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1 Introduction

The main object of this paper is the p-adic Laplacian on Qj. To construct this operator,
one need to consider the problem of how to define derivative operators on Q,, which
is an important topic in the study of p-adic analysis!v?. Many mathematicians, such as
J.E. Gibbsl®l, P.L. Butzer®, C.W. Onneweerl’!, W.X. Zheng!® and V. S. Vladimirov!” paid
their great attention to this topic. However, the test function class D(Q,) are not invariant
under the actions of their definitions of derivatives. In the 90’s, W.Y. Sul®% has given a
definition of derivatives and integrals, denoted by 7, for general locally compact Vilenkin
group G, using the pseudo-differential operators, including derivatives and integrals of
fractional orders. The test function class D(Q,), together with its distribution class
D'(Q,) are invariant under the actions of these fractional operators. For each s € R, T

is a pseudo-differential operator with the symbol (£)® owing to the formula that
°f =",

where (£) = max{1, [¢|,}. These operators can be used to study many interesting topics
in harmonic analysis!'>™), approximation theory>='4 fractal analysis!">~'® and other
scientific fields.

In [19], the convolution kernel kg of the pseudo-differential operator T is given and
some important properties of k; are obtained which play a key role in considerations re-
lated to fractional differential operators. A fundamental solution of the pseudo-differential

equation

P(T*)f =g, g€D(Q,), seR,

with respect to an unknown distribution f € D’(Q,) is obtained, where P is a polynomial
of finite order.

In this paper, firstly, we extend the definition of the fractional differential operators
to the multi-dimensional space Qp. A family of multi-dimensional operators 7% and
their corresponding pseudo-differential equations are investigated. The test function class
D(Qy) and distribution class D'(Q) are invariant under these operators. Secondly, we
give the definition of the p-adic Laplacian A, analogous to that in the Euclidean case. A
fundamental solution of the Laplace equation is constructed. Spectral properties of the
Laplacian A, are studied, and an orthonormal basis of eigen-functions of A, in L*(Q7) is
obtained. Finally, we investigate the Cauchy problems for the wave and heat equations

on the p-adic fields related to A,, and obtain solutions of these equations.
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2 A brief review of the p-adic analysis

In this section, we make a brief review of the p-adic analysis!' 4. Let p be a prime
number. Recall that the field Q, of p-adic numbers is defined as the completion of the
field of rational numbers Q with respect to the non-Archimedean p-adic norm | - |,. This
norm is defined as follows: |0|, = 0; if a nonzero rational number z is represented as
r = p'™, where r = ord,z € Z, and m and n are not divisible by p, then |z|, = p™".
This norm satisfies the strong triangle inequality that |x + y|, < max(|z|p, |y|,) for any
z,y € Q,.
Every element z in Q, can be thought as a unique formal series

inpi, 0<x; <p—1, =z, #0.
The set By = {z € Q, : |z|, < 1} is a subring of Q, called the ring of p-adic integers.
It is well known that Q, is locally compact and By is compact. There is a Haar measure
dz on Q,, normalized that | Bo dr = 1. For any r € Z, denote by B, the disc of radius p"
with center 0 € Q, and by S, its boundary:

B, ={r ¢ Q: |$|p <p'},

Sr={z€Qy:|zf, =p"}.
It is clear that [, dz =p" and [y dv=p'(1 - ).

p
The space Q, consisting of points z = (1,29, -+ ,x,), where x; € Q,, is a locally
compact metric measure space. The p-adic norm on @Q} is defined by
|z|, = 1213&5}% |zjlp, =€ Q).
Denote by By = {z € Q} : |z|, < p"} the ball of radius p" with the center 0 € Q}, r € Z.
In fact,
B'=B,x B, XX B,.

T

The Haar measure dx on the field @, can be extended to a product measure d"z =
dxidzy - - - dx,, on QZ in the usual way.
A complex-valued function ¢ defined on Qj is called locally-constant, if for any x € Q)

there exists an integer [(x) € Z such that
p(r+2') = p(x), V'€ By,.
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We denote by £(Q}) the linear space of locally-constant functions, D(Q}) the linear space
of locally-constant functions with compact supports, on Q7, respectively, and D = D(Q,),
& = £(Qy) for short. Convergence in £(Qy) is defined in the following way: ¢, — 0 in
E(Qp) as k — oo if and only if for any compact set E C Qp, ¢ — 0 uniformly in E.
Convergence in D(Qp) is defined that: ¢ — 0 in D(Qy) as k — oo if and only if all ¢y
assume constant values on cosets of a ball B* and are supported in a ball B}, where NN,
[ are two numbers, not depending on k, and ¢ — 0 uniformly. D(Qg) is called the test
Junction class on Q.

We denote by D'(Q}) the distribution space on D(Qp), D' = D'(Q,). D'(Qp) is
a complete topological space. Convergence in D'(Qy) is defined in the following way:
fr = 0as k — oo in D'(Q)) if and only if (fx, ) — 0 for any » € D(Q}).

