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ABsTRACT. It is well-known that for a Brownian motion, if we change the medium
to be inhomogeneous by a measure y, then the new motion (time changed pro-
cess) will diffuse according to a different metric D(:, -). In [22]], Kigami initiated
a general scheme to construct such metrics through some self-similar weight
functions g on the symbolic space.

In order to provide concrete models to Kigami’s theoretical construction, in
this paper, we give a thorough study of his metric on two classes of fractals of
primary importance: the nested fractals and the generalized Sierpinski carpets;
we assume further that the weight functions g := g, are generated by “symmet-
ric” weights a. Let M be the domain of a such that D,, defines a metric, and
let S be the boundary of M. One of our main results is that the metrics from g,
satisfy the metric chain condition (MCC) if and only if @ € S. To determine M
and S, we provide a recursive weight transfer construction on the nested fractals,
and a basic symmetric argument on the Sierpinski carpet. As an application, we
use the MCC to obtain the lower estimate of the sub-Gaussian heat kernel. This
together with the upper estimate in [22]] allows us to have a concrete class of
metrics for time change, and the two sided sub-Gaussian heat kernel estimate on
the fundamental fractals.
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1. INTRODUCTION

Metric spaces play a prominent role in various fields in mathematics. The anal-
ysis on metric spaces together with measures (metric measure spaces) emerged as
an independent research field since the 90’s. The spaces have no a priori smooth
structure, but one is able to recover the infinitesimal concepts such as gradient,
Laplacian, Dirichlet form, and curvature as in Euclidean function theory, geomet-
ric analysis and stochastic analysis [10} 16, 17, [32]]. In the analysis on fractals, a
wealth of exotic examples and different metrics have emerged due to self-similarity.
This also provides a fertile background for the theory of metric measure spaces (see
e.g. [20 231 [13]).

In the study of Brownian motion on the Sierpinski gasket (SG), Barlow and
Perkins [8] first established the Li-Yau type sub-Gaussian estimate of the transition

density function
| &)\ ED
—exp[—c( (xy)) : (1.1)
X, t

Dpi(x,y) <

with d(-,-) as the Euclidian metric, V(x, ') = u{z € SG : d(x,z) < t'/B} =< /B,
where p is the canonical a-dimensional Hausdorff measure on the SG. The Sier-
pinski gasket has energy renormalization factor p = 3/5, and walk dimension
B = log5/log?2 [8]. This was extended by Lindstrgm [29] by showing that the
Brownian motion exists on a class of self-similar sets called nested fractals, and
the transition density of the Brownian motion on the nested fractal (with a tech-
nical path assumption) was shown to enjoy the two sided sub-Gaussian estimate

by Kumagai [26]. A path breaking extension was proved on the Sierpinski carpet
log8p~!
log3

(SC) by Barlow and Bass in their seminal papers [2, 4], with 8 =
approximate value of p is available).

(only

If we change the medium to be inhomogeneous by a measure y, then the new
motion will have the same paths, but different rate of diffusion, and is associated
with a different metric D(x,y); we call it a time change of the process. One of
the main issues is to maintain the sub-Gaussian estimate (I.1)) with the new metric
D(x,y). The time change for self-similar measures u on p.c.f. sets that admit har-
monic structures and local regular Dirichlet forms and on the SC were first studied
by Barlow and Kumagai [[6], and they showed that the time change is possible if
piu; < 1forall 1 <i< N, where y;’s are the probability weights of yu.

In [21] 22} 23], Kigami launched a detail study of the time change problem in
full generality based on the Dirichlet forms and the resistance metrics. He set up
a general scheme to construct new metrics D(x,y) on fractals. From the point of
view of local regular Dirichlet forms and the associated Hunt processes, the metric
D(x,y) is closely connected with the resistance metric R(x, y) on the Dirichlet space
described by the Einstein relation (see [33]).

R(x,y)Vp(x, D(x,y)) < D(x,y).
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In this paper, we adopt the same setup as [22} 23] to construct metrics by weight
functions on the iterated function system (IFS) of fractals. In Kigami’s study, there
were few concrete examples or discussion on the class of admissible weight func-
tions. For this reason, we will restrict our consideration to the two most basic
classes of fractals: the nested fractals and generalized Sierpinski carpets (GSC)
(see the definition in Section [2). When we do not need to distinguish the two
classes, we will just call them elementary fractals for convenience. We will con-
sider the metrics arising from the class of “symmetric self-similar weights” (Def-
inition [1.2)). The techniques used throughout the paper depend very strongly on
the group of symmetries of the underlying set, which is quite different from the
previous investigations. The study leads to new results on the class of admissible
metrics for time change, and sharpens the sub-Gaussian heat kernel estimate.

Let {F;};_, denote the associated IFS of an elementary fractal K. Forn > 1, let
3" = {1,..., N}" be the collection of words with length n (by convention, £° = {0}).
Forw =wy---w, € 2", we write K, = F\,(K) := F\,,0---0oF,, (K), and call it an n-
cell of K. Denote by £* = | J,;9 X" the collection of all finite words, and by |w| the
length of w for each w € £*. A finite sequence of words (w(1), ..., w(m)) in £* (or
equivalently, cells (K1), - - -, Kywm)) in K) is called a chain if K,y N Kyiv1) # 0
for 1 <i < m—1; we use |y] = m to denote the length of the chain. A chain
(w(1),...,w(m)) is said to connect x and y if x € K1) and y € K,y(n). A chain is
called simple if K,,;) N Ky # 0 if and only if |i — j| < 1.

Definition 1.1 ([24} 25]). We call g : Z* — (0, 1] a weight function if it satisfies:
(i)g@) =1, gwj) <gw)ifwe X and je{l,...,N};
(ii) lim sup,,s. g(W) = 0.
We define the total weight of a chainy = (w(l),...,w(m)) by g(y) = X7, gw(i)),
and for any x,y € K,

Dy(x,y) = inf {g(y) : v is a chain connecting x and y}. (1.2)

It is easy to see that Dg(-,-) is finite (D, < g(@) = 1), symmetric, nonnegative,
Dy(x,x) = Oforall x € K, and satisfies the triangle inequality. However, in general,
it may happen that D¢(x,y) = O for some pairs x # y in K so that D, fails to be a
metric.

Let G be the group of symmetries associated with the elementary fractal K (see
Section[2). We will focus on the class of weight functions as following.

Definition 1.2. We call g : ¥* — (0, 1] a symmetric self-similar weight function if
g satisfies the following two conditions:

(i). (Self-similarity) g(w) = [172, gw;) for w = wiwy - - - w,, € X~

(ii). (Symmetry) Foralloc € G, goo = g.

We remark that in the above definition (ii), for o € G, o acts on the cells K.
Since the cells and the finite words in £* are in 1 — 1 corresponding, we can define
the procedure of o on X*. For any i, j € X, define i ~g j if there is a o € G such
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that K; = o(K;). Let Z7¢ denote the equivalent classes and k = #X7¢. For example,
the Sierpinski gasket and the pentagasket have k = 1; the more interesting cases are
the Lindstrgm snowflake and the standard Sierpinski carpet with k = 2 (Sections 3]
[6)).

First by self-similarity and reflecting the cells along hyperplanes of symmetry,
we prove an interesting dichotomic result.

Theorem 1.3. Let K be an elementary fractal, and let g be a symmetric self-similar
weight function. Then Dy (-, -) is either a metric or identically equal to 0.

Leta := (aj,as, . ..,ax) € (0, DF be the associated weights of {g(i) : 1 <i < N}.
We write g = g, for the weight function associated with respect to a. We define

M :={a € (0, l)k i Dy, is a metric on K},

and call it the set of admissible weights, and Dg, an admissible metric (for time
change). We have (Propositions [2.7]and [3.5).

Proposition 1.4. Let K be an elementary fractal, and let S = OM N (0, DX be the
boundary of M. Then M is closed, and S separates (0, 1)" into two connected
components M and M, with S ¢ M.

There is an expression for @ € M, which is convenient to use in the sequel
(Theorem . Fora € M c (0, 1)f and A € (0, ), consider a(2) = (a},...,a}),
then a(1) = a, and limy_ga(l) = (1,...,1), lim;a(l) = (0,...,0). We show
that a(1) € M for A small, and a(1) € M€ if A is large (see Sectionand Figure .
Hence there is a unique Ay such that a(dp) € S.

Recall that the main purpose to study the admissible metrics Dy is to obtain a
two-sided sub-Gaussian heat kernel estimate (L.I]) with respect to D,. For the off-
diagonal lower estimate in the sub-Gaussian heat kernel, one requires the metric
to satisfy the metric chain condition (see e.g. [11}[15]). We also remark that the
two-sided sub-Gaussian heat kernel estimate does imply the metric chain condition
(see [30, Corollary 1.8]).

Definition 1.5. A metric space (M, d) is said to satisfy the metric chain condition
(MCC) if there exists a constant C > 0 such that for any two points x,y € M and
Jfor any positive integer n, there exists a sequence {x;}!_, of points in M such that
X0 =X, X, =y and

d(x,
d(x;, xi41) < CM, foralli=0,1,...,n—1.
n

The MCC plays an important role in the lower estimate of the sub-Gaussian heat
kernel (see e.g. [12l]). The following theorem is one of our main results (Lemma

Theorem [4.3).

Theorem 1.6. Let K be an elementary fractal, then an admissible metric Dy, sat-
isfies the MCC if and only ifa € S.
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It is a challenging task to identify the set of admissible weights M, and there
is no results or non-trivial examples in literature. Our next goal is to give a detail
study of this for the elementary fractals. For nested fractals, we use a technique of
Kumagai [26] to give a constructive algorithm: for each a € M, there is a recursive
relation on the weights of the paths on each level. This allows us to formulate a
finite family of “weight transfer matrices” K(a). Let 14 be the maximal positive
eigenvalue of a matrix A, we have (Theorem [5.1)

Theorem 1.7. For a nested fractal, the set of admissible weights is
M={a=(a,...,a) € 0,1} : 14> 1, VA e K(a))
and its boundary S ={fae M: 1A e K(a) > 14 = 1}.

We use the Lindstrgm snowflake (see Section [5|and Figure [3) as an example to
illustrate the theorem. For the Sierpinski carpet, it requires a different technique to
identify M. We will give a detail consideration of this in Section [6]

We then apply the above results to the time change problem. It is well-known
that for a nested fractal K, if we denote by « the Hausdorff dimension, and let H¢
be the normalized a-dimensional Hausdorff measure, then there exists a local reg-
ular Dirichlet form (&, F) on L?(K, H®) satisfying the self-similar energy identity
with a uniform renormalization factor 0 < p < 1, that is

1N
Eu) = — EwoFy)), V¥V F, 1.3
(u) PZ;‘ (o Fy), Vue (1.3)

and the induced process is the Brownian motion. For a GSC in R with d < 2,
we also have 0 < p < 1. It may happen that p > 1 for d > 3 (see [5, Remarks
5.4]). If we let u be a self-similar measure on these fractals with weights y;, i.e.,
U= Zfil Ui Lo Fl.’l, then in the case that y;p < 1 for all 1 < i < N, the measure
defines a new local regular Dirichlet form (&, ') in Lz(K,,u) with the same &,
which also induces a diffusive process [6].

We call a self-similar measure u symmetric if y; = ;) forany o € G andi € X.
It is known that symmetric self-similar measures are doubling measures under the
admissible metrics [22} Theorem 3.4.5] (also see Section[7).

With this setup on elementary fractals, the sub-Gaussian heat kernel estimate of
the time change of Brownian motion for symmetric self-similar measures can be
stated precisely.

Theorem 1.8. Let K be an elementary fractal. Let u be a symmetric self-similar
measure, and let a(A) be the curve defined by

a() = ((up)', o). (up)) M, A€ (0,). (14)

Let 3 = 1/4, and Dy be the admissible metric defined by a(Ad). Then the time change
of Brownian motion with measure u has a transition density p,(x,y) that admits an
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upper sub-Gaussian estimate (UE)

PI(X,)’) S eXp

1/(8-1

9 o [PeyY b
V (x, 1/P) t ’
where V(x,r) := u({z : Dg(x,2) < r}), and a near diagonal lower estimate (NLE):
there exists small n > 0 such that

C
—— < pix,y), VYx,yeK, t>0, Dy(x,y) < VB,
V (x. 1176 p(x,y) y o6, Y) <7
In particular if A = Ao such that a(lg) € S, then p.(x,y) has the two sided sub-
Gaussian estimate as in (L.

