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Abstract The p-adic numbers field @, and the p-adic analogue of the complex numbers
field C, have a rich algebraic and geometric structure that in some ways rivals that of the
corresponding objects for the real or complex fields. In this paper, we attempt to find
and understand geometry structures of general sets in a p-adic setting. Several kinds of
fractal measures and dimensions of sets in C,, are studied. Some typical fractal sets are
constructed. It is worthwhile to note that, there exist some essential differences between

p-adic case and classical case.
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1 Introduction

Fractal measures and dimensions of sets in Euclidean spaces are fundamental objects of
geometry measure theory™? such as Hausdorff measures and dimensions, box-counting
dimensions, packing measures and dimensions. In this paper we investigate whether
there are analogous notions in the field Q, of p-adic numbers and the field C, of p-adic
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analogue of the complex numbers®~'. The main aim is to study the geometric structure

of general sets and measures in the p-adic case. It is worthwhile to note that, there
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exist some essential differences which come from the different topological and algebraic
structures between classical case and p-adic case.

Let p be a prime number, recall that the field Q, of p-adic numbers is defined as
the completion of the field of rational numbers Q with respect to the non-Archimedean
p-adic norm | - |,. This norm is defined as follows: |0, = 0; if an arbitrary rational
number z # 0 is represented as x = p"™, where r = ord,» € Z, and m and n are not
divisible by p, then |z|, = p~". This norm in Q, satisfies the strong triangle inequality
|z + ylp < max(|zp, [yl,)-

Every element x of Q, can be thought of as a unique formal series

ibipiaogbi <p-—1

The set Z, = {x € Q, : |z|, < 1} is a subring of Q, called the ring of p-adic integers.
It is well known that Q, is locally compact and Z, is compact. There is a unique Haar
measure £ on Q,, such that u(Z,) =1, u(p"Z,) = p~" for any n € Z.

The familiar construction of the real numbers R and the complex numbers C from
the rational numbers can be imitated in the p-adic context. This give rise to the field of
p-adic numbers Q, and after taking algebraic closure and then completions we get C,,
the p-adic analogue of the complex numbers.

Let K be an algebraic extension of QQ, of degree n, then n = e - f, where e is the
index of ramification and f is the residue field degree. We say that the extension of K
over Q, is unramified if e = 1, ramified if e > 1, and totally ramified if e = n. Let
Ak ={x € K : |z|, <1}, Mg = {z € K : |z|, < 1}. Then Ak is a ring, which is the
integral closure of Z, in K. M is its unique maximal ideal. The field Ax /M is called
the residue field of K. It’s a field extension of I, of degree f, where F, is the finite field
of integers modulo the prime p. An element 7 € K is called an uniformizer if |r|, = pe.

Every x € K can be written in one and only one way as

“+oo

5 a;m’,

i=m

pf
%

where each a; satisfies a; = a;, i.e., the a;’s are Teichmiiller digits. There is a unique

Haar measure px on K, such that u(Ax) =1, u(r"Ag) = p~ for any n € Z.
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Let C, be the completion of @p with respect to the p-adic norm, where @p is the
algebraic closure of Q,. Let A = {x € C, : |z|, < 1} be the valuation ring of C,, and
M = {x € C, : |z|, < 1} be its maximal ideal. The residue field A/M is the algebraic
closure Fp of F,. Any nonzero element of C, is a product of a fractional power of p, a root
of unity, and an element in the open unit disc about 1. C, is called the p-adic analogue of
the complex numbers. The possible values of | - |, on C,, is the set of all rational powers
of p. C, is not locally compact and A is not compact. There is no Haar measure on C,,.

We define D,(r) = {x € C, : |x —a|, < r} be the disc of radius r about a point
a € C,. Let D(r) = Dy(r) for brevity.

Now we start to study the fractal analysis in C,,.

2 Hausdorff measures and dimensions

We define the diameter of any subset E of C, as |E|, = sup{|z —y|, : x,y € E}. It is
easy to see that |E|, takes value from {p* : k € Q}.

If {U;}52,, U; C C, is a collection of sets of diameters at most r that cover £ C C,,
ie., £ C ;r:(xf U; with |Uj|, < r, j = 1,2, ..., then we say that {U;} is a r-cover of E.
Here r is a rational power of p.

We now discuss the Hausdorff measures and dimensions in C,,.

