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Abstract: In this paper, we give a KAM theorem for a class of infinite dimensional
nearly integrable Hamiltonian systems. The theorem can be applied to some Hamilto-
nian partial differential equations in higher dimensional spaces with periodic boundary
conditions to construct linearly stable quasi—periodic solutions and its local Birkhoff
normal form. The applications to the higher dimensional beam equations and the higher
dimensional Schrédinger equations with nonlocal smooth nonlinearity are also given in
this paper.

1. Introduction

In late 1980’s, motivated by the construction of quasi-periodic solutions for Hamiltonian
partial differential equations, the celebrated KAM theory was successfully generalized
to infinite dimensional settings by Kuksin [14] and Wayne [20], see also [15-18], which
applies to, as typical examples, one-dimensional semi-linear Schrodinger equations

iy — Uyy +mu = f(u),
and wave equations
Uy — Uxy +mu = f(u),

with Dirichlet boundary conditions. When trying to further generalize the KAM theory
s0 as to apply to the one-dimensional wave equations with periodic boundary conditions
and higher dimensional Hamiltonian partial differential equations, the multiplicity of
the eigenvalues becomes an obstacle. Especially, the multiplicity goes asymptotically to
infinity in the higher dimensional case. On one hand, the multiplicity makes the unper-
turbed part more complicated at succeeding KAM steps, as a consequence solving the

* The work was supported by the National Natural Science Foundation of China (10531050)
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linearized equations becomes very complicated; on the other hand, it makes the measure
estimation very difficult since there are so many non-resonance conditions to be satis-
fied. For those reasons, there is no KAM theorem for higher dimensional Hamiltonian
partial differential equations so far.

To overcome this difficulty, Craig and Wayne retrieved the origination of the KAM
method — Newtonian iteration method together with the Liapunov-Schmidt decom-
position which involves the Green’s function analysis and the control of the inverse
of infinite matrices with small eigenvalues. They succeeded in constructing periodic
solutions of the one-dimensional semi-linear wave equations with periodic boundary
conditions. Bourgain further developed the Craig—Wayne’s method and proved the exis-
tence of quasi-periodic solutions of partial differential equations in higher dimensional
spaces with Dirichlet boundary conditions or periodic boundary conditions. We point
out that the Craig-Wayne-Bourgain’s method allows one to avoid explicitly using the
Hamiltonian structure of the systems. We will not introduce their approaches in detail.
The reader is referred to Craig—Wayne [9], Bourgain [3-7].

Comparing with Craig-Wayne-Bourgain’s approach, the KAM approach has its own
advantages. Besides obtaining the existence results it allows one to construct a local
normal form in a neighborhood of the obtained solutions, and this is useful for better
understanding of the dynamics. For example, one can obtain the linear stability and zero
Liapunov exponents. The question is: Is there a KAM theorem which can be applied to
Hamiltonian partial differential equations in higher dimensional spaces? This paper is
motivated by this question.

In this paper, we give a KAM theorem which applies to some Hamiltonian partial
differential equations in higher dimensional spaces. We use the theorem to construct
the quasi-periodic solutions and prove their linear stability. The KAM theorem can be
applied to some Hamiltonian partial differential equations not explicitly containing the
space variables and time variable, including the higher dimensional beam equations

uig + (—A +m)u+ f(u) =0, xeT¢

and the higher dimensional Schrédinger equations with nonlocal smooth nonlinearities
(see Sect. 3 for details)

iu; + Au+ N@u) =0, x €T,

as well as one-dimensional wave equations under the periodic boundary conditions.

Different from the finite dimensional case, the KAM theorem may not be true for
infinite dimensional nearly integrable Hamiltonian systems. One has to impose further
restrictions both on the unperturbed part and on the perturbation besides smallness. In
the existent infinite dimensional KAM theorems, e.g., Kuksin [14], Wayne [20] and
Poschel [18], some assumptions on the growth of the normal frequencies and the regu-
larity of the perturbation are required (see (A1)—(A3) in the next section). In this paper,
we additionally assume that the perturbation has a special form defined in (A4) in the
next section. Our proof benefits a lot from such speciality of the perturbation. With the
speciality of the form of the perturbation, we can prove that the normal form part of
the Hamiltonian remains simple during the iteration. Actually, the normal variables in
the normal form part are always uncoupled along the KAM iteration. This makes the
measure estimate as easy as the one-dimensional case. Compared with the proof of the
existent KAM theorems, an additional job done in this paper is to prove that perturbation
always has the special form defined in (A4) along the KAM iteration.
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We remark that although the assumption (A4) looks artificial, the Hamiltonian systems
deriving from the Hamiltonian partial differential equations in T¢ not containing explic-
itly the space variables and the time variable do have the special form defined in (A4).
And our KAM theorem can be applied to some kind of Hamiltonian partial differential
equations, such as the beam equations and the Schodinger equations mentioned above.

Although the applicable equations of the KAM theorem given in this paper are less
general, they already have sufficiently strong physical background. And although the
existence results are not new, since Bourgain has obtained the results for more gen-
eral classes of equations [6], the KAM approach may provide more information about
the constructed solutions. We are interested in the establishment of a KAM theorem
for higher dimensional Hamiltonian partial differential equations. This paper is a step
towards this goal. Moreover our proof is simpler compared with Bourgain’s proof, we
think it is of some interest. With this paper we also hope to call more attention to exploit
the inherent properties of the considered equations themselves when studying the dynam-
ics of Hamiltonian partial differential equations. Finally, we remark that a result similar
to Bourgain’s has been recently announced by Kuksin and Eliasson, but a paper is not
yet available.

Since the statement of the main result is a bit long, we postpone it to the next section.

This paper is organized as follows: In Sect. 2 we give an infinite dimensional KAM
theorem; in Sect. 3, we give its applications to higher dimensional beam equations and
higher dimensional non-local smooth Schrédinger equations. The proof of the KAM
theorem is given in Sects. 4, 5, 6. Some technical lemmas are proved in the Appendix.

2. An Infinite Dimensional KAM Theorem for Hamiltonian Partial Differential
Equations

In this section, we will formulate an infinite dimensional KAM theorem that can be
applied to higher dimensional beam equations, higher dimensional nonlocal smooth
Schrodinger equations and one-dimensional wave equations under periodic boundary
conditions.