The upper estimate and the near diagonal lower estimate (NLE) were proved by
Kigami [22, Theorem 3.2.3] for weights under the more general situation. He also
showed the off-diagonal lower estimate holds for x, y if there exists a geodesic path
between them. Our contribution in Theorem [I.§]is to provide concrete families of
admissible metrics with MCC for @ € S so that the off-diagonal lower estimate
can be assured. The proof in [22] (see also [14]]) are quite involved and lengthy,
therefore, we give an outline of their proofs incorporating with our setup. We make
use of the fact that these admissible metrics are quasisymmetric to the resistance
metric for nested fractal, and to the Euclidean metric for GSC [23| 24], and the
classical techniques of capacity estimate and Harnack inequality in [14].

We remark that there are few examples on non-symmetric weight functions in
connection to those considered in [22]]. We also remark that there is another setup to
construct new metrics on self-similar sets which is quite different from the present
one; the construction is based on certain “augmented trees”, i.e., by adding new
edges to the neighboring cells of the trees of the symbolic spaces; the geodesic of
these trees are defined by the graph distance. They are hyperbolic graphs (in the
sense of Gromov), and there are systematic treatments for such graphs [[18} 19} 27,
28]. Also in regard to the quasisymmetry of the SC, Bonk and Merenkov in [9]
gave an interesting classification of quasisymmetric self-homeomorphisms for the
standard 1/3-SC and the 1/¢-SC.

We organize the paper as follows. In Section [2| we provide some basic defini-
tions and preliminaries of the elementary fractals and the symmetric weight func-
tions. We prove some basic facts of M, M and the boundary S = dM N (0, 1)~.
In Section we verify Theorem for D, to be identically zero in M°. The main
theorem (Theorem[1.6) on the MCC is proved in Section[d] In Section[5] we prove
Theorem and use it on the Lindstrgm snowflake for illustration. In Section [6}
we study M of the Sierpinski carpet in detail. Finally in Section [/, we combine
Theorem together with some previous known results to obtain the heat kernel
estimates of the time change Brownian motion for symmetric self-similar measures

(Theorem [L.8).
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2. PRELIMINARIES AND ADMISSIBLE METRICS Dg(+, +)

First we define the class of nested fractals introduced by Lindstrgm [29]. Let
K be the self-similar set defined by an iterated function system (IFS) {F i}fi , of the
form Fi(x) = 00;x + b;, where N > 2,0 <o < l,and foreach1 <i < N, O;is a
d x d orthogonal matrix and b; € R, Let P be the set of all fixed points of {F ,'}?i |-
Call p € P an essential fixed point if there exist distinct i, j € {1,...,N},and g € P
such that F;(p) = Fj(¢), and denote this set by Py. For any distinct points x, y € RY,
denote the bisecting hyperplane H, , = {z € RY : |x —z| = |y — |} and write R, the
orthogonal reflection with respect to H, ,; let G denote the group of reflections for

X,y € Py.

Definition 2.1 (nested fractals). Let {F i}fi , and K be as the above. We call K a
nested fractal if it satisfies the following conditions:

(OSC) {F i}f\i { satisfies the open set condition;

(Connectivity) K is connected;

(Symmetry) K is invariant under G;
(Nesting) Forany i, j € {1,...,N}withi # j, Fi(K) N F;j(K) = F;(Po) N F;(Po).

Next we define another class of self-similar sets which are infinitely ramified,
called generalized Sierpinski carpets (GSC), named and first studied by Barlow
and Bass [2| 4]. Letd > 2, £ > 3 be integers, and Hy = [0, 119. Set Q to be the
mesh of closed subcubes of size 1/¢. For any Q € Q, let Fp : Hy — Hj be given
by Fo(x) = x/€ + po where py is chosen so that Fp(Hp) = Q. Let @ C Q and
let K := GSC(d, £, Q) be the self-similar set associated with the iterated function
system {Fp}oecq . We renumber the elements in {Fp}oeq by {F i}f\; , With N = #Q .
Set Hy = Upeq Fo(Hop). Let G denote the group of isometries on Hy.

Definition 2.2 (generalized Sierpinski carpets). A set K = GSC(d, £, Q') is called
a generalized Sierpinski carpet (GSC) if the following conditions are satisfied:

(Symmetry) H; is invariant under G;

(Connectivity) H| is connected;

(Non-diagonality) For any x € Hj, there exists ry > 0, such that for all 0 < r <
ro, int(Hy N B(x, r)) is connected;

(Borders included) The line segment [0, 1] X {0} X - - - X {0} is contained in H,.

Throughout the paper we always assume that K is either a nested fractal or a
GSC. When we do not need to distinguish them, we will just call them elementary
fractals for convenience.

A weight function g will be assumed to be self-similar and symmetric as in
Deﬁnition For the weight function a; = g(@), i € £ = {1,2,..., N}, by taking
quotient of symmetries, we consider a € (0, 1)* where k is the number of elements
in the quotient space £~¢. For a chain y = (w(1), ..., w(m)), the weight of a chain
v = (w(1),...,w(m)) is defined by

g = D gw@) with gw@) = [ | gGi. wid = i1+ i
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For the above chain, we also define the union of the cells in y by Uy = UL, Ky i),
and call (w(i), ..., w(j)) a sub-chain of y forany 1 <i < j < m.

For any two words w and v, if K is a nested fractal, we use K,, ~ K, to denote
K,NK, # 0;if K isa GSC in R?, we use K,, ~ K, to mean dim(F,,(Hy)NF,(Hp)) >
d -1, i.e., either F,,(Hy) N F,(Hp) is a (d — 1)-dimensional face or the two sets
F,,(Hy) and F,(Hp) are such that one is contained in the other.

Lemma 2.3. Let K be an elementary fractal and let g be defined by a € (0, 1).
Suppose K, ~ K, for some i # j € X, and w,v € X* with |w| = |v| > 1. Then
a(Ky,) = K, for some o € G, and g(iw) = %g(jv).

J

Proof. It is known that on a nested fractal, each element in Py belongs to exactly
one n-cell for each n (Lindstrgm [29, IV.13 Proposition]). As a result, each n-cell
contains at most one element of Py for each n > 1. By applying this property to
K; (or K;), we see that K, N K}, is a singleton, denoted by {p}. Then there exist
P1, p2 € Py such that Fi(py) = Fj(p2) = p. Let o € G be the orthogonal reflection
with respect to H), ,,. Then o(K,,) = K,, ([20} p.115]).

For the GSC, K;,, N K, is a (d — 1)-dimension face. Hence K,, and K, are in the
opposite face of Hp, and o(K,,) = K, for a reflection on Hy.

The second part follows from g(iw) = g(i)g(w) and g(jv) = g()g(v) = g(j)g(w).
O

Fora € (0, )X, denote a, = min{a; : 1 <i <k}, a* = max{a; : | <i < k). By
Lemmal[2.3] we obtain the following simple property which will be used frequently.

Proposition 2.4. Let K be an elementary fractal, let g := gq, a € (0, ¥ and let
¢ =a*/a.. Suppose K, ~ K, with |w| = |v|. Then we have

clg(v) < g(w) < cg(v).

Furthermore, if we reflect a chain y contained in K, along the appropriate hyper-
plane of K,, ~ K,, and denote it by R(y), then R(y) is a chain contained in K,, and

clg(y) < g(RY)) < cg(y).

Let I' denote the class of chains y = (w(1),...,w(m)) satisfying Ky, ~ Ky(i+1)
for all i. Similar to D, in (I.2), define

D;(x, y) = inf{g(y) : ¥ € ' connects x and y}.

Clearly for the nested fractals, Dy is just the same as the D,

Corollary 2.5. For the GSC, we have Dy, ) < Dg(:, ).

Proof. By the non-diagonality assumption in the definition of GSC, we see that if

K, N K, # 0 with |w| = n, then there exists a chainy = {wy, ..., w,} of n-cells such
that K, ~ K,,.,,, K, = Ky, K,,,, ~ K,, and m < 24 1. By Proposition
' Dglwy) < T glw) < gw), 1<i<m.
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Hence we can replace the defining chains in D(x, y) by the chains in Dg,(x, y) and

keep the above inequality. This yields Z‘dc‘(zd‘z)D;,(x, Y) < Dg(x,y) < Dg,(x, y)
for all x,y € K. O

Remark. For the GSC, the chains in I" with K,, ~ K,, are more convenient to use
than K, N K, # 0. We will use it without explicitly mentioning.

Denote by M = {a € (0, 1)* : D,, is a metric on K}, and let M° = (0, D\ M.
We call M the set of admissible weights, and Dy, the admissible metric (deter-
mined by a). If no confusion, we also say that g is a symmetric self-similar weight
function to mean g = g, for some a € (0, k.

Lemma 2.6. Suppose a,b € (0,1)* and b > a (coordinatewise). Then (i)a € M
implies b € M; (ii) b € M€ implies a € M°.

Proof. 1t suffices to show that (ii) holds. Suppose that b € M€. By definition, there
exist two distinct points x,y € K and a sequence of chains {y,}, between x and y
such that gp(y,) — 0 as n — oco. By assumption we have g,(y,) < gp(y,), hence
ga(yn) — 0 as n — oo, which implies thata € M°. O

The following is a crude estimation of M and M.

Proposition 2.7. (i) For a nested fractal K, there exist 0 < ¢ < C < 1 such that
[C,1)* ¢ M and (0,c)* ¢ M ; (ii) For a GSC, we have [1/¢, 1) ¢ M and
0, 1/6)F c M.

Proof. (i) For two distinct p, g € Py, let n(p, q) be the minimal length of the chains
consisting of 1-cells between p and q. Let n,, n* be the minimum and maximum
of n(p, g) among all the pairs p, g € Py, respectively. As each p € Py is contained
in exactly one 1-cell (Lindstrgm [29]), therefore, we have n* > n, > 2.

Let g be the weight function generated by @ = (1/n.,...,1/n,). We show that
a € M, then by Lemma [1/n., 1) € M. The first part of (i) follows by letting
C = 1/n,.

For this, we let p and g be two distinct points in Py. For any given simple chain
¥ between p and g (i.e., Ky,;y N Kyjy # 0 if and only if | — j|<1), choose a cell
K, in y such that w has the largest word length in y. Let w’ be the parent of w,
and J(w’) be the set of the N children of w’. Then by using the definition of n, on
K,,, there exist at least n, cells in J(w’) (including w) contained in y. Observe that
g(u) = n7'g(w") for any u € J(w’), we have

g(w ) < Zue](w’)ﬂyg(u).

Hence if we replace the sub-chain of y in J(w’) by w’, then we get a new chain 7.
with g(y) > g(y.). We can also assume that v, is a simple chain by removing some
cells in y,. By repeating this “merging” procedure to each cell with largest word
length in the new chains, we finally get the trivial chain {@}. Thus g(y) > g(0) = 1
and D,(p,q) > 1. For arbitrary distinct two points p,g € K, we can use a similar
argument to show that D,(p, q) > 0. Hence (1/n.,...,1/n.) € M.
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Next we show that (0, 1/n*)* ¢ M. Letb € (0, 1/n*)¥ and fix any two distinct
points p and g in Pg. For any m > 0, choose a chain vy, of m-cells between p
and g, where the length of v, is not larger than n*™. Then D¢(p,q) < (b*n*)"
(b* = max;{b;}). By letting m — oo, we have D,4(p, q) = 0 since b* < 1/n*. Hence

we have (0, 1/n*)¥ ¢ M€ and the second part of (i) follows by letting ¢ = 1/n".

(i1) Let g be the weight function generated by @ = (1/¢,...,1/{). Let p,q be
two vertices of Hy such that the line segment pgq is parallel to an axis. Consider
any chain y between p and ¢. Since any cell with word length m > 0 has weight
™™, the projection of y on the side pg covers pqg so that g(y) > 1.

