MEAN VALUE PROPERTY OF HARMONIC FUNCTIONS ON THE
TETRAHEDRAL SIERPINSKI GASKET

HUA QIU, YIPENG WU AND KUI YAO

ABSTRACT. In this paper, we study the mean value property for both the harmonic
functions and the functions in the domain of the Laplacian on the tetrahedral Sierpin-
ski gasket. This paper is a continuation of the work of Strichartz and the first author
[14], where the same property on p.c.f. self-similar sets with Dihedral-3 symmetry
was considered.

1. INTRODUCTION

The analysis on the post critically finite (p.c.f.) self-similar sets has been studied
extensively since Kigami’s analytic construction of the fractal Laplacian on the Sier-
pinski gasket [9, 10] (see [6, 15, 17, 18, 19, 20, 21, 23] and the reference therein).
Various problems have been studied including the spectral analysis of the Lapla-
cian [3, 7, 11, 13, 16, 24], the gradient and derivatives [5, 19, 25] and the energy
measures[1, 2, 4, 8], etc.

Recently, Strichartz and the first author [14] studied the mean value property for both
the harmonic functions and some general functions in the domain of the Laplacian on
p.c.f. self-similar sets with Dihedral-3 symmetry. They mainly deal with the Sierpinski
gasket SG. Let i be the normalized Hausdorff measure on SG and A be the standard
Laplacian with respect to . Then for each point z € SG \ V; (V4 is the boundary of
S8G), they proved that there is a contracting sequence of neighborhoods of x, denoted
by {By(z)}, called the mean value neighborhoods of x, such that (), By(z) = {z} and

1
(1) s [ hgduty) = ba)
1(By()) By ()
holds for every harmonic function A and £ > 1. More generally, by introducing suitable
constant cp,(;) for each neighborhood By (z), they showed that for any function w in
the domain of the Laplacian such that Au is a continuous,

(1.2) lim cBl(x) (M(Bi(x» / | uiny) ~u(2)) = du(a).

The proof depends strongly on the Dihedral-3 symmetry, and the proof of (1.2) for
general functions is quite technical and could not be extended to other Dihedral-3
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p.c.f. self-similar sets. It is interesting to know to what extent these results can be
extended to other p.c.f. self-similar sets.

In this paper, we continue to consider the tetrahedral Sierpinski gasket, denoted by
SG*, which possesses fully symmetry, but not Dihedral-3 symmetry. We will prove
that the analogous mean value property holds for both the harmonic functions and the
general functions in the domain of the Laplacian.

Recall that a tetrahedral Sierpinski gasket SG* is the unique nonempty compact set

in R?® satisfying SG* = (J>_, Fi(SG") for an iterated function system (IFS) {F}_,
on R? with Fj(z) = #(z — ¢;) + ¢, where {¢;}_, are the four vertices of a regular

tetrahedron, see Figure 1.

Figure 1. The tetrahedral Sierpinski gasket

We call the sets F;(SG*) the cells of level 1, and by iterating the IFS we obtain cells
of higher level. For a word w = wywsy - - w,, of length m with w; € {0,1,2,3}, let
Fy,=F, 0F,o0---F, . Call the cell F,,(5G*) a m-cell. Denote by Vy = {¢;}3_, the
boundary of SG*. Inductively, write V,, = U?:o FVy—1 and Vi = ,,50 Vin-

The standard energy form (£,dom&) on SG* is given by

g0y = tim (5)" 32 (ule) — uly) (v(2) — v(y).

m—0o0
r~myY

and
dom (&) = {u € O(SG*) : E(u) := E(u,u) < oo},

where z ~,, y means x # y and z, y belong to a same F,, (V) for some word w of length
m. Here % is the reciprocal of the renormalization factor of the energy form.