We start by introducing some notations. For given b vectors in 74, say {i1,...,ip},
we denote Z‘]i =74 \{it,...,ip}.Letz=(..,zn,.. ‘)nEZ‘{’ and its complex conjugate

z2=00..,Zn, .. -)nezf- We introduce the weighted norm

Izllap = Y lzalln|e”,

neZ‘f

where |n| = ‘/n% +~-~+n£21,n = (ny,...,ng) and a > 0, p > 0. Denote a neighbor-

hood of T? x {I =0} x {z =0} x {z =0} by
D(r,s) ={(0.1,2,%) : [ImO| <, [I| <% l|zlla, <5 1Zlla, < s,

where | - | denotes the sup-norm of complex vectors. Moreover, we denote by O a
positive—measure parameter set in R”.
Leta = (---,ap, - -)nezflz, B=C(C-, B ~)n€chz, on and B, € N with finitely

many non-zero components of positive integers. The product z*z? denotes zom Zf".
y p p g p n
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For any given function

F0,1,2,2) =) Fap(0, Nz*Z, @.1)
a.p

where Fug is a C év function in parameter £ in the sense of Whitney, we define the

weighted norm of F by

IEDrs),0 = sup E I Fapll 12511271, (2.2)
HZHa,p<S
: B
IZlla, p<s

where, if Fup = Yy jent Friap€) 1'%, ((-, ) being the standard inner product
in C?), || Fyp] is short for

, 9 Fy
IFapll = Y I Fuaplos™ e, |Fuaplo = sup (|sza,s| | |> (2.3)
k,l SGO ag

(the derivatives with respect to & are in the sense of Whitney).
To function F, we associate a Hamiltonian vector field defined by

Xp = (Fr, =Fo, {iFy, )70, (=12, ) cz0)-

Its weighted norm is defined by'

”XF”D(r,s),O = ”F] ”D(r,j)Yo + S_2||F9 ”D(r,s),O

1 _ _
| 22 1Pl ol + 3 L 1P Iy 001%™ | (24)

ner ner

Remark. In this paper, we require that a > a, i.e., the weight of vector fields is a little
heavier than that of z, z. The boundedness of | X r||, (. ,, o means X sends a decaying
z-sequence to a fastly decaying sequence.

The starting point will be a family of integrable Hamiltonians of the form
N=(@&).1)+ Y QuE)inin. 2.5)
ner
where £ € O is a parameter, the phase space is endowed with the symplectic structure

dI ndo “Znezf dzy A dZy.

For each & € O, the Hamiltonian equations of motion for N, i.e.,

do dl dz . dz S
=0 =0 dt”=—1§2nzn, d_;n:'Q"Z"’ nezd, (26

' The norm Il p(r,s), for scalar functions is defined in (2.2). The vector function G : D(r, s) x O —
C™, (m < oo) is similarly defined as |G | pr.5).0 = D it 1Gill D@rs),0-
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admit special solutions (8, 0,0,0) — (6 + wt, 0, 0, 0) that correspond to an invariant
torus in the phase space.
Consider now the perturbed Hamiltonian

H=N+P=(0E). 1)+ Y QuEwi,+PO.1.2.2.8). (2.7)

ner

Our goal is to prove that, for most values of parameter § € O (in Lebesgue measure
sense), the Hamiltonians H = N + P still admit invariant tori provided that | X p [|,,,.,, o
is sufficiently small.

To this end, we need to impose some conditions on w (§), €2, (§) and the perturbation
P. As we already remarked, the persistence of the lower dimensional torus may not be
true if one only assumes the smallness of the perturbation. This is an essential difference
between infinite and finite dimensional cases.

(A1) Nondegeneracy: Themapé — w(§)isaC ‘14, diffeomorphism between O and its
image.

(A2) Asymptotics of normal frequencies: There exists a ¢ > 0 such that for all n =
(ny,...,ng) € Z‘ll,

Q, #0, neZf, (2.8)
Q= Qu + i, Q= o(n|™), (2.9)
where Q,,’s are real and independent of & while $2,,’s are C‘IV functions of & with

C &,—norm bounded by some small positive constant L (depending on det( a"ég) ));

furthermore, the asymptotic behavior of Q, is assumed to be as follows:

Q= [nl” +o(n1?), Q= Qu = Inl” = [m|” +o(m|™"), |m| < |n],
(2.10)

where p > 2ford > lor p > 1ford = 1.

(A3) Regularity of the perturbation: The perturbation P is regular in the sense that
1XPllpy.0 <00 witha > a.

(A4) Special form of the perturbation: The perturbation is taken from a special class
of analytic functions,

A={P:P= > Pup@Il'e*9%7F 1
keZb,1eN? o, B

where k, «, B has the following relation

b
ijij + Z (an — Bn)n = 0. (2.11)
j=1

neZ‘f

Remark. Compared with the existent infinite dimensional KAM theorems in literature,
we make an additional assumption (A4) on the perturbation. The assumption looks arti-
ficial, but it is satisfied by the infinite dimensional Hamiltonian systems derived from
Hamiltonian partial differential equations in ¢ which do not explicitly contain the space
variables and the time variable, for example, the Schrodinger equations, wave equations
and beam equations in T¢ in the introduction.

Now we are ready to state our KAM Theorem.
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Theorem 1. Assume that the unperturbed Hamiltonian N in (2.5) satisfies (A1) and
(A2) and P satisfies (A3) and (A4). Let y > 0 small enough, there is a positive con-
stante = ¢(b,d, p,t,a—a, L, y) suchthatif||Xp ”D(r,.v),O < &, then the following holds
true: There exist a Cantor set O,, C O with meas(O \ O,) = O(y?) (¥ is specified in
Sect. 6) and two maps (analytic in 0 and C ‘I,V iné&)

\IJ:Tbey—>D(r,s), &):(9),—>Rb,

where YV is %-close to the trivial embedding YV : T x O — T x {0,0,0} and @

is e-close to the unperturbed frequency w, such that for any & € O, and 0 € T?, the
curve t — V(0 + w(é)t, &) is a quasi-periodic solution of the Hamiltonian equations
governed by H = N + P. Moreover, the obtained solutions are linearly stable.

Remark 1. In the one dimensional case, the growth of €2, can be sub-linear (0 < p < 1).
But we can not find any interesting application of it.

Remark 2. The regularity a > a is used to control the drifting of the normal frequencies
which is crucial in the measure estimation of the survived parameters O \ O,, for our
approach. It seems that the restriction is only of technical reasons. One may expect to
have a KAM theorem without the regularity assumption (A3). However this problem
remains open so far.

Remark 3. The Hamiltonian systems defined by Hamiltonian partial differential equa-
tions do have the special form defined in (A4). This fact has been used by many authors
when transforming the leading nonlinearity in the perturbation into the partial Birkhoff
normal form under Cartesian coordinate systems (see Kuksin—Poschel [16], Poschel
[17], Craig—Worfolk [10], Bourgain [7, 8], Bambusi [1], Bambusi—Berti [2], and Geng—
You [12, 13]). Those papers actually use this property for one or two steps. In this paper,
we will use this fact at each step of the KAM iteration. For this purpose, we have to prove
that the change of action-angle variables and the KAM iteration preserve the special form
of the perturbation defined in (A4).

Remark 4. In the one dimensional case, assumption (A4) is replaced by a kind of decay
property in [13]. Since the decay property is weaker than assumption (A4), the KAM
theorem assuming only decay property may have more applications, e.g., when the equa-
tion depends on the space variable x. However, the proof for the higher dimensional case
would be much more complicated and is not available so far.

Remark 5. The parameter y plays the role of the Diophantine constant for the frequency
@ in the sense that there exists T > 0 (specified in Sect. 6) such that the frequencies of
the obtained KAM tori satisfy the following Diophantine conditions:

k) > —L

b
2 SR Vk € Z2\ {0}.

