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Real analytic quasi-periodic solutions for the derivative
nonlinear Schrédinger equations
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In this paper, we show that one dimension derivative nonlinear Schrédinger equa-
tion admits a whitney smooth family of small amplitude, real analytic quasi-
periodic solutions with two Diophantine frequencies. The proof is based on
a partial Birkhoff normal form reduction and an abstract infinite dimensional
Kolmogorov-Arnold-Moser (KAM) theorem. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4754822]

. INTRODUCTION AND MAIN RESULT
Consider the derivative nonlinear Schrédinger equation
; — e —i(lul*u), =0, (1.1)
with the periodic boundary condition
u(t, x) = u(t, x + 2m). (1.2)

The equation defines an infinite dimensional Hamiltonian system

d 0H
u, = {u(x), H} = Eﬁ’

associated with the Hamiltonian
2 1
6 -
H:/ —|u|” —iu, it dx.
o 3

Let uj, ¢;, j € Z, denote the eigenvalues, eigenfunctions of — 9., and y; are fixed weights (see
Ref. 1). The problem of the existence of time quasi-periodic solution for (1.1) is to find, for a given
integer N > 1, a solution of the form

=) 4,9

J#0
such that all g;, j € Z, are quasi-periodic with the same N-frequencies. Then the Hamiltonian is

H=H(g.q)=H_ vaj$;. Y 7id;i$)- (1.3)
J#0 J#0

Motivated by the classical Kolmogorov-Arnold-Moser (KAM) theory in finite dimensional
Hamiltonian systems, to obtain quasi-periodic solutions, for an integer N > 1, one finds a
parameter space O C RV and (symplectic) action-angle-normal coordinates I = (Iy, ..., Iy),
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0 = (61, ...,0n), 2 = (z))jez such that the Hamiltonian (1.3) can be transformed into a parametrized
Hamiltonian normal form
H(I,6,2,%,6) = (@), )+ )_Q;(§)z;2,+ P(1,0,2,2,6), E€O.
JEZ
Denote d as the order of Q j and § as the order of the Hamiltonian vector field Xp. We use d to
measure the growth rate of the eigenvalue €2; and § to measure the unboundedness of Xp.

When § < 0, the vector field Xp is called bounded perturbation, the existence of quasi-periodic
solutions of such PDEs has been deeply and widely studied. There are plenty of papers dedicated to
such these issues. See Refs. 2-6, 10, and 12 for example.

When § > 0, the vector field Xp is called unbounded perturbation. In order to obtain the existence
of quasi-periodic solutions for such PDEzs, it is reasonable to assume

6<d-1,

according to a well known example, which was referred in Klainerman® and Lax.'!

When 0 < 8§ < d — 1, the corresponding KAM theorem is due to Kuksin.” Kuksin’s theorem
is used to prove the existence of time quasi-periodic solutions of KdV equation subject to periodic
boundary condition. See also Kappeler-Péschel.” For such unbounded perturbations, Bambusi-
Graffi' gave another KAM theorem to prove that the time dependent linear Schrodinger equation
has only pure point spectrum.

When 0 < § =d — 1, the nonlinearity of the PDE is the strongest. Liu-Yuan'” gave a theorem,
which generalized Kuksin’s theorem from § <d — 1to§ <d — 1. For the homological equations
of variable coefficients

— i0yu + Au 4+ w(@u = p®), [mb| <s, (1.4)

they developed some new estimate for the solution u covering not only the case § <d — 1, but also
the limit case § = d — 1. Using the generalized Kuksin’s theorem, Zhang-Gao-Yuan'® established
a KAM theorem for an infinite dimensional reversible system with unbounded perturbation and
obtained many C*° (not real analytic) quasi-periodic solutions for the following derivative nonlinear
Schrodinger equations:

iut+uxx+|ux|2u=0a (l,X)GRX[O,]T],

u(t,0)=0=u(t, ), (1-5)

which are reversible instead of Hamiltonian.

According to the generalized Kuksin’s theorem, Liu-Yuan'® established an improved KAM
theorem such that the range of application is extended to a class of derivative nonlinear Schrodinger
equations which are Hamiltonian

Wy +uyy — Mou+if(u,iu, =0, f(—u, —it) = —f(u, ), (1.6)

with Dirichlet boundary conditions. Compared with the Eq. (1.1), the above Eq. (1.6) has the external
parameters and the nonlinearity is a little artificial, which constitutes our main motivation why we
consider the quasi-periodic solutions of the Eq. (1.1).

In Ref. 18, the authors mentioned that for a class of derivative nonlinear Schrédinger equations

it — e = ilulu); =0,
subject to periodic boundary conditions, the multiplicity of the normal frequency €2; is essentially
equalto 1,1i.e., Qg = 1. According to the KAM theorem, which was established by Liu-Yuan,'” one
can obtain that the Eq. (1.1) with periodic boundary conditions admit many C* (net real analytic)
quasi-periodic solutions with N Diophantine frequencies. It should be worth emphasizing that our
obtained quasi-periodic solutions in this paper are real analytic. In this sense, our results cannot be
covered by the KAM theorem established by Liu-Yuan.!”

In our paper, we consider that N = 2. Together with compact form and the gauge invariant
property, the homological equation has the following forms:

—id,u + Au = p(6).
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Compared with the linearized Eq. (1.4), we see that (6) = 0. Thus, our normal form is independent
of the angle variables 6, which is also the main difference from Kuksin’s theorem® (see also
Kappeler-Poschel’) and Liu-Yuan’s theorem.!” Afterwards, using an abstract KAM theorem with
angle independent normal form, we obtain the real analytic quasi-periodic solution for the derivative
nonlinear Schrodinger Equation (1.1).

Assume that

[u] =0, where [u] is the mean value of the function u, (L.7)

then the main result is described as follows:

Theorem 1. Consider the derivative nonlinear Schrodinger Equation (1.1) with periodic bound-
ary condmon (1.2) and (1.7). Fix ny, np satisfying ny — n, is odd. Then there exists a Cantor subset
0= (’)(nl, ny) C ]R2 of positive Lebesgue measure, such that each & € 9} corresponds to a real
analytic quast-perlodlc solution

2

. . ;

u(t,x) =Y _/2rln;[&;e Y + O(JE]7)
j=1

of (1.1), (1.2), (1.7) with the Diophantine frequencies
o =n+0(EP), 1<j<2

Moreover, the quasi-periodic solutions u are linearly stable and depend on & Whitney smoothly.

Remark 1.1. Note that the solution which we obtain in Theorem 1 is real analytic. However,
the quasi-periodic solution for the Eq. (1.6) in Ref. 18 is just only smooth, i.e., u € C*. The reason
is the construction of the radius of Im0. In Ref. 18, the number s must be defined as the following
manner: in the mth KAM iteration, s,, = 27", so s, = 0 as m — oo. But in this paper, we only

need s, — 5 as m — oo (see Sec. VIII for details).

Remark 1.2. The assumption [u] = 0 is reasonable. Otherwise, writing u = ¢ + v with [v] =0
and ¢ = [u], also let v = Zﬁeo vjqj®;, the Hamiltonian then takes the form H = H. + =~ 2” c® with

H. =Y @no;j* +4mcto;jlg;I* + Y 2mco;j(qiq-; + ;q-))

J#0 J#0
+ Y Gl Ikmlquiign + -+ Y Gijitmn/ijKImnIGiq; qudiGndn-
k,l,m i,j,k,l,m,n

The terms of the form q;q_;, ;G ; will make the perturbation large by action of the Poisson bracket
and we cannot deal with this case.