For a compact set E, denote by 1g the characteristic function of E. There is a canonical
d-sequence 0 = ”klggk, and a canonical 1-sequence A} = 1pn, k € Z, in D(Qp). It is
easy to check 0f — ¢ in D'(Q)) and A} — 1in £(Q}), as k — oo. Obviously, if we denote
0r = 04 and A, = A}, then

() = 0p(x1)0k(x2) -+ - O (), = (T1,20, - ,2p),

and
AR (r) = Ap(21)Ap(22) - - - Ap(zn), o= (21,22,--- , 7).

The Fourier transform and inverse Fourier transform of ¢ € D(Qp) is defined by the

formule

o) = /@ o@)xp(—€ D), €€ qQ,

b
¢'@) = [ WO D seq,
Q
where x, (€ 2) = xp(E121) xp(E222) - - - Xp(Eniy) = 2™ 2i=1187i}e ¢4 s the scalar product
of £ and x, and the function y,(x) is a fixed non-trivial additive character on Q, which is
trivial on By. It is known that the Fourier transform and the inverse transform are linear

isomorphisms from D(Q}) onto D(Q}). The transforms could be extended to distribution
space. For each f € D'(Qy), f" and f" are defined by the relations

(f" ) = (f.¢"), Ve eD(Q),

(f0) = (f,¢"), Ve eDQ).
It is easy to see A" =y, k € Z.



For distributions f € D'(Q}),g € D'(Q}), the direct product of them is defined by

(f(x) x g(y), ) = (f(x), (9(y), v(z,9))), Ve D@,

since any test function ¢ € D(Q)™™) can be represented in a finite sum of the form

p(z,y) = eel@)ily), or €DQ)), v € D(QY).
k

Thus f(z) x g(y) € D'(Q;*™). Moreover, the direct product is commutative, that is

f(z) x g(y) = g(y) x f(z).

Particularly, for g = 1, the above equality implies that
0, [ ewnam) = [ (G, ewmay, e p@;m)
The convolution f * g for distributions f,g € D'(Q2) is defined!? that:

(f*g,) = lim (f(z) x g(y), Ae(@)p (2 +y))

if the limit exists for all ¢ € D(Q}), where f(x)x g(y) is the direct product of distributions
f,g. The formula

(fx9)"=r"g"
holds if the convolution f * g exists. If f,g € D'(Q}) and suppg C By, for some N € Z,

then the convolution f x ¢ exists and

(fxg,0) = (f(x) x g(y), AN (W)p(z +y)), ¢ €DQy).

Moreover, if g = ¢ € D(Q}), then f* p € £(Q)) and f * ¢ takes the form

(fxo)(@) = (f(y), ez —y)), zeQ.

3 n-dimensional pseudo-differential operator T

In [8,9], W.Y. Su made a definition of derivatives and integrals, of fractional orders, for
general locally compact Vilenkin group G, by using of pseudo-differential operators. The
test function class D and the distribution class D’ are invariant under these fractional

operators.



For £ € Q,, denote () = max{l,|{|,}. Obviously, (£) € £. For s € R, T* is defined
to be a pseudo-differential operator with the symbol (£)* owing to the formula that

Tp = ((£)°¢")Y, ¢eD.

It is easy to check that Ty exists in D. The definition domain of 7 can be extended to
the distribution space D’ by the relation

(T°f,0) = (f,T), feD, ¢eD.

So for f € D', we still have
Tf = (&))"

We call the operator T* the derivative operator on D’ of order s for s > 0, and the integral

operator on D’ of order —s for s < 0. For s =0, T°f = f for all f € D', T is the identity

operator.

In [19], the convolution kernel ks of the pseudo-differential operator T* is given and
some important properties of k4 are revealed which play a key role in problems related to
fractional operator T°.
1—7p°

Tt

S —1
ks = ( P 1)A0, for s #£ 0, —1,

ps+1 _

and kg = d, k1 = (1= 2)(1 —log, |z|,)Ag, where [z[;*" is a distribution" in D'(Q,),

(ol ) = [ 1l (o@) — ¢(O)do. 9D, 520

P

The convolution kernel x4 has the following properties:
Ks * Ky = Kgyy, VS, t€R.

Moreover, k4 is continuous on s € R.

We now consider the n-dimensional case.

Firstly, we give the definition of the partial differential operator T for distributions
in D'(Qp), 1 <j <n. For ¢ € D(Q}), it can be represented as a finite sum of the form

p(r) = ZSOkl (1) Py (T2) -+ - P, (@), Yr; € D.

We define
T3 o) =D o (1) Topn, (25) - P, ()
k
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Obviously, the partial differential operator T3 is well-defined and T3 (D(Q})) = D(Q}).
We can extend the definition domain of the operator T, to D'(Q}) by the relation

(T2 f,0) = (1, T29), [eD(Q), ¢eD@).

And we have T (D'(Qy)) = D'(Q)).

Secondly, we investigate the n-dimensional pseudo-differential operator 7% on D’ (Qg)

Let o = (a1, 9, , ) be a multi-index, «; € R, with |a] = g + a2 + -+ + .
For o, € R", denote o + 8 = (g + S, 0 + Po, -+ ,n + Br). For z € R", a € R",
denote x* = x{'x3*---xp". For example, for § = (§1,6,---,8,) € Qp, if we denote

(€) = ((&1), (&2), -+, (&), then
(&) = (&)™ (&) -+ (&)™

We write
Ea(T) = Koy (T1) X Kay(T2) X -+ + X Rq, (T4),

where x is the direct product operation. In particular, for a = (0,0,--- ,0),
Ko(z) = d(z) = d(z1) X d(xa) X -+ X §(z4,).

