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Abstract In this paper, we prove that a quasi-periodic linear differential
equation in s/(2, R) with two frequencies («, 1) is almost reducible provided
that the coefficients are analytic and close to a constant. In the case that o
is Diophantine we get the non-perturbative reducibility. We also obtain the
reducibility and the rotations reducibility for an arbitrary irrational « un-
der some assumption on the rotation number and give some applications for
Schrodinger operators. Our proof is a generalized KAM type iteration adapted
to all irrational «.

1 Introduction

Let T¢ = R?/277Z%. A quasi-periodic (g-p for short) linear system on T¢
with coefficients in s/(2, R) is a g-p linear skew-product ODE defined as

%= A@0)x,

0=w,

(1.1)
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where x e R2, 0 € T, w = (w1, ...,wq) € R4 (w1, ...,wq are usually called
the frequencies) and A : T - sl(2,R)isa C"(r=0,1,...,00) or analytic
map.

A typical example of g-p linear systems comes from the (continuous-time)
g-p Schrédinger operator, which is defined on L2(R) as

Ly) () ==y"1) +qO + o)y (1), (1.2)

where ¢ : T — R is called the potential and # € T¢ is called the phase. The
spectrum set of £ is known to be independent of the phase when w is rational
independent. It is closely related to the dynamics of Schrodinger equations

(Ly)(t) = =y" (1) +q O + 0t)y(t) = Ey(t) (1.3)

(E € R is called the energy), or equivalently the dynamics of one parameter
family of linear systems

(1.4)

X = Vg q(0)x,
=0,

where

Vi (0) = (q o (1)) e sI2.R).

System (1.1) is said to be reducible, if there exists an SL(2, R)-valued
function B defined on 2T¢ = R /47 Z¢ such that the change of variables
X +— B(0)x transforms system (1.1) into a constant system, i.e., a linear sys-
tem with constant coefficient (or we say that B conjugates system (1.1) to a
constant system and B is called the conjugation map). If B is C” (or analytic),
we say that system (1.1) is C” (or analytically) reducible. When applying to
the Schrodinger operator, the reducibility in the spectrum often implies the
existence of the Bloch waves and that of the absolutely continuous spectrum.

Due to its importance in the theory of dynamical systems and the spectrum
theory of g-p Schrodinger operators, the reducibility problem of g-p linear
systems has received much attention. For d = 1, i.e., the periodic case, the
classical Floquet theory shows that there always exists a periodic change of
variables so that the transformed system is a constant system. For d > 1, i.e.,
g-p case, system (1.1) is not always reducible (see for example [15]).

Perturbative reducibility The reducibility of g-p linear system (1.4) and its
applications in the spectrum theory were initiated by Dinaburg and Sinai [14]

who proved that (1.4) is reducible for a positive Lebesgue measure set of
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E > E*(gq, ), where w is fixed and satisfies the Diophantine conditions:
y!

e 0£keZ’, (1.5)

|(k, w)| >
with fixed y, t > 1. Here (y, 7) are called the Diophantine constants of w.
Denote by DC(y, t) the set of all (y, t)-type Diophantine @ and DC =
Uy,r>l DC(y,t) (DC is of full measure). Dinaburg and Sinai’s reducibil-
ity result implies the existence of some absolutely continuous spectrum of
the Schrodinger operator (1.2). The result was generalized by Riissmann [29]
to the case that w satisfies the Bruno condition, an arithmetic condition on
o which is slightly weaker than Diophantine. The reducibility of q-p linear
systems with coefficients in g/(n, R) was considered by Jorba and Simé [20].
Since Dinaburg and Sinai [14] there have been several breakthroughs on
this problem. The first one was the work of Eliasson [15] where a full measure
reducibility result for g-p linear Schrédinger equation was proved. More pre-
cisely, Eliasson [15] proved that (1.4) is reducible for almost all E > E*(q, w)
in the Lebesgue measure sense, when w satisfies fixed Diophantine condition.
Based on his reducibility result, Eliasson also proved that, when the potential
is analytic and small, the spectrum of (1.2) is purely absolutely continuous for
all phase 6. This suggests an important role for the reducibility of g-p linear
systems in the study of the spectrum of g-p Schrodinger operators. Elias-
son’s proof is based on an earlier KAM method (that goes back to Dinaburg
and Sinai [14]) and a crucial resonance-cancelation technique which was in-
troduced by Moser and Poschel [27]. We remark that the full-measure re-
ducibility result holds for more general system (1.1) with analytic A close
to some constant matrix. Krikorian [21-23] generalized the full measure re-
ducibility result to linear systems with coefficients in Lie algebra of compact
semi-simple Lie group. Her-You [17] and Chavaudret [11] established the
full measure reducibility with coefficients in other groups. We also remark
that all the above mentioned results are perturbative, i.e., E* (or the close-
ness of A to some constant matrix) depends on the frequencies w through the
Diophantine constants (y, 7). Eliasson’s perturbative reducibility result is op-
timal when d > 2, as shown by a counter example of Bourgain [9]. However,
when d = 2, one could expect more. In the following we shall restrict our
attention to this case.

Non-perburbative reducibility The non-perburbative reducibility means that
the smallness of the perturbation does not depend on the Diophantine con-
stants (y, ) of w. The non-perturbative reducibility has been proved for
Schrodinger cocycles

(e,x)H<9+a,(E_”(’f“+9) _Ol)x), ©.x)eT' xR%, (1.6)
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with one frequency o € R. The proof, which is an indirect argument, comes
from the study of the discrete-time Schrédinger operator

(HY)n = Ynt1 + Yn1 + 00 +n@)yn,  Onnez € 12(Z).

More precisely, Puig [28] proved a non-perturbative extension of Eliasson’s
result by using the Aubry duality [1] and the Anderson localization re-
sults, see e.g., Bourgain and Jitomirskaya [10]. A more precise extension
of the Eliasson’s perturbative reducibility result was given by Avila and
Jitomirskaya [4] by further developing techniques in localization. In [4],
some beautiful results on the continuity of the spectrum of the discrete-time
g-p Schrodinger operators are deduced from the non-perturbative reducibil-
ity. The Aubry duality and the localization only work for the discrete-time
Schrodinger operators, they do not seem to apply to more general SL(2, R)
cocycles or continuous-time cases.

In this paper, we give an analogous non-perturbative result of [28] and [4]
for g-p system (1.1) with d = 2, which generalizes Eliasson’s reducibility
result in a non-perturbative neighborhood (a neighborhood which is indepen-
dent of the Diophantine constants of w) of constant systems.

Before stating the results, let us introduce the rotation number. Assume
that ® (0, ¢) is the basic matrix solution of system (1.1), we define the rotation
number as

. arg(P(0,1)x)
p= lim ——
t—+00 t
where 0 # x € R? and arg denotes the angle. p is well-defined and is inde-
pendent of 6 and x [18]. p is said to be rational with respect to (w.r.t. for
short) w if p = %(ko, w) for some kg € Z?, and to be Diophantine w.r.t. w,
with constants y, T > 1, if

~1

4 2
k,w)—2p|>—, keZ-.
ko) =201 =
We denote by DC,,(y, t) the set of all such p. It is well known that the union
DC, = U%Dl DC(y, ) is a full measure subset of R.