Definition 2.1. Let E' C C, be any subset in C,, for s >0 and r > 0, we call
+00
H(E) = inf{z \Ujl5,  {Uj} is a r-cover of E} (1)
j=1

the s-dimensional approximate Hausdorff measure of E, and call the limit(obviously, it
exists)

lim H3(E) = H*(E) (2)

r—0

the s-dimensional Hausdorff measure of E.

Similar to the classical case, we immediately get:
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Proposition 2.1. H} and H® are outer measures; and H® is an ultra-metric outer mea-

sure.

Theorem 2.1. Hausdorff measures behave nicely under translations and dilations in C,:

for ECC,, A€ C,,
HNE+X) =H(E), H(AE) = [AH(E), (3)
where E+A={c+X:zx € E}, ANE={\x:x¢€E}.

Proof. For the first equality in (3). Let {U;} be a r-cover of E, then {U; + A} is a
r-cover of E + A, which leads to H:(E + \) < Hi(E). So

Ho(E+ \) < H(E). (4)

Similarly, we can also get H*(E — \) < H*(E). Replacing E by E + X, combining with
(4), we get the first equality in (3).

The similar argument gives the second equality in (3).
Proposition 2.2. Let 0 < s <t < +o0, then
H(E) < +oo = HY(E) = 0; H'(E) > 0= H*(E) = +oo.
From this proposition, we can define the Hausdorff dimensions.
Definition 2.2. The Hausdorff dimension of a set E C C, is defined by

dimg E = sup{s: H’(F)> 0} =sup{s: H(F) = +oo}
= inf{t: H'(E) < oo} =inf{t : H'(E) = 0}. (5)

Proposition 2.3. Let A= {x € C, : |z|, < 1}, then dimy A = +o0.

Proof. Let {U;} be any countable r-cover of A with < 1. We suppose that each U;

is contained in A. With out lose of generality, the cover {U;} can be ordered so that

|Ul|pZ|U2|pZZ|UJ|pZ
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Then there must exist a positive real number ry, such that there are infinite many
U; satistying |Uj|, = ro. Otherwise, there must be a positive real sequence {r;}, with
1 >ry >ry---, and a positive integer sequence {n;}, such that |Ui|, = ---|Up, |, = 11,
|Uni41lp = -+ |Unalp = 72, - - - . From the topological structure of C,, each U, is contained
in a disc with diameter |U;|,. Then there must exist a disc [V1] C A, |Vi|, = 71, but 1}
is disjoint with each Uy,--- ,U,,. Moreover, in the disc V;, there must exist a disc V5,
|Va|, = 72, but V4 is disjoint with each U, 41, -, U,,. Inductively, we get a set sequence
{Vi}, satisfying V4 D V5 D ---. Here each V; is disjoint with the set |J{* U;. Clearly,
A DNV # 0, but for each point x € () V;, 2 is not contained in any U;, which is
impossible. Hence, there exist a real number r(, and there are infinite many U; satisfying
\Uj|, = 7o, which easily implies that ijof \Ujl;, = +oc for any s > 0. The proof is

completed.

Remark 2.1. This proposition is quite different with the C case at first sight. The reason
is that C,, is not locally compact and A is not compact. However, we have dimy Z, = 1,

which s similar as the R case.

Theorem 2.2. The Hausdorff dimensions of sets in C, has the following properties:

1) monotony property: E C F C C, = dimy E < dimpy F';

2) countable stabilization property: dimy (J,-, Er = supy,{dimy Ej};

3) For E C C,, then 0 < dimy E < +o00; if E contains a disc in C,, then dimy E =
+00;

4) dimy E = sup{dimgy F' : compact F C E}.
Remark 2.2. Any open set in C, has infinity Hausdorff dimension.

Theorem 2.3. Let K be a n-degree algebraic extension of Q,, E C K, s >0, r > 0, then
+oo

H(E) =if{)_|U;]: | JU; D E,U; € K, |Ujl, < 1} (6)
j=1

Proof. Denote inf{} "7 |U;|s : UU; D E,U; C K, |Ujl, < r} by HeX(E). Hi(E) <
H3E(E) is obvious.



Take any r-cover {U;} of E in C,. Let V; = U; () K. Since £ C K, we have JV; D FE,
\Vilp < |Ujl,. Hence, {V;} is a r-cover of £ in K, and

>_IVily < 21U,
J J
which leads to H:(F) > HS5(E). The proof is completed.