We define the n-dimensional fractional operator T on the distribution class D'(Q})

by the following convolution form,

Taf:’ia*f’

and call k,, the n-dimensional convolution kernel of T“. In particular, for ¢ € D(Q}), we

have
T%(x) = (Kay (Y1) X Kay(Y2) X+ -+ X Ko, (Yn), 0( —y)), =€ Q).

The following are some basic properties of the pseudo-differential operators T and

their convolution kernels «,,.
Proposition 3.1. Let o, € R". Then
Ko * Kg = Ko+3-
Proof.

Ko * kg = (Kay *Kg) X (Kay * Kg,) X -+ X (Ka, * Kg,)

Raj+p1 X Kag+py X =+ X Ko+, = Ka+p- i



Proposition 3.2. Let a € R". Then k), = ({)“.

Proof.
Ro = Koy X Ii22 T "ign - <§1>a1 <£2>C¥2 U <§n>an = <§>a‘ Jj

From the above two propositions, we obtain
Proposition 3.3. Let a € R", f € D'(Qy). Then
Tf = kax f=((Ef)".
Proof. (o f) = k)f" = (€ " 4
Proposition 3.4. Let o, 3 € R", f € D'(Q}). Then
TP f =TTP f = TPTf.
Proof. TP = kg f = ko % kg % f = T°TPf. ¢
Proposition 3.5. Let a € R", f € D'(Qy), ¢ € D(Qy). Then
(T f, ) = (f, T).
Proof. Since T*f = ((£)*f")Y, we have
(T*f,0) = ()", 9") = (f", (%) = (£, ((O)*¢")") = (f, (£)*¢")") = (. T%). 4
Proposition 3.6. D(Q}),E(Q}) and D'(Q}) are invariant under the operators T .

Proof. We only prove the D(QJ) case, since the others can be obtained by similar
arguments. For ¢ € D(Qp), we have ¢" € D(Q}). then ()" € D(Qy), since (£)* €
E(QR). Thus T = ({€)p")¥ € D(Q). Hence T°(D(Q})) € D(QY).

On the other hand, let ¢ € D(Q}), consider the equation T%p = 1. Let ¢ =T~ %) =

K_q % 1, then from Proposition 3.1,
T =Ko * @ =Ka*K_g*x1)=0%x1)=1.
Hence, T%(D(Qy)) > D(Qy). 1
Theorem 3.1. Let a = (a1, a9, -+ ,an), f € D'(Q}). Then
T =Ty oTy2 00T m,
where o denotes the composition operation. Moreover, the compositions are commutable.
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Proof. Let ¢ € D(Qp). It must have a finite sum form that
p(z) = Z@kl (1) ks (2) = P, (Tn), Py € D.
k
Then
T = Y Tk, (21)pk, (22) - - Pk, ()
k

= Z(Kal * ka1>("iaz * (pkz) e (Han * Sokn)

k

= ) Toon Tk, - Toon,
k

= Y T 0T 00 T2 pp, (1) Pk, (22) -+ P, ()
k

= TptoT >o0---0T .
Let f € D'(Qp). Then for ¢ € D(Q}), using Proposition 3.5, we have
(Tf,0) = ([, T%) = (/T o T oo Tonp) = (T5 o TpZ oo TR ).
Taking a = (0,---,0,a5,0,---,0) in the above theorem, we immediately get
Corollary 3.1. Let 1 < j<n, a; €R, f € D'(Q}). Then
oI f = (0 0,05.0:4.0) ¢
Finally, we give some examples.
Example 3.1. T%1 = 1.
Proof. Since 1" = 9, Vo € D(Q}), we have
(T*1, ) = (({£)0)", ) = ({£)*3(&), ¢”(£)) = (3(&), ()¢ (£)) = " (0) = (1, ).
Example 3.2. T90 = k,.
Proof. T0 = ko %0 = Ko. f

Example 3.3. Let a = (—1,—-1,--- ,=1), p € D(Q}). Then

n

e — I, "
Top(x) =T Vo) = (1- =) / [Tt —1og, ly; — 2;1,)e(y)d"y.
P JerBy i



Proof. Since ¢ can be represented as a finite sum of the form

0= on(x1)pry (12) -+ o, (0), ok, €D,
k

T = ko *p = Z K1 % Qr, (T1) Koy % Py (T2) -+ - oy % g, (T0)

k
koj=1

& 1
H(l B 5)/ (1- logp |yj - xj’p)%% (yj)dyj
1 n
= 1= ﬁ)n Z/ [T =108, [y; = 251)er (1) Pk (u2) - - - o1, (Yn)dyndys - - - dys
k By

zj+Bo
z+ By j=1

1 n - mn
= (1--) / 11t —tog, ly; — =) (y)d"y. ¢
P JarBy i
Example 3.4. Let « € R", n € Q). Then
Txp(n - ) = () *xp(n - ).
(19]