Notice also that O, is claimed to be nonempty only for y small enough.
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3. Applications

1. Higher dimensional beam equations. In order to avoid the technical complexities,
we apply Theorem 1 to the d-dimensional beam equations with a Fourier multiplier
Mg . Actually, Theorem 1 can be applied to the higher dimensional beam equations with
constant potentials, i.e., Au = (A2 + m)%u, xe€RY m>0in (3.1). However, in
order to transform the original Hamiltonian into a perturbation of a nonlinear integrable
system, the normal form technique is needed. Since the normal form procedure is quite
involved and does not fit the main theme of this paper we will handle it in another paper.
Consider

w4+ A%u+ fu) =0, Au=(—A+ Me)u, x eR?, 1 R,
u(t, x1 +2mw,x2,...,xq) =---=u(t,Xx1,X2, ..., X4—1, X4 + 27)
=u(t,X1,x2,...,%4), (3.1)

where f(u) is a real-analytic function near u = 0 with f(0) = f/(0) = 0.
Here we assume that the operator A = —A + Mg with periodic boundary conditions
has eigenvalues {u,} satisfying

wj =i =lij>+&., 1<j<b,
Qu=tn =0 nFin ... i, 3.2)

and the corresponding eigenfunctions ¢, (x) = ./ (2717) - ¢'%) form a basis in the domain

of the operator. Assume thatiy, ..., i, € 74 are the distinguished sites of Fourier modes
(assume O € {iy, ..., ip} in order to take care of (u,, k) = (0,0)),and & = (&, ..., &p)
is a parameter taking on a closed set @ C R? of the positive—measure.

Introducing v = u;, (3.1) reads

ur = v,
v = —A%u — fu). (3.3)
Letting g = \/LEA%M — i\/LEA_%v, we obtain
Ly=Ag+ aty (Ai (ﬂ» . (3.4)
i V2 V2
Equation (3.4) can be rewritten as the Hamiltonian equations
0H
@ =157 (3.5

and the corresponding Hamiltonian is

1 Ly (1+a
H_Z(Aq,q)+deg(A 2< ﬁ)) dx, (3.6)

where (-, -) denotes the inner product in L? and g is a primitive of f.
Let

q(xX) =Y qun(x).

nezd
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Then system (3.5) is equivalent to the lattice Hamiltonian equations

. : G ~ GnPn + Cin‘l;n
qn =1\ Ungn + = )’ G(Q,Q)E/ g E ——— | dx 3.7
! ( " 0, v\ & Vo

with corresponding Hamiltonian function H = ), ;4 ngngn + G(q, q).
Since f(u) is real analytic in u, g(q, gq) is real analytic in ¢, g. Making use of
q(x) =Y, czd gndn(x) again, we may rewrite g as follows

2a.9) =) gupq”q *¢",
a.p
hence
_ qnbn + énd_)n -
G(q,q)E/ g ——— |dx =) Gupq”q”,
I PE S oL
nez a,p
Gap =0, if Z (atn — Bp)n # 0. (3.8)

nezd
Asin[16, 17,12, 13], the perturbation G in (3.7) has the following regularity property.

Lemma 3.1. For any fixeda > 0, p > 0, the gradient G is real analytic as a map in a
neighborhood of the origin with

1Ggllas1.o < cliqll3 - (3.9)
Next we introduce standard action-angle variables (8, 1) = (01, ..., 6p), (11, ..., Ip))
in the (g;;, ..., giy» @iy - - - » i, )-SPace by letting,

Ij =4qi;9i;, j=1,....b,

and ¢, = 2z, Gn = Zn, N F# i1, ..., ip. So system (3.7) becomes
o S N U (3.10)
dl —C()] [./'7 dl’ - 9,7 ,]_ EER L] ’ .
dz . dz oo
— = i@z + Py), —E =1 QuEa + P, 1 € z{,

where P is just G with the (gi,,.... ¢i,. qi;» - - qi,» qn, Gn)-variables expressed in

terms of the (0, I, z,, Z,) variables. The Hamiltonian associated to (3.10) (with respect
to the symplectic structure dI A d6 + i Z . dzn A dZzy) is given by
nezZy

H=(w),1I)+ Z Qn(§)znzn + PO, 1,2,2,8). (3.11)
neZ‘lj

Let’s verify that P has the special form defined in (A4) from (3.8),i.e., P(0, 1,2, 2, &)
€ A, which is a key assumption of Theorem 1.
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Denote by e, the infinite dimensional vector with the ' component being 1 and the

other components being zero, and k = (ky, ..., kp), kj = o — ﬂ,-j, 1 < j < b, then
due to (3.8),
G = > Gupq®q®
Znezd (an 7/311)”:0
aiy _Bi oy _PBi - k_ i.e. =-B— b-_ i€ .
= > Gapd; ' @), -y @, g = i gP R iy

Yo Bi )i L et @ pr)=0
ai, +hi i, +Bi
— Z Gaﬂ I 1 1, /Ib"‘b b
1ty =i+, = Prin=0

. b b b
" ijl(di/-—ﬁij)ejzd—zj:l i ei; B2 Bi;ei;

Z
2 Z Pklaﬂllei(k’g)zazﬂ = P.
= k_,i_,-+2nez€, (etn—Bn)n=0
Thus
b
Puop =0 if Y kjij+ Y (cn — Bu)n #0, (3.12)
Jj=1 neZ‘li

i.e., P € A. Moreover the regularity of P holds true:

Lemma 3.2. For any ¢ > 0 sufficiently small and s = 5%, if|1]| < s* and Izlla,p < s,
then
IXpllpers.o <& a=a+l1. (3.13)

To this point, we have verified all the assumptions of Theorem 1 for (3.11) with
p =2,1=400,a —a = 1. Now we are in the position to apply Theorem 1 to get the
following result.

Theorem 2. Forany0 < y < 1, there is a Cantor subset O,, C O withmeas(O\O, ) =

O(y?) (¥ is to be specified in Sect. 6), such that for any & € Oy, Eq. (3.1) parametrized
by & admits a small-amplitude, quasi-periodic solution of the form

u(t,x) = Z up(@it, ..., wpt)el ™,
nezd

whereu, : T — Rand a)/] e, w;, are close to the unperturbed frequencies wy, . . . , p.
Moreover, the quasi-periodic solutions we obtained are linearly stable.

Remark 1. Theorem 1 also applies to 1D wave equations with periodic boundary condi-
tions

Urp — Uyy +mu+au’ +0w*) =0, a#0, (3.14)
u(t,x +2m) = ult, x).

Since the proof follows exactly the same steps as that of the beam equations, we omit it.
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2. The higher dimensional nonlocal smooth Schrodinger equations. The dD nonlinear
Schrodinger equations to be considered are

i, + Au+ N@w) =0, Au = —Au+ Msu, xeRY teR  (3.15)
with periodic boundary conditions

u(t,x1 +2m,x2,...,xq) =...=u(t,x1,x2,...,X3—1, X4 + 21)

=u(t,x1,x2, ..., Xq).