The rest of the paper is devoted to the proof of the main result. Here, we only treat the case
N = 2. Section II is a preliminary section in which we define the phase space, admissible b-index,
compact form and gauge invariant property. In Sec. III, we will introduce the Hamiltonian setting
corresponding to the Eq. (1.1). In Sec. IV, we will derive a partial Birkhoff normal form of order
six for the lattice Hamiltonian. In Sec. V, we will verify some conditions about frequencies and
the perturbation. In Secs. VI-IX, we will introduce an infinite dimensional KAM theorem for
constructing quasi-periodic solutions and cover the proof of this KAM theorem. Some lemmas
necessary are given in the Appendix.

Il. PRELIMINARY
A. Phase space
For any integer p > 0, we introduce the phase space

H? ={u e LZ(SI, C): Nulla,p < oo}
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of complex valued functions on S' = R /27 Z, where
2 ~ 120 +2p 2alj
llly, =Y (w1 PreV!
JEZ,j#0

is defined in terms of the Fourier transform @ of u, u(x) = )" 7 ;o #;e"*.
Let '

P ={q=10(q;):q; €C,j#0,llqlla,, < o0}
be the space of all complex sequences with
lgllz, = > lg;PPliI"e*V.
JEZ, j#0
The convolution w * z of two such sequences is defined by (w % z) =), Wy—mZm.

Lemma 2.1. Fora > 0, p > %, The space £*? is a Banach algebra with respect to convolution
of sequences, and

lw*zllap < cllwlapllzla.p,

with a constant ¢ depending only on p.

For the proof, see Ref. 13. ]

B. Admissible b-index

An ordered b-index {ny, ..., np} is said to be admissible if whenever i, j, k, I, m, n are integers
suchthati + j + k=1 + m + n, {i,j, k} # {l, m, n}, and at least four of them lie in {n,, ...,
np}, then w; + pj + pe — W — m — Ma # 0, where py = k2. We let 7 denote the set of all
admissible b-index. It is known that for any given b > 1, J is an infinite set (see the Appendix of
Ref. 13). In particular, when b = 2,

J ={{n1,ny} :ny —nyisodd}.

Remark 2.1. Without the loss of generality, we assume that ny > ny > 0 for simplicity.

C. Compact form
Given {ny, ny} € J. A real analytic function
F=F0.1.2.2)= Y _ Fap(D)e'*" 27"
k,o,B

is said to admit a compact form with respect to ny, n, if

Frop =0, whenever kjny + kany + Z(Oln — Bun #0,

where k = (ki, k) € Z> and o = (- -+, ap, ), B=(+-, Bu» -+ *), &, B € N, with finitely many
nonzero components of positive integers. In the case that k; = k, = 0, we simply say that F has a
compact form.

Consider the Poisson bracket

9F 3G OF oG
F,G}=2 > )\ o : n\ o 5= T o= . /b
Gy =2rl5g 57 = 57 aeHlZG(aznazn 07, 02, )

where o, = Sgn(n) is the sign of n.
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Lemma 2.2. Given {ni, n,} € J and consider two real analytic functions F(, I, z, Z),
G(9, 1, z, 7). If both F and G have compact forms with respect to ny, n,, then so does {F, G}.

Proof: Let

F =Y FuupDe®292P G =" Grup (D227,
A] AZ

where

Ai = {(ki, ci, Bi) : kiymy + kiyna + Y (in — Bin)n = O}

then

0G 0,8 (1 : .
{F,G} =2n Z Z(]kl , k“g—“IﬁZ()>Fklalﬂ] (I)el<k"9>z“‘Z‘Sle‘<k2’9>z“22ﬂ2
Ay Ay

3 Fiyap, (1 . .
—27 3 ik, "‘g—‘[ﬁ‘())G ey (D) 51 i) 02
A A

+278 Y 0tinBan (Y Frsonpy (NN 270N} G (e 2275 700)
n A] AZ

—271 Y 04021 Fiarp (D227 Y " Gop, (Db 22702,
n

A] AZ

where for n € Z, e, is the multi-index whose nth component is 1 and other components are all 0.
Since all terms above have compact forms with respect with ny, n,, so does {F, G}. ||

D. Gauge invariant property

A real analytic function

F0.1.2.2) = Y Frap(De'*"zzF
k.o,

is said to have gauge invariant property if
Fiap =0, whenever kj +ky + ) _(ay — ) # 0.

Lemma 2.3. Consider two real analytic functions F(0,1,z,7), GO, I, z, 7). If both F and G
have gauge invariant property, then so does {F, G}.

The proof of this lemma is similar to Lemma 2.2, so we omit it. ||

Lemma 2.4. Given {ni, ny} € J and consider a real analytic function F(0, 1, z, 7). If F has
compact form with respect to ny, n, and gauge invariant property, then F contains no terms of the
form e'%9 7, 7 with k # 0.

Proof: Consider F(0,1,z,7) = Zk‘a,ﬁ Fkoug(I)e"(k’@)z"‘z‘3 with « = B8 = e,, where ¢, denotes
the nth component being 1 and the other components being 0. Since F has the compact form, we
have

kiny +kony+n—n =0,
similarly, because of the gauge invariant property, we have
ki +k+1-1=0.

Together with n; # n,, we obtain that k; = k, = 0. So, Lemma 2.4 is proved. | |



102702-6  J. Geng and J. Wu J. Math. Phys. 53, 102702 (2012)

Remark 2.2. A crucial idea in the proof of our main theorem is to show that compact forms and
the gauge invariant property will be preserved along KAM iterations. These properties enable the
consideration of essentially finite small divisors and simplify the homologic equation in each KAM
step.

We denote

A={P:P= Y Puup®e® "'z},
keZ?,1eN2,a,8

where k, «, § have the following relations:

kiny +kony + ) (= Bn =0, ki +ky+ D (cn — ) =0.

lll. HAMILTONIAN OF THE DERIVATIVE NONLINEAR SCHRODINGER EQUATION

In this section, we will give the Hamiltonian setting of the derivative nonlinear Schrédinger
Equation (1.1). To set the stage, we endow H*? with the Poisson structure

FG—f 9F 4 G | 9F d 9G
6= | 5um ax e’ T 9200 \dx aun))

where F, G are differentiable functions on H%? with Lz—gradients in H*P~!, The Hamiltonian
corresponding to the Eq. (1.1) with the periodic boundary condition (1.2) and (1.7) is then given by

d O0H
= ,H = — Y
ur = {u(x), H} Tx 97
where
2 1
6 . _
H:/ —|ul” —iu it dx. 3.1
o 3

To write the Hamiltonian system more explicitly as an infinite dimensional system, we introduce
infinitely many coordinates ¢ = (g;); ¢ by writing

u=F@q) =Y viqi$i (32)
J#0
where {¢; = \/; €'/} is an orthonormal basis, y; = /27| ] are fixed positive weights, the sequence
q = (gj)j <0 is an element of the Banach space £ 7. Due to the choice of the weights, we have an
isomorphism F : Pty s H*P foreachp > 1.
The phase space {7 x £%7P is endowed with the Poisson structure

. IF 0G oF 0G .
(F, G}:anZcfj(——_———), o; = Sgn(}j),
s

and the equations of motion in the new coordinates are given by

.. o0H
qj = ijTJj’ j#0.
This is most easily seen by observing that
oF oF 0dq; aF
ST e D B 7R
J#0 J#0
and calculating {F, G} on H*?. Since the transformed Poisson structure is nondegenerate, it also

defines a symplectic structure i Z o;dg; Adg;.
J#0
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The Hamiltonian expressed in the new coordinates ¢ is determined by inserting the
expansion (3.2) of g into the Hamiltonian (3.1). Using for simplicity the same symbol for the
Hamiltonian as a function of ¢, we obtain

H=A+G (3.3)
with
A=) 2m0;jlg;l%
J#0
G= Y Gijumlijklmnlgiq;qidiGng, =Y _ Gapq®q’, (3.4)
i,j,k,l,m,n o,B
where
8 2 o
Gijkimn = 5713 G Pk b1 Pmby dx. (3.5)
0

Remark 3.1. By taking advantage of the special forms of G in (3.4) and Gijimn in (3.5), we
know that G € A, i.e., Gog = 0 whenever ) ,(a, — Bn #0or )y (o, — B,) # 0. Especially,
Gijuiji = 3.