We now mainly focus our attention on the case d = 2 and the system of the
form
x=(A+F(@))x,

0=ow,

(1.7)

where A € 5I(2, R), F : T? — sI(2, R) is analytic and small. We will say that
F € C(T?, 512, R)) if F : T2 — sI(2, R) admits an analytic extension in the
complex neighborhood [Im6| < A of T2, where [Im6| = [Im6;| + |Im&s|. In
this paper, we mainly consider the case w = (&, 1) with irrational « € (0, 1).
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Almost reducibility and non-perturbative reducibility 213

Theorem 1.1 (Non-perturbative reducibility) Let h > 0 and w = («, 1) with
irrational a € (0,1). Let A € sI(2,R) and F € Cg’('ﬂ‘z, sI(2,R)). Then there
exists § = 8(A, h) > 0 depending on A, h but not on «, such that system (1.7)
is analytic reducible if « € DC, the rotation number of (1.7) is Diophantine
or rational w.r.t. w and

sup |F(0)| <$é
[Tmé|<h

(| - | also stands for the usual matrix norm in this paper).

Remark 1.1 All other results in [15] remain true in a non-perturbative neigh-
borhood of A. For example, when o € DC, supjp,g <, |[F(6)] < 3 and the
rotation number of (1.7) is neither Diophantine nor rational w.r.t. w, for any
given ¢ € T2, we have

. I @@
liminf |9(p. 1) = (¢, 0) < S|(#. 0 and  lim ——= =0,

—+o00 t

where @ (¢, -) is the basic matrix solution of system (1.7) with 6(0) = ¢.

Almost reducibility The concept of reducibility is too strong in the sense that
system (1.1) might not be reducible even if w is Diophantine and A is ana-
lytic and arbitrarily close to constants. In the following we recall the concept
of almost reducibility, which is weaker than the reducibility but already has
enormous implications both in the theory of dynamical systems and in the
spectrum theory. Roughly speaking, a g-p linear system is said to be almost
reducible if, by a sequence of g-p changes of variables, the transformed g-p
linear systems are closer and closer to constant systems (the precise definition
will be given later).

The almost reducibility in the modern sense was first considered by Elias-
son who proved that all g-p systems are almost reducible provided that
is Diophantine and the system is close to a constant (closeness depends on
the Diophantine constants of w).! A recent progress was made by Avila and
Jitomirskaya [4] who gave a non-perturbative (« is still assumed to be Dio-
phantine, but the smallness does not depend on the Diophantine constants)
almost reducibility result for Schrédinger cocycles with a single frequency
o € DC and small potentials. Moreover, in [4], the authors used their almost
reducibility result to obtain the non-perburbative reducibility result (which
we have mentioned above).

I'We remark that the convergence to constants obtained by Eliasson occurs on analyticity strips
of width going to zero. In [12], Chavaudret proved that one can get convergence on strips
of fixed width. Similar result for discrete-time case was also obtained earlier by Avila and
Jitomirskaya [4] in some cases by different methods.
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An interesting question is if the non-perturbative almost reducibility holds
true for the continuous-time case. And an even more interesting problem
is if almost reducibility holds for all irrational «. Note that the Avila-
Jitomirskaya’s non-perturbative result essentially holds for Diophantine « [4]
(more precisely () = 0 which is defined in (1.9)). Moreover the proof in [4]
is an indirect argument and relies on Aubry duality and the localization nei-
ther of which works for the continuous-time case, so giving a direct proof
is also an interesting question. In the following we shall give an almost re-
ducibility result for continuous-time systems with arbitrary irrational « by a
direct argument.

We now give the precise definition of Eliasson’s almost reducibility. We
will say that system (1.1) is almost reducible if there exist a sequence of
positive &, (maybe decrease to zero) and a sequence of Bj, : 2T? — SL(2,R)
which admit analytic extensions in the complex neighborhood |Im6| < k,, of
2T?2, such that system (1.1) can be transformed by the change of variables
x — B,(0)x into

x=(Ay+ Fy(0))x,

0=w,

(1.8)

i.e., the conjugation map B, conjugate system (1.1) to system (1.8). More-
over, A, € 5l(2,R) is bounded and F}, € CZ),, (T2, s1(2, R)) satisfies

1
lim — sup |Fy(6) =0,

n=>00 "y \1mg|<h,

for any y > 1.

Theorem 1.2 (Almost reducibility) Let h > 0 and w = («, 1) with irrational
a€(0,1). Let Aesl2,R) and F € CZ’(TZ, sl(2,R)). Then system (1.7) is
almost reducible provided that

sup |F(0)] <38,
[Im@|<h

where § = 8(A, h) > 0 depending on A, h but not on «.

Remark 1.2 The precise dependence of § on A and % in Theorems 1.1 and 1.2
will be given explicitly in the proof. We emphasize that the smallness does
not depend on A if it is in the real normal forms (é _Ok) or (_Op 0)-

Rotations reducibility Now we investigate the Liouvillean case. When the
frequency « is Liouvillean, one should not expect the reducibility without
further assumptions. However, one could expect the rotations reducibility:
system (1.1) is said to be L%, C'(r=0,1,...,00) or analytically rotations
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Almost reducibility and non-perturbative reducibility 215

reducible, if there exists a L2, C” or analytic g-p transformation y = B(6)x,
such that system (1.1) is transformed into a rotation system, i.e., a linear sys-
tem with so(2, R)-valued coefficients (or we say that the conjugation map B
conjugates system (1.1) to a rotation system).

Theorem 1.3 (Rotations reducibility) Suppose that all the assumptions of
Theorem 1.2 hold. Then, for the same § as in Theorem 1.2, system (1.7) is
analytically rotations reducible, if the rotation number of system (1.7) is Dio-
phantine w.r.t. w and

sup |F(0)] <.
Im@|<h

Remark 1.3 Theorem 1.3 says that almost surely (i.e., for almost all rotation
numbers) systems in a non-perturbative neighborhood of a constant system
is rotations reducible. Similar result for cocycles has been obtained by Fayad
and Krikorian [16], Avila, Fayad and Krikorian [6].

Remark 1.4 Rotations reducibility implies that all solutions of the system are
bounded. Thus one should not expect the rotations reducibility for all rotation
numbers since in general the solutions of a system with Liouvillean rotation
number are unbounded [15]. In this sense, Theorem 1.3 is optimal.

Remark 1.5 For any fixed irrational o € (0, 1), Theorem 1.3 implies that the
rotations reducible systems are dense in a non-perturbative neighborhood of
a non-hyperbolic constant system, and thus the reducible systems are dense
in a non-perturbative neighborhood of any constant system. One can refer to
Avila [2], Fayad and Krikorian [16] for related results of cocycles.

Reducibility for Liouvillean o Theorem 1.3 has consequences on the re-
ducibility when « is Liouvillean.

Let a € (0, 1) be irrational and % be its continued fractional approxima-
tion. Define

Ing,
B(a) = lim sup 2L (1.9)

n

0 < B < +00 measures how Liouvillean « is. The following two theorems
are reducibility results for Liouvillean «.

Theorem 1.4 (Reducibility for 8 = 0) Suppose that all the assumptions of
Theorem 1.2 hold, and, in addition, suppose that B(a) = 0. Then, for the
same & as in Theorem 1.2, system (1.7) is reducible, if its rotation number is
Diophantine w.r.t. w and

sup |F(9)] <.
[ImO|<h
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Remark 1.6 The assumption that 8(«) = 0 is weaker than that « is Diophan-
tine or Bruno. Thus, when the rotation number is Diophantine w.r.t. ®, Theo-
rem 1.4 is stronger than the corresponding result in Theorem 1.1.

Theorem 1.4 is no longer true in the case that B(«) > 0. However, we
have the following reducibility result for a majority (more precisely positive
measure set) of rotation numbers.

Theorem 1.5 (Reducibility for 8(«) > 0) Under the assumptions of Theo-
rem 1.2, assume that h > 38 («) and that the rotation number is in DC,(y, 7).
Then there exists § =6(h, A,h — 38, y, t) > 0, such that system (1.7) is re-
ducible if

sup |F(9)] <.
Im@|<h

Remark 1.7 This result is a generalization of Dianburg-Sinai’s result to the
Liouvillean case. The proof of this theorem applies essentially unchanged to
the discrete case, thus same result holds true for SL(2, R)-cocycles.