A function A is called harmonic if it minimize the graph energy > ” (h(x) —h(y))2
for each m. It is direct to check that for any xz € V, \ 1},

(1.3 W) = & 3 hiy),

Yy~mT
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which can be viewed as a mean value property of harmonic functions at points in V,\ V5.
The space of harmonic functions is 4-dimensional and the values at points in Vy may be
freely assigned. There is a harmonic extension algorithm, the “% —% rule” (similar to the
“% —% rule” in the §G case) for computing the values of a harmonic function at all points
in V; in terms of the boundary values. That is 2 (qgo1) = 5h(q0)+3h(q1)+5h(g2)+¢h(gs)
and the symmetric alternates, where gy; is the midpoint in the line segment joining
qo and ¢;. Any function u defined on V,, can be extended harmonically on V,, then

continuously on SG*. We call it an m-piecewise harmonic function on SG*.

Let ;1 be the normalized Hausdorff measure on SG*, write A the standard Laplacian
associated with p via the weak formulation

E(u,v) = —/vAud,u
for all v € dom& vanishing on Vj. The Laplacian A satisfies the scaling property
1
A(uo F,) = 6—m(Au) o Fy,

where
factor

is the product of the measure scaling factor i and the energy renormalization

WMo =

The Dirichlet problem for the Laplacian, i.e., the unique solution vanishing on the
boundary V; of —Awu = f for given continuous function f, can be solved by integrating
against the Green’s function G(z,y), which is the uniform limit of Gy (x,y), defined
by

M
2 m / m m
(1.4) Gulzy) = D> (5) ol D@l (),
m=0 Z,Z’EVm+1\Vm

as M goes to the infinity, where g(z,2') = & when z = 2/, g(z,2/) = %

z and g(z,2') = g5 elsewhere (this can be calculated by finding the inverse of an

when z ~, 11

appropriate matrix); and wg’") () denotes the m-piecewise harmonic function satisfying
() = 6,(z) for z € V.
The reader is referred to the books [12] and [22] for exact definitions and any unex-
plained notations.

In this paper, we will prove the mean value property for the tetrahedral Sierpinski
gasket SG* analogous to (1.1) and (1.2) for SG.

Theorem 1.1. For each x in SG* \ V, there exists a natural system of mean value
neighborhoods { By (x)}i, with (), Bi(xz) = {x} such that for any harmonic function h

and k > 1, we have
1

p(B())

For = € SG* \ Vo and k£ > 1, we introduce that

1
B = B ) /Bk(x) v(y)du(y) — v(z),

/B ( )h(y)du(y) = h(z).
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where v is a function satisfying Av = 1. Then

Theorem 1.2. The coefficient cp,(y) i bounded above and below by a multiple of 6%.
Moreover, for any function u € domA with g = Au satisfying the Holder condition that
lg(y) — g(2)| < cv* for all y, z belonging to a same k-cell, for some constant 0 < v < 1,
c > 0, we have

1 1
(1.5) lim

k*mcwam<u@%@0)A;@fdwdﬂw)_ukw)::A”@*

The paper is organized as follows. In Section 2, we will explain how to define the
mean value neighborhoods for any point « in SG*\ 1 and prove Theorem 1.1. In Section
3, we will deal with the mean value property for general functions in the domain of the
Laplacian and then prove Theorem 1.2. The purpose of this paper is to work out the
details for one specific example other than the Sierpinski gasket. We hope it will bring
insights which inspire future work on a more general theory. The problem on how to
extend Theorem 1.2 to other fully symmetric p.c.f. self-similar sets remains open.

2. MEAN VALUE PROPERTY OF HARMONIC FUNCTIONS ON 894

We write Mp(u) = ﬁ [ udp for any Borel set B contained in SG* and function u
defined on B, for simplicity.

Lemma 2.1. (a) Let C be any cell with boundary points po, p1, P2, p3, and h be any
harmonic function. Then Mq(h) = %;Z?zo h(p;)-

(b) Let p be any point in V. \ Vo, and Cy, Cy be the two m-cells meeting at p. Then
Mc(h) = h(p).

