. Completion of U, at g;; similarly at other g € W,

Proof. Recall that R(x,y)™! := inf{Eu) : u € €(V.), u(x) = 1,u(y) = 0}. For x,y € W,
by using the tend functions, and observe that the effective resistance of the two nodes is
> b, /4 < 1, we conclude the resistance metric R on W, has a uniform lower bound > 0.

This implies W, is a uniform discrete metric space. Also by the same reason, we see that
distzg(W,, U,) > 0.

Next we consider the resistance metric on U,. Let K,, C K, be the smallest subcell of
K that contains both x,y. By using a,' =< (%)n, and the path property of U, it is direct to
prove the estimation of (4.4).

To prove (@.3)), it suffices to consider the case ¢ = g; € W, \ W, the midpoint of the line
segment p, p3, then use the IFS to move the argument to other g € W.,. Let p;, € U,NF»(K)
that is a neighbor (in V,)) of ¢,. Similarly, let p/’ € U, N F5(K) that is a neighbor (in V,,)
of g;. Then we have

R(p,, p)) < R(p2, p3) < 1.
(For the above estimation, note that the geodesic in V, joining p; (€ F»(K)) and p)'(€
F3(K)) must pass through F|(K) (see Figure@, so that R(pa2, p3) > R(p,,, p)) = %R(pz, P3)-)

Finally the statement of the completion U, follows from (#.4)) and (.5). O

From the probabilistic point of view, it will be interesting to understand the corre-
sponding diffusion process on U, and Q. We also note that in [11]], Hambly and Kumagai
studied this type of diffusions on several types of nested fractals( e.g. the higher dimen-
sional and higher level Sierpinski gaskets and also the Vicsek sets). On the variations of
gaskets they showed that there exist such Dirichlet forms, while on the Vicsek set, they
observed that if one assigns resistance a and b on the side and diagonal edges with a > b,
then the resistance between two diagonal lines on any n-cell has a uniform lower bound,
and thus a similar situation as the twisted SG occurs.

Next we list another example in [8] on which the recursive construction does not work.
Let K be a p.c.f. set as in Figure [/, which has three boundary points, and is generated by
an IFS of 17 similitudes with contraction ratio 1/7. We call it a Sierpiriski Sickle.

Proposition 4.3. [8|] For the Sierpinski sickle, the recursive construction for any (ay, by, o)
does not give a compatible sequence of {(ay, by, c,)},.,. However, one can construct a
Dirichlet form satisfying the energy self-similar identity.

For the recursive construction, the basic reason for no compatible sequence is that the

solution similar to the system of equations (1.4)) fails to be positive. For the self-similar
17



pl pZ
Ficure 7. The Sierpinski sickle K

case, we find the explicit renormalizing factors for E(u) = ), ,1:7 i ri'\&woF)). Letry, rg, rr
on the cells of K be defined as follows:

ry =ry,=---=rs =r; onthe left 5 sub-triangles F(K), F>(K),--- , F5(K);
re = r; = Tg = rr on the 3 top sub-triangles F(K), F7(K), Fg(K);
r9 = Ty9 = - -+ =17= rg on the right 9 sub-triangles Fo(K), Fo(K), - - - , F17(K).
Then we can solve a system of equations and obtain, for k > 2,
k(k—1) K -1 22k + 1)
L= s 7 A IR™= » I = oo
5(k? + 6k + 3) (13k + 5)(k? + 6k + 3) k*+6k+3

Remark 4.2. Note that if the Dirichlet form from the recursive construction is self-
similar, then all the renormalizing factors r;’s are equal. In [8, Section 4.2], we have a
p.c.f. set (the Vicsek eyebolted cross) that the Dirichlet forms from the recursive con-
struction cannot satisfy the condition, hence they are all non-self-similar. Nevertheless,
the self-similar Dirichlet forms can still be obtained similar to the above example.

Remark 4.3. We do not know to what extend the recursive construction and the di-
chotomy result can be extended to the other p.c.f. sets; also in view of the different situ-
ations on the SG and the previous examples, it will be nice to have some specific criteria
on the more general fractals.

The original usage of the above mentioned p.c.f sets was to study the critical exponents
o of the Besov spaces By | C L*(K,p), o > 0 (where K c R? is closed, and y is an
a-Ahlfors regular measure on K) in connection with the domain of the Dirichlet forms
and the walk dimension ([8, [20} 21]). Recall that B‘T’00 has norm ||u||ng = ||ullr + [u]ng
where |

[uly, = sup r™ f (= f ju(x) = u()Pdp(y)) da(x).
<<l kT B
The critical exponent of the Besov spaces {Bgm}g>0 is defined to be

o =supl{o: By N C(K)is dense in C(K)}.

For example, for the SG, o* = log5/log2 and B‘r; = F [15] (see also [27] for some
nested fractals and [14] for p.c.f. fractals). In those cases, when o > o, then Bgm con-
tents only constant functions. In [8], we asked whether this is necessary, and investigate
the relevance with the Dirichlet forms. For this we introduce another critical exponent

o = sup{o : BJ _, contains non-constant functions}
18



and constructed the above example. It was shown that o* < ¢ with the explicit expres-
sions of o* and o*. Also Bgm (c C(K)) is dense in C(K), and Bgio is dense in L*(K, y1)

*

(but not dense in C(K)). This Besov space B7 , does not support a local regular Dirichlet
for (&, F) with E(u) =< ||u||§(r* forallu € F.
2,00

In all the known examples, the critical exponent o of the Besov spaces on K equals to
the walk dimension d,, of K. This heuristic relation is not very intuitive as o™ is defined
through the geometry of K, and the walk dimension is certain space-time exponent of the
walk. Some of these aspects had been studied in [7] in terms of the heat kernel. It will be
interesting to find out the more natural and direct connection of these exponents.

The existence of a Dirichlet form on a fractal set still posts a fundamental and challeng-
ing question. In [235]], Peirone proved there is a large class of p.c.f. self-similar sets (not
necessary symmetric) possess self-similar energy forms, and more recently, he claimed
an example of a p.c.f. set that does not admit such energy forms [26]. It might be worth-
while to see if the recursive construction will produce a non-self-similar energy form in
his example. For the non-p.c.f sets, it remains largely unknown for the existence of the
Dirichlet forms. Even for the Sierpinski carpet, the construction is to use a probabilistic
approach [2], which is technically quite complicated, and surprisingly, there is no clear
analytic approach on the discrete approximations yet.

Acknowledgement: The authors are indebted to Mr. Meng Yang for many helpful dis-
cussions, in particular on the the semigroup of operators which led to Proposition 3.1 and
Lemma 3.2. They also thank Professors Hambly and Strichartz for the valuable discus-
sions on the probabilistic counterpart, and brought their attention to the relevant references
during a conference in Cornell.
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