Remark 1.8 The assumption that 4 > 38 («) is not optimal. One could expect
the same result by assuming that 2 > (). From the proof, one sees that this
is indeed the case if we assume that the rotation number p € [—1, 1].

Remark 1.9 As a matter of fact, in Theorem 1.5, the smallness does not de-
pend on A if it is in the real normal forms (3 _OA) or (_Op 8).

Applications to the continuous time Schrodinger operators Theorems 1.1—
1.5 can be applied to the g-p Schrodinger equations. The following is the
same result as that in [15] in the non-perturbative region.

Theorem 1.6 Let h > 0 and w = (a, 1) with irrational a € (0, 1). Assume
that q : T> — R admit an analytic extension in the complex neighborhood
IIm6| < h of T2. For any § > 0, we define Cs as

—00, as0<s <§,

Cols) = (s/8)2, ass >9§.

Then there exists 8§ = 8(h) > 0 such that whenever E > E.(h,q) £
Cg(h)(sup|1m9|<h lg(@)]), the conclusions of Theorems 1.1-1.4 are all true

for (1.4).

Remark 1.10 Suppose that 0 < S(«) < h/3 and the rotation number of (1.4)
is in DC,(y, t) for some y,t > 1. Then there exists a §; = §;(h,38 —
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h,y,t) > 0,suchthatif £ > Cs, (SUp|img|<n |g (0)]) the result of Theorem 1.5
is true for (1.4).

The following result shows that when the energy E is sufficiently large
or the potential ¢ is analytically small, the Schrodinger system is either uni-
formly hyperbolic or has zero Lyapunov exponent.

Corollary 1.1 The Lyapunov exponent of the Schrodinger system is zero in
the big end of spectrum. If the potential q(0) is small (the smallness does not
depend on o), the Lyapunov exponent of Schrodinger system (1.4) is always
zero in the spectrum.

Remark 1.11 For discrete-time Schrodinger operators, the above result is a
consequence of the non-perturbative reducibility [4, 28] and the continuity of
Lyapunov component [10].

One can use the well known Moser-Poschel argument, which has been used
in a variety of contexts, such as [15, 26-28] and etc., to obtain the generic
cantor spectrum for g in a non-perturbative neighborhood of zero.

Corollary 1.2 For generic small real analytic potentials the spectrum is a
Cantor set.

Remark 1.12 Invoking the recent work of Ben Hadj Amor [7], one can also
prove the %—Hélder continuous of the IDS in the non-perturbative region when
« is Diophantine.

Global reducibility In some special cases, such as q-p almost Mathieu oper-
ators with one frequency, non-perturbative reducibility results allow rather big
(even optimal) perturbations. However, the smallness assumption on general
perturbations is necessary for proofs of all the above mentioned works. If the
system is far from a constant, the famous Kotani theory [25, 30] implies that
both Schrédinger system (1.4) and Schrodinger cocycle (1.6) are L? rotations
reducible for almost all £ € {E € R : A(E) = 0} where A(E) is the Lyapunov
exponent. Using a renormalization type technique, Avila and Krikorian [5]
proved that the Schrodinger cocycle with analytic potential is in fact analyt-
ically reducible for almost all £ € {E € R : A(E) = 0} provided that « is
recurrent Diophantine (this is a slightly stronger condition than being Dio-
phantine, see [5]). In a recent paper, Avila [3] systematically studied q-p co-
cycles with one frequency. This represents a major breakthrough in the study
of reducibility. Global reducibility of uniformly hyperbolic case (correspond-
ing to that E is in the resolvent set for Schrodinger case) is relatively easier,
see the early works of Bogoljubov et al. [8], Coppel [13], Johnson and Sell
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[19]. The global theory for continuous-time case is an interesting problem,
but so far little is known.

On the proof and generalization Our proof is based on KAM. It has been
a prevalent opinion that KAM is incompatible with non-perturbative results
since it depends heavily on the arithmetical condition of « (through the Dio-
phantine constants). We shall show in this paper that it is not the case. In fact,
we shall utilize a kind of KAM like iteration based on fractional expansion
of o to prove our theorems. We shall see that the KAM method does work
well in the non-perturbative neighborhood if one adds some new ingredients
to the traditional KAM machinery (more precisely adding Floquet theory to
Eliasson’s KAM machinery [15]).

Theorem 1.2 and 1.3 are the main results of the paper. Let us sketch their
proofs. Theorem 1.2 is proved by iteration. Each iteration step contains four
sub-steps: (1) Removing all non-resonant terms (the corresponding denomi-
nators are not very small) in the Fourier expansion of the perturbation; (2) If
the rotation number is resonant w.r.t. the frequency, we invoke the resonance-
cancelation technique of Moser and Poschel, as done by Eliasson in [15];
(3) After the previous two steps, all the remaining resonant terms are “in a
line”, i.e., the corresponding k € Z? in the Fourier expansion are all of the
form {l/(q, —p) : | € Z} for some fixed p, g € Z defined by the fractional ex-
pansion of «; (4) At the end, the special structure of the resonances allows
us to apply a quantitative Floquet theory to cancel it, and thus finish a step
of iteration. In the above four sub-steps, the analysis of the structure of the
resonant terms in the step 3 is the most important (see Corollary 4.1).

The proof of Theorem 1.3 contains two key ingredients: (1) The small di-
visor related to the off-diagonals terms, up to a large truncation of the Fourier
expansion of the perturbation (see Lemma 6.1), is controllable. As a result,
one can always remove all off-diagonals 8-dependent terms at each iteration
step. (2) Finding a way to solve the homological equations which is scalar but
6-dependent.

The differences between our work and previous ones are the following:
(1) Our proof is direct and is developed from the traditional KAM method;
(ii) Our method has a potential generalization to g-p systems in gl(n, R) or
other groups (with two frequencies); (iii) Our method adapts to all irrational
o, no matter whether « is Diophantine or Liouvillean.

We organize this paper as follows. In Sect. 2, we prove Theorem 1.1,
assuming Theorem 1.2 and using Eliasson’s perturbative result. Sections 3
and 4 contain some technical lemmas needed for the proof of Theorem 1.2. In
Sect. 5, we give a proof of Theorem 1.2 by employing the KAM like iteration.
Theorem 1.3, and consequently, Theorems 1.4—1.5, are proved in Sect. 6. The
appendices include proofs of some of the lemmas that are used in the main
part of the paper.
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2 Proof of Theorem 1.1

Theorem 1.1 and the claim in Remark 1.1 can be obtained from Theorem
1.2 and its proof, combined with the following perturbative result of Elias-
son [15].

Proposition 2.1 (H. Eliasson [15]) Let h > 0. In system (1.7), we assume
that « € DC(y, 1), A € sl(2,R) is of normal forms (3 _O}L) or (_Op 8) and
F e C}‘;’(Tz, sl(2,R). Then there exist constants C = C(y,t) > 0 and x =
x (v, ) > 1, such that if

sup |F(0)] < Ch*,
[Imé|<h

we have the following:

(a) If furthermore the rotation number is Diophantine or rational w.r.t. w,
then system (1.7) is analytically reducible.

(b) Otherwise, if the rotation number is neither Diophantine nor rational
w.r.t. o, then for any given ¢ € T?, we have

%il)niig|cb(¢,t)—<b(¢,0)| <|®(¢,0)| and lim M:O,

t—+oo t

where ® (¢, -) is the basic matrix solution of system (1.7) with 6(0) = ¢.