Remark 2.3. Theorem 2.3 shows that the Hausdorff measures and dimensions of a set

E do not depend on the algebraic extension fields where E lives in.
Now we turn to study the Hausdorftf net measures and dimensions in C,.

Definition 2.3. Let F be a family of subsets in Cp, if Vr > 0, Va € C,, there exists
A e F, such that x € A and |A|, < r, then F is called a net in C,.

Denote by N(C,) the collection of all nets in C,, © the net consisted of all discs, and

2C» the net consisted of all subsets in C,,.

Definition 2.4. Let s > 0, E C C,, F a net in C,, then
+oo
HE(E) = },igcl)inf{z Uyl - (U} € Fo Uyl <, | J U; D EY
i=1 i>1

1s the s-dimensional Hausdorff net measure of E about the net F.

Let Fi, F2 € N(C,), if there exist positive constants c;, ¢ > 0, such that VE C C,,
Vs > 0,
M (E) < M3 (E) < cxH (E), 7)

then F; and JF, are called equivalent, denoted by F; = F3, and the s-dimensional Haus-

dorff net measures H% and H%, are equivalent, denoted by H% = H%,. Moreover, if
W, (E) = M, (E) (®)

for all # C C, and s > 0, then F; and F; are called strong equivalent, denoted by
]:1 = fQ.

Theorem 2.4. 2¢» = .



Proof. Let E C C,, s > 0. Take any r-cover {U; }(finite or countable) of E. We assume
that |Uj|, = r;, where r; is a rational power of p. Take z; € U;, and let V; = x; + D(r;),
then we get V; D Uj, and |V}|, = |Uj|, = r;. So

> Uil =il
J J
Since {V;} C ©, and the arbitrariness of {U;}, we have

inf(y_|U;) = mf (Y [Vil}).

which leads to H*(E) > H5(FE). The opposite inequality is obvious. The proof is com-
pleted.

Theorem 2.4 tell us when we calculate the Hausdorff measure and dimension of some
set in C,, we just need to consider the covers contained in the disc net. Moreover,
combining with Theorem 2.3, if we know F is a subset of some algebraic extension field

K first, we only need to consider the covers contained in the discs net of K.

3 Iterated function systems and self-similar sets

Let D be a closed subset of C,. A mapping f: D — C, is called a contraction if there is

a number ¢ with 0 < ¢ < 1 such that

[f(@) = fW)lp < clz =yl

for all z,y € D. If the equality holds, i.e. if |f(z) — f(y)|, = c|r — yl,, then we call f a
contracting similarity.
A finite family of contractions { f;}7*, with m > 2, is called an iterated function system

or IFS. A non-empty compact subset £ of D is called an attractor of the IFS if

m

E =[] ().

i=1
The fundamental property of an iterated system is that it determines an unique attractor,

which is usually a fractal. If each map of the IFS of E is a contracting similarity, then
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we call E a self-similar set. We say that the IFS satisfy the open set condition if there

exists a non-empty bounded open set V' such that
m
VD U fi(V)
i=1
with the union disjoint. Then, as the classical case, we have

Theorem 3.1. If the IFS {f;}*, of the self-similar set E C C, satisfies the open set
condition with the ratios 0 < ¢; < 1 for 1 <1 < m, then the Hausdorff dimension s of E

satisfies the equation:

Example 3.1. Cantor type sets in C,
Let 2 < ¢ < p, An IFS {f;}?, is given by:

Then Cl ={r € Z, : v = ;;08 z;p',0 < x; < q} is the attractor of the IFS. Obviously,
the open set condition holds with open set V' = A. Hence dimy C! = %.

In the special case ¢ = p, the IFS becomes {f;(x) = pz 4+ i}~ and the self-similar set
becomes Z,. Moreover, the IFS of Z, is not unique, which can be changed in {f;(z) =

pr+i}t_,.
Example 3.2. Valuation ring of a finite degree algebraic extension of Q,

Let K be an algebraic extension of QQ, of degree n, then n = e - f, where e is the
index of ramification and f is the residue field degree. Let 7 be an uniformizer. The map
g(z) = mx +a,a € C, is a contracting similarity with ratio pe.

Take an IFS as {g;(z) = mx + ai}fil where each a; satisfies aff = qa;, l.e., the a;’s are
Teichmiiller digits. Then |a;|, = 1 for each 4, and the attractor is Ax = {x € K : |z|, < 1}.