Now let x,y € V. = U, s+ F1v(Vo) where Vj is the set of vertices of Hy. Then
X,y can be connected by finitely many line segments parallel to the axes. By self-
similarity and the above, we have Dy, (x,y) > |x—y|. The density of V. in K implies
that Dy, (x,y) > O for all distinct x,y € K. By Lemma [1/¢, 1) c M.

To prove the last part, let b = (by,...,b;) such that b* < 1/¢. Let p and ¢
be two end points on a side of the cube Hy. Consider a simple chain y,, with
word length m connecting p and g and along the edge of the GSC. Then we have
glym) < M"Y — 0 as m — oco. Therefore Dg(p,q) = 0 and b ¢ M. It follows
that (0, 1/6)F ¢ M. O

Let g := g, be the weight function on K with a = (ay,...,ar) € (0, ). Define

a curve a(d) : (0, 00) — (0, ¥ by
a() = (a},....a)), A€ (0,).
Clearly a(1) = a. By Proposition[2.7, a(1) € M for A small enough, and a(1) € M¢
for A large enough. Since a(1;) > a(A,) (coordinatewise) for 4; < Ay, by Lemma
a(1;) € M implies a(1;) € M. This yields a unique boundary point A, > 0
such that a(1) € Mif A > 2, and a(1) € M if A < A, (see Figure[I)). Denote by
Ar=1{ac (0, 1)F: Zle a; = 1} the set of normalized vectors of (0, 1)*. Let
S ={a(l,) : a € A}

It follows that S separates (0, 1)* into two connected components M and M.

We call S the boundary surface of M.

Ficure 1. M, M€ and S
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Corollary 2.8. With the above notations, let OM denote the boundary of M in
(0, DX, Then S = OM.

Proof. 1t is clear that S € dM. To prove the reverse inclusion, let b € IM.
Suppose b ¢ S. Then there is an @ € Ay such that b = a(1), and a(4,) € S and
A # Ay If A < A4, let A1 be such that 1 < A; < A, then a(d;) € M. By Lemma
[2.6]i), we see that M contains all 5’ > a(1;), which is a subset of M, the interior
of M. Hence b = a(1) € M?°. This contradicts that b € M. If 1, < A, then we can
use a similar method (apply Lemma [2.6(ii)) to obtain a similar contradiction. O

3. A pICHOTOMY FOR D, (-, *)

Note that in general, for any weight function g, either Dy is a metric or there
exists a pair x # y in K such that D,(x,y) = 0. In this section we prove a stronger
conclusion for symmetric self-similar weights on the elementary fractals.

Theorem 3.1. Let K be an elementary fractal, and let g be a symmetric self-similar
weight function. Then Dy is either a metric or identically 0 on K.

Equivalently, the theorem says that D,, = 0 fora € M. Since the proof involves
different symmetries in the nested fractals and the GSC, we divide the proofs into
two separate parts.

Lemma 3.2. Let K be a nested fractal, and let Py be the set of essential fixed
points. Suppose Dg(q*, s*) = 0 for some distinct q*, s* € Py, then Dy(q, s) = 0 for
all g, s € Py.

Proof. We define an equivalence relation in Py as follows: for any two points g and
s in Py, we write g ~ s if either g = s or there is a finite sequence of points {qi}fzo
in Py with go = g and ¢; = s, and for each 0 < i < [—1, there is a 0; € G satisfying
oi(qi)) = q¢* and 0i(gi+1) = s*. It is easy to check that “~” is indeed an equivalence
relation on Py, which is invariant under G, that is, for any points ¢, s € Py, o € G,
if g ~ s, then o(q) ~ o(s). Obviously, by using the triangle inequality of D,, we
have Dy(g, s) = 0 for any g ~ s.

If g, s € Py are two distinct points, let R, ; be the orthogonal reflection along
H,s ={z€ RY:|g—z =|s—z]). Let H,, H, be the closed half-space containing
g, s respectively. Then by Sabot [31, Lemma 6.4], for any G-invariant equivalent
relation on Py, any equivalent class intersects both half-spaces. Hence there is
a point ¢’ in Po N Hy with ¢ ~ ¢’, where “~” is the relation defined as above.
Therefore we have D,(q, ¢") = 0, and there is a sequence of chains {17,,},,>0 between
g and ¢’ with the total weight g(7,,,) tending to 0 as m — co.

For m > 0, let 17, be the chain obtained by reflecting the part of the cells in
m contained in H, to Hy by R, ;. Then 1, connects ¢’ and s. By the symmetry
of the weight function g, we have g(n,,) = g(n,,) — 0 as m — oo, which yields

Dy(q’,s) = 0. Then Dy(q, s) < Do(q,q") + Dg(q’, s) = 0 and the lemma holds. O
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Proof of Theorem @ for nested fractals. Let xp, yg be two distinct points in K
with Dg(xo,y0) = 0. Without loss of generality, assume K is the smallest subcell
which contains both xy and yg. Then there exist distinct i, j € {1,2,..., N} such
that xo € K; and yo € K. Let Ey; = Uyes.: yyek, Fu(Po). Then Ey is a finite set and
XxXo & Eyo.

Let K,,,v € £*, be a cell containing x¢ with word length large enough such that
K,NE, =0.Letn = |v| and my € Z" satisfying mal < aj. From Dy(xo,y0) = 0,
for each positive integer m > my, there exists a chain y,, between xp, yg such that
gym) < m™'. As m™' < d”, every cell in y,, has length > n. By the nesting
property, the chain v,, must pass through one of the points in F,(Py), and one of
the points in Ey. By the finiteness of both #F,(Py) and #E,, there is a subsequence
of {yu}, still denoted by {y,,}, and ¢* € F\,(Py), § € E,;, such that each vy,, passes
through both ¢* and 3. Let {y,,} be sub-chains of {y,,} connecting ¢* and 3. Let

E; = de,lzq%FW(Po> \{q').

By taking subsequence and sub-chains again, we can find a point s* € E, a word
w € X", and a sub-chain vy, of y,, between ¢* and s*, contained in K,,. Since our
choices of sub-chains ¥,, and y,, of y,, do not increase the total weight, we have
D,(q",s*) = 0.

Using self-similarity, we can dilate g*, s* to be two distinct points in Py. By
Lemma @ we have Dy(q,s) = O for all ¢g,s € Py. Hence by self-similarity,
Dy(q,s) = 0 for all g,s € F,(Po),u € X*. In general, for any two points g, s
in K, we can use the approximation by points in V., = |J,esF,(Po) to show that
D,(q, s) = 0. This completes the proof.

We then turn to the GSC. For any point p € R?, we denote by x;(p) the i-th
coordinate of p with 1 < i < d. For any subset E of R, we denote by m;(E) the
orthogonal projection of E onto the i-th axis, i.e. m;(E) = {x;(p) : p € E}. We will
use Ky ~ Ky+1) for the connection of a chain (see Corollary . Similar to
Lemma[3.2] we have the following for the GSC.

Lemma 3.3. Let K be a GSC. Suppose q* and s* are on the two opposite faces
of the cube Hy = [0,11¢ and Dy(q",s*) = 0, then Dy(q, s) = 0 for all g, s in the
vertices of Hy with qs parallel to one of the coordinate axes.

Proof. We assume that x;(g*) = 0, x;(s*) = 1. Define ¢’, s" by changing the first
coordinates of ¢g*, s*: x1(¢") = 1, x1(s’) = 0 and x;(¢") = xi(¢*), xi(s") = x;(s*) for
2 <i <d. By symmetry, D,(q’, s") = 0.

For 0 < j < ¢, let p; be the point in K with coordinates xi(p;) = j/{, and
xi(pj) = 0for2 <i<d Forl < j<{letF;: Hy — Hybe such that
Fj(x) = x/€ + pj-1. From the borders included condition of GSC in Deﬁnition
{F j}1<j<c 1s a subset of {Fp}ocs such that each cube F;(Hy) locates along the line
segment pope. It follows that Do(Fj(q*), Fj(s*)) = D4(Fj(q"),Fj(s’)) = 0 for
1<j<t.
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Notice that F;(s*) = Fj;1(s") and Fj(q") = Fj;1(g") for 1 < j < £. If £ is an odd
number, we have

Dy(F1(q"), Fe(s™)
< Dg(Fi(q), Fi(s7) + Dg(Fi1(s7), Fa(q") + -+ + Dg(Fe-1(q'), Fe(sY))
= Dyo(F1(g"), F1(5") + Dg(Fa(s"), F2(q)) + - -+ + Dg(Fe(g"), Fe(s™)) = 0.

By using this repeatedly, we see that Dg(F(q"), F:(s*)) = O for all integers n >
0. By the continuity of D, we have D,(po, p/) = 0. Similarly, if £ is even, by
considering Dy(F12(q"), Fe:(q")) instead, we also have Dg(po, pr) = 0. The lemma
follows by symmetry. O

Proof of Theorem [3.1] for the GSC. Let g, sy be two distinct points in K with
D,(qo, so) = 0. We select an n > 0 such that 2 - 7" < max{|x;(qo) — xi(so)| : 1 <
i < d}. Without loss of generality, we assume that x;(sg) > x1(qo) + 2 - £~". Define
a, = [€"x1(q0)] - €, where [f] is the minimal integer no smaller than z.

Let mp € Z* satisfy m(‘)1 < d}. From Dg(qo, so) = 0, then for m > my, there
exists a chain y,, between gy and so such that g(y,,) < m~'. From m™! < a”, every
cell in y,, has length greater than n. Therefore, we can pick two points g, and
sm in K, and a sub-chain 7y, of y,, between ¢,, and s,,, such that x1(g,;,) = au,
x1(sm) = ap + €7, and 1 (Uyy,) = [ay, a, + €7"]. By taking subsequence, we can
find two n-cells K,, and K, (independent of m) such that ¢,, € K,, and s,, € K,,, and
mi(Ky) = mi(K,) = [ag, a, + "]

For each m > myg, we replace each cell K, iny,, by K}, and delete the repeated
ones to obtain a chain n,, consisting of n-cells. Then obviously, the chain 7, starts
from K,, and ends with K, and m1(Un,,) = [a,, @, + {"]. Also for every two
successive cells in 7, they share a same (d — 1)-dimensional hyperplane which is
always parallel to the 1-st coordinate axis. Reflecting the chain %y,, according to
these (d — 1)-dimensional hyperplanes along 7, from K,, to K, successively, we
obtain a new chain y,, contained in K, (see Figure . Note that there is a point ¢,
in K, with x1(¢q,,) = @, such that y,, is between g, and s,,. By Proposition

g < @) < gy < w7, where ¢ = a*fa.

By taking subsequence if necessary, we may assume that g, converges to g*,
and s, converges to s*. Then ¢*, s* € K, with x1(¢*) = @y, x1(s*) = @, + 7", and
D,(q",s*) = 0.

Using self-similarity, we can dilate ¢*, s* to the two opposite faces of Hy. Then
by Lemma (3.3} D,(g,s) = 0 for all ¢, s in the vertices of Hy with gs parallel to
one of the coordinate axes. Since any two points in V, can be connected by finitely
many pairs of vertices of F,,(Hp), by using the self-similarity and the triangle in-
equality of D,, we must have that D¢(q, s) = 0 for any ¢, s € V... By using the con-
tinuity of D, w.r.t. the Euclidean metric, we have that D,(q, s) = 0 forall ¢, s € K.
This completes the proof. O

We will call a procedure on a chain vy splitting if it splits the cells in y to obtain
a finer chain y’ such that g(y’) < g(y).
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Ficure 2. Chains vy,, and y,,

Lemma 3.4. Let K be an elementary fractal. Assume that D, is not a metric on
K, then there exists Ny > 0, such that for any two points x and y in K, there is a
sequence of chains {y,} between x and y, such that each chain is a splitting of
the previous one, and

(i) glyn) < 174",
(1) nNy < |ul < (n + 1)Ny for any u € y,.

Proof. We first claim that there exists a positive integer Ny, such that for any two
points x and y in K, there is a chain y,, between x and y such that the following
two conditions hold:

§yxy) < 1/4, and 0 <|ul <Ny, Yu€ry,,. 3.1

Indeed, let Ny be the smallest integer such that aM <1 /16. Let K,, and K,, be two
cells with |w| = [v] = N, x € K,, and y € K,. In the case that K, N K, # 0, we
define y,,, = {w, v} so that

gywy) = gw) + g(v) < 2a*M < 1/8.