The operator A is the same as that in the beam equations. The nonlinearity we would
like to consider is

N@) = f(lul*)u (3.16)

with the function f real analytic in a neighborhood of 0 € C and vanishing at zero.
However for the sake of regularity imposed on the nonlinearity (see (A3)), as those in
P6schel [19] and Bambusi—Berti [2], we have to assume some nonlocal smoothness for
the nonlinearity. Thus we actually consider the nonlinearity

N@u) = ¥(f(Vul>)VYu), (3.17)

where W : u — *u is a convolution operator with a function ¥, which is of smoothness
of order § > 0. More precisely,

Wullgrs,p < cllulla,p- (3.18)

Equation (3.15) can be rewritten as a Hamiltonian equation

=i— 3.19
Uy 1812 ( )

and the corresponding Hamiltonian is
1
H =5+ [ gQua)ax (3.20)
Td

where (-, -) denotes the inner product in L2 and g is a primitive of f.
Let

U(¥) =Y qun(x).
nezd
System (3.19) is then equivalent to the lattice Hamiltonian equations
. . oG
gn =i(ngn + 7=), G= f g(Wul?)dx (3.21)
dGn Td

with corresponding Hamiltonian function H = Znezd Unqngn + G. ¢n(x), u, are
defined in the last sub-section.

Since N (u) is real analytic in u, then making use of u(t,x) = )", 74 gn (1) (x),
we may rewrite N (u) as follows

N@u) = ZNaﬂqaqﬁq&aq@ﬁ’
a.B
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hence

G= [ swulrar =Y Guga"a.
Td wp
Gep =0, if Z (o — Bo)n # 0. (3.22)
nezd
As in [19, 2], the perturbation G in (3.21) has the following regularity property.

Lemma 3.3. For any fixed a > 0, p > 0, the gradient G; is real analytic as a map in a
neighborhood of the origin with

1Ggllats.p < clgl - (3.23)
The same as that of the beam equations, by introducing the standard action-angle
variables (0, 1) = ((01,...,0p), (I1, ..., Ip)) in the (gi\, .. .. qi,. iy - - - » i}, )-SPAce,

we arrive at a Hamiltonian system with the Hamiltonian (with respect to the symplectic
structure dI A d6 + 1 Znez‘{ dz, Ndzy,)

H= (), 1)+ Z Qn(§)znzn + PO, 1,2,2,8). (3.24)
neZ‘,l
The same as the beam equations, we can prove that
P= > Pug®Il'd®0zF
keZb 1eNb o,

satisfies the assumption (A4), i.e.,

b
Phaop =0, if D kjij+ Y (cn — Ba)n #0. (3.25)

Jj=1 n GZ‘II
Moreover the regularity of P holds true:

Lemma 3.4. For any ¢ > 0 sufficiently small and s = 5%, if || < s* and Izlla,p < s,
then

1XpPllpe.s),0 < ¢, a=a+34. (3.26)

Remark. When we consider the local smooth nonlinearity N(u) = f (|u|2)u, we can
get | Xpllpe.s).0 < € with a = a. As a consequence, Theorem 1 can not be applied
since (A3) is violated.

So we have verified all the assumptions of Theorem 1 for (3.24) with p = 2,1 = +o0,
a —a = § > 0. Then Theorem 1 yields the following result for nonlinear Schrodinger
equations.

Theorem 3. Forany0 < y < 1, there is a Cantor subset O,, C O withmeas(O\O, ) =
O (y?) (9 is to be specified in Sect. 6) such that for any € € O,, Eq. (3.15) parameterized
by & € O admits a small-amplitude, quasi-periodic solution of the form

u(t,x) = Z up (e, ..., wpt)el ™,
nezd

whereu,, : T — Rand a)’l, R a)g are close to the unperturbed frequencies wy, . . . , Wp.
Moreover, the quasi-periodic solutions obtained here are linearly stable.
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4. KAM Step

Theorem 1 will be proved by a KAM iteration which involves an infinite sequence of
change of variables. Each step of KAM iteration makes the perturbation smaller than in
the previous step at the cost of excluding a small set of parameters. We have to prove the
convergence of the iteration and estimate the measure of the excluded set after infinite
KAM steps.

At the v—step of the KAM iteration, we consider a Hamiltonian vector field with

HU:N\)+PV7

where N, is an "integrable normal form" and P, € A is defined in D(r, s,) x O,_1.
We then construct a map

D, : D(rv+19 Sv+l) X Ov — D(ry, sy) X Ov—l
so that the vector field X g, .9, defined on D(ry1, sy+1) satisfies

IX P, DGyt 000,00 = 1XHy00, = XNy DGy 150 0).0, S €5y € > 1

with some new normal form N, ;1. Moreover, the new perturbation P, still has the
special form defined in (A4).

To simplify notations, in what follows, the quantities without subscripts refer to quan-
tities at the v™ step, while the quantities with subscripts 4+ denote the corresponding
quantities at the (v 4+ 1)™ step. Let us then consider the Hamiltonian

H=N+P=c+(&.I)+ Y QuEzin+P0O.1.2.2.5.2) @1

neZ‘IJ

defined in D(r, s) x O. We assume that £ € O satisfies (a suitable T > 0 will be specified
later)

|k, w(E))] = l,f',, k #0,
|k, (&) + ()] = -,
|k|
y (4.2)
I(k, @(§)) + Qn(§) + Q5| = I
I{k, (&) + Qn(§) — L (§)| = “2/',, |kl + lIn| — [m]] # 0.
Moreover,
IXpllpes),0 <& 4.3)
and P =3y, 5 Prapl'e®? 2% is in the class A defined in (A4), i.e.,
b
Puap =0 if Y kjij+ »_ (n — fu)n #0. (4.4)

Jj=1 nEZ‘]‘,
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Remark 1. According to (4.4), when k = (k, -+, kp) = 0and @ = ¢, B = ¢, We get

b
Poleye, =0 if Y kjij+ > (ay—Pun=n—m #0.

Jj=1 nGZ‘II

This means that there are not terms of the form ) ntm Pole,e,, 1 l7,7, in the perturbation.
As a result, the normal variables z,, z,, with n # m in the new normal form N will not
be coupled.

Remark 2. Compared with the KAM step in existent KAM theorems in the literature, we
make an additional assumption P € A. With this assumption the linearized equations
are easy to be solved in Subsect. 4.1, and the new normal form after one step of the
iteration still has the form Ny = e; + (w4 (§), 1)+, ezd Q7 (£)z4Zn. This makes the
measure estimate available and easier at each KAM step. Subsection 4.5 is an additional
work which proves the new perturbation P, still has the special form defined in (A4),
i.e.,, P4 € A, after one step of the iteration. The proofs in Subsects. 4.2—4.4 are the same
as that of the existent KAM theorems.

We now let 0 < r4 < r and define

11 -2 —c
S+ = ZS83, e =cy “(r—ry) “e3. 4.5)

[SSTEN

Here and later, the letter ¢ denotes suitable (possibly different) constants that do not
depend on the iteration steps.