Proof. Since Tx) Xp(njz;) = (1;)% Xp(n;;)

TXp(n - x) = TXp(mx1 4+ w2 + - - + M)
= T xp(ma) T xp(n2a2) - - - T Xp (1ntin)
= ()" Xp(mz1) (1) Xp(m222) - -+ (1) " Xp (M Tn)
= (M*"xp(n-2). 4

4 the Laplacian A,

Now we introduce the Laplacian A, on Q. A, is an operator that
A ) = ST fa), [ e D@D,
j=1
If we denote by ¢/ = (0,---,0,1,0,---,0), the j-th unit vector of R™, then
B, () = ST fla).
j=1

Since )7, T2 f = (3251 (&)%f")Y, the Laplacian A, is a pseudo-differential operator
with the symbol 7", (;)*.
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Example 4.1. Let (z) = x,(p~te - x)An, with e = (1,1,---,1). Then ¢(x) is an

eigen-function of the Laplacian A,
Apd’(x) = HPQ@ZJ(@-

Proof. We can easily get that,

0 = [ e db e = [ e o7~ ) =1

n
P 0

and
n

D ENWNE) =D () ey =P Lyrerpg.

J=1 Jj=1

Hence,

Byila) = (SO @ = [ e

j=1 p~le+By

= an/B (P e 2)xp(€ - 2)d"E = npPx,(p e - 1) A = np*Y(z). 4

n
0

Example 4.2. Let i(z) = x,(p'e- 2)Af, a € Qp,a # 0,0 = (by,ba,--- ,by) € Q. Then

np2|a|12;¢(am +b), forlal,>p,

Ap@D(OLx + b) = { TLV,ZJ((Z$ + b), fO’l“ |a’p § p_l.

Proof. The Fourier transform of ¢ (ax + b) is

b- :
((az + b)NE) = ya\p”xp(Tg)wA(g) = laly " Xp (== ) Lagprermp)-

Hence,

n

Apth(az +b) = (O (&) (W(az + )" (€))"(x)

Jj=1

n b .
= [ O ol -

p j=1
n

= [ el ) e

a(p~le+By) j—1
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For |al, < p~!, we have a(p~'e + By) C By, then

b
Applart) = n [l )

By

= 0 [ e an D)L (a4 D)

= nxp(p e (az + b)) AMazx + b) = ny(ax + b).

Xl + ) (ap e + ag))a'e

For |a|, > p~!, noticing that V¢ € a(p~'e + BY), |&;], = plal, > 1, we have

n

App(ax +b) = /

alp~e+BY) 5

n b "
= np?lali/ lal, " xp((x + =) - )" = np®|ayp(ax + b). ¢
a(p~le+BY) a

b
6P laly " (0 + ) - )€
1

Let
_ T __ 1,72 r
P(x) = E a,x" = g Ay g, X1 TY - T
T

71,72, ,Tn
be a polynomial defined on R™, where r = (ry,re, -+ ,r,) € R™ are multi-indexes and
a, € C are constants. Let P be a pseudo-differential operator on D'(Qy), with the kernel

P((¢)), Le.,
Pf=(PUNI, feD(Q).
In particular, if P((¢)) = ZY'L:1<£]'>27 then P = A,,.
Let us consider the equation

Pf=g, geD(Q). (4.1)

Theorem 4.1. If P(x) # 0 when all x; > 1, then the equation (4.1) has a unique solution
in D'(Qy) that
f=@ (g

Proof. Since P(x) # 0 when all z; > 1, the functions P({¢)) and P~'((¢)) are both
belong to £(Qy). Let f = (P~'((£))g")". Then

Pf=(PUNM) = (PUHPTE)") = g.
For the uniqueness, we need to investigate solutions of the homogeneous equation

Pf=0. (4.2)
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By applying to the equation (4.2) the Fourier transform, we get

PN f" =0.

As P(z) # 0 when all z; > 1, we have P({(£)) # 0, then f* = 0, so f = 0. Thus the

homogeneous equation (4.2) has only a trivial solution.
A fundamental solution of (4.1) is a distribution f such that Pf = o.

Theorem 4.2. The equation (4.1) has a fundamental solution
fp(l’) = (P_1(<€>))V7 i.€., pr = 0.

Proof.
Pfp = (PP () =1"=0. ¢

This theorem shows that the solution of equation (4.1) can be represented as
f=Trfrxg.

Corollary 4.1. If there exists a function of finite sum Q(x) = > bsx® defined on R™,

bs € C,s € R", such that Q(z) = P~ '(x), then the fundamental solution of (4.1) is
fp = Z bslis.

Proof. Using Proposition 3.2, we obtain

fr=(QUENY = b)) =D b((€)) =D boks t

Corollary 4.2. The Poission equation A,f = g, g € D'(Q}) has a fundamental solution

1

fa, = (<£1>2+<£2>2+_“+<£n>2)v, which is a distribution with support contained in B .