In the case that K,, N K,, = 0, by Theorem 3.1} there is a chain 7,,, connecting K,,
and K, such that g(n,,,) < 1/8. Let v,,, be the chain constructed by adding 7, in
between w and v. Then we have

gywy) = gw) + g(ny,y) + g(v) < 1/4.

Now set N, = max{|u| : u € y,,,}, and let Ny be the maximum of N,,, among all
the pairs w, v in £V, Then for all Ywyvs 8Ywy) < 1/4 and v, , consists of u such
that 0 < |u| < Ny, and the claim follows. For simplicity, we write yg := y,, :=

w(l),...,w(m)).

We now construct y;. For each word w(i) in yg, we perform a splitting as fol-
lows. Let X' € Ky N Kyi-1) and y' € Koy N Kyery (if i = 1, we just take
w(0) = w(1) and x = x’, and similar for i = m). For each w(i), consider the pull-
back F V‘V(li)(KW(,-))(: K), we apply the claim to x”/ = F v‘v(ll.)(x’) and y’ = Fv;(li)(y’)
to obtain a chain y, ,» satisfying (3.I). Consider F\;(yy,), which is a chain
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between x" and y” in K,,(;, consists of cells F,,;(K,) for each u € y,» . By self-
similarity of g and (3.1)), the chain has the following property:

gFw vy ) = > gy= > g - gw(@) < (1/4) - g0w(i),
UEF iy (Y7 y11) UEY 17 11
with [w(@)| < [u| < No + [w(@)| for all u € Fy,)(yxr ).

Now we replace the word w(i) in yo by the chain F,;)(yy,~) for each i, and
obtain a new chain. We keep doing the same splitting for words with length < Ny
in the new chain. After finite many times, we obtain a chain y; between x and y
such that each word in 7y has length > Ny. Since we are using the claim to do the
splitting, each word in y; has length < 2Ny (Indeed, at the beginning of splitting,
[w(i)] £ Ny, and after the splitting, the new words has length < Ny + Ny = 2Np).
With all these,

g(y1) < (1/4) - g(yo) < 1/4%, with No < |ul < 2Ny, Y u € yi.

Inductively, we adopt the same procedure to construct y,;; from vy,: for each
word w; € v,, we use the same pull-back technique to bring K,,(; to K, and apply
the claim to carry out the splitting, and the lemma follows. O

Proposition 3.5. For an elementary fractal K, M€ is an open set in (0, 1),

Proof. We adopt the same notation as in Lemma Leta € M and ¢ > 0.
Consider the weight function g(";) which is defined by the vector a(e) = (a; +
gl,ay+ &, ...,a+&), with |gj] <efori=1,2,... k. Leta, =1+ i, and let 7y,
be as in the lemma, then [w| < (n + 1)Ny for all w € y,,. It follows that

(&)
e _ e _ g¥w) Wl
g2 =) g%m=> g(w)—g(w) < ) gw)al

WEYn WEYn WEYn

1
< g a7 < (1) vz 0

Choose &€ > 0 small enough such that 4‘102/0 < %, then g®(y,) —» 0asn — oo.
This implies that a(e) € M° and thus M° is open. O

4. METrIC CHAIN conDITION (MCC)

It follows from Proposition that M s closed in (0, 1), As S is the boundary
surface of M (Corollary [2.8), we have S ¢ Mand M\ S = M?, the interior of M.
In this section, we will study Dy, for a € M, and in particular in S in connection
with the MCC (Definition [I.5]).

According to Kigami [22], we say that D, is 1-adapted to g if there exists a
constant C > 0 such that for all x,y € K,

( Dyg(x,y) <) inf {g(y) : y connects x and y, [y| < 2} < CDy(x. y). (4.1)

Remark 1. In [22], the terminology of “m-adapted” is defined for any integer
m > 1 by replacing the “ly| < 2” in (@.1) by “ly| < 1 + m”. For g = g,, we can
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actually use chains of the form vy = {w, v} with |[w| = |v| to connect x,y. Indeed
let x € K,,,y € K,, and assume that they do not contain each other. Suppose
[w| > |v| (or |w| < |v|]), we truncate the last indices of w to w’ so that |w’| = |v|. By
Proposition and the proof in Corollary we have ¢ 'g(v) < g(W') < cg(v)
where ¢ depends on @ and d. Hence (@.1)) still holds with the constant C” = (1+¢)C.

As a special case of [22] Theorem 2.3.16], we have

Proposition 4.1. Let a € M and g be the associated weight function. Then the
metric D, is 1-adapted to g.

To study the MCC on K, we use the n-chains defined in the following. Forn > 0,
a chain vy is called an n-chain if all the words in y have length equal to n. Define

Dg,")(x, y) := min {g(y)l v is an n-chain between x and y}.

Clearly, Dy(x,y) < DY’ (x,y) for all x,y € K.
Remark 2. We will need the following simple fact: fora € M°,
lim D)(x,y) = Dg,(x,) =0, Y xyek. 4.2)

Indeed, for a given n, let m be the smallest integer such that n < mNy. By
Lemma there exists a chain v,, connecting x, y such that g(y,,) < 4!, and
mNy < |u] < (m + 1)Ny for u € v,,. Now we define an n-chain y™ by truncating
each u € v, to u’ of size n. Hence the length of each word «’ in ™ has length
differ from u by at most 2Ny. This implies g,(y"™) < C4™" for a constant C so that

(4.2) holds.

First we prove

Proposition 4.2. Let K be an elementary fractal, and let a € M?° (the interior of
M). Then
r}l_)rgo ng’z)(x,y) =0, VYx#yeKk.

In this case, Dy, is a metric but does not satisfy the MCC.

Proof. For a € M?, first we claim that for any distinct x,y € K, there exist C > 0
and o > 1 such that for all n > 0,
Dg)(x, y) = Co™.

Indeed, since a € M?, there exist b € Ay and 0 < A < Ap, such that a = b(A).
Denote by 6 = 4 — A and let gg be the weight function of b(4p). Since b(4p) € S C
M, we have Dy (x,y) > 0 and for each chain y between x and y,

2 = ) (W) = D (@)™ - (p(w))
wey wey
and hence
D (x,y) 2 b DP(x,y) = (b* )" - Dgy(x,).

This proves the claim, and clearly implies that lim Dg;)(x, y) = oo,
n—oo
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To prove that D,, does not satisfy the MCC, we assume the contrary. We write
D, for Dg, for simplicity. For two distinct points x and y, there is C > 0 such that
for any integer n > 1, there is a sequence x = xp, X1, ..., X, = y such that

Dy(xi, xi+1) < Cn'Dy(x,y), forO<i<n-—1. 4.3)

Pick A > 1 close to 1 such that D,w is a metric, where Dy is given by the weight
a(l) = (a},aj,...,a}). By using the l-adaptedness of Dy and D (Proposi-
tion[4.1)), we have

i,
Dy (x,3) = (Dg(x.3)) . Dyon(x1,xi41) = (Dglxin xie)) . V.
By using this, triangle inequality and (4.3)), it follows that

A
s

—_

n—1 n—

, A
Dy (x,y) < Z Dy (xi, xi1) < C (Dg(Xi, xi+1))
i=0

1

1l
(=]

n—1

<C” Z (n_ng(x, y))/l <C’n' (Dg(x, y))
i=0

A

Letting n — co, we have Dgw(x, y) = 0, a contradiction. Hence D, does not satisfy
the MCC. O

The main purpose of the section is to prove Theorem [d.4] We need a lemma.

Lemma 4.3. Let K be an elementary fractal, x,y € K anda € S. Then

suanOD(g’;)(x, y) < oo.

Moreover; there are ng (depends on x,y) and C > 0 (depends on a) such that

SUPn DY (X, y) < CDg, (x, ). (4.4)

a

Proof. We first proof the case for the nested fractals. For p,q € Py, we denote
by p > g if sup,. Di,")(p, q) < oo. This gives an equivalent relation on Py which
is preserved under the group G. Observe that by using a similar argument as in
Lemma[3.2] we conclude that p >« g for some distinct p, g € Py if and only if p > ¢
for all p, g € Py.

We first show that p >« g for all p, g € Py. Suppose otherwise, sup,,- ng") (p,q) =
oo for all distinct p,q € Py, choose Ny > 1 such that ngN‘))(p, q) > 2 for all
p # q € Py. It follows that for each m > 1,
D™ (p,g)=2",  Vp*qeP, 4.5)
Indeed, let y = {w(1),...,w(#)} be a chain connecting p, g where |w(i)| = (m +
)Ny for all i. By considering w(i)|y,, we obtain a sequence of Ny-cells {K, j)}}‘.:l
connecting p, g, and decompose y into sub-chains {y j}j':l with y; contained in
K.(j)- Then F;(lj)(y,-) is an mNy-chain, and induction implies g(F ;(1[.)()/,-)) > 2", s0
that g(y) = 3, g(u(i))2" = 2"+ and D" VY (p, q) > 2! for all p # q € Py.
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Choose & > 0 small enough such that (a,)*™ > 1/2. Leta(e) = (a{”, . ,a,i*g),

and g® be the weight function given by a(e). Then for any mNy-chain y"No)
between p and g, we have

20 = 3 g = Y g S gnaym > B
=Z * = 2m .

wey(’"NO) wey(’”No) We,y(/uNO)

Combining this with |i we see that forallm > 1, D;’gv())(p, q) > 1. On the other

hand, it follows from a € S that a(g) € M€, which gives lim,_,e D;’(‘g) (p,q) = 0 by
Remark 2, a contraction. This proves p »< g for all p, g € Py.

To complete the proof of the first part of the lemma, we show further that
SUp,,>0 Di,")(x, y) < oo for any x,y € K. Indeed, we can find a sequence of cells
{Kw()}iz0 such that w(0) = 0 and w(i + 1) is a child of w(i), and (;>; Kwq) = {x}.
Pick an arbitrary x; € F\;)(Po), we obtain a sequence of points {x;}°,, such that
lim;, x; = x. We also see that x; and x;;; can be connected by a uniformly
bounded number of pairs in Fy;1)(Pg). Let M = max, sp, suanOng”)(p, q)-
Hence by self-similarity, there exists a constant C > 0, such that for all i,

suanOng")(x,-, Xiy1) < Cgw(i + 1)) - M.

By summing up over i, and observe that 3., g(w(i)) < 37 | a*™ < co, we have
sup,s0Dy” (x0, ) < C "~ g(w(i)) - M < C'M.

Similarly, we pick {y;}:2, such that lim; e y; = y with yo = xo. Then we have
Sup,>0 ng”)(xo,y) < C'M, so that suanOng")(x, y) < 2C’M < co. This proves the
first part.

To prove the last assertion, we observe that in the 1-adaptedness of D,, Remark 1
allows us to assume that the two-word chain y = {w, v} connecting x, y is such that
[w| = |v|. Let

no = no(x,y) :=max{n > 0: y = {w, v} connecting x,y and |w| = |[v| = n}.

Clearly np < co. We can assume that y = {w, v} attains the maximum. Let z €
K,, N K,. Since the two points x and z are both in K,,, consider F,,!(x), F,'(z) € K.
By the first conclusion of the lemma, we have

sup Dg’) (F;v,l(x), Fv_vl(z)) < Co.

n>0
It follows from the self-similarity that sup,,, ng")(x, 7) < Cog(w). Similarly,
SUP,150 D(g”)(y, 7) < Cog(v). Hence we have
SUP,i5,, DY (X, ) < Co(g(w) + 8(v)) < CD(x. ).
This completes the proof of the lemma for the nested fractals.

To prove the case for the GSC, we need some new notations. Let p; = (0,0,...,0),
pr = (1,0,...,0). Let L = {0} x [0,1]¢ " and R = {1} x [0, 11%"! be the left and
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right face of Hy. Define
Di,")(L, R) = min{g(y) : y is an n-chain between L and R},

where an n-chain y = (w(1),...,w(m)) is called an n-chain between L and R if
K,y N L # 0 and K,,;»y N R # 0. We need another lemma.

Sublemma. Fora € (0, 1), sup, Di,")(L, R) < 00 & sup,s Di,")(pl, P2) < o0,

Since the proof of this sublemma uses more notions and another technique, and
is quite long, we will prove it in the Appendix in order not to distract the main
proof.