Now we consider the regularity of the gradient of G.

Lemma 3.1. Fora > 0 and p > %, the gradient G; is a real analytic map from a neighborhood
of the origin of £“P into £4P ~ 1, with

1Gllap—1 < cligll) ,-
Proof: Let G; = ({%}), where
0G 2m — o
s =Vinl Y S VIiikmlai;adidn.
Gn i+jtk—l—m=n

Defining g, = 2 3, 1 i 1-men N1/ T3 T/ T/ T01Gn. g = (80) and w = (/TKlq),

we see that
g=Cw*xw*xw:*xW*xW.

Also, we have

a,p—%
207 12p 2alk
= E |qi)* 1k |*Pe* M,

k
2
= ligl2,,,

lwl? =Y Iklg)? ke e,
k

from Lemma 2.1,

5

lgllap—1 =cllgllz,
P—3 P

then

G B
15202, = Y nlgnln 20D,
ag “?

n

2, 12(p—1) 2
=3 IgaPlnPe e,

n
_ 2
=gl ..

10
< cligl,.

=
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Hence,

5
1Gglla,p—1 = cllgllz, - m

IV. PARTIAL BIRKHOFF NORMAL FORM

In this section, we transform the Hamiltonian (3.3) into a partial Birkhoff normal form. For
fixed {n;, n,} € J, we define the index sets A, x =0, 1, 2, and A3 in the following way: A« is the
set of index (i, j, k, [, m, n) such that there exist right * components not in {n, ny}. Aj is the set of
the index (i, j, k, [, m, n) such that there exist at least three components not in {n;, n, }. Define the
resonance set N' = {(i, j, k, i, j, k)} N Ao, M ={(, j, k, i, j, k)} N A,.

Lemma4.1. Let (i, j, k,1,m,n) € (Ag \N)U A U (A \ M). If

i+j+k=0l4+m+n,

then
i+ Wi+ e — = o — o =0+ j2 K =17 —m* —n® #0.
For the proof, see Ref. 6. ||
Furthermore, the analogue of Lemma 4.1 is more delicate:
Lemma 4.2. Let (i, j, k,l,m,n) € Ay \ M. If
i+j+k=1l+m+n, |n|>max{|3n; —nsl,|3n, —nil},
then

. . In|
i + 1+ ke — s = pm — | = 12+ P+ =P =m® —n?| = —.

Proof: We assume without the loss of generality that {i, j, k} N {l, m, n} = @. Since
@, j,k,l,m,n)e Ay \ M, we either have (a) i = j = k = ny, | = ny, and m, n # ny, ny; or
b)i=j=n1,l=m=ny, and k, n # ny, ny.

In case (a), since

i+j+k—l—-m—-n=3n—-n—-m-n=0,

we have m = 3n; — ny — n. Consequently,

Wi + I+ Mk — 1 — [ — Ha] = 1307 —n3 —n® — Bny —ny — n)?|,
3n; — 3
= 2(n — %)M;fu — )2,
3n; —ny
> 2(|n| — |T|)2.
If |n| > |3n; — mny|, we obtain
3n; —ny In|*> _ |n|
2|n| = |—=—* > — > —.

2 -2 72
In case (b), since

i+j+k—1l—-m—-—n=2n —2n+k—n=0,
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we have k =n — 2n; + 2n,. Consequently,
i + I + M — [ — [ — [a] = 1207 — 205 — n® + (n — 2n; + 2n2)°),
= |6n% + 2n§ —4nn; + 4nny — 8nyn;|,
= |2(ny — n1)2n — (3n; — n2))|,

31’11 —ny
= 4in| = I———1.
If |n| > |3n; — ny|, we obtain
3n1 —ny In|
4in| = |——1| = 2In| = —.
2 2
So, we complete the proof. |

For our convenience, rewrite G = G° + G! + G2 + G, where

2 — o
G* = 37 N E lijklmn|qiq;jqrGiGmg,, *=0,1,2,
i+ j+k—l—m—n=0
(i, j.k,,mn)eAx
and
~ 2 — _
G = 37-[ E lijklmn|q;q;qiGiGmgn-

it j+k—l—m—n=0
(i, j.k,Lm,n)eAs

Lemma 4.3. Given {n|, ny} € J, there exists a real analytic, symplectic change of coordinates
[ in a neighborhood of the origin of £*P, which transforms the Hamiltonian (3.3) into the partial
Birkhoff normal form

HoT=A+G+G+K,

such that the corresponding Hamiltonian vector fields X¢, Xg, and Xk are real analytic from a
neighborhood of the origin in £%7 to £%P~ 1, where

A=) "2m0;j’lq;P,
Jj#0
_ 2
G = gnm?m 1° + 131qn, 1) + 67 (721G, 1* |G I* + 111310, 121G, 1)

61 Y (nilgn,|* + 131qu,|* + 4n1nalqn, 1gu, 1) Inl1gal*,

n#0,ny,n,

~ 2 — .
G=3m D VIijkmnlaiq;qidnds,

i+ j+k—l—m—n=0
(i, j.kLm,n)eA3

1Kz llap-1 < cliqll, -
Moreover, K(q, ) € A.

Proof- Let I' = X", |, be the time 1-map of the flow of the Hamiltonian vector field Xr given
by the Hamiltonian
F=F'+F' +F?
= Z Fi(])'klmnCqujq/CQIqu'z

i,j,k,l,m,n

+ Z Fi}klmnqi qukq167m Qn

i,j,k,l,m,n

+ D Flmn4i9i9xGiGndn

i,j,k,l,m,n
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with coefficients

ikl . . ..
iF() _ 67t(i2+j2~‘kl/izf’72nf|m27nz) l +J +k_l_m_n:07 (la J’ kvla man)e AO\N’
ijklmn = .
L 0 otherwise,
ikl . . ..
L 6,,(,-2+j2+",iz_'72"_'m2_,12) i+j+k—1l—m—n=0,0G,j k[, mn)eA,
ijklmn = .
L 0 otherwise,
STijkImn] . -
iF2 _ Gﬂ(i2+j2_l_l]i2_n;2n_|m2_n2) l +] +k_l_m —n :Ov (l, J’ kvl’ m, n) € AZ\Mv
ijklmn = .
LR 0 otherwise.

It follows from Lemma 4.1, Lemma 4.2, and the definition of the sets A«, * = 0, 1, 2 that F is well

defined.
To show the analyticity of the transformation, we note that there exists a constant ¢ > 0 such

that for eachn € Z,

OF - o
Isol<e D0 1aaadidn] = cqrq g G
4n i+j+k—l—m=n

Hence, by Lemma 2.1
IFzllap <clg*q*q*qxgla, <clql .