1

The Hausdorff dimension s of Ay satisfies the equation Zfil(p_é)s = 1, which implies

dimy Ax =e- f =n.
Example 3.3. Hausdorff dimensions of some basic sets in C,

8



From the above two examples we have
dlmH Zp = dlmH @p = 1,

and

dlmH AK = dlmH K=n

if K is a n-degree algebraic extension of Q.
Let Q"™ be the maximal unramified extension of Q,, then @Q,"™*™ is the union of

all the finite unramified extensions of QQ,, and
Q;nrum C @p C Cp'

Hence

dimy QU™ = dimy Q, = dimp C, = +oo0.

Proposition 3.1. Let E be a self-similar set in C, with the IFS {f;(x) = a;x + b;}I",,
then E C Qp(ala A2, Qmy, b17 b27 U 7bm)

Lemma 3.1. Let f(z) = ax + b, g(z) = cx + d be two different contracting similarities,

then the IFS {f, g} satisfies the open set condition if and only if |b—d|, > max{|al,, |c|,}.

Proof. Without losing generality, we suppose b,d € A. then f(A) = D(|a|,) +bC A
and g(A) = D(lc|,) +d C A, f(A)Ng(A) = 0 if and only if [b — d|, > max{]al,, |c|,}.
Moreover, |b — d|, < max{|a|y, |c|,} implies f(A) C g(A) or g(A) C f(A). The proof is
completed.

Due to the Lemma 3.1, the following Theorem holds immediately.

Theorem 3.2. The IFS {f;(x) = a;x + b;}I™, satisfies the open set condition if and only
if b = bjlp > max{|aily, la;|p}, Vi # j.
Corollary 3.1. For the IFSf = {fi(x) = a;x+ b}, if max; {|a;|,} < min;2;{|b; —b;|,},

then f satisfies the open set condition.

Obviously, for Example 3.1 and Example 3.2, the condition in Corollary 3.1 are hold

naturally.



4  Box-counting dimensions

First, we give some notations. Let £/ C C,, r € R, denote

N, (E), the smallest number of discs of diameters r that cover E;

N¥(E), the smallest number of discs of diameters at most r that cover E;

M,.(FE), the largest number of disjoint discs of diameters r which have non-empty

intersections with F.

Remark 4.1. In the definitions of N,(E) and N}(E), the discs cover E are disjoint

because of the topological structure of C,.
On these three values, we have
Proposition 4.1. Let E C C,, r € R, then N,.(E) = N}(E) = M,(E).

Proof. Firstly, we prove N,(E) = N}(E).

N}(E) < N,(E) is obvious.

To prove N} (E) > N,(E), let Uy, Us, ..., Uy»g) be the discs with diameters at most r
which cover E, U;(E #0, 1 < j < N}(E). Without losing generality, let

Uilp = [Uslp = ... = |Uklp =,
and
Ujlp <7 k< j < NI(E),
where 0 < k < NJ(E).
Then for all i # j, k <i,j < N}(FE), we have
d(UZ,Uj> > T

In fact, if their exist some @ # j, k < i,j < N;(E) such that d(U;,U;) < r, then since
\Uil, < r and |Uj|, < r, we have
uJujl, <
Hence, there is a new disc Uy such that U;|JU; C Uy and |Up|, = r, which is contradict

to the fact that N*(E) is the smallest number of discs of diameters at most r that cover

E. Thus, for all k <i,j < N} (E), d(U;,U;) > r.
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For any ¢ with k < i < N} (FE), fix some z; € U; (| E. Then Vi, j, i # j with k < 4,7 <
N} (E), we have d(x; + D(r),U;) > 0, so d(z; + D(r),z;) > 0. Hence, z; ¢ x; + D(r),
and (z; + D(r)) ((z; + D(r)) = 0, which results to d(z; + D(r),z; + D(r)) > 0 for all 7,
with k < i,7 < NJ(F). Thus,

Ul, UQ, ceny Uk7$k+1 + D(T),$k+2 + D(T), ...,IL’N:(E) + D(T)

are disjoint discs with diameters r that cover E, which leads to N,(F) < N(E).

Secondly, we turn to prove N,.(F) = M,(FE).

Let Uy, Us, ..., Uy, (k) be the discs with diameters r which cover E, then each U; has
a non-empty intersection with £. Combining with the fact that any two discs in C, are
either disjoint or one containing another, we get N,.(F) < M,(E).