We now describe how to construct a set O C O and a change of variables @ :
Dy x Of = D(ry,s4) x Of — D(r,s) x O such that the transformed Hamilto-
nian Hy = Ny + Py = H o @ satisfies all the above iterative assumptions with new
parameters s, &4, r4 and with & € O4..

4.1. Solving the linearized equations. Expand P into the Fourier-Taylor series

P = Z Pk1a5€i<k’9> 1'2%7%,
ki, p
where k € Zb,1 € N? and the multi-indices « and B run over the set of all infinite
dimensional vectors o« = (- -+, oy, -+ 1), ez with finitely many nonzero components of

positive integers.
Let R be the truncation of P given by

R@O,1,z2,2) = Ro+ R + Ry = Z Puooe' ™0 1!
k<1

+ ) (P02, + POz, )

k,n
+ Y POz + Pin znm + PEiazm)e 0 (4.6)

k,n,m

where P,flo = Puop witha = e,, B = 0, here e, denotes the vector with the nth compo-
nent being 1 and the other components being zero; P,lfm = Pyop witha =0, 8 = e,;
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Pk20 = Pugg witha = e, +¢e5,8 = 0; Pkl — Priap With o = e,, B = ew;

nm
P"‘O2 Piiop Witha = 0, B = e, + e5,,. Due to assumption (A4), P € A implies that

Prioo =0, if qu/iq,’ # 0,

PO =0, if) kjij+n#0,
j=1
b
POV =0, if Y kjij—n#0,
= 4.7
PO =0, if) kjij+n+m#0,
j=1
PV =0, if Y kjij+n—m#0,
j=1
PM2 =0,  ifY kjij—n—m#0.
j=1

Remark. The special form of P defined in (A4), i.e., P € A, is crucial in this paper.
With P of such special form, one knows that Pk11 = 0if k = 0 and n # m, then the

terms P z,,zm with n # m are absent, i.e., z,;, 2, With n % m are uncoupled in the
new normal form.

Rewrite H as H = N + R + (P — R). By the choice of s in (4.5) and the definition
of the norms, it follows immediately that

IXrlpers).0 < IXPlDGs),0 < &. (4.8)

Moreover, we take s+ < s such that in a domain D(r, s4),
IXp—m)llDGrs) < €&y 4.9)
In the following, we will look for an F in the class A, defined in a domain D =
D(r4, s4), such that the time one map ¢ }, of the Hamiltonian vector field X ¢ defines a

map from D, — D and transforms H into H,. More precisely, by second order Taylor
formula, we have

Hog¢h=(N+R) opk+(P—R)ogpk
=N+{N,F}+R

1 1
+/ (1 - N, F},F}o¢;dt+/ {R, F}o¢hdt + (P — R) o df,

= Ny + Py +{N, F} + R — Poooo — (o, I) Z n ZnZn, (4.10)



KAM Theorem for Hamiltonian PDEs in Higher Dimensional Spaces 357

where
oP
a/:/ ald9|z 7=0,1=0,
Ny =N+ Poooo + (@', 1) + ) P 2uZ, (@.11)
n

1 1
P, =/ (1 —t{{N, F}, F}o¢’th+/ (R, F}o¢ldt+(P — R)o¢k. (4.12)
0 0

Remark. Generally speaking, >, P,?,}]znzn should be replaced in (4.11) by
Zlnl m| nm z,,Zm, but in terms of (4.7), P,?,Ll = 0 if n # m. Hence the terms
Zn;ﬁm P,?,illz,, Zm are absent. Thus N4 has the same form as that in the first step.

‘We shall find a function F of the form

FO,1,z,2) =Fo+ Fi1 + F»
Z Fraooe®? 1" + Z(F,flozn + FKOLZ )eltk:0)

k50,111<1 k,n
+ Z (FlfnZlOZan + an anm)e i{k.6) + Z Fifnlleane o
k,n,m [k|+]In|—|m[|£0
(4.13)
satisfying the equation
{N,F}+ R — Poooo — (@', I) = Y PO 2,7, = 0. (4.14)

n

Lemma 4.1. F satisfies (4.14) and is in A if the Fourier coefficients of F are defined by
the following equations:

((k, @) Fraoo = iPrioo,  k #0, 1] <1,
((k, ) Q )Fkl() 1Pk10
((k, )—|—Q )FkOI Pk()l
(k, ) — 2, — Qm)Fk2O 1P,f,,210,
((k, @) — 2y + 2y )F"11 iPkL k|4 |In] — |m]| # 0,
((k, ) + Q2 + szm)FkO2 iPr2.

(4.15)

Proof. Inserting F, defined in (4.13), into (4.14) one sees that (4.14) is equivalent to the
following equations

{N, Fo} + Ro = Poooo + (&, I),
{N, F1} + R =0, (4.16)
(N, 2} + Ry = Z U nZn.

By comparing the coefficients, the first equation in (4.16) is obviously equivalent to
the first equation in (4.15). To solve {N, F1} + R; = 0, we note that

(N.Fi} =1) (k. o) Ff"02, — Qu Ff'%z,)e'*?
k,n
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)k, @) FRz, + @, FL01Z,)e )
=i (ko) — Q) FF10z,d )

+H Y (k@) + Q) L2, 00 4.17)
k,n

It follows that F,flo, F,]l‘Ol are determined by the linear algebraic systems

i((k, ) — Q) FKO L RKIO — 0, nezd keZb,
i((k, ) + Q) FRON 4+ RV —0, nezd kezb

Similarly, from

IN.Fa} =1 Y ((k ) Fyo znzm — Qu Fon 2nzm — Qun Fyg 2nzm)e &%)

k,n,m

+i Z ((k w)Fk lznzm - Q F Zan + Q F Zan)e“k'e)
|k|+||’l|—\"l||7'SO

Y (ke ) Fr ZnZm + QuF i inZm + Qi Fpol ZnZm)e'®?)
k,n,m

=i Z ({k, w) — 2, — Qm)FyI;,%,OZanei(k’g)

k,n,m

HooOY D (ko) — Qo+ Q) Fry znZme Y
[kl +]In|—|m]|#0

+i Y (k@) + Q2 + Q) FiznZme©0) 4.18)
k,n,m

it follows that FX20 FKll and FX02 are determined by the following linear algebraic
systems

(k, @) — Qy — Qu)FF20 =iRK0 y m e 79, kezb,

nm >

({k, @) — S 4+ Q) FEIV = iR [k 4 [In] — Im]| # 0, (4.19)

nm >

((k, ©) + Qy + Q) FF2 = iRK2 -y e 79, ke 7.