Proof By Theorem 1.2 and the proof of it, there exist a sequence A, > 0, a
sequence of bounded A, € s/(2, R) in normal forms (X(;l —371) or (_(;n ),

and a sequence of F, : T> — sI(2, R) analytic in [Im@| < h,, satisfying

1
lim — sup [F,(0)]=0,

n=>00 hy \1mg|<h,

for any x > 1, such that system (1.7) is conjugated to

)f=(An+Fn(9))x» 2.1)

0=w.
Then, for any fixed y, SUP|img|<h, | Fn (@) < C(hy)* as n large enough. Note
that, by Lemma 9.1, the rotation number of (2.1) is still Diophantine or ratio-
nal w.r.t. w provided that the rotation number of system (1.7) is so. The proof
of Theorem 1.1 and the claim in Remark 1.1 is then completed by applying
Proposition 2.1 to system (2.1). Il
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3 A basic lemma

The following four sections are devoted to the proofs of Theorems 1.2—1.5.
It is well known that KAM iteration is a procedure of cancelation of lower
order non-resonant terms. In this section, we will prove a basic lemma which
will play an important role in the proofs of Theorems 1.2-1.5.

Let M, denote the space of all 2 x 2 matrices and / denote the identity one.
For any & > 0 and matrix function F : T?> — M, with the Fourier expansion

F(0) = Z F(k)e' ko)

keZ?

we introduce the definition

[Fln2 ) |Flole”,
kez?
where |k| = |k1| + |k2| for k = (k1, k2). Denote by By, the set of all analytic
F:T? —> sl(2, R) with |F|, < 400, which is a Banach algebra under norm
| |n. The union B = J n=0 B includes all analytic s/(2, R)-valued functions
on T2,
For any N > 0, we define the truncating operators 7y on ‘B as

(InF)O)= Y Fe*?
keZ?,|k|<N

and Ry as
(RNF)O)= Y Fkye'*?.
keZ?,|k|>N
Itis obvious that 7y F + Ry F' = F and for any h > 0, Ty*Bj, Ry‘Bj C By,
For any 0 < A4 < h, by a simple computation one can check that
36 _Nt—hy)

; | F|pe 7. 3.1

min{1, (h — h))?

RN Flp, <

Remark 3.1 For any F € B, F € C¥(T?, s1(2,R)) and

sup |F(O)| < |F|n.
ImO|<h

In general the converse is not true. However, for any F € CZ’(’]I‘Z, sl(2, R)),
we have F € B forany 0 < hy < h with the estimate

36
F(0)]. 3.2
min(L, =) ok, @) -2

|Fln, <
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To find a conjugation map that is close to the identity / and transforms the
system

X=(A+F@O)x,
f=w

into a constant system, we need to find a constant matrix A and si(2,R)-
valued function Y (6) which solves the cohomological equation

dpel = (A+ F)e¥ —eVA. (3.3)

For perturbative problems, the solution of (3.3) will be inductively con-
structed by the Newtonian iteration. For this purpose, we firstly solve the
linearized equation of (3.3)

d,Y —[A,Y]=F (3.4)

(Lie bracket [, -] is defined as [X1, X»] = X1 X7 — X»X1), which is called
the linearized co-homological equation. A solution Y of (3.4) together with a
suitable bound is necessary to make the iteration work. To control the norm
of the inverse of the linear operator

0w - —IA, -], (3.5)

one encounters the small divisor problem.
One step in our proofs is to remove all the non-resonant components in the
Fourier expansion of F. For any given & > 0, w € R?> and A € sI(2, R), we

decompose By = ‘Bglm) @ %;lre) (the decomposition depends on A, w, n) in
such a way that for any Y € ‘B;lnre)

3,Y,[A, Y1€ B, 13,Y —[A, Y1y > n|Y|s. (3.6)

Let P, (Pr) be the standard projection from 28, onto ‘B;lnre) (iBge)). We

call %,(1"’6) (%2"’6)) the n-nonresonant (n-resonant) subspace. With the above
assumptions, one can prove the following Lemma.

Lemma 3.1 Let ¢ € (0, (1/10)%) and in (3.6) n > el Then for any F € By,
satisfying |F|, < €, there exist Y € B, and F® ¢ ‘B;lre) (we remark that
F® s not necessarily P, F), such that

dwe” = (A+ F)e¥ —eV(A+ FU),
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i.e., the system

x=(A4+F(®))x,
{0 o (3.7
can be conjugated to the system
¢ — (re)
f0=w

by the conjugation map e , with the estimates

|
1Y[p <e2, |F"O, < 2e.

Proof We prove it by iteration. Let g = &, Ag = A, Féfﬂ’) =P,F, Fo(m) =
Pure F. Assume that for j = 1,2,...,n, there are ¥;_, F}nre) € %;lm) and

F ;re) e B satisfying the estimates

5
3 (re) (re) 1/8 (nre)
1Yj—1ln <&} 4, |F; = F; 2 ln <!y, |F;7 <€),

where ¢; = cO/8 — 8?/_ 81, such that Y;_; solves

due" I = (A+ F\") + F{"elimt — Vi1 (A + F" 4 F"),

One can check easily that |F;re) ln <2e.
Forany ¥ € B{", from (3.6), 3,¥, [4, Y] € B{"" and

11
100Y — PurelA + EY Y15 = 0lY [n — |ESO Y |5 > & Y -

So, restricted on %,(lm), the linear operator

- —Pure[A + F, ]

.. . o . _1
is invertible and the norm of its inverse is bounded by 2™ 4. One then can

findY, € ‘B;l”re) , such that
aa)Yn - ]P)nre [A + F,Ere)» Yn] = F,Snre)

with the estimate
_1
|Yulp <2873 FT0),.
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Let G, = F\" — P [F{", Y,]. We have (recall that P,.[A, ¥,,] = 0)
dYy —[A+F\,Y,]1=G,

Moreover, one can inductively prove that, for any power Y,’f (k=2,3,...)0f
Y}’l b

do(Y —[A+ E" Y- =Y*1G, + Y26, v, +- -+ G, Y12 G0,

Thus we have

8w€Y” A+ Fn(re)’ eY”] F(nre) P, [F(re) Y]+ Z G(k)
k= 2

It follows that

dwe™ = (A + FO + F)eln — eV (A + F) + F),

where
=1

Fn(ﬁ _ Fn(re) +P,, {e_Y” {Frgnre)(eYn D+ ]P)re[Fn(re), Y,] Z k_G;(qk)} ]
k=2

and

o
F =By e L EO (8 — 1) + PR F, Y] — ka(k)”
k=2""

e.¢]
_ 1
:RW{eH{EW@@“—Iy—E EG$1
k=2

+ (e — DP,[F", Yn]}.

Furthermore, we have the estimates
IEY) — O <6, 1EY )y <6)* = eng.

Define Y by e¥ = || B el Y € B}, is obviously well-defined. Moreover,

3s
Yuln <264 <&,

which implies that
Y|y < &2

@ Springer



224 X. Hou, J. You

Let F =1im,_ o0 F\", we then have F® ¢ SBglre) with the estimate
|FU) < 2.
One can check that
Y — (A+ Fyel —e¥(A+ F). O

The definition of the sub-space %}(l"m and %,(lre) depends on A. When A is

in normal form ({) _OA), we have the following more precise characterization

of %gm) and %;lre). Let Aj and A be two subsets of Z? with A; = —A;
(j =1, 2) such that we have that

keA = |(k,w)|>n and ke Ay= [2h+i(k,w)|> 1.
%ﬁlm) is defined to be the space of all F € B, of the form
_ F11(k) 0 i (k,0) Fra(k) i(k,0)
Fw‘z(o —m@) +Zzwm 0o )¢
ke (3.9)
and %;lre) is defined to be the space of all F' € B}, of the form
_ Fi1(k) 0 i (k,0) Fra(k) i (k,0)
Fwy-ﬁz( 0 —mmm) +§: a0 )¢
keAS (3.10)

where A¢ = Z2\ A1, AS = Z2\A,. Clearly, B, = B & B,

Corollary 3.1 Let ¢ € (0, (1/10)8), n > &3 and A = (4 %) (A € R). Then
all conclusions in Lemma 3.1 are true with FU® in the form of (3.10).