Proof. Choose a basis {hg, h1, ha, hg} of the harmonic functions on C' by taking h;(p;) =
d;j. Noticing that Z?:o hi is identically 1 on C, [, hidp = 1u(C) for each i by sym-
metry. Thus we get (a) since any harmonic function h can be written into h =
S h(pi)hi. Combing (a) for C = C) and C' = C, and the formula (1.3) at p,
we get (b). O

Obviously, (b) gives a trivial solution to the problem of finding mean value neigh-
borhoods for points in V; \ V5. So we mainly focus on general points z € SG*\ V4. Let
C,, = F,(SG*) be any cell containing x, which is small enough so that C,, does not in-
tersect V. Write pg, p1, p2, p3 the 4 boundary points of C', and denote C; the cell of the
same level as C,, meeting at p;. Let D, = C,, U U?:o C;. See Figure 2. Similar to the
SG case [14], we will find a mean value neighborhood B so that C,, C B C D,,. If we
can do so, then by letting C',, shrink to x, we could get a contacting sequence of mean
value neighborhoods of . On the other hand, since mean value neighborhoods are just
balls in Euclidean case, it is reasonable to require the set B as simple as possible.

Definition 2.2. Let ¢ = (¢, ¢1, 2, ¢3) be a 4-dimensional vector with all 0 < ¢; < 1,
and denote

3
B(c)=C,U| J E;
=0
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%

Figure 2. C, and its neighboring cells

where each Fj; is a sub-tetrahedral domain in C; obtained by cutting C; with a plane
away from p; symmetrically so that p(FE;) = ¢;u(C;), see Figure 3. Denote by

B={B(c):0<¢<1,0<i<3}

the 4-parameter family of all such sets.

Figure 3. The relative geometry of B(c) and C,,

Obviously, B(0,0,0,0) = Cy, B(1,1,1,1) = D,, and for each set B(c) € B, C,, C
B(e) € D,,. We have two more observations for harmonic functions defined on B(c¢).

Firstly, for any harmonic function h, by linearity, the value h(z) is a linear combi-
nation of {h(p;)}2,,

(2.1) h(x) = Zai(x)h(pi)>
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where the coefficient vector a(z) = (ag(z), 1 (), a2(z), as(z)) depends only on the

location of x in C,,. Furthermore, considering h = 1, we have Z?:o a;(x) = 1 and by
the maximum principle all a;(x) > 0.

Secondly, still by linearity, we have
(2.2) Mp(ey(h) = Zﬁi(c)h@i),

for some coefficient vector B(c) = (Bo(c), Bi(c), B2(c), B3(c)), which depends only on

the relative geometry between B(c) and C,,. Again we have Z?:o Bi(e) =1 by consid-
ering h = 1. Later we will show that §;(¢)’s may not all greater than 0.

Proposition 2.3. B(c) is independent on the location of C,, in SG*.

Proof. Let h be a harmonic function. For 0 < i < 3, denote by {p;,r;,s;,t;} the
boundary points of C;. By linearity and symmetry, ﬁ / B, hdp must be a linear

combination of (h(p;), h(r;), h(s;), h(t;)) such that
b
1(Cs)

for some non-negative coefficients m;, n; with m;+3n; = ¢;. Notice that the coefficients
m;,n; are independent on the location of C; in SG*, and depend only on the relative
position of E; in C}, i.e., depend only on ¢;.