To prove M,(E) < N,(E). Let Uy, Us, ..., Uy, () be the discs with diameters r which
cover E, UyNE # 0, j = 1,2,...,N.(E). Let Vi,Vs, ...,V (g) be the disjoint discs
of diameters r which have non-empty intersection with E. Then Vi, 1 < i < M,(E),
their exists a point z; with x; € V;(|E. Therefore, Vz;, there is some U; such that
x; € U;, which leads to V; = U;. Moreover, V1 < i < M,(E), we can always find some j,
1 < j < N,.(F), such that V; = U;. From the disjoint property of {U;} and {V;}, we can
conclude that M, (F) < N,.(E).

The proof is completed.

Remark 4.2. In the classical case in R or C, we have not the above result.

Remark 4.3. Let K be an algebraic extension of Q, of degree n, n =e- f. e is the index
of ramification and f is the residue field degree. we may denote NX(E), N*¥(E), MX(FE)
in the similar way for discs all in K. But now r only takes values in {pc : m € Z}. The

equality still holds that NX(E) = N*%(E) = MX(E).

Definition 4.1. Let E' be a non-empty bounded subset in C,, then the upper and lower

boz-counting dimensions of E are respectively defined as

— In(N,.(E
dimgFE = lim sup M
r—0 —lInr

, (9)
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In(N,(E
dimz F = lim inf M

r—0 —Inr

(10)
If dimpE = dimgFE, then the bos-counting dimension of E exists, denoted by dimp E.

Theorem 4.1. Let K be a n-degree algebraic extension of Q,, £ C K be a non-empty

subset, then

K
dimpE = lim sup M, (11)
r—0 —lInr
K
dimgz E = lim inf M (12)
r—0 —Inr

Proof. Let r > 0, there must exist a positive integer m, such that

_ m—1

p e <r<p .

I3

Let {Uy,Us,--- ,Un, ()} be the discs in C, with diameters r which cover E. Then
for each U;, U;(VE # (. Hence, there exists a point a; € E C K, such that U; =
Dy(r). UNK ={z € K : |[x—ail, <71} ={z € K : |z —al, <p <} So,
{ULUNK, U:NK, - ,Un.s) (K} is a discs cover of E with diameters p~ . Hence we

have

The proof is completed.

Theorem 4.2. Let K be a n-degree algebraic extension of Q,, px be the Haar measure
on K, E C K be a non-empty bounded subset, then

— In u(E
dimgE = lim sup(n — InplE(r))
r—0 Inr

dim, B — liminf(n — AE)

r—0 Inr

where E(r) ={x € K : d(z,F) <r}.

); (13)

); (14)

Proof. Using Theorem 4.1, we only need to verify

In(NX(E Inpu(E
lim sup In(N"(E)) = limsup(n — Inp(E(r))
r—0 —1Inr r—0 Inr

); (15)

for the case of the lower box-counting dimension is similar.
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Note that the Haar measure of any disc in K with diameter r is ™. If E C K can
be covered by NX(FE)’s disjoint discs of diameters of 7, then E(r) can also be covered by
them, and u(E(r)) < NEX(E)r™. On the other hand, all the NX(E)’s disjoint discs are
covered by E(r), and hence u(E(r)) = NX(E)r". Therefore, u(E(r)) = NX(E)r™. The

proof is completed.

Remark 4.4. Theorem 4.1 and Theorem 4.2 give other definitions of the upper and lower
boz-counting dimensions of a bounded set E. Notice that these definitions do not depend

on the choice of the algebraic extension field of Q, where E lives in.

Theorem 4.3. Let E' be a non-empty bounded subset in C,, then

(1) dimy E < dimpE;

(2) dimgz(E), dimp(E) are monotone;

(3) for E C C,p, we have 0 < dimgE, dimgE < +o00; if E has open subset, then dimp E =
+00;

(4) dimp(E|J F) = max{dimpE, dimp F'};

(5) dimpE = dimpE, dimgE = dimzFE, where E is the closure of E.

Proof. We prove the above properties in order.

(1) Let s < dimpy F, then H*(E) = +oo. Therefore, there is an rp € R such that
HE(E) > 1 for all r < ro,r € R.