For the first assertion, using the same argument again as in the previous proof
of the nested fractals, we can also see that sup, ng") (p1, p2) < oo implies that

Sup,>0 Di,")(x, y) < oo for all x,y € K (the x; we choose is an arbitrary vertex of the
cube Fy;)(Hp), and note that x;, x;+1 can be connected by a finite number of pairs
that can be expressed as affine combination of py, p» under some F,, and o € G).
Thus, it suffices to show that a € § implies sup,., ng,”)(pl, p2) < oo. Suppose
otherwise, then by sublemma,

sup DY (L, R) = co.

n>0
From this, we see that for any given Cy > 1, there exists Ny large enough such that
ng“) (L,R) = Cy, i.e., for any two points x € L and y € R, Di,NO)(x, y) > Co.

Note that by symmetry, D;NO)(L, R) = D;NO)(L’,R’) for any two opposite faces
L', R’ of the unit cube. We will pick some large C¢ (specified later) and show that

DI (py, pa) = 2™, (4.6)

Let m > 2 and ¥ be an mNy-chain between p; and p,. We decompose y"™ =
{w(1),w(2),...,w(j)} into a sequence of sub-chains as follows. Let w(1)~ be the
truncation of w(1) to word length (m — 1)y, and let

Ny =U{K, : [v|=(m— I)N(),KW(I)— N K, # 0}

be the neighborhood of K,,(1)- which is contained in a cube having the size three
times as K,,(1)-. Set fp = 1 and define

n=inf{r: 1<t<j, Koy & N},

and let y(lm) = {w(1),w(2),...,w(t; — 1)}. Follow this “first exit time” technique,

we can define N; and ng) = {w(ti_1),...,w(t; — 1)}, 1 < i < s as the above. Then
¥ is decomposed into subchains {y?m)}f: 1
We first consider ’y(lm). Note that H,,1)- := F\,1)-(Hop) is the subcube containing

K1y~ Consider a subchain y'l(m) of y(lm) such that for w(i) € y'l(m), K- € Ny =

Ni \va(l),; it corresponds to a chain of mNy-cells starts from an (m — 1)Ny-cell Ty,

which touches the boundary dH,,(1)-, and reaches the outer border of Ni with an
exit face contained in a (d — 1)-dimensional hyperplane H. We can take the union
of translates of Ty towards H and obtain a straight tube-like set 7 composed of
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(m — 1)Nop-cells. We then reflect the mNy-cells K, of y'l(m) (with respect to faces
of the (m — 1)Np-cells in N;) towards T successively (like rolling up a carpet).
Eventually, we can find a new chain )7(1’") contained in T such that its mNy-cells
cross over two opposite faces of an (m — 1)Np-cell K in T. Note that the number
of reflections needed is uniformly bounded by some k£ > 0 which depends only on

the dimension d. By using self-similarity and Lemma[2.3] we have
/ A - -
01" 2 207" 2 () 8™ = e1Coglw(1)). @)

We now adjust {w(1)~, w(2)7,...,w(t;—1)"} to a simple (m—1)Ny-chain 1, starting
at w(1)~ and ending at w(¢; — 1)7, then || < 3¢, From Lemma gw(l)™) =
c8(n1), where ¢, = 3‘d(a*/a*)3d. Thus using (#.7) , we have

") = c1e2Cog().

The same estimate holds for yl(.m), 2 <i < s, we obtain g(yl(.m)) > c1c2Cog(mi).
Next we observe that the concatenation of {n,---,7n,} is an (m — 1)Ny-chain

N

connecting p; and py, hence 37, g (17;) > D;(m_l)NO)(p 1, p2)- Therefore, we have

N S
gy"™) = Z g™ > 162Gy Z g ) = c1c2CoD" " (py, po).
i=1 i=1

Pick Cq such that Cy > 2 + Zcflcg I Since y(’") is an arbitrary mNp-chain between
p1 and p,, we have

DI (py, p2) = 2D PN (py py) > 21 Cp = 2™,
This proves (4.6).

Finally we use a(e) = (a!*®

1
to obtain a contradiction, hence sup,,- Dg’) (p1, p2) < 0.

- a}(*s) as in the proof of the nested fractal case

The proof of the second part of the lemma is similar to the case of nested fractals.
o

Theorem 4.4. Let K be an elementary fractal, and leta € M. Then Dy, is a metric
satisfying the MCC if and only ifa € S.

Proof. The necessity follows from Proposition4.2] To prove the sufficiency, we let

x,y € K,and leta € S, and write D, for D, for simplicity. Fix any integer M > 2,
Dy (x.y)

pick n > ng and so that a™ < —57=. Consider an n-chain y = (w(1),...,w(m))
that attains ng”). Then by 1;
m .
D o 8w(@) = DP(x,y) < CDy(x, ). 4.8)

We make a decomposition of y by a “first exit time” technique. Let sg = 0, define

. . i . - .
spe=inf{j: )7 gOn(@) = CM™'Dy(x,y), 1< j <ml,
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where C is the same as in (4.8). Inductively, for 7 > 1, define

. . J . _ .
Si+1 .= inf {] : Zi:s,ﬂg(w(l)) >CM ng(x,y), s;+1<j< m}

Let 7 be the first integer that s; can not be defined, and we assign s; = m by
convention. Then we have 7 — 1 < M (for otherwise, from the construction,
Y gw(i) > (F— DCM ™' Dy(x,y) > CDq(x,y)), contradicting @#8)). Also for
each0<r<f-1,
DI gw(@) < CMT'Dy(x,y) + @™ < (C+ M ™' Dy(x, ).
i=s;

Now for 1 <t < -1, pick each point z; € K, (s,+1), together with x = zpand y = z7,
we have by definition of Dy,

St+ . % _
Dernan) < )"0 g(w(@) +a™ < (C+ DM Dy(x.y),

where C is independent of x, y, M. Since 7 < M + 1, we obtain the MCC of D,. O
5. NESTED FRACTALS

In this section, we give a description of M for the class of nested fractals. The
main idea of representing the recursive weight transfer into matrix is from [26].

Let£1,¢,...,¢,besuchthat0 < €} < <--- <€ and {€y,..., ¢} ={lx—y:
X,y € Py, x #y}. For n > 1, denote by P, = J,,es» F\w(Po). For each x € P, with
n>0andfori=1,...,r let N'(x) be the set of all y € P, belonging to the same
n-cell of x and |x — y| = 0™"¢;; for y € N(x), we call the one step move from x to y
an n-move of type (i), 1 <i <r. A sequence xo,...,Xx, € P, is called an n-walk if
x; and x4 are joined in the same n-cell forall0 < j <m — 1.

Next we fix a symmetric self-similar weight function g generated by some a =
(ai,...,ax) € (0, 1)*. Pick any x € Ppand y € Né(x) for some 1 < i < r, consider
all the 1-walk xg, x1, ..., X, such that x) = xand x,, = ywith xq, ..., x,—1 € P1\Po
which do not pass through the same point twice. Fix such a 1-walk, for 1 < j <r,
we count all the (j)-type 1-moves in this walk. For each (j)-type 1-move, it can
be assigned to a unique 1-cell, and we say that this (j)-type move has weight a; if
the weight of this 1-cell is @;. Then we sum up all the weights of these (j)-type
moves and denote it by c’] Letc = (c’i, ..., cl) be the weight of the 1-walk. By the
symmetric assumption of g = g, it is clear that ¢ does not depend on the choice of
x € Pgand y € Nj(x). Let S} be the set of ¢’ for all these finite number of 1-walks.
Then Sﬁ,, 1 < i < ris a finite collection of r-dimensional vectors, and each one is a
nonnegative linear combination of weights in a € (0, 1)* with integer coefficients.

Let

K(a):={A: Aisarx r-matrix > for 1 <i < r, (i-th row of A)e Sf,}.

We call A a weight transfer matrix. For A € K(a), A has nonnegative entries and
each row is nonzero. Let 14 be the largest positive eigenvalue of A. Then it is clear
that A4 is a solution of some polynomial with coefficients generated by {ay, ..., ax}.
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Theorem 5.1. For a nested fractal, we have
M=la=(a,...,a) € (0, l)k a2 1 forall A e K(a)},
and the boundary S = {a € M : there exists A € K(a) such that 14 = 1}.

Proof. We first show that if a = (ay,...,ar) € (0, ¥ is such that 14 < 1 for
some A € K(a), then Dg, is not a metric. The idea is that we use this A to recur-
sively construct n-chains {y,},>0 between two distinct points x,y € Py such that
lim, e g(y,) — 0. By assumption, for 1 < i < r, the i-th row of A is determined
by a 1-walk &; between some pair x,y € Py with |x — y| = £;. We pick x,y € Py
such that [x — y| = € and let ; = & be the 1-walk between x and y. Let y; be the
associated 1-chain of n;. For n > 1, we define recursively an n-walk 7, between
x,y and denote by v, the associated n-chain. Define 1, by replacing each (i)-type
1- move in 1; by the 2-walk F\,(c(¢;)) for some o € G, where w is the assigned
1-cell of the 1-move. Recursively, we define the n-walk 7,, from 7, in a similar
manner. For the weight c! of nand 1 =(1,...,1), we have

gy =A™ 50 asn — oo,
by A4 < 1. This implies that D, (x, y) = 0 and consequently D, is not a metric.

Conversely, We use contradiction to show that if 14 > 1 for all A € K(a), then
D,, is a metric on K. We fix a and define the operator G, : [0, )" — [0, c0)" by

r

(Ga())i = min { 3" chxj} = minf(e'.x")),  1<is<r,
cieS) = cieS)

that (G4(x)); = (¢/,x’). This defines a matrix A, € K(a) (depends on x) such that
Ga(x) = Aminxt-

By using the same technique as in [26, Lemma 3.3], we have G,(B) C B for
B={xeR: 0<x <x <---<x}. For completeness, we provide a proof for
this with a slight modification.

Fix p € Py, q; € Ni(p) and ¢/ € N '(p) for 2 <i <r. Let Ry, be the reflection
between ¢g; and ¢;. Let Vi = {z € R" : |z—¢}| < |z —qil} and 7 = quq;z. Let
T; : R" — R" be given by

T = 1% z€eV,
' Z otherwise.

where x = (x1,...,x,). Note that for each 1 < i < r, there exists ¢ € S, such

Given x € B and i > 2, consider ¢ € Apn, then there is a 1-walk &; be-
tween p and g; with weight ci. Express & by p = xg,x1,...,%, = g; into 1-
moves {(x;, x j+1)};?l:‘01. Then we see that T;(&;) is a 1-walk between p and q;, and
(Ti(x), Ti(xjy1)) is a 1-move in the same cell as (x;, x;;1), which has type smaller
than or equal to (x;,x;41) because |Ti(x;) — Ti(xj+1)| < |xj — xj+1|. Denote by
t = (t1,...,t) the weight of the 1-walk T;(&;). Then we have

(Ga())im1 < (t,X') < (', X') = (Ga(x))i,
since x € B. This proves G4(B) C B.



METRICS ON FRACTALS AND SUB-GAUSSIAN HEAT KERNEL ESTIMATES 23

Consider the normalization a(x) =Gx)/2;Gx)jon B, ={xeB:),x, x >
g}. Then G(x)(Bg) C B;. By using the Brouwer fixed point theorem, there is a fixed
point é(x) = x. It follows that G(x) = Ax = Apinx wWhere A = >}; G(x);, and is the
maximum eigenvalue of A, (for detail, see [26, Proposition 3.4]).

Finally, for n > 0, let z, = (z,1,.-.,2s,) be a vector of positive real numbers
such that z,; = D(gn)(p, q), where p,qg € Popand |p —¢g| = ¢;, 1 <i <r. Then

2, = Ga(Zp-1), nx1.

Denote C’ = min{xl._1 1 <i<r Thenzyg = (1,...,1) > C’x so that z; >
G.(C’x) = C’ Ax. In general, we have z,, > G,(C’A1""'x) = C’A"x foralln > 1. On
the other hand, if Dg, is not a metric on K, then by (.2)), lim,_,« Dg) (x,y) = 0 for
any x,y € Pg. This contradicts the fact that 4 > 1 and x is positive. Thus a € M
and the proof of the first assertion is complete.