[ s = )+ ) )+ )

By using formula (1.3), we then have

@3) [ = (G 600hp) — 0 3 Rp))(C), 0 i<
Ei J#i

Since p(E;) = c;u(C;) and pu(C;) = u(Cy), combing the above equality with Lemma
2.1, we see that (3(c) depends only on ¢ and is independent of the location of C,, in

SG*. O

Define 7, the range of the vector-valued function a by varying  in C,,, and 7g the
range of the vector-valued function 3 by varying ¢ with all 0 < ¢; < 1. For x € C,,, to
ensure that there exists a set B(c) € B so that B(c) is a mean value neighborhood of
x, i.e., Mpe)(h) = h(x) holds for all harmonic functions, in view of formula (2.1) and
(2.2), we only need to verify that m, C mg. Let S denote the simplex in R* defined by

3
82{02(00701702763)ZZCizl,OSCi <1}

1=0

Since it is easy to check that m, C S, it suffices to prove S C 7g.
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0
Lemma 2.4. Let M be a 4 x 3 matriz defined by M = 1 -V3 8 . Then the

-2 0 0
linear transform ¢ — ¢M, still denoted by M, is homeomorphic from S onto M(S),
and M(S) is a reqular tetrahedron in R3.

Proof. Tt can be directly checked since the rank of the matrix M is 3. 0

Denote the boundary vertices of M (S) by { Py, P1, P, P3} corresponding to (1,0, 0, 0),
(0,1,0,0), (0,0,1,0), (0,0,0,1) in S accordingly. By establishing a (u, v, w)-Cartesian
coordinate system, we could require the coordinate of P; to be the i-th row of M,
0 <1 < 3, see Figure 4.

Py

/
(Y /
(%4

Figure 4. The regular tetrahedron M (S)

From Lemma 2.4, to prove S C 7g is equivalent to prove M(S) C M(mg).
Proposition 2.5. M(S) C M (rg).

Let By={B(c)€B:cy=0<c,<cy<cz<1}and B* = {B(c) € B: [[,ci =
0}. Obviously, by symmetry, By is a i part of B* and B* is a subfamily of B. To prove
Proposition 2.5, we will restrict to consider the range of the vector-valued function 3
over the vectors ¢ such that B(c) € B.

Denote O the center of the regular tetrahedron M(S), O’ the planar center of the
triangle face Ap p,p, of M(S), and T the midpoint of the line segment joining P,
and P, see Figure 5. Obivously, the (u,v,w)-coordinates of O,O",T are (0,0, ‘/75),
(0,0,0), (—%, \/73, ), respectively. Let 0 < ¢ < 1, write P(c) = M(B(0,0,0,c)), Qc) =
M (B(0,0,¢,¢)) and R(c) = M(B(0,c, ¢, c)). We need some lemmas.

Lemma 2.6. Varying 0 < c <1, we have

(a) the trace of P(c) is a line segment joining O and Ps;
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T y.
// T\\\ \R’ ( ﬂ\) /

Q) P
Figure 5. A . part of M(S)

(b) the trace of Q(c) is a line segment lying in the line lor with endpoint Q(1) locating
below the (u,v)-plane;

(c) the trace of R(c) is a line segment lying in the line loor with endpoint R(1)
locating below the (u,v)-plane, see Figure 5.

Proof. (a) Let 0 < ¢ < 1, consider the set B = B(0,0,0,c). Write B = C,, U F3 with
w(Es) = cu(Cy,). For any harmonic function h, by Lemma 2.1 and the identity (2.3),
we have

3
[ nin = > hip)a(ca)
and
| = (G 6m)b() = 3 hip)(Cu)
Es i#3
where m, n are the same as that in (2.3) depending only on c.
An easy calculation yields that

M(h) = (5 — ) > o) + (5 +m -+ 6m)h(r).

So 3(0,0,0,¢) = 1%6(1 —n,i—n, }l —-n, % +m+6n). Then right multiplying by the
matrix M, we get
V2

P(c) = M(B(0,0,0,¢)) = - i ~(=2m — 14n,0, =~ - 2v/2n).

By using m+3n = ¢, it is easy to verify that the (u, v, w)-coordinate of P(c) satisfies
%+\/§w:1, and v = 0,

which is exactly the equation of the line segment joining O and P;. Then (a) follows
by verifying that P(0) = O and P(1) = P; and letting ¢ vary continuously from 0 to 1.
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(b) Now we consider the set B = B(0,0,¢,¢). Write B = C, U Ey U E3 with
w(Ey) = u(Es) = cu(Cy). A similar calculation yields that 8(0,0,¢,¢) = IJ:QC(}l -
2n, 411 — 2n, % + m + 5n, % + m + 5n), where m,n are same as in (2.3) depending on c.