(nre)
%h

Proof Forany Y € , we have that

3,Y (0) = Z ik, ) (Yllo(k) _?101 (k)) oi{k.6)

ke

0 Yi2(k) (wre)
+ > i ka)(YZI(k) 0 ) e B!

kel

_ 0 20Y12(k) i(k.6) (nre)
[A,Y](G)—kXA: (_2”21(]() 0 )e e B,
eAs
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and then

(0uY —[A, Y](0)

-y i (k, @) Y11 (k) 0_ ko
- 0 —i(k, ) Y11 (k)

kGAl

0 ik, @) = 20Y12(0)\ k)
+k§2<<i<k,w>+zx>m<k) 0 )e |

So one can easily check that
100Y — [A, Y]l = n|Y . O

In the case that A = ( _Op 8 ), we have the following precise characterization
of %g’m) and %;’re).
—i - ip 0
Let M = %ﬂ(i ') € UQQ), then MAM 1= (‘s _l.p). Note that any
F €3}, can be uniquely re-written as

0 0\ i Fu  Fe® \ i
F(Q):Z(—ﬁ(k) 0 )e<k9>+z(fl+l(k) —ﬁl(k))e<k0>

keZ? ke7?
_ L (iF-) 0 ik.6)
_I;ZZM ( 0 —iF(k))Me
_ 0 Fii(k) —iFy(0)\ o ies
M~ 5 - Meik0),
+k§22 (Fll(k)+zF+(/<) 0 ¢

where
~ 1 ~ ~
Fy(k) = E(FIZ(k) + Fa1(k)).

We assume that A and A, are two subsets of Z? with A; = —A; (j =
1, 2), such that

keA = |(k,w)|>n and ke A= |20+ (k, )| > 1.
We define %,(1"”) to be the space of all F € 9B, of the form
_ 0 F_(k) i (k,0) Fiu(k)  Fy(k) i (k,0)
o=, (—F_ac) 0 )e 2 \Fewy —Fu)*
eN keAr
3.11)
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and SBEZW) to be the space of all F € B}, of the form

_ 0 F_(k) i (.0) Fiut  Fik i(k,0)
F@©) = Z (—F_(k) 0 ) '+ Z Fry —Fuk)®
keAj keA;
(3.12)
It is obvious that B, = B\ @ B\

Corollary 3.2 Let ¢ € (0, (1/10)*), n > &% and A= (° #) (p € R). Then

all conclusions in Lemma 3.1 are true with FU® in the form (3.12).

Proof Note that any Y € %znre) has the form

iY_(k) 0 i(k.60)
Y@O)=Y M~ ( —iY_(k)> Me

ke
_ 0 Yn(k)—lY+(k)) i(k.6)
+Yy M > Me'
kEZAZ (Yll(k)+lY+(k) 0
which implies that
0, Y (0)
. L (iY_(k) 0 ) (k.0
— k, M 1 4 o~ M (s)
it ! (V05 e
. _ 0 Y11(k)—lY+(k)> i (k,0)
+ k,o)M™' [ = P Meé'
k§2l< @) <Y11<k)+zY+<k> 0 ‘
E%Elnre)
[A, Y1)
:ZMI( 0 21,0{Y11(k)—lY+(k)}>M i (k,0)
o —2ip{Y11(k) +iYy(k)} 0
E%;lnre)’
and hence

(Y —[A, Y])(0)
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+y M

ke,
( 0 R mww—mﬁﬂmaﬁwv
i((k, ) +2p){Y11 (k) + V4. (k) 0

x Me'k0)

One then can easily check that

[0Y —[A, Y]1ln = n|Y|n. O

4 Resonances and non-resonances

Let o € (0, 1) be irrational with the continued fractional expansion

a; +
a+---

We set og = «r, and

oy =

1

n1 + ————
nga+ -

In fact, o, = G" (o) where G is the Gauss map. The integers a,, are given by
a, = [oz;_l 11 ([-] denotes the integer part). We also set ap = 0 for convenience.

Let B, = [[j—o«;. Define
g po|_|1 0O
QO‘[¢4 pA}‘[o J’
0, = dn Pn _ an 1| [gn-1 Pn—1
" dn—1 Pn—1 1 0 qdn—2 Pn-2 ’
It is easy to see that O, = U(ay) - - - U (1) where

—1
U(x) = [["1 1 (1)}

Thus det(Q,,) = gnpn—1 — Pngn—1 = (—1)". Note that
1

Bn=(=D"(gnat — pp) = ———,
dn+1 + %n+19n
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1
— < B < .
qn + qn+1 " dn+1

Moreover, for any p, g € Z satisfying |g| < gn+1, we have

lga — p| = Bp > ———.
qn + qn+1

The following fact is important for our proof.

Lemma 4.1 For any k = (k1, k) € 72 which satisfies

1
(@) |k|:= k1| + k2| < gdnt1> and (b) k#1(qn, —pn),
we have
|{k, w)| > :
7a) —_ _7
Tqn
where v = (o, 1).
Proof For any k = (k1, k) € 772, there exist s, € 7, s.t.
k= (kl’ k2) = S(Qn—L _pn—l) +Z(Qn’ _pn)~
It is obvious that |s| > 1 if k £ [(g,, —pn). ! € Z, and
k| > k1| = lllgn — |s|gn—1,
and thus

k _
< E gt

n n

So, by (4.2) and (4.3), we have

[{k, @) = Is|lgn—10 — pn—1] — |l||gnw — pul
S 1 k _
s (LLHH%1>
qn—1+4qn dn+1 \ 4n qn

_( ! _%H>s_|m
qn—1+t49n  qnqn+1 dnqn+1

>( ! _q%1>_ K]
" \gn—1+4n dnqn+1 qnqn+1 ‘
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Since k| < éan, one has

|<k,w>|z< L _ e )—L.
qn—1+4qn qnqn+1 6Qn

If gn+1 > 64, we have

n-1 S61n—1S 1 ’
Gngn+1 ~ 6q2 T 3(qn-1+qn)
and then
2 1
[k, w)| > ———— — —
3(gn-1+qn) 64n
1 1
2 —
3g, 6qy
B 1
©6gn

Otherwise, ¢,+1 < 6gy, by (4.1), we have

1 1
Ik, w)| > ——— > —.
gn + qn+1 Tqn O

Corollary 4.1 (The structure of resonances) Suppose that k € 7? satisfies
k| < %qnﬂ and |{k, w)| < % Then k =1(qy,, —pn) for some l € 7.

n

5 Proof of Theorem 1.2

In this section, we shall inductively prove Theorem 1.2.
We begin with the system

(5.1)

x=(A+F())x,
6 =ow.