Proof. Noticing that the function P(z) = z% 4+ 23 + - - - + 22, we have

1
(€)% + (§2)2 + -+ - + (&n)?

fa, = (P7H(&))" = ( )"

suppfa C By is a direct corollary of the fact that P~1((£)) € £, taking constant values on

cosets of By. 1
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5 Special properties of the Laplacian A,

The Laplacian A, is a pseudo-differential operator with the symbol Z?:1<5j>27

n

A= (D () "), V.

J=1

m

It can be defined on those functions ¢ in the Hilbert space L*(Qy), satisfying Y7, (£;)*¢"
L?(Qy). We denote the collection of these functions by D(A,), and call it the domain of
the Laplacian A, in L*(Qp).

Lemma 5.1. (377_,(§;)%)” € L*(Qp) if and only if p < —7.
Proof. It p < —%, then

[ Cerree = [ wnres /@ (e

v oj=1 ”\Bo j=1

= 2f’+z / V2"

|p—P j= 1

'8 T 1
n? + Z(ﬁ )*Pp (1 — =)
r=1

p

IN

1 o0
_ n2p + (1 _ _n) Zp(n+4p)r

p r=1
< Q.

If p > —7%, then

/@(Z<fj>2)2"d”§ = ”2p+z/| (D _(&)Prare

v =1 r=1 " Elp=p" ;=1
= 1
> 0+ min(n*, 1)) (p7)*p"(1 - —)
p’n
r=1
1 (o]
= n* +min(n*,1)(1 — —n Z (nt4p)r
= oo. f

Theorem 5.1. D(A,) € L*(Qp) and Ay(D(4,)) = L*(Q}). Furthermore, D(A,) is
dense in L*(Qp).
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Proof. By Lemma 5.1 and the fact that the Fourier transform is a unitary operator in

L*(Q}), there exists a ¢ € L*(Qp), such that ¢" = (Z?:1<§j>2)_1_% e L*(Qp).
Still by Lemma 5.1, we have

n n

DN =0 €))7 ¢ (@)
j=1 j=1
Thus ¢ € LA(Q7), but ¢ ¢ D(A,). So D(A,) € LA(Q).
Let ¢ € L2(Qg). Consider the solution of the equation A,y = ¢, i.e.,

v = (&))"
j=1
Then ¢ € L*(Qp) and |(327_1(&;)*) 7' < n™" implies that (37 (¢;)*) "¢ € L*(Q}), so
Y € L*(Qp). Hence, A, (D(A,)) = L*(Qp).
Noticing the fact that D(Qp) C D(A,) and D(Q}) is dense in L*(Qp), we get the
density of D(A,) in L*(Q}). 1

Theorem 5.2. The Laplacian A, is a non-negative self-adjoint operator on L2(QZ).
Proof. Using the Parseval equality, we can easily get the following formule:

o) = [ SUGPOTOE = (5, 8,0). Vo € DI,

p j=1

8,01 = .80 = [ UG NOPDE, b e DA,

QG =1
Here (-,-) is the scalar product in the Hilbert space L*(Qy), and || - || is the L*norm.

Moreover,

(App, ) = [ D (G WNEPAE >0, 0#¢peD(A,). 4

QG j=1

D=

1
There is a non-negative self-adjoint operator *°) Az with the symbol (377, (&;)%)7,
1
associated with A,. The domain of Aj is

n

D(A) = {v € (@) : (3_(6))4" € LA@}:

Jj=1
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We have )
D(A,) = {6 : & € D(AE) and Afw € D(AZ)).

Furthermore, there is a non-negative quadratic form Q(-,-) on L*(Q}) with domain

D(Aé) X D(Aé) such that
Qb 0) = (AJ, AZg), Wi, € DIAR).

If one define Q*<¢, QD) = Q(w, 90) + <¢7 90) for any wa ¥ € D(A%>7 then (D(Aé)a Q*(a )) 18
a Hilbert space.

Proposition 5.1. For any n € Q, the additive character x,(n - x) is an eigen-function

of the Laplacian A, with respect to the eigen-value Z?:1<77j>2-

Proof. Using Example 3.4, we have

Apxp(n - ) = ZT2€ Xp(1 - ) Z Xp n- ) Z<77j>2Xp(77'37)' f

7=1 7=1

Let us consider the eigen-value problem in Qy,

Ay =X, € L*(Qp). (5.1)

From Theorem 5.2, the spectrum of the operator A, consists of non-negative eigen-
values.

Let A = 0. Then A,y = 0, which implies ¢ = 0 from Theorem 5.1. Hence, A = 0 is
not an eigen-value of A,,.

Let A > 0. Applying to the equation (5.1) the Fourier transform, we get

n

O ) =" =0

J=1

From here we conclude that the eigen-values of the Laplacian A, have the form
)\N1,N2,~~-,Nn :ZPQNj, Nj €Z+,j:1,2,"' ,n

Now we construct an orthonormal basis of eigen-functions of the Laplacian A, in
LA(Q)).

Recall that in the 1-dimensional case, an orthonormal basis of eigen-functions of 7°
in L*(Q,) is given in [19].
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Lemma 5.2. M Let n = 1,5 € R. The set of test functions {1ni-(x)} is an orthonormal
basis of eigen-functions of T* in L*(Q,), where

kaE(x) = p7%Xp(pN71kx)A0<pNx - 5)7 N ¢ Z7 k= 1727 D 17 €€ QP/BO~

Moreover,
pNs%—N,ka(x)» for N >0,

T P1-npe(T) = { V1_nre(T),  for N <0.