Right multiplying by the matrix M, we get

(=7n — m, 7V3n + v/3m, \/75 — 4+/2n).

Qc) = M(,B(O, 0,c, c)) =112

By using m+3n = ¢, it is easy to verify that the (u, v, w)-coordinate of Q(c) satisfies
2v
V3
which is the equation of the line lor. Furthermore, it is directly to check that Q(0) = O
and Q(1) = (=L, —L T T)M = (-2 2 —¥Y2) Thus (b) follows.

120 120120 12 T3 V36

(c) Consider the set B = B(0,¢,c,¢) and write it into B = C,, U |J}_, E; with
1(E;) = cu(Cy). Similar as before, we have 3(0, ¢, ¢, ¢) = =5-(5 —3n, 1 +m+4n, ; +
m+4n, 411 + m + 4n), where m,n depending on ¢. Right multiplying by the matrix M,

V3u+v =0, and +v2w =1,

we get
1 2
R(C) = M(,B(O, c, C, C)) = m(o, 0, g — 6\/571)
Obviously, R(c) lies on the line lpos. It is easy to check R(0) = O and R(1) =
(-5, 2,2, 3)M = (0,0, —‘/Ti). Then (c¢) follows. ]

Lemma 2.7. For fired 0 < ¢ < 1, varying 0 < ¢ < ¢, we have

(a) the trace of M(B(0,c,c,c)), a continuous curve joining P(c) and R(c), is con-
tained in the (u,w)-plane;

(b) the trace of M(B(0,c,c,c)), a continuous curve joining Q(c) and R(c), is con-
tained in the plane containing the triangle Aporr;

(¢c) the trace of M(B(0,0,¢,¢c)), a continuous curve joining P(c) and Q(c), is con-
tained in the plane containing the triangle Aop,r, see Figure 6.

) RO

S / A
]

\\ ///_//
Q(1)

Figure 6. the traces in Lemma 2.7
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Proof. (a) Consider the set B = B(0,¢,c,c) with 0 < ¢ < ¢ < 1, and write it into
B = C, UL, E; with u(Ey) = u(Ey) = ¢u(Cy) and pu(Fs) = cu(Cy,). Let m,n be
associated with ¢ and m’, n’ be associated with ¢ as in (2.3). Then an easy calculation
yields that

1 1 1 1 1
B(0,,c,c) = 1+2—c'+c(1_2"/_"’ Z+m’+5n’—n, Z—l—l—m’—l—fm’—n, Z—Zn’+m+6n).
Right multiplying the matrix M, we get
1 2
M(B(0,¢,d,c)) = m@m' + 14n — 2m — 14n, 0, g — 420" — 2v/2n).

Thus the v-coordinate of M (B(O,c’ ed ,c)) always equals to 0, so (a) follows when
varying ¢ continuously from 0 to c.

(b) Consider the set B = B(0,c,¢,¢) with 0 < ¢ < ¢ < 1, and write it into
B =C,UUL, E; with u(E)) = ¢u(Cy) and u(FEy) = u(Fs) = cu(Cy,). Let m,n be
associated with ¢ and m’, n’ be associated with ¢’ as before. Then

1 1 1 1 1
B(0,c ¢, c) = m(z—n’—Qn, Z+m’+6n/—2n, 1 —n'+m+5n, Z—n’—i—m—i—fm).

Right multiplying the matrix M, we get

1 2
M(B(0,c,c,c)) = TTo12 (m/+7n'—m—"Tn, V3(—=m/=Tn/+m+Tn), \/7_—2\/571'—4\/571).