Let

ré{(g _%):)»e]R}U{(_Op 8) :peR}gsZ(z,R).
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For simplicity, we assume that 4 < 1, F € B, and A € I' with the estimate”

1 1000
|Flp < min{(m) ,hlﬁ}. (5.2)

We give the iteration sequences:

1. qo0,91,...and pg, p1, ... are defined by the Fractional expansion of «.
2. Let (ho, €0) = (h, | F|p), and

. _‘Inhn_l
(hn,en) = (hn—1, €n—-1), ifg, | <e &
33/32 qnhy, 1 _anhy—q (53)
e 65><21><4)’ when g,_| > e~ 6x21 |

(hnagn)—(4 n—1,&,

By definition, it is obvious that &, and &, are decreasing. Moreover, we
have the following simple and important facts:
1. We always have the inequality,

nhn
£, <min{n)0, "1}, (5.4)

nhn
The inequality &, < e_6q5Xz1 can be obtained easily from the definition (5.3).
The inequality ¢, < h,ll6 can be proved inductively. Firstly gy < h(1)6 is the
case. We assume ¢&,,_| < hrll6_ |- By definition, one just need to check that

_anhy_ .
when &,_1 > ¢~ 6x2T | there is

33/32 1/32 32 32
n=¢& n /1 _gn/—l "En—-1=¢ l/ h16 ;i/—l '416 : hr116 Shr116'
2. We always have
lim A, = 11m &, =0, (5.5)
n— oo n—
and for any x > 1,

lim g,h,* =0. (5.6)
n—oo

We argue by contradiction. If (5.5) is not true, by the iterative definition of
(hn, €n), there exists ng such that (h,, &,) = (hy,, €n,) When n > ng, then it

21t A i§ of general form in the system (5.1), one can find some P € SL(2,R), such that
PAP l'erorpap~!= (g (1)) (parabolic case). For the parabolic case, one can further use
Py = (g 1/5) (e > 0) to conjugate A to D = (0 ) ) and then D + PlPFP_lPl_1 are treated
as the new perturbation. In this case, the smallness of the perturbation will also depend on A

through min{|P|: PAP~! e T or PAP™1 = (J ().
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follows that
_danhy_g _dnhng
0< Eng =Ep <€ X2 =¢ B2 — 0.

This is a contradiction. Condition (5.6) can then be obtained from the defini-
tion (5.3).
Assume that, after n steps of iteration, we arrive at

{fg = (A" + F™(6))x, 5.7)
0 =w,
where A™ €T and F™ ¢ B}, , with the estimate
|F™, < en.
We will construct a conjugation map B which conjugates (5.7) to
{g :6(:’\("+1> + FUD6))x, 5.8)

with A”TD e " and F"*D € B, | satisfying the estimates

n+1
n+1
[F D, < ny.

nt1hn . . . .
If ¢, < e” 652 | one needs to do nothing at this step. We just simply let

ACTD A pOD) g

L _ dng1hn . .
Otherwise, i.e., &, > e~ 6x2T | The proof is decomposed into the follow-

ing four lemmas. For simplicity of notations, in the following A®, F™ are
written as A, F respectively, hy, €1, qn, Pn»> in+1, En+1, gn+1 are written as
h,e,q, p, hy, e4, g4 respectively. Now, by (5.4), we have

_ a+h . __ah_
e~ < g <min{h'®, e~ w1}, (5.9)

We emphasis that condition (5.9) is the starting point of the following proof.
We first handle the elliptic case, i.e., A = (_Op o) € sl(2, R), which is the
most complicated. Let
A ={keZ’:[tko) =), Ao={keZ’:12p+ (k,0)| = e'/*).
As in Sect. 3, we use M to denote the matrix %ﬂ(} _l’) € U(2). By Corol-
lary 3.2, there is a Y € ‘B, satisfying

Y] <e'’?,
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and a F"® ¢ 9B, of the form

(o)
F(re) (9) — /O\ F_ (k) ei (k,@)
keac \=F%) 0
(re) (o)
FPU)  F%) k)

KeAs F(re)(k) —F k)

(re)
_ ZM (Fre (k) /0\ )Mei(k,(?)

fent i F" (k)

s 0 FI %) — i FY (k)
keA FI ) — i F k) 0

x Me!k:0) (5.10)

(recall that F “e) k) = {FW) (k) £ F"(k))), such that
2 21
Y= (A+ F)el —e'(A+ F),

with the estimate
|FUO, < 2e.

We then obtain the following conclusion.

Lemma 5.1 (Eliminating the non-resonant terms) System (5.7) is conjugated
to

. re)
{x—(A—i—F( 0))x, 5.11)

6 =ow,
with FU® of the form (5.10) satisfying
|FU9)) < 2e.
Note that /8 < 1 /7¢q since (by (5.9))
7ge'/8 < Tghe~ 556132 <7 x 65 x 21 x 3261/ < 1.
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Thus, by Corollary 4.1, we obtain the following fact
{k e 72 |k, w)| < &"/3 and |k| < %*}

g{k:l(q,—p):leZand|k|<%+}, (5.12)

which will be frequently used in the following.
Firstly, from (5.12), we obviously have

Afﬂ{kezzrlkl<%}g{k:l(q,—p):leZand|k|<%}.

(5.13)
Now we consider different cases of Ag:
If AN (k€ Z2: k| < %) =0, Tae Fy) = —Tue Fy . ie.,
i FO (k) 0 :
Tti(re) (9) — Z M—l 12 g Mel (k,@)
6 0 —iF" (k)
keAS.|k|<ZE 12
one can use B, £ ¢£, with
. (o) i (k,0)
E@©) = Z m-t 2 0 /(O\) ME T8,
0 —iF (k) itkw) e

keAS,0<|k|<LE
to conjugate (5.11) to

{x = (A« + Fi(0))x,

0=w,

where A, 2 A+ FU9)(0) and F, £ B.(Rax F"9)B; . Note that
|Bylp < elElh < g2,

By (5.9), there is

_ 3q4h
|Faln, = |Fyln < se™ 2xoxa b+
Z

q+h 15/16
S e e*ﬁ68q+h€ /

qg+h  _gqyh 15/16
58.6—3—26—3—2(1—&325 /16y

q+h
<¢ge R
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_g+h __g4h
< ge 05x2leg 065x21x4

L

< gl Bx2Txa

q+h
< 833/32e_65><21n><4 =&

For this simple case, a step of iteration is thus finished.
If ASNi{ke 72 k| < C%} # 0, let ky € AS satisfy |ky| = min{|k| : k €
A5}
If |k«| =0, we have 0 € AS. Since
Ar={keZ?: 2p% (ko) z '/,

we therefore have |p| < %81/4. By (5.12), we have
Agﬁ{keZZ:|k|<%} - keZZ:|k|<‘%and 20, — (k. )] <81/4}
clkez? k< ‘% and | (k, w)| < 281/4}

clkez?: k< ‘% and |(k, )| <81/8}

IN

k=1I(q, —p):l €Zand [k| < ‘%}.
Tq% F(8) is of the form

/]'q+ F(re)(e) — Z f’(r\e)(k)eluc,@)
3
k=1(q,—p),Ik|<LE

and the following Lemma 5.3 applies.
If |ky| # 0, we invoke the following lemma to put the system into a better
normal form.

Lemma 5.2 (Rotation) By some 4w Z-periodic analytic conjugation map,
(5.11) is conjugated to

{x = (A1 + F1(0))x, (5.14)

0=o,
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ke,
=11, 4 ko) 0o )
P+ =3

_ 2 (1)l k.0)
To Fi = > Fy(k)e
k=l(q,—p), |k| <%=

where

with the estimates

1
|A1] < e, |Fi|n <2634,
3

Proof By the definition of ky, A5 N {k € 72 : |k| < |k«|} = @, which implies
that

Ti, | FU9(0)

. (re) ,
_ Z M- <1F12 (k) .’(OTe) )Mel(kﬂ)‘ (5.15)
k=l(g,— P)EAS. K| <Iks] 0 —iFy (k)

By a direct computation, one sees that the 4 Z-periodic rotation

(ks,0) - (ky.,0) _ e 0);
cos —sin e 3 0
2

sSin COos 3

conjugates (5.11) to

(5.16)

i=(A1+ F(0)x,
0=w,

with F; = QF™ Q=1 and

_ _ 0 0
A=(0,0)07 + 040" = (_5 g) ,
where p = p — (k«, w)/2. Note that k, € A implies |p| < %81/4.
Since Tj, | F"® commutes with Q, i.e., QT F"™ Q71 = Ty [F", we
have
Fi =Ty F" + QR F"0 07",
By the estimates |Tjx, F9|;, < 2e < ¢%/* and

9 x 36 kslh  lkselh
|QR|k*\F(re)Q_l|g5 thz ge” 3 e 3 <5x36e"8 <

34

N —
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one has

|Fily < 1T FUly + QR FU9 Q71 < ¥4 £F.