To prove the second assertion, we denote by S” :={a e M: I A € K(a) >
As = 1}. Forany a = (aj,...,ar) € S’, we may assume A(a) € K(a) such that
Aa@ = 1. For any 6 > 1, denote by a’ = (a‘ls, e, ai), each nonzero entry of Aa®)
is strictly smaller than that of A(a). Denote by

co = max{ c > 1: each entry of cA(aé) is smaller than or equal to that of A(a) }.
Thus cg > 1 and by using the Perron-Frobenius theorem, we have

€0da@s) = Acpa®) < @ = 1,

and hence A4 < c;' < 1, which implies that a°

< € M€ for any § > 1. Hence
a € §, which implies S € S. On the other hand, for any @ = (ay,...,ax) € S,
we show thata € S’. If a ¢ S’, then Ay > 1 for all A(a) € K(a). It is clear
that A4(q) is continuous with respect to a and the cardinality of K(a) is finite. Thus
for all s close to 1, for all A(a®) € K(a’), we have A4s) > 1. Hencea € M°, a

contradiction. This shows thata € S’ and S C S’.Thus we have S = §’. O

Remark. The size of the families Sfl, 1 < i < r, can be cut down substantially
for calculation. We define the essential class Si,1 < i < r to be the set of ¢ :=
(c1,...,¢/) € Sfl that is smallest (in the sense of coordinatewise ordering) for Sﬁ,.
This is because for ¢’ € S, with ¢ < ¢/, if we replace the row in the weight transfer

matrix A containing ¢ by ¢’, then the maximal eigenvalue increases.
Let K (a) be the r X r matrices A such that the i-th row is in Sﬁ,, then clearly

M=la=(a,...,a) € (0, l)k: s > 1forall A € K(a)).

In the following, we use the Lindstrom snowflake to give an illustration of the
theorem and the remark.

Let p; = (cos(in/3),sin(in/3)), i = 1,...,6 and p7 = (0,0). Define F; : R? —
R? by Fi(x) = (x — p))/3 + p; fori = 1,...,7. The Lindstrgm snowflake K is
the self-similar set generated by the IFS {F 1-}17:1 (see Figure . It has boundary
Vo =1{p1,..., e}
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In this case, X = {1,...,7}. We consider a symmetric self-similar weight func-
tion g = g, on X* defined by
a, 1<i<é6
=1" - 5.1
g(@) {b’ i1 .1

where a,b € (0, 1). ( See Figure[3])

D2 D1

P4 ps

Fiure 3. Lindstrgm snowflake, and the weight function g, 5(w)
for |w| =1, 3.

Corollary 5.2. Let g = gu be defined as the above. Then Dy, , is a metric if and
only if 3a > 1 and 2a + b > 1. Moreover, D, satisfies the MCC if and only if

(a,b)ef3a=1,b>%}U{2a+b=1b< i}

Proof. The second conclusion is a consequence of the first part and Theorem .4

To prove the first part, we adopt the notations and setup preceding Theorem 5.1}
It is easy to see that the Lindstrgm snowflake has three types of 1-move, that is
¢y = |p1pal, €2 = |p1p3l and €3 = [p1pal. Leta = (a, b) be as in (5.1)), and consider
P2 € Né (p1). For a 1-walk of p; to p; in Py \ Py, by using the above remark and
elementarily checking case by case, we obtain two vectors in the essential classes
S). Similarly, we can calculate S2 and S (see Figure 4).

Si = {(0,24,0), (6,0, 2a)};
S; = {(a+b,a,a),(0,b,2a),(a,a,a + b),(0,3a,0)};
S; = {(0,44,0), 2a + b,24,0), (a + b, 2a,a),(a,a + b, a), (0,0,2a + b)}.

The A € K(a) are formed by picking one vector in each of the Si. It can be
checked directly that 14 > 1 for all A € K(a) is equivalent to

>1
azl, (5.2)
2a+b > 1.

In particular, the two determining matrices for M and S are

0 2a 0 0 2a O
A= 0 3a 0|, A=l 0 b 2a ,

0 4a O 0 0 2a+b
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P )2 P )2 2] )2 %) )2
Py De P D Py De Py Ps
Py Ds Py Ps Py Ds Py Ps
(0,22,0) (b,0,2a) (atb,a,a) (0.,b,2a)
b Py 12} )2 P 2 Py 12
Py s Ps P P P D P
Py Ps Py Ps Py Ds Py Ds
(a,a,atb) (0,3a,0) (0,4a,0) (2a+b,2a,0)
Py 2] Py P b 2
py Ps D5 Ds P Pe
Py Ps Py Ps Py Ps
(atb,2a,a) (a,atb,a) (0,0,2a+b)

FiGure 4. The essential classes S}l (two elements), Sﬁ (four ele-
ments), 82 (five elements)

with the two spectral radii A4, = 3a and A4, = 2a + b respectively. O

Remark. In fact, it is easy to see that the two conditions in (5.2)) are necessary for
D, to be a metric by looking at the chains along the straight lines contained in the
fractal. For example, the line p; p3 gives 3a > 1 and the line p1ps gives 2a+b > 1.

6. SIERPINSKI CARPET

In this section, we consider the standard Sierpinski carpet GSC(2, 3, @), where
Q =Q\{[1/3,2/3]%}). Let Fi(x) = (x + 2pi)/3,i =1,...,8, be contractive maps
on R?, with the p; specified as in Figure

For any (a, b) € (0, 1)2, define g :=8ap: 2" — (0,1] by

_ a, ifie{l1,3,5,7),
ﬂ0={

o (6.1)
b, ifi€{2,4,6,8},

see Figure for the case |w| = 3.

LetIT = {(a,b) € (0,1)*: 2a+b > landa+2b > 1}, and let 1 := {(a, b) €
IT: a+2b=1o0r2b+a= 1} be the boundary of IT in (0, 1)2.

Theorem 6.1. Dy , is a metric on K if and only if (a, b) € I1. Consequently, Dy,
satisfies the MCC if and only if (a, b) € OIl.
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pr pb D5

IEI.IEI D4

D1 PQ p3

Ficure 5. Sierpinski carpet, and the weight function g, ;(w) for
wl =

The MCC follows directly from the first part and Theorem [4.4] The necessity
that Dy, is a metric is due to Kigami. It is rather straightforward. We provide a
proof in the following for completeness.

Proof of the necessity. For n > 1, let y, be a chain of n-cells connecting p; and p3
and each cell intersects the line pp3 (i.e., y1 = {1,2,3},y> = {11,12,13;21,22,23;
31,32,33}, and so on). By elementary calculations, we obtain

g(yn) = 2a+b)".
Since Dy is a metric, inf,ez+(2a + b)" > Dg(p1, p3) > O sothat2a + b > 1.

Next, we consider the chains {y;,},>1 of n-cells connecting p, and p4, and each
cell intersects the line segment p,p4 (i.e., 71 {2,3,4}, 7’2 {22,23,24;38,37,36;
42,43,44}, and so on). Then

8(y,) = (a+2b)".
Same as the above, we have a +2b > 1. O
The proof of the sufficiency of the theorem is more complicate. The following

corollary is a simple consequence of Lemma [2.3]adapted to the situation we need.

Corollary 6.2. Suppose K, ~ K, and |u| = |v|. Then

gw) a b

gv) b
Furthermore, if v is a chain contained in K,, if we reflect it along the intersection
line L, and denote the reflected chain by ', then v’ is in K,, and i(():y )) 5 or 1—7

In view of Theorem[3.T]and {#.2), we only need to consider the n-chains between
arbitrary two fixed distinct points in K. As in the proof, we will use Corollary [6.2]
frequently for reflection. We need a few more lemmas.

The following lemma is easy in view of the proof of necessity.
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Lemma 6.3. Let (a,b) € Il and let n > 0. Suppose y is an n-chain satisfying either
(i) y connects pi and p3 and all its cells intersect the line segment p|p3; or
(i) y connects p; and pg and all its cells intersect the line segment p,ps.

Then
gy) = 1.

We separate the proof into two cases. Define

Il ={(a,b) el :a <b} and II, ={(a,b)€ll:a > b}.

The case for I1,. Forn > 1, we let P, = F»-1(0,1/2) and P;, = F.-1(0, 1/3),
and use L, and L], to denote the lines y = 23% and y = 3%, respectively. Then
L, passes through P,, and L;, passes through P;. We set D = [0, 11%, and denote
by D, (or D;) the rectangle enclosed by the lines x = 0,1,y = 0, and y = L, (or

y = L, respectively) (see Figure|6).

Py

H

Ly

Py

7 EH 1
[T [

1 g
[

Ficure 6. Lines for reflection in the case IT;.

For a cell K,,, we define its center to be F,,(1/2,1/2). We also define an (L,)-
reflection to be reflecting a cell along the line L,, and similarly an (L;,)-reflection.

Lemma 6.4. Suppose (a,b) € I1,. Let K,, be a cell with |w| > n.

(i) If K, has center in D:l_] \ D, and let K, be the reflected cell of K,, along
Ly, then K, is centered in D,, and g(u) < g(w).

(ii) If K,, has center in D, \ D,, and let K, be the reflected cell of K,, along L},
then K, is centered in D), and g(u) < g(w).

Proof. In the first case, the center of K,,;, , is on L,, and the (L,)-reflection sends
K., , toitself. It follows that K, is centered in D, and g(u) = g(w) by symmetry.
In the second case, one of the line segment of 0K,,, is on L;, hence the (L;)-
reflected cell is in D;,, and g(u) = (a/b) - g(w) < g(w) by Corollary O
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Lemma 6.5. Suppose (a,b) € I1|. For n > 0, let v be an n-chain contained in K
connecting py and p3. Then there exists another n-chainy connecting p1 and ps,
with p1p3 C Uy, and

g(y) < g).

Proof. Denote y; := vy, the given chain contained in K connecting p; and ps.

For any cell K,, in v, K,, has center in D;,. We then apply the (L)-reflection to
those cells centered in Df) \ D; to obtain another chain that the cells are centered
in D (by Lemma . We do the (L})-reflection for those cells in the new chain
centered in D \ D’1 to obtain another chain, denoted by y». Then the cells K,, of
Y2 are centered in D7.

Inductively we apply this procedure for n times with (L;)-reflection and (L))-
reflection for i = 1,...,n. Then we obtain a chain y,+1 such that each K,, in v,
has center in Dj,. By Lemma|6.4]

8(¥n+1) < - < 8(y2) < 8(¥1)-
Denote y,+1 by y. Now all cells K}, in y have word length |u| = n and center in

D;,. Then one of the line segment of 0K}, is on pyp3. Note that all the reflections
keep pi, p3 in the two end cells. This yields p;p3 € Uy. Since

8) < gtn),
the proof is completed. O

Proof of “sufficiency” for I1;. Let (a,b) € I1}, then 2a+ b > 1 and a < b. Assume
that D, is not a metric. Then by Theorem[3.T)and (#.2)), for each n > 1, there exists
an n-chain y, connecting p; and p3 such that lim,_,. g(y,) = 0. By Lemma[6.5]
we obtain a new chain %y, such that p;p3 C Uy,, and

gv,)) >0 asn — oo.

On the other hand, by Lemma (i), we see that g(y,) > 1 foralln > 1, a
contradiction. Hence D, is a metric. O

The case for I1,. The idea of proof is the same as the case I1;, but the geometry of
the reflection is slightly more complicate. We will concentrate on the set

Q= K37 U K36 U K35 U K41 U Kgp U Ky3.

Forn > 1, we denote g, = F3i-1(1/2,1/2) and q), = F4n-1(1/2,1/2). We define ¢,
and ¢/, to be the two parallel lines passing through g, and ¢/, with slope —1. Clearly,
whenever ¢, (£]) intersects the “interior” of a cell K, |w| > n, the center of K,, lies
in €, (£, respectively).

Let ¢, and £; be the lines passing through the points g; and g} with the same
slope 1. Let M; denote the hexagon enclosed by lines y = 2/9, y = 4/9, €1,
f;, {. and ¢; for n > 2, let M,, denote the rectangle enclosed by the lines ¢,
t;, £, and ¢, see Figure [/| Also we let ¢ be the line passing through the point
q = F3(1/2,1) = F4(1/2,0) (in the center of Q) with slope —1.