It is directly to see that the (u,v)-coordinate of M(,@(O, d, e, c)) satisfies v3u+v = 0.
So (b) follows by varying ¢ continuously from 0 to c.

(¢) Now we consider the set B = B(0,0,c,¢) with 0 < ¢ < ¢ <1, and write it into
B = C, U EyU E3 with u(Es) = du(Cy) and pu(Es) = cu(C,). Let m,n be associated
with ¢ and m/,n’ be associated with ¢ as before. Then

1 1 1 1 1
B(0,0,c,¢) = m(z—n’—n,é—l —n’—n,z+m'—i—6n’—n,zl —n' +m +6n).
Right multiplying the matrix M, we get
M / 1 !/ / / / \/§ /
(,B(0,0,C,c)) = —(m +7n' —2m —14n, \/g(m +7n’), 2 _2von —2\/§n).
1+cd+ec 2
Noticing that the normal vector of the plane containing App,risn = (ﬁga —%, _\/lé)’
it is easy to check that
n- Pg,M(B(O, 0,c, c)) = 0.
So (c) follows. O

Lemma 2.8. For 0 < ¢; < ¢y <1, M(,B(O,cl,c2, 1)) always locates below the (u,v)-
plane.
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Proof. We need to consider the set B = B(0, ¢y, ¢, 1), write it into B = C\, UE;UE,UCS
with pu(F1) = c1u(Cy), u(Es) = cop(Cy) and u(Cs) = u(Cy,). Similar as before, we
can calculate that

1
/B(Oa 1, Co, ]-)

B 2+ c1+ Co
where m;, n; are associated with ¢;, i = 1, 2, respectively. Right multiplying M, we get

M(,B(O,cl,CQ, 1))

(—n1 — ng,mq + 6101 — ng, —ny + Mo + 6n92,2 — Ny — n2)

= — (m1+7n1+m2—|—7n2—4, \/5(—m1—7n1+m2+7n2), —2\/§(n1+n2)).
2+ 1+ ¢

Obviously, the w-coordinate of M (ﬁ(O, c1,Ca, 1)) is always less than 0, which completes
the proof. M

Proof of Proposition 2.5. By using Lemma 2.6, Lemma 2.7 and Lemma 2.8, varying
the parameter c3 between 0 and 1 continuously, it is easy to find that the range of
M(,B(c)) over the vectors {¢ = (cg,¢1,¢2,¢3) 1 co =0 < ¢; < ¢ <3 < 1} contains the
tetrahedron whose vertices are O, O’,T and Ps;. Then by symmetry, we have M(S) C
{M(B(c)) : B(c) € B*}. Since B* is a subfamily of BB, we then have M(S) C M(7g),
which completes the proof.

O

Now we have

Theorem 2.9. For x € Cy, there exists a mean value neighborhood B € B of x with
Cy C B C D,,. Moreover, if we denote by B* = {B(c) € B : [[._,ci = 0}, then there
exists a unique mean value neighborhood B € B*.

Proof. The existence follows readily from Lemma 2.4 and Proposition 2.5. The unique-
ness follows since for and different ¢, ¢’ such that B(c), B(c') € B*, we have obviously

M(B(e) # M (B(e) 0

In what follows, to make the mean value neighborhoods as simple as possible, we
always choose them from B*.

Proof of Theorem 1.1. It follows by applying Theorem 2.9 to a sequence of C',, shrinking
to x. 0

3. MEAN VALUE PROPERTY OF GENERAL FUNCTIONS ON 894

In this section, we turn to consider the mean value property for more general func-
tions, i.e., those functions in the domain of the Laplacian.

For » € SG* \ V4, motivated by the SG case [14], for each mean value neighborhood
B of x, we define

cg = Mp(v) —v(x)
for any function v satisfying Av = 1. We remark that the definition is independent of
the particular choice of v, since any two such functions differ by a harmonic function
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and the equality Mp(h) — h(z) = 0 always holds for harmonic functions. Here we
choose

o() = — / G-, y)du(y)

which vanishes on the boundary of SG*, where G(z,y) is the Green’s function we
mentioned in Section 1.