The analyticity of Fj; then follows from that of each of its component and its local boundedness (see
the Appendix A of Ref. 16).
Since I' = X1, then

Hol'=A+G+G+K,
where
G=G"+G'+G*+{A, F},

2
= gn(n?lqn, 1°+ 131gn, %) + 67 (n7121 G, 1*1 g, I* + 11131, 11 1)

+6m > (nilgu,|* + 131qn,* + An1n2lqu, 11, P nl g,
n#0,n1,n,

~ 2 .. - —
G=37 > lijklmn|qiq;qxdigman.
it jk—l—m—n=0
(iojkdamn)eds

1 1
K={G,F}—l—Z{{A,F},F}—i-a{{G,F},F}

+~--+i'{n-{A,F}---,F}—ki'{---{G,F}~-~,F}+---
n: —— n: ————
n n

Itis clear that | K (l4, p—1 < cllg ”Z,p' To show that K has a compact form, we note that since G has a
compact form, so does F. Hence, by Lemma 2.2, {G, F} has a compact form. Note that A is already
in a compact form. Repeated applications of Lemma 2.2 show that all terms in K have compact
forms, so does K. Similarly, using Lemma 2.3, we can get that K has the gauge invariant property.
Hence, K € A. [ |

Now our Hamiltonian is H = A + G + G + K. Introduce the symplectic polar and complex
coordinates by setting

{Qn, =/ +&%, j=1,2,

q; =2z, j€Zy=2\{0,n,ny},
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depending on parameters £ = (&1, &) € R%, where (I, §) € R? x T? be the standard action-angle
variables in the (gn,, gu,, Gn,» Gn,)-space around &. Then one gets

iy ojdg; Adg; = do; Adlj+i ) oydz; Adz,
Jj#0 j=12 j€Z,

and the Poisson bracket

dF 0G 0F 0G

F,G}=2 — 4 oni (—— — ), 4.1
{ } nZ(a@,alj 811891)+ THZUJ( Z Zj ) ( )
j=1.2 JEZ,

The new Hamiltonian

H=A+G+G+K=@®&.1)+ Y )z + P,
JE€Z,
where @(&) = (&1(£), @»(£)) with

@1(&) = 27nt + 6mn (n1&) + nakr)? — 4w},
(&) = 27rn3 + 6Ny (n1&) + k) — 4wniks,
Q&) = 2102 + (6(n1&) + na&r)* — 3(mIEE +n2ENNj1,  j € Za,

P=K+0(IP)+ 0T+ OI* Y 1jllz; + OU&NT Y 1jllz; )
jez, JEZ,

2
+0(E1R Y Y Vikllzeiz Y ml 1zl

i=1 k+l—m=n;

+0UEl > VKl Vitz Y ml zn |V n] [z (4.2)

k+l—m—n=0

Now, let & > 0 be sufficiently small. Rescaling &; by &2,/§;, j = 1,2, z,Z by e’z, &%z, and I
by &*I, one obtains the rescaled Hamiltonian

H(1,0,2,7,6) = e *H(',0, 6%z, 6°2, €2 /&1, e2\/&2), 4.3)
= (@@, 1)+ Y QiE)z;z; +eP*(1,0.2,2.8), (4.4)
J€Z,y

where 0*(§) = (0] (§), 3(§)) with
0 (§) = e~ 2n] + 6mni(n1V/& +na/&)* — dmnig,

w3(§) = e~ 2n] + 6mna(n1 /& + na/&)* — dmnis,
QT@) = 8—4271'0]-]'2 + 67-[0jj[2(n1\/g+ nz\/g)z _ (”%%'1 +n%$2)], iez,.

vspace x —10ptP*(6. 1,2.2.6) = ¢ "P(e'1.0. %2, €2, V1. 2V o).
Note that the nonlinear Schrodinger Equation (1.1) has another conserved quantity foz” u|?dx
= Zj;so Vj2|qj'|2 =c,ie.,

2y lgn, I* + 2 nalgn, > + Y 271jllg;* = c.
JEZ;
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The above rescaling yields that
e*(ni 1 +n212)+n1\/§71+n2 £ + &2 Z |j||Zj|2 =c,
J€Z,y
ie.,
niVE +naE = c — 2(mi 1y + naly + Z 1illz;1%) = ¢ + O(e).
JE€Z,
Let w(§) = (w1(§), w2(§)), @ = (£2))j20.1,.n,» Where
w;i(§) = 8_427111[-2 + 6mctn; — 47m?$i, i=12, 4.5)

Q&) = e 20 j> + 610, j(2c* — niE —n3E), j € Zy.
We can rewrite (4.3) as
H(1,0,z,2,8)=(w(&), I) + Z Q;()z;z;+ P(1,0,2,7,&, ¢), (4.6)
JE€Z,y
where

P =eP* —12mce’(mly +mb+ Y |jllzjouly + ol +2 ) 1jllz; )
JEZ, J€Z,y

tomet il + b+ Y |jllz;PP ol + b +2 ) 1jllz; ). (4.7)
JEZ, JE€Z,

Remark 4.1. From the above discussion, it is clear that the z — independent termsin P(I, 0, z, 7)
are bounded and ||P.| -1 < ¢.

Remark 4.2. Because of the form of the Poisson bracket (4.1), define Q@ = (2)jez,, where
Q; =0,Q; = e 2mj? 4+ 6mj(2c* — ni& — n3k).

V. VERIFYING SOME CONDITIONS

In the following paragraphs, we will make use of the KAM method to prove the existence of the
quasi-periodic solutions. To make it quantitative, we introduce the following notations and spaces.

The phase space is P*7 = T? x R? x £47 x £4P with the coordinates (6, I, z, 7), where T2
= R?/27Z*. With P¢” we denote the complexification of the phase space P*7. Denote a neigh-
borhoodof?l“o2 =T?x {I =0} x {£ =0} x {Z=0} by

D(s,r)={0.1,2.2): Im 0| < s, [I| < |zllo, <7 Zll,, <r}

2 2, par , pa:p
CC xCxLp” xLg
_ pa,p
= P¢r,
where | - | denotes the sup-norm of complex vectors, and E%p is the complexification of £%7.

Let O be a neighborhood of the origin in Ri. Denote by Ag, the difference operator in the
variable £ € O

Forl = (ly, ..., 1) € Z*, we denote by |I| = ZI;=1 |7;] its length, and (I)s = max (1, |Y_;zolil}] -
i zolilPlG]). We set IT = {(k, 1) # 0, |I| <2} C Z* x Z*.

In preparation for the proof of Theorem 1, we first give some propositions about the frequencies
and the perturbation P. The first two propositions concern the frequencies of the Hamiltonian in the
normal form (4.6).
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Proposition 5.1 (Nondegeneracy). The map & — (&) is a homeomorphism from O to its image,
which is Lipschitz continuous and its inverse also. Moreover, for ¥(k, [) € I, the resonance set
Ri=1{& € O: (k, w(&)) + (I, 2)) =0} (5.2)

has Lebesgue measure zero, and there exists a constant m > 0 such that for all § € O,

KL QEN| = m(l)g—1, Y1 < |I] < 2. (5.3)

Proof: Rewrite w(§), Q&) as w(é) = a + A&, Q&) =B + BE, where

_ _ —4znd 0
a = (e 2an? + 6mc’ny, e 2Nl + 6wc’ny), A= ( 0 ! _47”1%) ,
and
—6mn?j —6mnij
4 .2 2. 1 2
B=(c"2mj> + 1270 )) ez, B=| . . . (5.4)
’ J€Z,y

Since det A = 16n2n?n§ # 0, we have that the map & — (&) is a homeomorphism and |(k, w(§))|
= 0, for k # 0.

For the remaining nonresonant conditions, one has to check that («, k) + (B8, [) # 0 or Ak
+ BTl #0for 1 <|I| <2.Suppose Ak + BTl =0, forsomek € Z and 1 < |I| <2. Weletl;, [;,i # ],
i # 0, j # 0 be the components of [. Then

2](1711 = 2k2n2 = —3(lii + ljj)
Because the perturbation has the compact form, then
king +kono +15ii +1;j =0,

as a consequence,
2 4
2k1n1 — gklnl = gkﬂ’l] = O,
hence
ki =0=ky, Lii +1;j =0.