The orthonormal basis {tnk: ()} is a p-adic wavelet basis in L*(Q,) constructed by
S.V. Kozyrevl.

For the Laplacian A,, we have

Theorem 5.3. The set of test functions {][;_, Yn,n,e, (%)} is an orthonormal basis of
etgen-functions of the Laplacian A, in LZ(@Z), where N; € Z,k; = 1,2,--- ,p—1,¢; €
Q,/Bo,j =1,2,--- ,n. Moreover,

APH%—Nj,kj,gj(I) = Z 2maX{ON}H¢1 N, deje; ().
j=1

7j=1

Proof. Taking 1(z) = [[}_, ¥, (2;), using Lemma 5.2, we have

pw =A 1_[¢Nk€J x] ZT2 Hkasj 'rj

J=1
n

§ : 2
- H wNj/kj/é:j/(Ij,)szwNjkjE]' (x])
J=11<5"<n,5'#5
n

= > I ewprey =Ny ()
J=1 1< <n,j'#j
n

_ Z p2 maX{O,l—N]-},w(x).

j=1
For the orthogonality of {H;‘:l VN, kse;(75)}, consider the scalar product (¥,¢) in
LQ(@Z)a where ¢ (z) = H;L:1 wNjkjEj (xj) and ¢(z) = H?:l wNJ’-k;e;- (UEJ)

() ot0) = (L) T g o)

= H(l/JNk = (@), ¢N’k' () H5N N'5sj ’5k K}

J=1

17



For the completeness of {[[;_, ¥n;k;c;(2;)}, consider the Fourier coefficient of Af.

n N
(AgLvaNjkjsj) = pr% /B N Xp(_p 'k i Lj dSC] Hp El 55] By )
; : ol lp

Jej

where v is a function defined as y(t) = 0if ¢t < 0,~(t) = 1if t > 1.

Hence,

Z ‘(Ag’ H wNjkjEj)‘z = Z HpiNj(Ssj,BOFY(N]’)
j=1 j=1
D DR | P HZ = 1= A"
=1 N;=1

1<N;<+00,j=1,2,--- ,n j=1

Thus the Parserval equality of Af holds, which proves the completeness of {[[[_, ¥k, (z;)}-

6 Cauchy problem for wave equations on QJ

In this section, we consider the initial value problem

Pu_aldu= f(z,t), x€Qr, 0<t<T,
u(z,0) = p(x), T e Qg, (6.1)
u(z,0) = ¢(z), HS Qg,

where a # 0, s € R, T > 0, the function f and the initial function ¢ and 1 are complex

valued.

Theorem 6.1. The homogeneous equation
3t2_aASU_0 reQ), 0<t<T,
(ZE, O) - Oa LS Qp7 (62>
u(r,0) = ¥(z), =eQp,

has a fundamental solution
VAP (€D Tt_ —VaSioy (€)) 2

( 2va(]_, (6)%)2
sin(\/ja(zyzl@ﬁz)%t) v
( V=a(T)_1(6)%)2 )'(@),

where E(x,t) € D'(Qy) has a compact support in By for any t € [0,T]. Moreover, for
Y € D'(Qy) the equation (6.2) has a solution

u(z,t) = E(x,t) x 1.

W(x), fora>0,
E(x,t) =
fora <0,

18
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Proof. Let 1 = §, denote by E(z,t) the fundamental solution of (6.2). Applying to
(6.2) the Fourier transform, we get

62E/\ ) - s N
TEED _ (36 B e
EMNE0) =0, EMNEO0)=1.
If a > 0, then

ENE 1) = Cre Va2t | 0, evVali )2t

where (' and C are two constants satisfying

Oy + Cy =0,
and . .
—Cia() ()72 + Cava(d) ()72 =1
Jj=1 J=1
So .
O =Cy =
RN AN DL
Hence,

VAT (€)D)3t _ o—Va(S]o (€5)2) 3t
2va(3]_1(6)%)? ’

and Vt € [0,T], E/(€,t) € £(Qy) assumes constant values on cosets of Bf. So

EMNEt) =

VaAXT (€Nt _ —valTy (6)) 3t
2va(3071(6)%)2
and Vt € [0,T], E(x,t) € D'(Qp) with suppE(z,t) C Bf.
If a < 0, then

E(xz,t) = ( )Y (),

sin(v—a(X7_,(6)%)21)
E/\ 7t = nj El Y
R T SR e
and also V¢ € [0,T], E"(&,t) € £(Q}) assumes constant values on cosets of Bf. So
sin(v—a(327_1(6)%)%1)
V=a(3oi(6)%)3
and we have Vt € [0,7], E(x,t) € D'(Qy) with suppE(xz,t) C By.