Combining with H:(E) < N, (E)r®, we have

1< N, (E)r* (16)

for all » < rg,r € R. Therefore, dimgFE > s, and hence dimzpF > dimy E since s is
arbitrary.
(2)
“ECF= N.(F)<N,.(F), Vr e R”

leads to the monotone properties of dimgFE and dimgF.
(3) From the definition, it is easy to get dimypA = dimpA = +o00. If F has open
subset, then E must contain a disc, which results to dimg £ = +00.

(4) From the monotony, it is easy to get dimg(E |J F) > max{dimpFE,dimpF}.
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For the opposite side of the above inequality, let o > max{di_mBE ,dimpF }, then for
sufficiently small r € R, N,.(E) < r~, N.(F) <r~?,

NAE|JF) < N(E)+ N(F) < 2r7.
Hence, dimp(E|J F) < a, and so
dimp(F U F) < max{dimpE,dimpF}.

(5) Let Uy, Us,...,Uy be a collection of discs of diameters r. If U§:1 U; D E, then
U?Zl U; O E due to the fact that discs in C, are both open and closed. Hence, N,(E) <
N, (F) leads to the result.

In order to deeply study the box-counting dimension, we construct a compact set

Cgl’qQ C Zy, such that dimBCgl’q2 < dimBCSLqQ.
Example 4.1. Cantor type set CIV% in Z,

Take q1,q with 2 < g1 < ¢o < p—1, and s,t such that ln‘“ <s<t< 111;(1;

We start constructing a Cantor type set CI' in first Step. Thus, we have ¢ discs

L1, Lo, ..., I1 4 with diameters p~!, which satisfy

ap') <L (17)

Then in each I, ; perform the similar construction of ng kq times where £y is so large that

agy (P = qp T (@pHM > 1 (18)

After that, continue the construction of CI* ky times again, where k» is so large that
_l—kl—kg)s _(l+k1)5<6]1p_5)k2 g 1 (19)

145" q> (p = qgd'p

Continue this process without ending. We get a sequence of positive integers {k;} and a

Cantor type set CI*%? C Z,.

Theorem 4.4. Let 2 < 3 < g < p—1, and ln‘” <s<t< h”” then the Cantor set

Clv®2 C Z, constructed in Example 4.1 has the followmg property.

dimBC]‘th2 <s<t< dimBC]gl’QQ.
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Proof. From the above construction, it is easy to get
Np_l (Cgl’qz) =q,
Np7<1+k1> (Cglm) = q1q§17
Np—(1+k1+k2) (C]Zlm) = Q1QS1Qf27

, k1 k koj—1
Np7<1+k1+k2+.,.+k2jf1>(Cgl ?)=qe'q g,

q1,92) — ki ko Koj
Np—(1+k1+k2+m+k2j)(cp )— 919> q17--.41 7,

Hence,
In N oy, (CO2 In q1g5 g~ ...q"%
di_mBC]‘jl"D gh_n%’aoo 1+k1+ko+ +k2]( P ) :h—mjﬁoo Ngi1q> 41" ---41 <s
(1+k31+k’2+...+k2j)lnp (1+k1+k52+...+k2j)111p

q1,Q2) j—1

In N1+k1+k2+...+k2j—1(cp
(14 k1 + ko + oo+ kgj1) Inp

k
In q1(1'2’“qlf2...c]22

dimBCgl’Q2 = hmj_mo = 11Hl]_>oo

The proof is completed.

5 Packing measures and dimensions

In this section, we discuss the packing measures and dimensions in C,.

Definition 5.1. Let £ C C,, we call a family of disjoint discs of diameters at most r a

r-packing of E if each disc in this family has a non-empty intersection with E.

Let E be a non-empty subset of C,, s > 0, r € R, we define
+o0o
P(E) = sup{z \Ujl,, : {U;} is r-packing of E}. (20)
j=1

Theorem 5.1. Let K be a n-degree algebraic extension of Q,, E C K, we can define a

r-packing of E in K in the similar way where all discs are in K, then

+oo
P(FE) = sup{z \Ujl5, : {Uj} is r-packing of E in K }. (21)
j=1

15

> t.
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The proof is similar to previous two cases. Obviously, P?(FE) decreases as r — 0, and

hence we can define the pre-packing measures as follows.
Definition 5.2. Let E be a non-empty subset in C,, s > 0, r € R, then