A simple computation, together with (5.12) and the fact that |p| < % 174,
leads to

(R{URH)N {keZz:Ikl < %} c {keZzzlkl < % and | (k, )| <81/8}

- {k:l(q,—p) 1 eZand [k| < ‘%*},
where
A ={keZ:|(k,w)|>@Y,  A={keZ*:125+(k o) =@,

Thus by Corollary 3.2, one can find a Y € B by such that ¢! conjugates
system (5.16) to system (5.14) with F| € %% of the form

T PO = )  Fd*
k=I(q,—p),Ik|<%E

and satisfying | F |% < 28 =2¢3/4. The proof is then completed. 0

Remark 5.1 1t is obvious that the degree of Q in the above proof is k. (one
can refer to Appendix C for precise definition of degree) with |k.| < g+ /6.

In any case, we are in the position to use the following lemma. We remark
that the special form of 741 Fy is very important, while the special form of
A is irrelevant in the following lemma. Let

i = (A1 + Tz FLO)x = (A1 + Xy < F (k)i *:0))x

"(5.17)
0=w,
with the estimates
Al <et, Rl <264
3
Lemma 5.3 (Floquet) System (5.14) is conjugated to
x=(Ar+ F»(9))x,
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where Ap € s1(2,R) and F, € By, 4 satisfies
1/8 ,— 4tk L oang et 1
|F2|ln <e&'/"e 25%6, [A2| < —— * and |spec(A2)| < —.
4 2mqr " q+

Proof By Lemma 7.1 in Appendix A, which is based on Floquet Theory, one
can find some 47 Z-periodic analytic conjugation map B, which is analytic in
[Imé| < h/3, to conjugate system (5.17) to

{* = Ao, (5.19)

0=w,

where A, is a constant matrix, with the estimates (notice that |Aj| =
|spec(An)] < e'/*)

1/4
sup | B(0)] < &>+ T,
IIm@| <%

1 1
|Ay] < ——e®ma+¢™ and  |spec(Ay)| < —.
2mqs 9+

The inequality
36]+81/4(871 +qgh) < 307‘[6]+83/32
follows from the fact that
ghe ™ < e Bghe™ 5507 <65 x 21 x 8- ¢1/8 < 332,
Thus, by the inequality (3.2), we have

36 x 144 630”‘”83/32.

Bl =" (5.20)
Note that F, = BR!%FlB_l and
Rax Filn < 144h—>2<36|F1|/% < 144}1_;”2 34— B < p1/2,- A
It follows that
|Fon < M 1/2 _meGOﬂqusW”
i
= 81/46_%e‘%(l—zwzsmxﬁomlm)
< 81/46_%' .
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Remark 5.2 By (5.20) and Corollary 9.1 in Appendix C, the degree of the
conjugation map B in the above proof is no more than

1/o
—%4+¢

hO’

where ¢, o0 > 1 are two universal constants.
Finally we normalize A,.

Lemma 5.4 (Normalization) One can conjugate system (5.18) to

{x = (A3 + F3(0))x, (5.21)

0=uw,

with A3 € " and F3 € By, , such that
1
|A3] < — + &4, [F3ln, <é&4.
q-+

17 1/7

Proof Lete = |F2| =|F2|," . The estimate

i 1/4 3/16
€|lAr] < e_25x42624774+8 / <e 25X42(1 —247 x25x 4263/ )

and Lemma 8.2 together imply that there exist P» € SL(2,R) satisfying
| Pp| < 2¢73, D3 esl(2,R) satisfying | D3| < 2¢ and Az € I satisfying

1
|A3] < [spec(A2)| +€ < — +e¢,
qd+

such that P, A, P2_1 = A3+ D3.Let F3 = D3+ PzePz_l, then P, conjugates
the system (5.18) to the system (5.21) with the estimate
q4h

|F3lp, = |F3|h < 6e < 6/ 5

< 81/326_25><42

+h
<,5‘1/323 65><21€ 65><21><4

q+h
< 833/326_ 65x21x4

94+
= 833/32e_65><21 =é&y4. ]

The proof for the elliptic case is therefore finished. The case of A = (é _OA)
with A € R, is easier. In this case, we do not need Lemma 5.2. In fact, by
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Corollary 3.1, one can obtain a result analogous to Lemma 5.1 and then obtain
a similar F® . Note that now Tz/% Fl(ge) = Tq% Fz({e) =0if |A| > %81/4, ie.,

the matrix 7o4 F (re) g diagonal. Otherwise k, = 0. In latter cases, we arrive

at the normal form (5.17) and then switch to Lemma 5.3. Note that now A; =
A= (3 _O)L), but the difference is irrelevant.
In summary, we use some conjugation map B to conjugate system (5.7)

to system (5.8) with A1 e T"and F"*D € 9B, | satisfying the estimates

1
|FOD], < ey

At the end, we remark from the proof that

RS L)
|A(n+1)| — |A(")|, when g, < e~ 6x2T ;
(nt1) ), 1 ~ Yt
|A | <max{|AY"|, —} 4+ 2e,, wheng, >e x2T

dn+1

That is to say, the sequence A™ n=1,2,...1is bounded.
We thus complete the proof of Theorem 1.2.

Remark 5.3 If in system (5.1), F € By (h > 0) satisfies |F|, < 1078, A =
(3 _O)L) with A € R and [A| > %|F|;L/4, the proof is very simple. In fact, by

Corollary 3.1, one can conjugates it to

¥ =(A+ F®))x,
0=w,

with F € B, in diagonal form, and it is thus uniformly hyperbolic. Then the
almost reducibility is easily obtained by conjugating it to

{x — (A+ F(0) + RaF(O))x,
0=w,

Fdo itk6)y.

by a sequence of conjugation maps exp{— ZO<|k‘<n o)

dn41hn
Remark 5.4 When ¢, < e~ 651 , the degree of the conjugation map B
An41hn
is zero for B = I. When ¢, > e~ 651 , the nonzero degree could only

occurs in the procedure of Lemma 5.2 or Lemma 5.3. By Remark 5.1 and
Remark 5.2, the degree of the conjugation map B is no more than

At gy 1el)”

hy

where ¢, o0 > 1 are two universal constants.
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6 Proofs of Theorems 1.3-1.5

Firstly, we prove Theorem 1.3, i.e., systems which are close to a non-
hyperbolic constant system can be conjugated to rotations of the form

xX=¢B)Jx
{éza) (6.1)

under some assumptions on the rotation number, where ¢ is analytic and J =

(—01 (])) =M (6 _Ol.)M (recall that M denotes the matrix ﬁ(i _l’) e U(2)).

Let Cj, (h > 0) be the set of all analytic f : T> — R with the Fourier ex-
pansion

fO)=) Floe't?
keZ?
satisfying
1fln 2 1F k)M < o0,
kez?

For any N > 0, we also use the notations 7y and Ry to denote the operators
on Cj, defined as

T HO = Y TR, RyNHO =Y Tk,

|k|<N |k|>=N
Moreover, for any w € R2, we define the formal linear operator I, as

J k) e,‘(kﬁ).