The integer solutions to the equation [;i + [j=0with 1 <|/|<2are/;=/;= £ 1andi= —. Be-
cause the perturbation has the gauge invariant property, then the term with k; = k, = 0 and ;
= [; = £1 will not appear in the perturbation. Consequently, nonresonant conditions are
satisfied. |

Proposition 5.2 (Spectral asymptotics). There exists d > 1 and 6 <d — 1 such that the following
holds. First,

190 — ;1 = m(|i|*™" + 117D, (5.5)
for all i # j uniformly on O with constant m > 0. Second, the functions
Q.
e 2O
/]

are uniformly Lipschitz on O for j # 0.
Proof: First, thanks to (5.4), we have that for i, j € Z,i # j,3m > 0, s.t.
1 — Q)| > |e7*27i + 6mi(2c® — ni&) — n3&y) — e 2 j% — 6mj(2c? — niE — n3&)|
> m(li| + 7.
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Second,
Im _ M| — (67 jniE — Cl).-i-n%(éz - Cz))l
Lj° L j1°
< 67 max{n}, n3}|§ —¢|,
here, d = 2, § = 1. Then Proposition 5.2 is fulfilled. ||

J. Poschel [see Corollary C and its proof in Ref. 15] proves that there exists a finite set Oy C O
with meas(O\Oy) — 0 when & — 0, such that for all £ € O,

l
[k, w(®)) + (1. E) | = ‘Tl;)f

Yk, eTl, k#O. (5.6)

In the sequel, we will need the distance

12 — Q| 5.0 = sup sup j°|Q,(§) — (&),
£e€0 jeZ,

and the semi-norm

A Q;
|Q|£8O = sup sup jf‘sw'
' 4420 jely & —¢|

Finally, we get
l§ + |21 4.0 = M(= 470} + 67n}).

The third proposition is concerned with the perturbed Hamiltonian vector field, Xp
= (0P, —0; P, {io;0,; P}, {—io;0z, P}). In order to describe the proposition, we then define the
weighted norms

1 1 1
I X P llrg:pis.rx0 == sup (|Pr| + = |Pol + =1 Pzlla.p + =l Pzlla,p)
D(s,r) r r r

and

L . ”AECXP”r,q
”XP”r,q;D(x,r)xO =S8up —————,

&.re0 |§ - é‘l
o
where Age Xp = Xp(-,§) — Xp(+, §).

Proposition 5.3 (Regularity of perturbation). There exists a neighborhood D(s, r) of Tg in P('é’p
such that P is defined on D(s, r) x O, and its Hamiltonian vector field defines a map

Xp:D(s,r) x O — PLI,

where ¢ > 0 satisfiesp — q <6 <d — 1. Moreover, Xp( -, §) is real analytic on D(s, r) for each
& € O, and X p(w, -) is uniformly Lipschitz on O for each w € D(s, r).

Proof: We first show that P, € £4? ~ ! From (4.7), it is clear that IP:lla,p—1 < cellzllq, p- The
other components of Xp can be handled in the same way, and we get Xp € Pg:’q, h::re, g=p — 1,
d =2 and § = 1. We now turn to the Lipschitz norms. Because of the form of P in (4.2) and P
in (4.7), we know that || X p(w, )|~ < c¢||zlla,p- So, Xp is Lipschitz continuous on O, for all

r,p—1 —
w € D(s,r). | |

We will show the special form of P, the last proposition is then the following:

Proposition 5.4 (The special form of the perturbation). The perturbation P in Hamiltonian (4.6)
belongs to A.
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Proof: Consider the Taylor-Fourier expansion of P: P =} , 5 Prap(l )eik0) 2278 Tt follows
from 6 KecAthat P € A, ie.,

Prop(I) =0,
whenever
kiny + kany + Z(Oln — Bn #0,
I‘IEZ1
or

kit ka4 Y (on — B) # 0.
neZ
Together with Lemma 2.4, this particularly implies that P contains no terms of the form e *-%)

with |j| > % max{|n|, |n»|}|k| and e“k’(’)zjzj with k #£ 0.

ZjZ-j

Thus, we give the following lemma through the analysis above:

Lemma 5.1. The perturbation P in Hamiltonian (4.6) satisfies propositions (5.1)-(5.4) and 3
go(e) > 0 small enough ,such that

o
c
1 XPllrg:Ds.x0 + M||XP||r,q;D(S,r)Xo < &o.

VI. AN INFINITE DIMENSIONAL KAM THEOREM

Theorem 1 is a direct result of the following Theorem 2. Now consider the perturbed Hamiltonian

H=N+P=(o@.1)+ Y Qj#)zz;+P0O.1,2.2.%). (6.1)
JEZ,

Our purpose is to prove that the Hamilton system determined by Hamiltonian H admits quasi-periodic
solutions provided || X pll;.¢:pis.nx0 + 371X p ||fq;D(X e is sufficiently small.
Now we are ready to state our KAM theorem.

Theorem 2. Assume that the Hamiltonian (6.1) satisfies the following hypotheses:

(1) Frequencies satisfy Proposition 5.1 and Proposition 5.2;

(2) The perturbation P satisfies Proposition 5.3 and Proposition 5.4.
Then for sufficiently small o > 0, there exists a positive gy(¢) > 0 depending on 2, o, d, 8§, m such
that

o
L
”XP”r,q;D(s,r)xO + M”XPHNI;D(SJ)XO =< &o,

then the following holds true: _ -

There exists a nonempty O of O such that for V& € O, there exists a real analytic symplectic
map V(-, &) : D(5, 5) — D(s, r) which transforms H into the following form H o ¥ = N« + P,
where

No = (@.8). 1) + Y Qu(€)z%;,

J€Zy

and

P* = Z P*klaﬂ(e)llzazﬂ'
2/l |+|er|+|B1=3

Hence, for &€ € O,W(T?, &) is a real analytic invariant torus with frequency w, satisfying

|02(8) — 0(E)|o + %m(s) — w(®)[ < ceo.
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Moreover, each embedding is real analytic and

o c&p
_ sup _ el _ L < 0
19 = oIl e+ 3 1 = ol 5 <

where Wy : T2 x O — Tg, 0,8~ (0, OA,JO, 0) is the trivial embedding for each &, and c is a
positive constant. Also, we have meas(O \ O) — O as o — 0.

In Secs. VII-IX, we will give the proof of Theorem 2.

VIl. THE KAM STEP

In order to give a clear proof of Theorem 2, we start with stating the first KAM step in detail.
For the duration of the rest of the sections, we denote “+” for the next step to simplify notation.
Also, throughout the whole paper, we use letters ¢, C to denote suitable (possibly different) constants
that do not depend on the iteration steps.

A. First KAM step

Let us consider the Hamiltonian (6.1) defined in D(s, r) x O. We assume that £ € O satisfies

(ks @) = 3= ’ k 0,

|k, (8)) + ()| = <UL, 1
PE=1 1k, (@) + @i(6) + ()] > LD .1

|tk (&) + Qui(E) — Q;(6)] = LD, kel + [li = 171] # 0.

We now let 0 < s < s and define

4
re=ar es = c(@ (s —sp) )i (1.2)

Now we describe how to construct a symplectic transformation ® : D, x O = D(sy, ry)
x O — D(s,r) x O such that the new Hamiltonian H, = N, + P, with new parameters ¢  ,

S+, 4,74
1. Solving the linearized equations
Expand P into the Fourier-Taylor series
P= Y Pup®e“1'*2F, (7.3)
keZ?,1eN2 a,8

Let R be the truncation of P given by

RO.1.z.D) = > Y Puap®)ec1'2°2F. (7.4)

2|l +la+pBI<2 keZ?

The mean value of such a Hamiltonian is defined as

[Rl= ) Rowal'22", (7.5)
1] 4]e|=1

and is of the same form as N.

Ateach step of KAM iteration, when we assume the small divisor conditions have been satisfied,
we can look for a function F defined in D(s, r+) = D, such that the time one-map X IF of the
Hamiltonian vector field Xy defines a map D, — D and transforms H into H ;. The idea of the
KAM step is to find, iteratively, an adequate function F so that the new error term has a small
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quadratic part. Namely, thanks to the Taylor formula, we can write

HoXp=NoXr+(P—RoXL+RoXp,

1
=N+{N,F}+/ (1 —0){{N, F}, F} o X%dt
0

1
+R+(P—R)oX1F—|—/ {R, F}o X'.dt.
0

In view of the previous equation, we define the new normal formby Ny = N + N, where N satisfies
the so-called homological equation (the unknown are F and N)

(F,N}+ N =R. (7.6)

Once the homological equation is solved, we define the new perturbation term P by
1
P,=(P—-RoX})+ / {R(t), F} o X'-dt, (7.7)
0

where R(¢) = (1 — t)ﬁ + tR. The following result shows that it is possible to solve Eq. (7.6) under
the condition (5.3) and the Diophantine condition (7.1).