E(x,t) = ( )Y (),

19



Hence Vt € [0,T], E(z,t) ¢ (z) exists. Let u(x,t) = E(x,t) * ¢ (x). Then we have

(O —amputat) = (5 —adg)(Bla, 1) = v(x)
= (5 — A B 1)) » ()
— 0xi() =0

and
u(2,0) = Ey(z,0) xp(x) = 6(x) * ¥(z) = (z). 4
Hence, u(z,t) = F(x,t) x ¢ (x) is a solution of (6.2).
For the function f(z,t) defined on Q7 x [0, T, we say that f € £(Q}) uniformly with

respect to t, if its exponent of local constancy do not depend on ¢.

Lemma 6.1. Let w(z,t) € E(Q}) uniformly with respect to t, and w is continuous on t.
Then

¢ ¢
A;/O w(a:,T)dT:/O Asw(z, T)dT.

Proof. 1t is easy to check that
/tw(.fL',T)dT € £(Qy) and /t Avw(z,7)dr € E(Qy).
0 0
Then for any ¢ € D(Q})), we have
AS Y d Y = ) d Y AS
& [ wanino@) = ([ wlerinA00)
= / d"x/ w(z, 7)Asp(z)dT.
n 0
Using Fubini Theorem, we get
A d = d A? d"
8 [ wanarotw) = [ [ otanagps
= /t dr/ Avw(z, 7)¢p(x)d" >
0 i
= d" Alw(x, d
/;L ;17/0 sw(z, 7)o(x)dr
t
~ ([ agta i o))
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Hence,

t t
A;/O w(x,T)dT:/O Avw(z,7)dT.

Theorem 6.2. Denote by My the solution of the homogenous equation (6.2), ¢, €
x,t) € C[0,T]. Then the

(Qp), f(z,t) € £(Qp) uniformly with respect to t € [0,T], f(
inhomogeneous equation (6.1) has a solution u(x,t) € E(Qy), uniformly with respect to

t €0,T], u(z,t) € C?0,T], with
a t
u = Mw + aMw(iﬁ,t) + / qu_(l',t — T)d’r.
0
Proof. A solution of (6.1) is given by
U = Uy + Uz + us,

where us is the solution of (6.2), and uy,us are solutions of the following two equations

respectively.
3,52 —alu=0, ve€Q), 0<t<T,
Ut(l’,O) = 07 S QZ,
and
o —alju=f(z,t), veQy 0<t<T,
u<x> 0) =0, T € @Z, (6.4)
Let u; = gtM@. Then
82U1 o 0*M
- A =, £ _ ASM )=0
Bt @ 875( ot2 an, <P> )

0
uy(z,0) = EMw(xvmt:O = (),

2
uy(z,0) = e My(z,t)|i=0 = aA; My (2, t)]=o = 0.
So uy = %M solves the equation (6.3).
x,t — 7)dr. It is easy to check that us(z,0) = 0.

Let f, = f(z,7) fo My (x
21



Since f(x,t) € £(Qy) uniformly with respect to ¢ € [0,T] and f(x,t) € C[0,T], we
have that V¢ € [0,T], My, (v,t—7) € £(Q}) uniformly with respect to 7 and is continuous

on 7. Hence, uz(z,t) € £(Q)) uniformly with respect to t. So we have

0 YoMy (z,t — YoMy (z,t —
U My (x,t T)|T:t+/0 ff(gt T)dT:/O ff(;’t D ar.

ot

Then
8U3

u3t($70) |t —0=0.

Using Lemma 6.1, we get

Pus  OMy (x,t—7) LOPMy (z,t —T)
or? o T /0 o T

t

_ f(:z:,t)+a/ AS My, (a,t — 7)dr
0

= f(z,t) + aldjus.

So ug = fot My (xz,t — 7)dr is a solution of (6.4).
Since o, € £(Q}), it is obvious that uj,uy € £(Q)) uniformly with respect to t.
Hence, u(z,t) € £(Q}) uniformly with respect to ¢ € [0,7]. {

Lemma 6.2. If a < 0, s > n, then the fundamental solution E(z,t) is a continuous

function supported in BY for any 0 <t <T.

Proof. If a < 0, s > n, then for any 0 <t < T,

< Sdn
B \/__a’/" ]1€]> :

:¢—1%¢——am/ IDH

N \

I\J\fn

IN

1
_ 4 1— — (n—s)r
— f_a( pn);p
0.

So Vt € (0,T], E"(&,t) € LY(Qp). Hence E(x,t) is a continuous function supported in
By for any 0 <t <T. 3
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Theorem 6.3. If a < 0, s > n, p,¢ € E(Q}), f(x,t) € E(Q}) uniformly with respect
tot € [0,7], f(x,t) € C[0,T], then the equation (6.1) has a solution u(x,t) € E(Qp)
uniformly with respect to t € [0,T], u(z,t) € C*[0,T], with

u(z,t) = /Q

Proof. Using Theorem 6.2 and Lemma 6.2, we have

a t
Bleonountnt [ SBwn ey [dr [ Bont-n s

n
P

¢
u(z,t) = My+ %Mw(x,t) +/0 My (z,t —T1)dr

= E(x,t)*w+%E(x,t)*gp+/0 E(-t) * fr(z,t — 7)dT

mn 9 n
— /@p E(z —n,t)¢(n)d"n + /@g 5 Bl = t)p(n)d"n

t
+/0 dT/gE(m—n,t—T)f(n,T)d”n. i

7 Cauchy problem for heat equations on Q)

In this section, we consider another initial value problem

%—aA;u:f(x,t), reQy, 0<t<T,

(7.1)
u(z,0) = p(x), zeQp,
where a # 0, s € R, T' > 0, the function f and the initial function ¢ are complex valued.