The following are some simple geometric properties of the notions we defined.



METRICS ON FRACTALS AND SUB-GAUSSIAN HEAT KERNEL ESTIMATES 29

N
AR
NEEN
<

0

Ficure 7. Q and lines for reflection.

(1) Letd, = %3‘”. Then d, = dist(y, £;) = dist({y, €,-1) = dist((), € ).
Therefore, £, is the reflection of ¢,_; through ¢,, and ¢, is the reflection of
¢’ _, through ¢},

(i) €N (F3(K) U F4(K)) is a line segment contained in K, and lies in between
¢, and ¢ for all n > 1. If K,, is an n-cell centered in £, or ¢, then by
diam(K,,) = 2d,, K,, intersects £.

(iii) Let O be the center of an n-cell K,,. If O € M,, then O € ¢, J¢; if
O€My_ 1\ My, thenO €, UL _,.

(iv) For K,, with [w| > n, if K|, has center in M,,, then K,,, also has center in
M,; if K,, has center in M,_1 \ M,, then K, has center in M,_1 \ M,,.

Suppose n > 2, K,, is a cell with |w| > n and has center in M,,_;. From (iii)-(iv),
K, has center in £,y U {, (or £_, U £}). We define the (n)-reflection to be the
reflection of K,, with respect to ¢, (or £, respectively).

Lemma 6.6. Let (a, b) € I1,. Suppose K,, with \w| > n > 2 has center in M,,_,. Let
K, be the (n)-reflected cell of K, then K, is centered in M,,, and

g(u) < g(w).

Proof. We assume that w = wy---wy,, and u = u;---u,, where m > n. The
assumption on K, implies the center of K,,, also lies in M,_; (by (iv)), and hence
lies in £, U £} or €,-1 U € _, (by (iii)). For the first case, the (n)-reflection of Ky, is
itself, then K, is also a subcell of K,,;,. By the symmetry, we have r,, = r,, for all
i > n+ 1 (the r; is defined in (6.1))), so that g(u) = g(w).

For the second case, let us assume that the center of K,,, lies in £,_1, then the

center of K,,;, , also liesin ¢,,_1, and w, = 3 or 7, so that r,,, = a. Itis easy to check
g(uln-1) b

|n—]

that K, , and K,,;,_, share the same line segment so that 2D is either § or 2 .
Furthermore u, = 2 if w, = 7, and u, = 8 if w, = 3 so that r,, = b. Thus % is

either g . % or g . g (Corollary . By using that a > b, we have g(ul,) < g(wl,).
By symmetry, we have r,,, = r,, forall i > n + 1, so that g(u) < g(w). O
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Lemma 6.7. Suppose (a,b) € I1,. Let n > 2 and let y be an n-chain contained in
K36 U Kyp, connecting p,. = F36(1,0) and p), = F4,(0, 1). Then there exists another
n-chainy with the two end cells touching €. and €, all its cells intersecting the line
segment £ N Q, and

gy) < gy).

Proof. Let y; := y be a given n-chain contained in K36 U K47, connecting p, and
p’. Then each cell has word length n and has center in M.

By applying the (2)-reflection, we obtain another n-chain whose cells have cen-
ters in M, (by Lemmal6.6)). We denote this chain by y>. We carry out the operations
m-reflection for m from 2 to n inductively, and obtain a chain vy, 1, such that each
K,, in y,+1 has center in M.

We denote by y = y,+1 the same as Lemmafor I1; with some obvious adjust-
ments (use (ii) to guarantee the cells iny intersect £), and arrive the conclusion. O

Proof of the “sufficiency” for I1,. The proof is the same as for the case I1;, using
Lemmal6.7)and Lemma [6.3](ii) instead. mi

7. APPLICATION TO TIME CHANGE

In this section we consider the time change and the sub-Gaussian heat kernel
estimates by summarizing the techniques in [22, 23] [14]. We show that the ad-
missible metrics D, defined by weights on S allow us to give a concrete class of
geodesic metrics that admit a two-sided sub-Gaussian estimates.

Recall that for two metrics d; and d; on M, d; is said to be quasisymmetric to
dy if there exists a homeomorphism h from [0, 00) to itself with h(0) = 0 such that
foranyt > 0and x,y,z € M, dy(x,z) < h(t)d>(x,y) whenever dy(x,z) < tdi(x,y)
[16]. In [24, Theorem 15.7], Kigami proved the following proposition.

Proposition 7.1. Let d be the resistance metric on K if K is a nested fractal, or the
Euclidean metric if K is a GSC. Let a € M. Then Dy := D,, is quasisymmetric to
d.

We call a measure pu satisfies the (volume) doubling condition (VD) if there
exists C > 0 such that u(2B) < Cu(B) for any ball B. For a symmetric self-similar
measure (i.e., 4; = Uy for o € G and i € %), from (22, Theorems 1.6.6 and
3.4.5], we know that y is volume doubling under d in Proposition hence by
quasisymmetry, u is also volume doubling under D,.

In the following, we consider the time change of the standard Brownian motion
on K with respect to the symmetric self-similar measures. Let p be the renormal-
ization factor of the associated Dirichlet form in L*(K, H%) (see the paragraph of
(I.3) in the Introduction). We define the capacity cap(A, Q)(= R(A, Q)1 between
two open sets A, Q with A € Q by

cap(A, Q) := inf {Eu) : u € F,uls = 1,u=00n Q°}.
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Let B= B(x,r) :={y € K : |x—y| < r}be ametric ball in K under the metric d in
Proposition We use cap(B, 2B) to denote the capacity of two concentric balls
B and 2B. Then, we have |1, 4]

cap(B,2B) = r¢, (7.1)

where & = —logp/ log ¢ for GSC, and £ = —1 for nested fractals. We denote this
property by (cap)g.

N

Next let us consider a symmetric self-similar measure u with weights {y;}; | and

uip < 1. Let g := g, be the symmetric weight function with
a:=a)) = ((wP)', wp)',. ... (unp)') | ~a,

where 4 > 0 is such that a € M, and let D, be the associated admissible metric.
Then Dy is quasisymmetric to d as in Proposition hence u is also a doubling
measure with respect to D,. We use Bp = Bp(x, r) to denote the balls for D, and
express (7.1)) in terms of .

By (7.I) and quasisymmetry, we can easily obtain the following capacity esti-
mate. Let Bp be a ball with radius r under D,, then

“(Bp)
Y

cap(Bp,2Bp) =

We denote this property by (cap)p.

We say that the elliptic Harnack inequality holds if there is C > 0 such that for

any nonnegative harmonic function « on 2B,
supu < Cinf u,
B B

where the ball B is with respect to some reference metric; we denote by (H), if
the metric balls are under metric d, and (H)p if the metric balls are under D,. It is
known that for the standard Dirichlet forms constructed on the elementary fractals,
condition (H)y holds. By quasisymmetry and [7, Lemma 5.3], we obtain (H)p.

Outline of the proof of Theorem[I.8] Notice that y is a volume doubling measure.
By [14] Theorem 1.1], we know that under conditions (VD) and (RV D) (reversed
VD), we have (H)p + (cap)p © (UE) + (NLE), (Note that the (RV D) follows from
(VD) if K is unbounded, and here we can extend K to infinity by self-similarity.)
As the two conditions on the left side are satisfied, the right side also hold. This
implies the first part of the theorem.

Since D, satisfies the MCC if and only if 4 = Ay such that a(1p) € S ¢ M
(Theorem[4.4), by a standard chain argument (see [12] p.39-41]), we see that (NLE)
implies the off-diagonal lower estimate for such @ and D, with A,.

Remark. Note that the renormalization factors for the elementary fractals are 0 <
p < N (see (x) below), we can conclude that each @ € M can be expressed as in

3,

a =a() = ((ou)", ..., (oue)") forsome A >0,
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and hence Theorem [I.8]applies to all @ in M and in S. Indeed, with a slight abuse
of notation, we write @ = (ay, ...,ay) where a; = aj for i ~g j. Then there exists

A > 0 such that Zf\il al.l I = p (since the sum goes to 0 as 4 — 0, and goes to N as

A — o0). Let y; = a; /4 /p, it defines a symmetric self-similar measure, and a has
the expression as asserted.

() Fornested fractal, p < 1; for GSC, we even have p < N/¢?, see [3}, Proposition
5.2] for SC and it can be generalized to the GSC; notice their p, k and k> — R (in
R?) correspond to our p~!, £ and ¢4 — R = N respectively.

Finally, we use the standard Sierpinski carpet K in Section [6|to give an illustra-
tion of Theorem [I.8] Recall that the boundary S of M is

{(a,b) :2a+b=1,b>alU{(a,b):a+2b=1,a > b}.

Let p € (0, 1) be the renormalization factor of the associated Dirichlet form. Let
u = (ui,...,ug) be a self-similar measure on K with up;+1 = yi, poio = pp for
i =1,2,3. Let 8 be the unique positive number satisfying

1 . 1
(max{pu1, pu2})? + 2 (minfpuy, pu2})? = 1.

Let Dg,, be the metric associated with weights a = (ou DB and b = (ouz)'/B. Then
(a,b) € S, and the time change Brownian motion on K via y has a continuous heat
kernel p,(x,y) satisfying the estimate as in (I.I) with the metric d(-,-) given by

D 8ab ( 5 )
8. COoMPLETING THE PrROOF oF LEMma 4.3

We now prove the sublemma of Lemma@4.3

Sublemma. Fora € (0,1)%, sup,.o DY’ (L,R) < 00 & sup,.o DY (p1, p2) < co.

Without loss of generality, we will consider the GSC is in R?; since we are
mainly considering the n-chains here, we will omit the superscript # on y™ when
there is no confusion. The direction “<” is trivial, let us prove the direction “=".

Assume sup,. Di,”) (L,R) < oo, and denote the value by M. Hence for each
n > 0, there is an n-chain 7y starting from L and ending at R such that g(y) < M. We
will show that there is another n-chain vy’ joining p; and p; such that g(y’) < CM
and C is independent of n. Then sup,. ng") (p1, p2) < co. We divide our proof into
two steps in the sequel.

First we specify three types of transformations we will need in the construction.
Let S denote the unit square, and consider F,,(S); we use the same L and R to
denote the left and right side of F,(S). Let 9 be an n-chain in F,,(S) cross over L
to R (or the other two sides), we call ¢ a G-image of ¥ if it is one of the following:

(1) (Symmetric image) 9 = o(¥) for o € G. In particular, we use 7 to denote
reflecting the chain through to the vertical bisector of F,(S).

(i) (Deflected image) Let ¥ get across a diagonal separating L and R of F,(S),
then we can keep one portion of the chain before the cross, and deflect the other
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portion along the diagonal to get a new chain % that reaches the upper or lower
sides of F,,(S).

(iii) (reflected image to neighbor) Let F (S ) be the neighbor of K, that touches
6, we can reflect the chain in F,(S) to F,+(S) along the intersecting edge.

Note that in (i), (ii), ¥ and ¥ in K, satisfies

g(") = g(®); (8.1)
and in (iii), we have (by Lemma[2.3),
§(0) = =3(@). (82)

Remark 1. In the proof, we also allow the G-transform to act on F,,(S) to some
other F,(S) by repeatedly using (i)-(iii) and a scaling. In this case, the n-chain is
transformed to be an n + (|w’| — |w|)-chain.

Remark 2. We need one more technique in the construction: Let 6 be an n-chain
in F,,(K) with left and right end cells x and y respectively; let §” be another n-chain
with right end cell y’. Consider the intersection of the two chains (use (ii) starting
form y’ if necessary), we can produce a new n-chain 6” by taking 6 before the
intersection and 6’ after the intersection. Then 6" starts from x and ends at y’, and
8(8”) < g(6) + g(&).

Let y be an n-chain in K. Let y; and yr denote the left half and right half of the
chain, divided by the vertical bisector of S. Then

1 1
glyr) < Eg(y) or g(yr) < Eg(y)-

We denote the two cases by Case (A) and Case (B) respectively. By similarity, this
also applied to F,(S).