Lemma 7.1. The homological Equation (7.6) has a solution F, N which is unique with [F]
=0, [N] = N,F is regular on D(s, r) x O in the above sense, and satisfies for 0 < o < s the
estimates

sup sup
”XF”r,p;D(s—a,r)xO = o2t 3 HXR”r,q;D(s,r)xO’

Xrllk < Xg|E M X2
[ F”r,p;D(st,r)xO—aaZ—r-&-S(” R”r,q;D(s,r)xO"*'E“ &llr.g:D65.r7%0)-

and
__j|Sup sup
”XN”r,q;D(s—a,r)XO = C“XR”K,({;D(S,V)XO’
M
~|IL L sup
”XN”r,q;D(sfa,r)XO = C(”XR”r,q;D(s,r)xO + ; ”XR ”r,q;D(S,r)xO)'

Proof: Decompose R = R° + R' + R?, where R/ comprises all terms in the expansion of R
with | + S| = j. Decompose similarly F, N, and N, where necessarily N' = 0 and N'=0 by
normalization. Comparing coefficients the linearized equation decomposes into

{FO,N% + N° = R°,
{F',N} =R, (7.8)
{F%, N} + N? = R%.
We will see that with the chosen normalization and the Diophantine conditions these equations
determine N' 0 FO F! and then N 2 F2 uniquely.

The first equation is independent of z, Z and amounts to the classical, finite-dimension partial

differential equation

—2mid, F*+ N =R, 9,= > widy.
1<i<2
This leads to N° = [R°] and — 27id,F° = R® — [R"] with [F°] = 0. Their estimates are standard
and of the same form—indeed much better—than the ones for F!, F2, and N? obtained below. For
later reference, we record that

sup sup
” XFO ”r.p;D(s—ZU,r)xO ao,zf+3 ” XR ”r,q;D(A‘,r)xO’

X ol < ——(I1Xgl* M e
l FO”r,p;D(s—4a.r‘)><0 = (X(TZT+3(” R”r,q;D(s,r)xO—i_;” R”r,q;D(s,r)xO)'

Note that X ro does not have any z, Z—component, so || X po ||, , does not depend on p.
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Consider the second equation in (7.8). Writing
R'= R + RO = (R°, ) + (R" 2)
and similarly F' it decomposes into
{[FI_Ny=RY, i+j=1,

and it suffices to study each equation individually. We have R'® = R, |, -—o and thus

1 u
—||R10||f, 'Z)m = ||XR||,q D(s.r)>
where D(s) = {0 : |Imf| < s}. Writing R'* = (R0, z) = ZieZl R;(0, &)z;, and similarly F'°, the
equation {F'°, N} = R'® further decomposes into
27r(—iBij+Qij)=Rj, jEZ].

By the non-degeneracy condition (5.3) and the diophantine condition (7.1), we have uniformly
on O

11 = mljl*, e,

alj|'t .
I{k, (&) + €2;(6)| = T k#0,j€Z.
The unique solution F; satisfies the estimate
C
sup sup .
|Fjlp(s—20) = Wmﬂms_a,ry J € Zy.
Since p — g < &, this and Lemma A.2 imply
C C
10 ,,Sup 10,,Sup sup
IIF ”p D(s—20) = —G”'l IR ”q,D(s) =< —OlU”'l r”XR”,;q;D(s,r)-

The same estimate holds for 7°!. Multiplying F'* with z and F°! with Z and using p > 3 this gives

sup

L sup C
_| | ” R”r,q;D(s,r)’

D(s—20,r) = (XGT+1
finally with Cauchy’s estimate

sup sup
1 X ||r,p;D(sf3a,r) = WHXR ”r,q;D(s,r)‘

To obtain Lipschitz estimates, we study first the differences AF; = F;(§) — Fj(¢)for&,¢ € O.
We obtain

2m(—i8,AF; + QAFj) = AR + 27(i0s, F; — FjAQ)), j € 7).

The right hand side is known, so AF; uniquely solves the same kind of equation as F;. So we obtain

C
|sup sup _|sup |sup
|AFjlps—30) = pOSETIETETS |j|1+5(|AR Doy T = |FJ|D(5725)(|ACU| + 1AL pis)
< AR RS (8wl 1A, ()
- a0r+1|j|l+6 JID(s—o) o2 2t+3|j|2(1+6) J1D(s—0o) JID(s)/*
Then
IAF IS AR+ s IR (18] + A2 )
piD(s—30) = ot D) T 252043 4;D(s) —8:D(s)’"

Dividing by |€ — ¢| # 0 and taklng the supremum over O,

C M ,
10 10£ 10 | sup
IF 1506300 = 55z IR ginis) + o IR i)
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The same estimate applies to F°!. So for the vector field of F!, we finally get

Xpll£ < Xrl£ Mg
l F1||r,p;D(s_4(,)_Om2—T+3(|| R||r,q;D(X,,)+;|| Ry g:D6s.r)-

This concludes the discussion of F'.
Now, consider the third equation in (7.8). Write R> = R*® 4+ R'' 4+ R% and similarly F? and
N?. This equation decomposes into
{(F,N}+ NV = RY, (7.9)

while N/ = 0 for i # j.

Consider the equation for F'!, which is slightly more complicated than the ones for F2° and F%2.
Writing R'' = (R!z, ), we have R'"' = Rz |..:—o . Thus, R!! is the Jacobian of R, with respect
to Z at Z = 0. By Cauchy’s inequality, we have

1
11 sup sup sup
IR g pipes) = IR Nginis.ry = IX Rl g:p,r)-

where || - ||, , denotes the operator norm included by || - ||, and | - ||, in the source and target spaces,
respectively.
Note that P contains no terms of the form z;Z_; and el k07 ;Zj with k # 0, write more explicitly

R = Z Ri;(0,8)zZ; + Z R;;j(§)z;z; + Z R_;;(0,8)z;Z—;
i jez, jez,

iy 1l % max{ing | Ing }1kI

and similarly F!'. The Eq. (7.9) decomposes into
2r (=10, Fij + (2; = Q)F;) = Ry, i # ],
and Fj; =0forj#0, F_; = 0 for | j| > %max{|n1 [, [m2|}k|.
Again, by the conditions (5.5) and (7.1), we have
19 — 2,1 = m(li|""" + 117,
allil’ +1j1°)

Ik, w(8)) + €2i(5) — 2;(5)] = e

we obtain

C
.8 .18 sup sup . .
(li1° + |J| )lEj|D(S720') = ao«—t-H|Rij|D(37‘7”)’ ! ?é J:

With Lemma A.3, this yield

C C
11 ,,sup 11 sup 11 sup sup
1F 0 ipis 20 15 g g:pis-20) = g IR Ny pineoy = o XN gpisn:

The same, and even better estimates hold for 72° and F°2. Multiplying with z, 7 we then get

1
2sup sup
’,_2|F |D(x—20,r) = ao_f+1 ”XR”r.q;D(s,r)’

finally with Cauchy’s estimate

sup sup
”XF?”r,p;D(S__ga,r) =< _o((TTJrl ”XR ”r,q;D(S,r)'

The estimate for the Lipschitz semi-norm of X is obtained by the same arguments as the one
for Xr:1, and the result is analogous. We therefore omit it.
The estimates of X5 follow from the observation that

N = Z Porool! + Z Pooji(§)z,Z;.
[I|=1 JEZ,

The final estimates of the lemma are obtained by replacing o by  throughout the proof. W
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Remark 7.1. The crucial, somewhat hidden feature of the first two of these estimates is the “p”
on their left hand sides and the “q” on their right hand sides. That means, the solution Xr is bounded
in the stronger norm || - ||, rather than || - ||, 4.