Moreover, P € Aimplies F € A. 0O

4.2. Estimation on the coordinate transformation. We proceed to estimate X r and ¢ 117
We start with the following

Lemma4.2. Let D; = D(ry + £(r —r4), £5), 0 <i < 4. Then

IXFllpy.0 < ey~ 2(r —ry) . (4.20)
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Proof. By (4.2), Lemma 4.1, Assumptions (A1) and (A2), we have

A

| Froolo < (1{k, @)™ 1 Puooo < ey 2 kI Puoolo, &k # 0;
1Fy %o < ey kP PO,
|Fk01| Cy—2|k|2T+1|Pk01|.

|Fk20| Cy72|k|21'+1|Pk20|

nm

I/\ IA

I A

k11
[Fo 1o
k02
| Fynlo

IA

ey HRPTTPEL (k| + (In] — |m]| # 0;
Cy—2|k|2l’+1 |P}/I,{y(')12|

IA

It follows that

! 1 L
S_2||F9”D3'O < s_2< Z | Fri00] - $2l, k| - ekl =7(r=r1))
PSTIES!

_Llg_
+ S IEROL gyl k] - MO0

- I
# IRl - e

+Z|F"2‘) Nzl - lzm] - Vel - M3

k,n,m

_ Y
+ S IEEN tzal - [l - K] MO ”))

[k|+[In]—[m]||7#0
+ SR (- ol - K] - IO
k,n,m

IA

ey 2 —r) " IXRI
<cyTHr—ry)"Ce

A

Similarly,
1
1Fillpy.0 = Y FrooleM =30 < ey 72 — ry) ™.
l11=1
Now we estimate || X r, || p,, - Since

k10 Ji(k,0
1P, Ipyo = 1Y FX% %P p, 0
k

Z |Fk10|e|k\(r—g(r—r+))
n
k

1
cy~? Z |P’icl()l|k|2t+le|k|(rfz(r7r+))
k

IA

IA

and similarly

-2 kOLy 7, 12t+1 |k|(r—L (=
1F1:, Ipy.0 < cy ™2 YIRS kTl matr=ro),
k

359

4.21)

(4.22)
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it follows from the definition of the weighted norm? that

c - -
1Xk b0 <+ (Z IF1, Ips.olnl®e™” +> || Fy, ||D3,o|n|aelnlp>
n n

ey T2 —r) TUXRI < ey T2 — ) e (4.23)

IA

Moreover,

k20 i(k,0 kllz i(k,0
1F2, IDs.0 = 1Y Famlzme® py0 + 1D Fintzme ™ Ipy.0
k,m

k,m

IA

_ _ Ll
cy 2<Z|P,f,i°||zm||k|2f+‘ek'<’ ar=re)y
k,m

_ B
+ D 1P [ Zn [P r+>>); (4.24)
k,m
and similarly

-2 k11 2041 K|(r— L (r—
loo = r (Zle lzml K27+ =4

k,m

_ i
S L [T e r+))).
k,m
Hence we have

C - -
IXplipyo0 < < (Z 1F2,, Ilps.0lnl®e™” +> || F, ||D3,o|n|aelnlp)
n n

cy T2 —rp) CUXR]
cy 2 (r —ry)"Ce. (4.25)

IA

IA

The conclusion of the lemma follows from the estimates above. 0O

In the next lemma, we give some estimates for ¢;. The formula (4.26) will be used
to prove our coordinate transformation is well defined. Inequality (4.27) will be used to
check the convergence of the iteration.

Lemma 4.3. Let n = 8%, Diy =D(ry + %(r —ry), %ns), O<i<dlfeK (%yz(r —

r+)c)%, we then have
@) : Dy — D3y, —1<t<1. (4.26)
Moreover,
ID$}: — Id||p,, < cy ™ (r —ry) ‘e (4.27)

2 Recall (2.4), the definition of the norm.
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Proof. Let

Glil+I+al+1]

ID™ Fllp,0 = max F i+ 1+ el + (Bl =m =2

D,O

2619119229z"

Notice that F' is a polynomial of degree 1 in / and degree 2 in z, z. From (2.4), (4.25)
and the Cauchy inequality, it follows that

ID"Fllp, 0 <cy 2(r —ry)~“e, (4.28)

for any m > 2.
To get the estimates for ¢7., we start from the integral equation,

t
0
so that ¢§, : Doy — D3,;, —1 <t <1, which follows directly from (4.28). Since

t t
D¢l = 1d+/ (DXp)Do}ds = 1d +/ J(D*F) D¢} ds,
0 0

where J denotes the standard symplectic matrix <(I) _01 >, it follows that

ID$y — Id|| < 2I|D*F|| < ¢y *(r —ry) . (4.29)

Consequently Lemma 4.3 follows. 0O

4.3. Estimation for the new normal form. The map ¢ }; defined above transforms H into
Hy = N4+ Py(see(4.10) and (4.14)). Due to the special form of P defined in (A4), the
terms in Zn’m P,?,lenim with n # m are absent, i.e., z,, ;, With n # m are uncoupled.
Hence compared with the normal form in [13], here the normal form N is simpler

Ny =N+ Poooo + (@' I) + Y PO zaZ,

n
=er+ (@1, 1)+ Y @ zuin, (4.30)
n

where

et = e+ Pooo, @y = o+ Pooo(l] = 1), F =, 4+ P (4.31)

nn

Now we prove that N, has the same properties as N. By regularity of P, set® § =
min{t, a — a}, then we have

oy —wlo <&, |PMo < eln|™. (4.32)

3 Recall (2.9) and (2.4).
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It follows that

|k, @+ Poroo)| = |k, )| — |(k, Poroo)| = W — elk| > |k|t k #0,
(4.33)
(k. © + Poroo) + | = [(k, @) + 2l — | (k. Poroo) + Poy'| > |Z|+ : (4.34)
and
[(k, @ + Pojo) + 5 + Q| > |k|+r (4.35)
(k. + Poroo) + @ — 2] = |Z|+ kI + llnl — Im|l 0, (4.36)

provided that ¢|[k|™*! < ¢(y — y,). This means that in the succeeding KAM step, small
divisor conditions are automatically satisfied for |k| < K, where eK™+! < c(y — y4).
The following bounds will be used for the measure estimates:

oy —wlo <& | —Qulo < eln] . 4.37)

4.4. Estimation for the new perturbation. Since
1 1

P, = / (1 =0){{N, F}, F} o ¢}dt +f {R,F}o¢rdt+ (P — R) o¢}¢
0 0

1
=/ {(R(t), F} o ¢'.dt + (P — R) 0 ¢},
0

where R(t) = (1 —t)(N+ — N) 4+ tR. Hence

Xp, = [)1(¢})*X{R(z),p}dt+ (@) X (P—p)-
According to Lemma 4.3,
ID¢f — 1dlip, < cy2(r—re) ™%, —l<t=<1,
thus
IDgklpy, < 1+ ID¢r —Idlp, <2, —1<r<L.

Due to Lemma 7.3,

I X{R(t). F} Il Dy, < ey —rp) Tn 722,
and
1 XP-r)llD,, < cne,
we have
IX P D5y < ce+ ey 2(r —r) 026 < cey.
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4.5. Verification of (A4) after one KAM step. The assumption P € A defined in (A4)
is used to guarantee that the normal form at each KAM step has the same form as in the
first step. To complete one KAM step, we need to prove the new perturbation P still
has the special form defined in (A4), i.e., Py € A.