Theorem 7.1. The homogeneous equation

S aASu=0, z€Qr, 0<t<T,

w(z,0) = ¢(x), = eQy,

has a fundamental solution
Fla, 1) = ("S5 (),

where F(x,t) € D'(Qp) has a compact support in By, for any t € [0,T]. Moreover, for
¢ € D'(Qp) the equation (7.2) has a solution

u(z,t) = F(x,t) x @.
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Proof. Let ¢ = ¢, denote by F(z,t) the fundamental solution of (7.2). Applying to

(7.2) the Fourier transform, we get

OF" (€, 1)

o = A& FNED. A0 =1,

j=1

Thus,

Y

FAE, 1) = " @)
and Vt € [0,7T], F/(£,t) € £(Qy) assumes constant values on cosets of Bf. So
Fla, 1) = (¢S5t (),

and Vt € [0, 7], F(x,t) € D'(Qy) with suppF(z,t) C By.
Hence Vt € [0,T], F(x,t) * p(x) exists. Let u(x,t) = F(x,t) * ¢(x). Then

o, Y
(a —alAj)u(x,t) = (&
0

= ((5; —ad)F(z,1)) * p(2)

= 0xp(z) =0,

— alp)(F(x,t) * o(x))

and
u(z,0) = F(x,0) * p(x) = 6(x) * p(z) = ¢(z).
Hence, u(x,t) = F(x,t) % p(x) is a solution of (7.2).

Theorem 7.2. If we denote by W, the solution of the homogenous equation (7.2), ¢ €
E(Qp), f(x,t) € E(Qp) uniformly with respect to t € [0,T], f(x,t) € C[0,T], then the
inhomogeneous equation (7.1) has a solution u(z,t) € E(Qy) uniformly with respect to
t €[0,7], u(z,t) € C*0,T], with

u=W,+ /t Wy (z,t —7)dr.
0
Proof. A solution of (7.1) is given by
U = Uy + Ua,
where u; is the solution of (7.2), and wus is the solution of the following equation.

G —alju=f(z,1), v€Q, 0<t<T,

u(z,0) =0, r € Qp.

24



Let fr = f(x,7), ug = fg Wy (x,t — 7)dr. It is easy to get us(z,0) = 0.

Since f(z,t) € £(Q)) uniformly with respect to ¢ € [0,T] and f(x,t) € C[0,T], we
have Vt € [0, T], Wy, (z,t — 7) € £(Q}) uniformly with respect to 7 and is continuous on
7. Hence, uy(,t) € £(Qy) uniformly with respect to ¢. Using Lemma 6.1, we have

0uQ . tanT(x,t—T)
E == WfT<I,t_T>|T:t+/ 81’; dT

0

t
= f(x,?) —i—/ alAs Wy (w,t — 7)dT
0
= f(z,t) + aljuy.
So uy = f(f Wy, (x,t — 7)dT solves the equation (6.3).

Since ¢ € £(Qp) and suppF'(z,t) € By, we get that u(v,t) = F(z,t) * p(z) € £(Q})
uniformly with respect to . Hence, u(x,t) € £(Qp) uniformly with respect tot € [0,7]. 4§

Lemma 7.1. If a < 0, s > 0, then the fundamental solution F(x,t) is a non-negative

continuous function supported in By for any 0 <t <T.

Proof. 1If a < 0, s > 0, then for any 0 <t < T,

/ FR(E Dd'e = / (oS (€)?) t gng
° 0

n n
P P

A

+o0o
_ eanst+Z/ 60,( ;Lzl(fj)2)stdn€

r=1 |£|:pr

eanstdng +/ Ga(Z;L:1<§j)2)Stdnf
Qp\By

IN

—+00
s 2rs
eant+§ / eap tdng
r=1 |£|:p7‘
+oo

S 1 T8
— 't + (1 . _) ZeQPZ tpm“

n
p r=1
< Q.

So Vt € (0,T], F/(&,t) € LY(Qp), and hence F(z,t) is a continuous function supported
in Bj for any 0 <t < T. For the non-negative property of F'(x,t), one can verify it by a
direct calculation.

Theorem 7.3. Ifa < 0, s > 0, ¢ € £(Qp), f(z,t) € E(Q}) uniformly with respect
tot € [0,T], f(x,t) € C[0,T], then the equation (7.1) has a solution u(z,t) € E(Q})
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uniformly with respect to t € [0,T], u(z,t) € C*[0,T], with

u(z,t) = /Q

Proof. From Theorem 7.2 and Lemma 7.2, we have

Fla=ntptndn+ [ dar [ Pa—nt=nfaoin

1
D

u(z,t) = W¢+/OthT($,t—T)dT
= F(l’,t)*gD—F/tF(',t)*fT(iE,t—T)dT

“ .
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