For later reference, the estimates of Lemma 7.1 may be condensed as follows. For A > 0, define
IX1E = IXI* + A7
The symbol “A” in || X ||* will always be used in this role and never has the meaning of exponentiation.

Lemma 7.2. The estimates of Lemma 7.1 imply that

A A
||XF ”r,p;D(st',r)XO < sz—rH ”XR “r,q;D(x,r)x(’)’

1> A
”XN”r,q;D(s—a,r)XO = C”XR”RCI;D(SJ)XO’

for0 <o <sand0 < A < 47 with another C of the same form as in Lemma 7.1.

The preceding lemma also gives us an estimate of |DXf¢|? . p:D(s—20.r)x0 With the help of
Cauchy’s estimate.

Lemma 7.3. Under the assumptions of Lemma 7.1,

A s A
”DXF”r,p,p;D(sf(r,r)xO’ ”DXF”r,q,q;D(sfa,r)x(’) = (XO'2T+3 ”XR”r,q;D(s,r)xO'

Proof: The proof can be found on page 160 in Ref. 7. |

2. Approximation estimates

We recall some approximation results in Ref. 14, which show that the second order approxi-
mation of P can be controlled by P, and that P — R is small when we contract the domain (this
contraction is governed by the new parameter ).

Lemma 7.4. Let P satisfies Proposition 5.3 and consider its Taylor approximation R of the
form (7.4). Then there exists C > 0 so that for all n > 0,

A A
”XR ”r,q;D(s,r) =< ”XP ”r,(,;D(S,r),

1X ooy gipisnry < CIX I s (7.10)

For the proof, see Ref. 14. |

3. Estimation on the coordinate transformation

In the section, we give some estimates for X%. The formulas (7.11) and (7.12) will be used
to prove our coordinate transformation is well-defined. Inequality (7.13) and (7.14) will be used to
check the convergence of the iteration.

a0,21+4n2

Lemma 7.5. If 9 < , we then have

X’F:D(S—ZG, %)—)D(s—a,r), —-1<tr<l, (7.11)
Similarly,

X', : D(s — 3, 2)—> D(s — 20, %), “1<1<1, (7.12)
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Moreover,
IX% = 1d17 yipis—20.2) < CUXFIL pinis—ary: (7.13)
IDX} = 141174 4. 06—30,5) < CUIDXF7 g g:p6s—0.r)0 (7.14)

for 0 < & < 4. The latter estimate also holds in the || - ||, , —norm.
We can use Lemma 7.2 and Lemma A.4 to prove this lemma. ]

4. Estimation for new perturbation and the new normal form

The map ® = X. defined above transforms HintoH, =Ho ® =N, + P, on D(s — o, 5
where Ny = N 4+ N and

1
P, = / {R(t), F}o X".dt + (P — R) o X},
0
where R(t) = (1 — t)ﬁ + tR. Hence,

1
Xp, =/ (X5 Xk, Fydt + (Xp) X (p—p)-
0

From the paper,'* we have known the following result:

”(X;‘) * Y”ﬂr,q;D(sf4a,nr) < C”Y”nr,q;D(szaAﬂr)a 0 <t=< 1. (715)
We already have estimated || Xp — X R||$,’ , 10 (7.10), so it remains to consider the commutator

Xk, 7y Il g-
First, we have

s ik A
”XR(f)”r,q;D(s—U,r) = ”XN”r,q;D(S—a,r) + ”XR”r,q;D(s—a,r)
A
=< C”XP”r,q;D(S,ry
Moreover, we have the pointwise estimate
1 Xire),Fyllrg < IDXray - XFllrg + 1 Xray - DXFllrg,
= ”DXR(t)”r,q,p”XF”r,p + ”DXF”r,q,q ”XR(t)”r,q-
By the product rule for Lipschitz-norms and Cauchy’s estimate, we thus obtain
A A A
”X{R(Z),F} ”r,q;D(s72a,%) = ”DXR(I>||r,q,p;D(sf2a,%) ”XF”r,p;D(572o,%)

A A
+|| DXF ||r,q,q;D(s—2a,%) ”XR(I) ”r,q;D(s—Za, 5)’

A 2
S a02T+3 (”XP”r,q;D(s,r)) )

forO0< A < % Hence, also
X 3 < Lix A
l {R(f)vF}”r]r,q;D(s—ZU,%) = ?” {R(1),F} ”r,q;D(s—Za,%),
C A 2
= —Ol0'27+3172(”XP”r’q;D(s’r)) .

Together with the estimate on X(p — ) in (7.10) and with that in (7.15), we finally arrive at the
estimate

s s A 2
”XP+”'7r,q;D(s—2m§) = CnllXply g t O50214-3,72(llxljllr,q;D(s,r)) ’

forO <A< % This is the bound for the new perturbation.
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Now turn to the new frequencies . (§) = w(£) + @(£) and Q(§) = Q(&) + Q(&). For N, we
have the estimate

~ A A
||XN||r’q;D(ng’r) = C”XR”r,q;D(s,r)y

for0 < A < £ The weighted norm implies that we have |&(§)| < [ X4 and ||§z||q <rlXglre

on D(s, r), and consequently |§|q, » < IX5ll7g. The same holds for the Lipschitz semi-norms.
Since p — g < §, we obtain

A1 O+ A
ol + 1215 ps—0) = CIX P 4065,y

=<

where Q2 = () ez, and QJ- =0;Q;.
In order to control the assumptions of the KAM step for the iteration, we notice that the last
estimate also implies

K D pis—o) < 1511 -5:065-0),
< a1l Xp 140650
< eol)a-1-
Then |(I, Q4+ (&) ps—o) = my {l)a—1 for 0 < |I] < 2 provided that ¢ is sufficiently small.
Lemma 7.6. P € A with respect to ny, ny.

Proof: Note that

1 1
P, =P—-R+{P, F}+E{{N’ F},F}—i—i{{P, F}, F}

—|—~~~+i'{-u{N,F}m,F}—i—l‘{~~{P,F}m,F}+~-~.
n. —— n: ——

Since P € A with respect to ny, n, then F, sodo P — R, {N, F} and {P, F}. The lemma follows
from Lemma 2.2 and Lemma 2.3. |

Viil. ITERATIVE LEMMA AND CONVERGENCE

To iterate the KAM step infinitely, we now choose sequences for all its parameters. Set o
=a, my =m, My = M, ry = r, so = s. Moreover, for given g and all v > 0, we should define the
sequences as follows:

s o,
0o = gv Oy41 = 7’ Sy4+1 = Sy — ZUVa
(R = D, =D
n, = W» Fv+1 = Mvly, v = (S\M rv),
1 1
ap=¢5, o, =&, (8.1)
—y Q)
MU=M0(2_2 )5 )"U=MU’
m 4
my= (U427, e = Clowoy ™) Ry,
a, v av|j|1+6
O, =1{€0,1:[{k,w,(§)) > TG k#0; [k, w,(5) + Q)] = T

an ([ + 1D + 171

Ik ’

an([i® +1j1°)
Ikl

[k, @y (8)) + 27(§) + Q255 =

Ik, 0y (§)) + Q7 (§) — Q25| = o k=171 # 0}
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A. lterative lemma

The proceeding analysis can be summarized as follows:

Lemma 8.1. Let

2146
®p0 my
&< ——, o= -—.
2C 2

Suppose, H, = N, + P, is given on D(s,, r,) x O, which is real analytic in (0,1, z,7) € D, and
Whitney smooth in & € O, where

Ny, =e, + (o), I) + Z QU(&)z,z;.
jEZ]

Its coefficients satisfy

L L
lovlg, + 192"25.0, < My,
Ay
lwy1 — wv|(9‘v < &y,

17— Q"1 o, < 6

and
KL, QUEN| = my(l)a—1, YO <] <2. (8.2)
P, € A with respect to ny, ny, and
IX P, gD, w0, < Ev-

Then there exists a family of symplectic coordinate transformation

D, : Dy x O, = Dy,
and a closed subset

Ov+1 = Ov \ URZjl(av+l)’
k.l

where
oy
Ryt (o) = (& € O, 1 |(k, 11 (E))] < |k_|+1 k # 0;
o, S 1468
|(k, @,11(5)) + Q7H(©)] < % (8.3)

a1 (i) + DAL + 11°) |

k[ ’

av1(il° +171°)
Ik

(k, w11 () + (&) + (@) <

’

(K, 0u1 () + 7€) — (&) <

k| + 11} = /11 # 0},

such that for H,.1 = H, o ®,,1 = N, | + P, the same assumptions as above are satisfied
with “v + 17 in place of “v.”