Note that

1 1
Py =P = R+{P, Fl+ {{N, F}, F} + Z{{P, F}, F}

4.4 JT{...{pJ,[q...’ F} 4_.lT{...{[n F}---,F}+---
n: — n: ————

Since P € Awehave P—R € A.Moreover, {N, F} = Pyoo+ (', )+, P,?n“znin—
R € A. Hence the key point is to prove that A is closed under the Poisson bracket. To
this end, we prove the following lemma.

Lemmad.4.IfG@©,1,z,7), F0,1,2,7) € A then B(0,1,7,7) ={G, F} € A
Proof. Let
Z Gryapy (DeF1:9) 741781
ki1, B1
= Y Foap (D027,

k2,02,

where the summations are taken over

{(k1, a1, B1), Zkl, ij+ Y (@i — Bin)n =0}, (4.38)
neZd
and
{(ka, @2, B2), Zkz, ij+ Y (a2, — fan)n =0} (4.39)
neZd

respectively. Since

G I
(G, F) = ZZ klalﬂl( ) iky >Fk2a2/32(1)e i(k,0 Z ,81 1k29 %27 ,32

Al A

=3 S ik 8Fk2a2ﬂ2(1)>lealﬂl(I)ei<k1 L0151 4ilk2,0) 02 =p2
Al A

'HZZlealﬂl(l)szazﬂz([)e i(k1,0) ,i(k2,6) Z¥1em /‘31 7%z /‘32 em
Mmoo As

_IZZle"‘lﬁl (I)szazﬂz(l)e i(k1.,0) itk2.0) jo1 7 B1—em 02 —em 72
m Ay

= D Bty tho) s +an) (B ) (1! 1 TR0 g2 zhuth

As

D Bltyth)@rtar—em) (B +pa—e) (1 1T 0 1 @2 em zPrtbaen,
Ag

(4.40)
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where A denotes

b
> kijij+ Y (@ — Pia)n =0,
j=1

neZ‘{
Aj denotes
b
> kajij+ Y (ctan — Pan)n =0,
Jj=1 neZ’li
A3 denotes

b
S ki + @i — 1= Bram+ Y (@i — Bun = —m,

j=1 nezd\{m}

b
> kaji+ (@am — (Bom — DIm+ Y (ctan — Pan)n = m,

j=l1 nez{\m)
A4 denotes

b
Zk}jij + (1w — Bim — D)m + Z (a1p — Biw)n =m,
j=1

neZ‘lj\{m}

b
Zijij + (aom — 1 — Bom)m + Z (a2n — Pon)n = —m,

J=1 neZ’lj\{m}

As denotes

b
> ki +kapij+ Y (@in + o2 — B — Bann =0,

Jj=1 nezd
Ag denotes
b
> iy +k2p)ij + (@im + @am — 1) = (Bum + Bam — 1))m
j=1

+ > (@1n+@20) = (Bia + Ban))n = 0.

nezd\m}
Thus Lemma 4.4 is obtained. O

Corollary 1. The new perturbation P, € A.
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5. Iteration Lemma and Convergence

For any given s, ¢, r, y and for all v > 1, we define the following sequences

v+1
ry=r <1 —22_i),
i=2
-2 —c %
gy =cy “(ry—1—ry) ‘e 5.1

v—1°
v+1
=2

1
3
ny==¢y, Ly=Ly, 1+eé&,1,

1 v—1 %
Sy = vaflsvfl = 2—21} (1_([) 51’) 50,
=l

_ 1
Ky = c(ey (Yo — yog1)) 71,

where ¢ is a constant, and the parameters rg, €9, ¥0, Lo, so and K¢ are defined to be
r, &, ¥, L,s and 1 respectively. Note that

V() = [tei-1 — =1
i=1

is a well—defined function of r.

5.1. Iteration lemma. The preceding analysis can be summarized as follows.

Lemma 5.1. Let ¢ is small enough and v > 0. Suppose that

(1) Ny = ey + (0, (§), I} + ), Q2 (5)znZy is a normal form with parameters & satis-
fying

v

4
[k, wy)| = T k #0,

v yl)
ke ) + 251 = o

%
(k, wy) + QY+ QY| > W

%
[k, wv) + Q) — Q1 > |k|vr, k| +|ln| — [m]| # 0

on a closed set O, of R?;
(2) wy(§), QL&) are C}, smooth and satisfy

-1 —3.
lwy — a)v—ll(’)u < &v—1, |Q]]1) - QZ |(’)V < é&y-1ln]™%
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(3) P, has the special form defined in (A4) (i.e., P, € A) and

”XPv ”D(VV,SV),OU S Ey.

Then there is a subset O, 11 C O,,

Ov+1 =0y \ U RE-H(VV—H) )
[k|> Ky

where

[k]*

1 .
Rz+ (Y1) =16 €Oy |k, yi1) in-H :|:Q”+l| < Vv+1

[k, u1)] < B (K, 0y41) + Q07 < T;”CF""r}

with w,1 = w, + Py, and a symplectic transformation of variables
Dy, i D(rygq, Sug1) X Oy — D(ry, 5v), (5.2)

such that on D(ryy1, Sy+1) X Oyt1, Hyy1 = Hy o @, has the form

Hyi 1 =eyp1 + (wpgr, I) + Z Q,I;—Hznzn + Pyy1, (5.3)
n

with

1 —§
|@yy1 — wv'OUH <&, |QZ+ - Qm@ < e&ln|"°. (5.4)

v+1

And also P, has the special form defined in (A4) (i.e., P, € A) with

1 X Py I DGyit 5050, Ovt = Evtl- (5.5)

5.2. Convergence. Suppose that the assumptions of Theorem 1 are satisfied. Recall that

g=¢&ro=r,y=y,50=s,Lo=L,Ny=N,Py=P,

(k, 0@) = e, k#0,

(s @(®)) + 20l > 22,

|k, @ () + Q2 + Q| = P, ’
[k, (&) + Q2 — Q| = e, |kl + [In] = |ml| # 0

O()= .‘SEO:

the assumptions of the iteration lemma are satisfied when v = 0 if g and y; are suffi-
ciently small. Inductively, we obtain the following sequences:

OU+1 - Ov»
VW =dgoPio---0®,: D(rysq,sp+1) X O, — D(rg, s0), v > 0,
HoW’=H, | =Ny + Py

Let O = ﬂf)’ozoOv. As in [17, 18], thanks to Lemma 4.3, it concludes that N,,, ",
DVWVY, w, converge uniformly on D(%r, 0) x O with

Noo = oo + (Woo, 1 +ZQ ZnZn-
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Since

_ _. 4 _ 4\
Evil = ¥y 2(ry — rog1) Cer < (cy T2 (r)e) 3,

it follows that ¢, 41 — 0 provided that ¢ is sufficiently small.
Let ¢/, be the flow of Xp. Since H o W¥ = H, |, we have

oW =V ody . (5.6)

The uniform convergence of V¥, DW", w, and X p, implies that the limits can be taken
on both sides of (5.6). Hence, on D(%r, 0) x O we get