Lemma 3.1. For xz € SG*\ Vp, let B be a mean value neighborhood of x, then
1 1
24 4= 6™

m+1
where ¢ =3 v\ (D),

(3.1) cp = (MB(Qbm) - qu(l’)),

Proof. Obviously, the function v is the uniform limit of vy = — [ G (-, y)du(y) where
G (z,y) is given in (1.4).
By interchanging the integral and summation, we have
M

== 0" Y gt [ auy)

m=0 sz/evm+1\vm

Notice that by symmetry, for each 2’ € V,, 11 \ Vi, fz/zgnﬂ)(y)d,u(y) = 2. S0
M

1
U = — G Z 9(z, Z/)¢§m+1)-

m=0 Z,Z’EVm_t,_l\Vm

co| —

Taking the value of g(z,2’) into the above equality, an easy calculation yields that
— _ 1 M 1
UM = —57 D mo g Pm, and thus

|
S
Thus by the definition of cp, (3.1) follows, which completes the proof. O

The following lemma is obvious by scaling argument, see Lemma 4.1 in [14] for the
analogous one in SG case.

Lemma 3.2. Let x,2' be two points in SG*\ Vy. Let B and B’ be two k-th and k'-th
mean value neighborhood of © and x' respectively. If B and B’ have the same shapes
(the same coefficient vector ¢ such that B = B(c) and B' = B'(c)), then

Cp = 6k/_kCB/.

Proposition 3.3. There exists two constant cy, c® > 0 such that for any x € SG*"\V,
and any k, we have

1 41
Chor S CBi@) S T gp
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Proof. Assume C, is a k-cell containing z, not intersecting Vo, B = By(x) is the k-th
mean value neighborhood of . Then C\,, C B C D,. From Lemma 3.2, since cp
depends only on the relative geometry of B and C,,, as well as k, we may assume that
D,, is contained in a (k — 2)-cell in SG* without loss of generality.

Estimate of cp from above. By Lemma 3.1, we have
32 LS L (00(60) = (@)
: cp=—— — m) — Om(T)).
PSR T
Since when m + 1 < k — 2, ¢,, is harmonic in the (k — 2)-cell containing D,,, the first
k — 2 terms of (3.2) contribute 0 to ¢g. Thus
=~ 1

(3'3) CB = _ﬁ 6_m(MB(¢m> - qu(l‘))

From (3.3), we have

[e.e]

1 1 1
< — - - m - ¥Pm d :
erl < 57 3 iy, 90~ omtoliuty
By using the maximum principle, we get
1 «—- 1 91
< — — =
el <51 2 GiT5

m=k—2

Estimate of cp from below. By symmetry, we may assume that x is located in
the }1 region of C,,, the tetrahedron whose vertices are o, p1, p2, p3, where o is the center
point in the tetrahedron containing C,,, see Figure 7.

D2

Figure 7. z in C,

By Theorem 2.9 and the proof of Proposition 2.5, we can write B = C,, U U?:l E;
where each E; = BN C; with u(E;) = ¢;u(Cy) for some coefficients 0 < ¢q, ¢, ¢35 < 1.
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Let B = Fo(SG*) UL, Ei, with E; € Fy(SG*) and u(E;) = cipt(Fo(SG*)), then by
Lemma 3.2,

cp = 6"""cp.
Thus we only need to prove that cz has a positive lower bound. So for simplicity in
notation, from now on, we take C,, to be F,(SG*) and write

3
B = Fy(SG") u J E:.

i=1
In this setting, po = go and for 1 <4 < 3, p; = Fogi, C; = F;(SG*) and E; = BN C;.
Write v* = >°>° Lo, and ¢ = Mp(v*) — v*(z), then cg = —2-ck. We only need

m=0 67 24
to prove cj has a negative upper bound. This can be done using the following 3 claims.