Let y = (w(1),w(2),---) be the fixed n-chain as above. Let X, := {i € X :
Fi(K) N L # 0} be the indices of 1-cells at the outer border of K. Denote by
amin = min{a; : i € X}, and let iy be the index that attains the minimum. We
denote by p;, the fixed point of F;j, i.e., Fi,(x) = p(x — pi,) + Piy-

Step 1.
We will construct an n-chain y" between p;, and t(pj,) such that g(y") < C’g(y)
for some C" > 0 independent of n. This gives sup, Dé,")( Diy» T(piy)) < 0.

By applying 7 on S, we can assume that y satisfies Case (A). Let K, be the
I-cell contain K,,1); let S be the rectangle that is the union of the 1-cells that
intersects L. Let jy be the first w(j) that exits S |, and let y; be the segment before
Jjo that is in S ;. Using the G-transform (iii), we can “fold up” the y; into to K,,,,
and denote it by y;; obviously y; is a n-chain in K, from F, (L) to F,,(R) and

satisfies

Ay, Ay,

81 < ——=g(y1) < 7-——g(¥). (8.3)

On K,,, similar to the situation of y in K, there are also Case(A) and Case (B) for
V1.
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Now let
Kiy ~ Ky ~ -~ Ky, ~ Koip), tj€X (8.4)

be a finite sequence of distinct 1-cells connecting Kj, and K;,). Consider the G-
images of y; to K;,. In Case (A), we use this G-image in each of the 1-cell of
{K,j}jl=1 (not include the first and the last cell), and apply the suitable G-transform

(i) or (ii) to paste up these segments to form a connected n-chain ¢ in {Kj, }7: > for
Case (B), we use 7 on K, (i.e., reflecting the G-image on the vertical bisector of
K;,), and use the same construction to get 7. In either cases we have the estimate
(using (iii))
glio) .
gy =«
g(uy) Ay,
To fix our mind, let us assume our {; comes from Case (A). We reflect the first
2-cell of ; to the left and call it Kj,,,, and the n-chain there as ¥,. Note that by our

choice of the two cases, we have

Amin

gl <k gy).

- 1 ajay
8(y) < ?az—g()’)-

min
We use it to construct a 2-chain {3 to reach K,-(z) (running in the opposite direction).
Consider a chain of distinct 2-cells

Kiouz = Rijpsy ~ KioSz ~on KioSQ ~ Kioio’ sj € Z.

We apply the same construction to obtain an n-chain in {K,,, Sj}’(2 and an estimate

=1
) 2
glis) n -
8(5) < ko—Lg(71) = kKn " g (F)).
g(urur) Ayyuy

Next we continue extending ¢, to {3 in Kl-g, we will face the same Case (A), Case
(B) situation in Ki(z). We proceed as the above to choose ¥3 and construct 3. But

we need to be caution in Case (B), the reflecting case. Nevertheless, an application
of Remark 2 on Kl-(z) will alow us to connect ¢, and 3.

We apply the same construction through 3 < £ < n, we have

1 auu

800 < 57 i gy

min

Note that the «¢, 1 < £ < n is uniformly bounded, denote the bound by C. Then

g(lg) ar[;]in
8l < C———-gyn)=C- - 8(ve).
g(ul e M'f) Ayy-uy
It follows that
Finally, we concatenate {{,,---,{1} to form an n-chain in K;, U {K;}'.,. By

J=r
reflection the part before the vertical bisector of S to the right side, and put these
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two parts together, we get a new n-chain starting at p;, and ending at pg;,). We
denote it by v/, it satisfies

n n 1
§0)<C ) sl < C Y 280 < Cg)
=1 =1

for some C’ independent of n. Hence sup,,. Dé")(p,-o, o(pi,)) < .

Step 2. Let M = sup,. g(y’™), where y™ is the n-chain constructed in Step 1

(the superscript n was suppressed there for simplicity, but we will keep it here).
-1

For each n, we will use {y’(”")}?:z in the following construction; note that they are

all start from pg and ends at 7(pg).

Define g; = Fyi(7(pj,)) where F is the similitude with fixed point p;. We will
use the {7’(”‘i)}n> , to construct an n-chain &" connecting ¢;’s consecutively for
i=1,2,...,n-2(and then p) such that g(£"™) < CM for some C > 0 independent
of n. This yields

sup,»08(€™) < CM.

First, let ¢; and g be connected by some 2-cells in K between K2 and Ki;,)
(as in (84)). Considering F,2(y'"=?)) as an n-chain in K;2, we can use G-images
of it to construct an n-chain fg") in those the 2-cells between ¢; and ¢, (the same
construction of ¢ i”) as in Step 1), and use Remark 2 to ensure & reaches g;. Then
as before, there is C’ > 0 (only dependent on K and a) such that

gE&") < € g()- g(y'" ) < Crai M.

r(n—2—

Inductively, for 1 <i < n— 2, by using y ). we get an n-chain fﬁ") between

gi and g4 inside K, and
g&") < C g1 gy ) < Crai M.

Finally, ¢g; and g,_» can be connected by some n-cells with bounded total weight;
we can trivially add several n-cells to connect g,_, to p; . Hence p; can be con-
nected to g and satisfies

-2 .
gE <MY dh+C
Denote this chain by £. Let g7 = 7(q1), we can reflect £ to obtain an n-chain to
connect ¢{ and p>. Also we can show that g; connects ¢ by using the G-transform
of '~ (with a different constant). Combining the three parts, we obtain an n-
chain £™ joining p; and p, with bound < CM. This implies
sup,-0 D (p1, p2) < oo,

which proves the sublemma. |

Acknowledgment. The authors are indebted to Professor Jun Kigami for his valu-
able suggestions and comments, especially in bringing their attention to several
references on the 1-adaptedness and quasisymmetry of the metrics.



36

—_

10.

12.

13.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

QINGSONG GU, KA-SING LAU, HUA QIU, AND HUO-JUN RUAN

REFERENCES

. M. Barvow, Diffusions on fractals, Lect. Notes Math., vol. 1690, Springer, 1998, pp. 1-121.

. M. BarrLow anD R. Bass, The construction of Brownian motion on the Sierpinski carpet, Ann.
Inst. Henri Poincaré, 25 (1989), pp. 225-257.

. M. T. BARLow AND R. F. Bass, On the resistance of the Sierpinski carpet, Proc. Soc. London A,
431 (1990), pp. 354-360.

. M. BarLow aND R. Bass, Transition densities for Brownian motion on the Sierpinski carpet,
Probab. Theory Related Fields, 91 (1992), pp. 307-330.

. M. BarLow aND R. Bass, Brownian motion and Harmonic analysis on the Sierpinski carpet,
Canad. J. Math., 51 (1999), pp. 673-744.

. M. BarLow AND KuMaGal, Transition density asymptotics for some diffusion processes with multi-
fractal structures, Electron. J. Probab., 6 (2001), pp. 1-23.

. M. BarLow AND M. MURUGAN, Stability of elliptic Harnack inequality, Ann. of Math. (2), 187
(2018), pp. 777-823.

. M. BarLow anD E. PERKINS, Brownian motion on the Sierpinski gasket, Probab. Theory Related
Fields, 79 (1988), pp. 543-623.

. M. Bonk aND S. MERENKOV, Quasisymmetric rigidity of square Sierpinski carpets, Ann. of Math.

(2), 177 (2013), pp. 591-643.

M. FukusHMa, Y. OsHiMa AND M. TAkEDA, Dirichlet forms and symmetric Markov processes, de

Gruyter Studies in Mathematics 19, Walter de Gruyter & Co., Berlin, 1994.

. A. GriGor’vaN, J. Hu anp K.S. Lau, Heat kernels on metric-measure spaces and an application

to semilinear elliptic equations, Trans. Amer. Math. Soc., 355 (2003), pp. 2065-2095.

A. GrIGOR’YAN, J. Hu anp K.-S. Lau, Heat kernels on metric-measure spaces with doubling

measure, Fractal Geometry and Stochastice IV, Birhauser, 2009, pp. 3-37.

A. GrIGOR’YAN, J. Hu anD K.S. Lau, Heat kernels on metric-measure spaces, Geometry and

Analysis on Fractals, Springer, 2014, pp. 147-207.

. A. GriGor’aN, J. Hu aND K.S. Lau, Generalized capacity, Harnack inequality and heat kernels

of Dirichlet forms on metric spaces, J. Math. Soc. Japan, 67 (2015), pp. 1485-1549.

A. GRIGOR’YAN AND A. TELcs, Two-sided estimates of heat kernels on metric measure spaces,

Annals of Probability, 40 (2012), pp. 1212-1284.

J. HEINONEN, Lectures on Analysis on Metric Spaces, Springer-Verlag, 2001.

J. HEmNoONEN, P. KoskELA, N. SHANMUGALINGAM AND J. TYsoN, Sobolev spaces on metric measure

spaces, an approach based on upper gradients, New Math. Mono. 27, Cambridge Univ. Press,

2015.

V. KammaNovicH, Random walks on Sierpiriski graphs: hyperbolicity and stochastic homogeniza-

tion, Fractals in Graz 2001, Trends Math., pp. 145-183. Birkhuser, Basel (2003).

S.L. Kong, K.S. Lau anp T.K. Wong, Random walks and induced Dirichlet forms on self-similar

sets, Adv. Math. 320 (2017), pp. 1099-1134.

J. Kicami, Analysis on fractals, Cambridge Univ. Press, 2001.

J. Kicami, Local Nash inequality and inhonogeneity of heat kernels, Proc. London. Math.

Soc. (3), 89 (2004), pp. 525-544.

J. Kicamt, Volume doubling measures and heat kernel estimates on self-similar sets, Mem. Amer.

Math. Soc., 199 (2009), no. 932.

J. Kicawm, Resistance forms, quasisymmetric maps and heat kernel estimates, Mem. Amer. Math.

Soc., 216 (2012), no. 1015.

J. Kigamt, Time changes of the Brownian motion: Poincare inequality, heat kernel estimate and

protodistance, Mem. Amer. Math. Soc., to appear.

J. Kicami, Weighted partition of a compact metrizable space, its hyperbolicity, and Ahlfors reg-

ular conformal dimension, preprint.

T. Kumacal, Estimates of transition densities for Brownian motion on nested fractals, Probab.

Theory Related Fields, 96 (1993), pp. 205-224.



METRICS ON FRACTALS AND SUB-GAUSSIAN HEAT KERNEL ESTIMATES 37

27. K.S. Lau anp X.Y. WaNG, Self-similar sets as hyperbolic boundaries, Indiana Univ. Math. J., 58
(2009), pp. 1777-1795.

28. K.S. Lau anp X.Y. WaNG, On hyperbolic graphs induced by iterated function systems, Adv.
Math., 313 (2017), pp. 357-378.

29. T. LiNDSTR@M, Brownian motion on nested fractals, Mem. Amer. Math. Soc., 83 (1990), no. 420.

30. M. MURUGAN, On the length of chains in a metric space, preprint.

31. C. SasBort, Existence and uniqueness of diffusions on finitely ramified self-similar fractals, An-
nales scientifiques de I’ E.N.S. 4 sédie, tome 30, n’ 5 (1997), pp. 605-673.

32. K. STurRM, On the geometry of metric measure spaces I, Acta Math., 196 (2006), pp. 65-131.

33. A. Teccs, The Einstein relation for random walks on graphs, J. Stat. Phys, 122 (2006), pp. 617—
645.

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HOoNG KoNG, HonG KoNnG, CHINA
Email address: ®01gqs@163. com

DEPARTMENT OF MATHEMATICS, THE CHINESE UNIVERSITY OF HoNG Kong, HonGg KonG, CHINA, &
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA. 15217, U.S.A.
Email address: kslau@math.cuhk.edu.hk

DEPARTMENT OF MATHEMATICS, NANJING UNIVERSITY, NANJING 210093, CHINA
Email address: huagiu@nju.edu.cn

ScHOOL OF MATHEMATICAL SCIENCES, ZHEJIANG UNIVERSITY, HANGZHOU 310027, CHINA
Email address: ruanhj@zju.edu.cn



	1.  Introduction
	2.  Preliminaries and admissible metrics Dg(, )
	3.  A dichotomy for Dg (, )
	4.  Metric chain condition (MCC)
	5.  Nested fractals
	6.  Sierpinski carpet
	7.  Application to time change
	8.  Completing the Proof of Lemma 4.3
	References