Py oV =W oy (5.7)
and
W . D(%r, 0) x O - D(r,s) x O.
It follows from (5.7) that
P (W (T x (&) = WP¢)_(T” x {£)) = W(T x {£))

for & € O. This means that W (Th x {€}) is an embedded torus which is invariant for
the original perturbed Hamiltonian system at § € O. We remark here that the frequen-
cies weo (€) associated to W (TP x {&}) are slightly different from w(£). The normal
behavior of the invariant torus is governed by normal frequencies 7°. O

6. Measure Estimates

For notational convenience, let O_; = O, K_; = 0. Then at pth step of KAM iteration,
we have to exclude the following resonant set

V= J ®RURGURm)-
|k|>Ky—1,n,m

where

Yv
|k|*

Rip =16 € Opt : |(k, 00(8)) + Q1| <

Ry =1{ € Ovy: [k, 0o (§)] <

1 6.1)

Yv
Ik

7?’znm =1{& € Oy_1: |k, w,(8)) iQZ + Q;,H <

1 (6.2)

Yo
|k|™

}. (6.3)

Remark. From Sect. 4.3, one has that at the v? step, small divisor conditions are auto-
matically satisfied for |k| < K,_1. Hence, we only need to excise the above resonant
set R". Note that due to the Special form of the perturbation (see (A4) and (4.7)), there
are not the terms of the form ), ., POl 7,7, in the perturbation P,, thus we need not
consider small divisors (k, ) + ) — Q) with k = 0, n % m, which is crucial for this

paper.
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Lemma 6.1. For any fixed |k| > K,—1, n and m,
v v v Yv
meas (Rk URkn URk”m> < C|k|f+1 .

Proof. Recall that w,(§) = w(§) + ZV ! P o100 (&) with

v—1

1Y Ploo®lo,, < (6.4)

j=0

and Q4(€) = 2,(§) + Y"Z) Pan with

Z polLj <eln|™°. (6.5)

It follows that 4

'a(<k, OENEH EQ) |

3

then the proof of this lemma is evident; we omitit. O

Lemma 6.2. The total measure we need to exclude along the KAM iteration is

meas U RY | = meas U U (RZ UR,‘(’n URan> <cy?, ¥ >0.

v>0 v>0|k|>Ky—1,n,m

Proof. We estimate

Vv
Ik]*

meas U U{$ € Op_t: [k, w,(8)) + 2, — Q| < b

|k|>Ky—y n.m

which is the most complicated case. We divide the proof into several cases according to
p,d.

Casel. p=1,d =1and p =2,d > 1. The case p = 1,d = 1 has been proved by
Poschel in [17]. The case p = 2,d > 1 can be proved similarly. In fact, suppose that
nf>—mP?*=1>0.1fl > clk|, R;:”ll = @J; if I < c|k|, then according to assumption
(A2) and (6.5), we have

Q) — Q) —1] < 0(m|™).

It follows that

def
Ry C 0L = 16 2 |k, @) +1| <

W +0(Im| ™). (6.6)

4 Here | - | denotes ¢!—norm.
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Moreover, Q. QZlmo for |m| > |mg|. Due to Lemma 6.1, one has

meas U U Riwm | < Z Z meas(Rp,,,) + Z meas(Qkimy)

[=clk| |n|2~|m|2=I I=clk] Im|<|mo| [=clk|
C(d)
v |mo| -5
c (T + O(jmol™) |, (6.7)
. . . . . C(d)
where C(d) is a constant depending only on space dimension d. By choosing © |”|'1?||, =
Imo| %, i.e.
1
k| \ 5FC@
lmo| = ,
14
we arrive at

)
3+C(d)

meas U U Rinm <t

St °
1=clk| |n]2—|m|2=1 k| F+c@

(6.8)

Case2. p > 2ford > 1 and p > 1 for d = 1. Without loss of generality, we assume

that [n| > |m|.If |n| = |m|, the proof proceeds in the same way as in Case 1. If [n| > |m|,
we have
1 -2 2 2
[n|? — |m|P > Elnlp (In|* = |m|%), ford > 1,
nl? = |m|? = |n|?~'(In| = m]), ford = 1.

1 1 1
If |n| > c|k|»=2 ford > 1or|n| > c|k|P~T ford = 1,we getR},, = @;if |n| < c|k|7=?
for d > 1, it follows from Lemma 6.1 that

14

cd *
|k|r+1— =2

meas( U Ripm) = meas( U Rinm) < € (6.9)

|n||m]

_1_
|l #lml; |, lm| <clk| P—2

The case of d = 1 can be proved analogously.
b+1)(5+C(d
Letd = 5+g(d)’ T > &F )(6+C( ) 4 % (here p > 2),

meas(R") < ¢ meas U U Rznm

|k|>Ky—1 n.m

<c Z meas <UR,‘§nm>
n,m

[k|>Ky—1
<cey?d+ K- (6.10)
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The above upper bound (6.10) gives out the measure estimate of excluded parameter set
at the vih step of KAM iteration, then along the KAM iteration, the total measure we
need to excise has the upper bound

meas U RV] < Z meas (R")

v=>0 v=>0

<y’ Y A+ K, ) <y’ (6.11)

v>0
So Lemma 6.2 follows.
Remark 1. Note that the regularity is crucial in (6.6)—(6.8).
Remark 2. The case p = 1, d > 2 is not considered in this paper since we can not prove

Lemma 6.2 in this case. This is the reason why Theorem 1 can not be applied to higher
dimensional wave equations.

7. Appendix

Lemma 7.1.

1FGlipe.s) < 1 Fllpes)IGllpe,s)-

Proof. Since (FG)iiop = Zk’,l’,a’,ﬁ’ Fr_w 11 a—a'.p—p Grra'p» We have

IFGlpesy = sup D [(FGuapls™ 2%z |V

lellp<s
(EY
20 o5 klr
<sup Y Y |FewiraappGrrapls’ZF e
% S i
=

I F D) G D(rs5) 5
and the proof is finished. O

Lemma 7.2 (Cauchy inequalities).

C

| Follpgr—o,5) < g”F”D(r,s),
C

I p 1) = S—2||F||D(r,s),

and

C
”Fz,, ”D(r,%s) = ;”F”D(r,s)|n|ae‘n‘p,

I Fs, [9elmle,

IA

c
”D(r,%s) ;”F”D(r,s)m



KAM Theorem for Hamiltonian PDEs in Higher Dimensional Spaces 371

Let {-, -} denote the Poisson bracket of smooth functions, i.e.,

oF 0G oF 0G . oF 0G 0F 0G
(F.Gy=(o- )= (o ) +i)) -,
al 260 a0 al - 0z, 0z, 0z, 0Zp

then we have the following lemma:

Lemma 7.3 If

IXrllpes) <€, 1Xclpes <&,

then

. . 1
In particular, if n ~ €3, &', ¢" ~ &, we have | X .6\ D(r—o,ns) ~ €3.

”X{F,G}”D(r—a,ns) < 0017177728/8”» n <K 1.

4
3

For the proof, see [13]. O
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