P*(E) = lim P*(E) (22)

r—0
15 called the s-dimensional pre-packing measure of E.
It is easy to prove that for 0 < s <t < 400,
P*(E) < +o00 = PY(E) =0,
P*(E) = +o00 < PY(E) > 0,
so we can give the definition of the pre-packing dimensions.
Definition 5.3. Let E be a non-empty subset in C,, then
A(E) =sup{s: P*(F) = +oo} = inf{s: P*(F) =0} (23)
15 called the pre-packing dimension of E.
For the pre-packing measures and dimensions, we have
Theorem 5.2. Let s > 0, £ C C, be any subset in C,, then
H(F) < P*(E). (24)

Proof. Obviously, a r-disc cover of E is also a r-packing of E. So Vr € R, H:(E) <
P?(E), which result in H*(F) < P*(E).

T

Theorem 5.3. Let £ C C, be any subset in C,, then
(1) dimyg E < A(E);
(2) dimpE = A(E).

16



Proof. The conclusion (1) is the direct corollary of Theorem 5.2. We now prove (2).
Let s > 0, since M, (E)r® < P(E), then

lim sup M, (E)r® < P*(E).

r—0

If s > A(E), then P*(E) = 0, so limsup,_,, M,(E)r®* = 0. Hence, s > dimgF, thus
dimpFE < A(E).

For the opposite inequality, we only need to prove it providing A(E) > 0. Let 0 <
a < s < A(E). We define a real numbers sequence r; inductively.

First, since s < A(F), then P*(E) = 400, we can choose 1 such that

sup{z |Ujl5, - {Uj} is ro-packing of £} > 1.

If r; is defined, then we define r;,; for j > 0. Choose an 7;-packing such that  |U;[° > 1.
Let ny = #{U; : p~" ' < |Ui|, < p~*}, then

S e =Y (Ul > 1 (25)

k>0

Hence, we can find k such that p~*$n;, > p=**(1 — p=%), otherwise, > k0 p*n, < 1. we

define 741 = p~ D),

From the above construction, for each r;, we have a packing {V; : 1 < i < ng},

Vil, = p7*72, and ng > pHe=9(1 — p=*), and so
My-ges2) (E) = g = pem (1 — p=@),

which results in dimgFE > s — a, and dimgE > A(E).
The proof is completed.

We give a example to show that P° are not outer measures.
Example 5.1. non-negative integers 7"
It is easy to verify that P'(n) =0, Vn € Z*, but P*(Z*) = 1 since Z™ is dense in Z,.
Definition 5.4. Let £ C C,, s > 0, then
Pe(E) = nf{Y" P(E) - B =B},

17



and
dimp E = inf{sup{A(E;) : E = UE}}

are called the s-dimensional packing measure and packing dimension of E, respectively.

Packing measures P* are outer measures, with some similar properties as the Hausdorff
measures. dimp has also some properties similar to the Hausdorff dimensions, such as the

countable stabilization property. We omit them here.

Theorem 5.4. Let s > 0, £ C C, be any subset in C,. Then
H(FE) < P*(E) < P°(E), (26)

and

Proof. The right sides of (26) and (27) are obvious from the definitions.

For the left side in (26), notice that Hausdorff measures are outer measures, we have

1nf{Z’HS B = UE}

Combine with Theorem 5.2, we have

mf{Z?—[ ECLJE}<1nf{Z:PS ECUE} P(E).

Using the same method, we also get the left side of (27). The proof is completed.

6 Comparison of different dimensions

The relations between the three kinds of dimensions have been discussed above. They

are
dimy E < dimgE < dimpE = A(E), (28)

Section 4 gives an example C?% for dim,C%%2 < dimpgC®-%2., We have also an example
P ===B%p P

for which the inequality dimy £ < dimgFE holds strictly.

18



Example 6.1. non-negative integers 7"

Since Z™" is a countable set, by Theorem 2.2, dimy Z* = 0.

On the other hand, it is easy to see that Z7 is dense in Z,. Then by Theorem 4.3, we
get that

dimB Z+ = dlmB Zp =1.
Then we have

This example also shows that the box-counting dimensions have no countable stabi-
lization property.

For the self-similar set we discussed in Section 3. As in the classical case, we also have
Theorem 6.1. If the IFS {f;}*, of the self-similar set E C C, satisfies the open set
condition with the ratios 0 < ¢; < 1 for 1 <1 < m. Let s satisfies the equation Z’Ll c; =1,
then
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