Claim 1. 0 < v* <1 on SG* and v* takes constant 1 on U?:o Fi(SG*NTy), where
T; denotes the triangle whose vertices are Vo \ {q:}.

Proof. For M > 0, write vi, = 37 Lo Ttisa (M+1)-piecewise harmonic function

m=0 6m

on 8G*. We divide the points in Vjs,; into three parts, VA(/[IJ)rl, VJ\(/[QJ)rl and VJ\(;’J)A, where

VJ\(/Il)+1 consists of those points lying on U?:o Fi(SG*'nTy), V]\(/[J)rl consists of those points
at distance 2=+ from |, Fi(SG* N T;), and Vj\(i)rl consists of the remain points.

rule mductlvely, we have vy, = 1 on V]\(}J)rl, vy = 1 — g on

t(]_ _1»

6
VJ\(/[QL, and v}, <1 — &7 on VM+1 Since v}, goes uniformly to v* and V]\(4Jrl goes to

U?:o Fi(SG*NT,) as M goes to infinity, the claim follows. O

By using the

Claim 2. For x contained in the tetrahedron whose vertices are o, py,p2, ps, v*(x) >
215
2_16.
Proof. Observe that for each x in the tetrahedron whose vertices are o, p1, p2, p3, it will
be contained in one of the 27 4-cells lying along the face Fy(SG* N Tp). Then since v}
is harmonic in each such cell, by using the maximum principle and the proof of Claim

1, we have

) 1
v (x) > vi(x )>1—@

Claim 3. Mp(v*) < 2.

Proof. 1t is directly to calculate that for m > 0,

1 2 3
gbmd,u = 7 Ij(vm—l-l \ Vm) i 1a”
/Fo(8g4) 4 4: +2 ]_6

3 = 1
gAw _Gz”ﬁ

Thus



MEAN VALUE PROPERTY OF HARMONIC FUNCTIONS ON THE TETRAHEDRAL SIERPINSKI GASKHB

So by Claim 1, we have

3
1

Mp(v*) = —/ vidp + /v*du

B< ) M(B>( Fy(SGY) ; E; )

4% + Z?:l ()

<
T n(BE(SGY) + X, w(E)
_ %+E?=10i < i +3 _ 39
1+ ¢ = 143 407
which completes the proof. O
Combining Claim 2 and 3, we have proved that cj < % — % = —%. Hence
1 11
cg > 21 510 > 0.
This completes the proof. O

Proof of Theorem 1.2. The estimation of cp,(,) follows from Proposition 3.3.

For z € SG*\ V; and C, a k-cell containing z, not intersecting V;. Then C,, C
Bi(z) C D,,. Let u € domA satisfy the Holder condition. We write

u=h" + (Au(z))v + )

where h®) is harmonic in C,, and h¥) + (Au(m))v assumes the same boundary values
as u at the boundary of C,.

We first prove that the remainder r* satisfies r*) = O((2)*) on By(z). In fact, it
is easy to check that Ar®*)(.) = Au(-) — Au(z) and the value of r*) vanishes at the

boundary of C,. So r*) is given by the integral of Au(-) — Au(x) against a scaled
Green’s function on C,,. Noticing that the scaling factor is (3)* and |Au(-) — Au(z)] <

cy* on C,,, we then get r® = O((2)*) on C,, and thus on Bj(z).

Now we come to prove (1.5). Since Mp, ) (h®)—h®(2) = 0 and Mp, 1) (v) —v(z) =
CB (), We have

cBl(x) (Mp, (z)(u) — u(x)) — Au(z) = _— (Mp, () (r™) = r®B)(2)).

Noticing that r*) = O((2)*) and by the estimation of ¢p,(,) in Proposition 3.3, we
then have
1

CBy(x)

(M (@) () = u(x)) = Au(z) = O(7").

Hence by letting k — oo, we finally get (1.5). O
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