B. Convergence

Suppose that the assumptions of Theorem 2 are satisfied. To apply the iterative lemma with v
> 0, setso =, 190 =1, H) = H, ¢p = «. Assume that the small divisor conditions are satisfied by
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setting Op = O. Thus, the iterative lemma can be applied inductively, then for v > 1, we obtain the
following sequence:

‘lfszDlod)zo«uoCDv:DUXO,,_l d D(),
such that

H,=HoVW" = (w,&),I)+ Z QU(E)zzj + PO, 1, 2,2, §).
JE€Zy

Let O = Mozy Ov. As in Refs. 13 and 14, thanks to Lemma 7.5, it concludes that N,, o, Qv w
and DW" converge uniformly on D(3, 0) x O with
Noo = ex + {Woo, 1) + Z S_270(5)2]21
JEZy
Since
4
Eyt1 = C(avo_ft+3)—%83 )

it follows that &, ; | — 0 provided that ¢ is sufficiently small.
Let X', be the flow of Xy. Since H o W’ = H,,, we have

XtHo\I/vzlll"oX;Iv. (8.4)

The uniform convergence of W", DW", Xy, implies that the limits can be taken on the both sides
of (8.4). Hence, on D(£,0) x O, we get

X;io\sz\DoooXLm, (8.5)
and
¥ D(5.0)x O = D(s.r) x O,
it follows from (8.5) that we get an invariant finite dimensional tori W(T? x {£}) for the original
perturbed Hamiltonian system at £ € (J. We remark that the frequencies w,(§) = wo(&) associated

with W®(T? x {&}) are slightly deformed from the unperturbed ones w(£). The normal behaviors
of the invariant tori W>°(T? x {¢}) are governed by their respective normal frequencies Q°°.

IX. MEASURE ESTIMATES

For convenience, we have set Oy = O. Then at each step, we have to exclude the following
resonant sets:

R = | R @), 9.1)
|k|>0,1

where RZjl(aHl) has been described in (8.3), then

O\ 6 — U RV
v>0
Note that
Ry @) € Ry ),
where

Q1 (1)5
|k[*

ﬁZJlrl =€ 0, (ko) + (L, Q") < }-

Now we will prove that the measure of the set ﬁﬁl is small, so does RZ*I'I



102702-25  J. Geng and J. Wu J. Math. Phys. 53, 102702 (2012)

Lemma 9.1. Ifﬁ;ﬁl(au) # 0, then
(Da-1 =< clkl,
where ¢ = 4(1 + |w|§;p)/m is independent of v.
Proof: If there exists § € ﬁ; ;> then (8.2) implies that for k # 0,
(I)s

[{k, w,(E))| = (I, "(&))] —WVW,
> my{l)g—1 — a,(l)s,
> m )
> Z< Ya—1,

since (l)s < (l)y_1ford <d — land @, < %, m, > "—21 by construction. Hence,

A

%(I)CH < klloy (@)l < kI(1 + o[y

Lemma 9.2. For fixedv + 1,k, 1,

~oal Oyt
meaS(sz (avs1) < CPVW,

where p, is the diameter of O,,.
Proof: Denote

F®) = (k, 0,41(5) + {1, 21 ©),
let vector v satisfy (k, v) = |k|. It follows that

M > Clk| > 0
dt - ’

where C is some positive constant. Then the proof of this lemma is evident by using Lemma A.5, so
we omit it here. ]

Lemma 9.3. For fixed v + 1 > 0,
meas(U ﬁzjl(awrl)) < Cpvotyy1,
k.l

where C is a constant.

Proof: For a fixed k, it suffices to consider [ with (l);_; < c|k| according to Lemma 9.1. Taking
into account that |/|;_| < 2(l);_, we get

2
card{/ 1 I <2, {l)a—1 < clkl} < clkl’, s =-—.
Hence, by Lemma 9.2,

Oyt

meas(U Ry @) < CPVW-
]

If we choose T > s + 2, then

meas(|_J R} (@41)) < Coveryyi.
k,l

So, Lemma 9.3 follows. ]
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By Lemma 9.3, we can obtain the following result about the finite dimension Lebesgue measure
of (O,\O, 1 1), 1.6,

meas(O, \ Oy41) = meas(|_J Ry (ev11)) < meas(|_J R} T (@u41)) = Oletugr) = 0,
k,l K,

as v — o0o. It follows that the total measure of all e;scluded parameters can be as small as we wish,
and we will finally get a Cantor-like parameter set O = (), O,.
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APPENDIX: SOME TECHNICALITIES

Lemma A.1: (Generalized Cauchy inequalities)

C
||F9||D(S—O',r) < ;”F”D(s.r),

c
||F1||D(s,%,) = r_2||F||D(s,r)a
and

c
1 Fllpes, 1y = ;”F”D(s,r)v

c
”FZ”D(S,%r) = ;”F”D(S,r)-

Lemma A.2. Let uj, j > 1, be complex functions on T" that are real analytic on D(s) = {6 :
|Imf| < s}. Then

1 4" 1
( sup |u;(@))P2 < — sup (Y |u;(0))2,
J.Z;eeo(so) ! 0" 9eD(s) ;le !

for0<o <s<1.
Proof: The proof can be found on page 262-263 in Ref. 7. |

Lemma A.3. Let A = (A;j); 0 be a bounded operator on I*, which depends on 6 € T" such that
all coefficients are analytic on D(s) = {6 : [Im6| < s}. Suppose B = (By;); jo is another operator on
2 depending on @ whose coefficients satisfy

1 . .
sup |B;;(0)| < ————sup|A; @), i #Ijl,
DGs) |1il = 11] bes)

and Bjj =0, B_j;; =0 for j # 0. Then B is a bounded operator on I for every 6 € D(s), and

n

4
sup  [|B(O) = — sup A@)I,
#eD(s—o) 0" 9eD(s)

for0 <o <s<1.

Proof: The proof can be found on page 263-264 in Ref. 7. |
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Let V be an open domain in a real Banach space E with norm|| - ||, B a subset of another real
Banach space, and X : V x B — E a parameter dependent vector field on V, which is C' on V and
Lipschitz on B. Let ¢’ be its flow. Suppose there is a subdomain U C V suchthat¢’ : U x B — V

for —1<tr<1.

Lemma A.4. Under the preceding assumptions,

lg" —idlly < IX]lv,

lp" —idllf < exp(IDXv DIXY.
For the proof, see Ref. 14. ]

Lemma A.5. Suppose that g(u) is a CN function on the closure I, where I C R" is an interval.
Let I = {u: |g(w)| < h}, h > 0. If for some constant d > 0, |g"(u)| > d for Vu € I, then |I,| < chv,
where |I,| denotes the Lebesgue measure of I, and the constantc =2(2 + 3 + ... + N +d~ ).

For the proof, see Ref. 16. |
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