(Muf)O) = Y o

keZ2\{0}

It is obvious that 1,0, f = 0, 1p f = f — f(O) for any f € Cp,. In the end,
we use C = |, Cx to denote the set of all analytic f : T? — R.
Let w = («, 1) with @ € (0, 1) being irrational. Recall that g1, g2, ... and

P1, P2, - .. are defined in Sect. 3 by the fractional expansion of o and
1
B(a) = limsup —2"+1
n— 00 n

Remark 6.1 System (6.1) is analytically reducible if ¢ € Cy and B(a) < h.
In fact the analytic conjugation map e’ (note that IT,¢ € C as B(a) < h)
conjugates (6.1) to

{’? =) Jx, (6.2)

0=w.
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For general systems close to a constant one, we should not expect the ro-
tations reducibility for all rotation numbers (even under the assumption that
the rotation number is not rational w.r.t. @) since the rotations reducibility im-
plies that all solutions of the linear system are bounded (which is not always
the case as shown in [15]). The rotations reducibility is closely related to the
rotation number.

We need the following lemma on the rotation number, which says that the
divisor is big enough even for very large k£ (comparing with gj,).

Lemma 6.1 Let y, 7 >1and p € DC,(y,t) N[—1, 1]. Then for any k € 7?2
satisfying k| < qn+1/y (84n)", we have

1
v (8qn)T ‘

|k, w) = 2p| =

Proof We just need to consider all k € Z? satisfying |k| < V?g;:), and

|(k, @) — 2p| < 1. For such k, one can find / € Z and k = (k1. k») € Z?, such

that k = 1(g,, —pn) + (k1, ko), with |I| < y(gé':)‘an and |k{| < g,. Thus from

1> |(k, ) —2p| = |l(gnat — pn) + kic + k2 — 2p],

we obtain that [ka| < gn + 2|p| + 2, and |k| < 2g, + 2|p| + 2 < 4q,. The

assumption that p € DC,(y, t) implies that |(7<\, w) —2p| = % = )/(82—;,,)“
which, in turn, implies that
[k, @) = 21 = l(gnet — pn) + (k, @) = 2p]
< 27 _ dn+1 ) 1
T r@gn)t ¥ @qn)Tqn gn+i
1
> )
Y (8¢n)*

This completes the proof. O

The following theorem gives a result which is slightly weaker than The-
orem 1.3. More precisely, it is a rotations reducibility result for a positive
measure set of rotation numbers.

Theorem 6.1 Consider

{;g = (poJ + F(6))x, (6.3)

0=w.

@ Springer



242 X. Hou, J. You

Assume that the rotation number of (6.3) p € DC,(y, T) and that F € B, for
h>0.Foranyh e (0,%), if

1 h—3% 12072
|F|n < do min , 1 , (6.4)
200yt 3

where 8¢ is some sufficiently small positive universal constant, one can find
¢ € Cp with 9(0) = p, Y € By, such that system (6.3) is conjugated by el to

{’? =¢©)Jx, (6.5)

0=w.

Proof We firstly consider the case p € [—1, 1]. Let F=F+ (po— p)J. Then
|Flp < 2c|F|p for po — p < c|F|n, where ¢ > 1 is some universal constant.
The system (6.3) can be rewritten as

{g:c(o,(?J—l-F(G))x, 6.6)
Without loss of generality, we assume that 4 € (0, 1).
Forn=0,1,2,..., we define
K, = 82’2;/3%13’2,
and
[Ln =1, when gui1 < (87yg0):
L,=8"yq}, wheng,.1> 8" yql)
One can easily check that
Gnrt/Ln = a4\ 6.7)
For any k € Z? satisfying |k| < gn+1/Ln, by (4.1) we have
[k, )] = 1/2qp41, (6.8)
and by Lemma 6.1 we have
[(k, w) =2p| = 1/K,. (6.9)

We also give some other iteration sequences inductively as follows: Let
g9 =2c|Fl|p, ho=h and ro = %(h — h). Suppose that ¢,, h,,, r, are defined.
We then define A1, €141, Fn+1 as follows:
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_dnt1"n
(a) Ife, <e  4n | let

En+1 = En, hn+1 =h,, and 'n+1 ="n.
dn1n
(b) If g, > e 4n | let
'n
'n+l1 = =
L)
and then let
n _ dn+1'n _49n+1"n+1
hpy1=hy——=h,—ry+1, and ¢g,11=¢epe B8ln =gpe  n

2

Under the assumption (6.4), one can prove inductively that

. _4%“”_ T'n 607 . -1 l/2r 2
g, <minge *n-1 30 <min{e” 49" "™ ;). (6.10)
14

Thus we have
max{K LS}SH < (82'[ y31’ 2t )5

12,
12 12 - _n
/ (821 ‘L’)5(qn/ 8072 )201’

2
50 607
_8,yz< )L
I'n

en <min{K, >, L;”°}. (6.11)

which implies that

We iteratively prove the conclusion as in the proof of Theorem 1.2.
Let ¢o = p, Fo = F. For |I1,¢0lp, = |T1wpln, =0, it is obvious that

gg < e BMoolig — 1, (6.12)
Assume that we have obtained the system

x = (pn(0)J + Fr(0))x,
{é:a}, (6.13)

with ¢, € 7,,Cy, and F, € B, satisfying ©n(0) = p which is the rotation
number of the system (6.13) and

|Ful, <é&n < e 1SIMonlin (6.14)
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We shall prove that the system (6.13) can be conjugated to

X = (@n+1(0)J + Fny1(0))x, (6.15)
0=w, ’

with desired estimates on F; 41 and ¢,1. The proof is summarized in the
following lemma:

Lemma 6.2 There exists Y, € By, ., such that system (6.13) is conjugated to

n+1

system (6.15) by e¥», where ¢,41 € 74,01Chit> Fuy1 € By, and
_ 28/
@n+1(0) = p, |Pn+1 — Onlhy <260,
—18|11 1/4
| Fugtlhy <enpr <e oot oy, o<e,/®,

Proof If ¢, < e_‘hTTlnrn, we shall do nothing. In other words, we just let Y, =
0, Ont1 =n, Fuy1=Fy. s

So we only need to consider the case ¢, > e 4« . Note that by (6.7),
(6.10), (6.11), the definitions and the assumptions at the nth step, we have the
inequality

dn+1'n

e Mn <g, <m1n{K =3 Lns, n} (6.16)

Firstly, let ¥, = I1,,¢,, then system (6.13) is conjugated by e¥"” to

i=(pJ + Fp1(0)x,
{9 — o, (6.17)
where F, 1 = e Vnl F,e¥n’ By (6.14), there is
AMotnlh, < g 1/18 (6.18)

and then
|Fl'l,1 |]’ln S Sl’le2|wn|h” S 8n62|nw(pnlhn S 85/9'
Since 1/K, > (85/9)1/4 = 82/9, by Corollary 3.2, there exists Y, 1 € By,
such that system (6.17) is conjugated by e’ to

{g :((DpJ + @ (0)J + Fu2(0)x, 6.19)
where @, € 75,.,/1,Ch and F,, 2 € Ry, ., /1, B, with the estimates

4/9

~ 8/9
Yoiln, <*° and |@nln,. |Fooln, <265°.
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Moreover, we have the estimate
36 8/9 _qn+1(h”_hn+l)
e 2

78}1 Ly
(hn - hn+1)2

1 _ dnt1n—hp4 )

~ A
&n = |Fn,2|hn+| S

1 _nt1"n
<&l

Since e’ is close to I, the rotation number of system (6.19) is still p (see
Appendix C). Thus the difference between p and the rotation number of the
system

{5? = (pJ +@n(0)J)x, (6.20)

0=w

is no more than c|e‘nw‘7’J”Janzenw‘Z"J|Co < c¢|Fy.2|c0 < ¢y, which means
~ ~ ~ ~ ~

that |¢,,(0)] < cg,. Let 9, 3 = ¢ — ¢, (0) and Fy, 3 = F;, 2 + ¢,,(0)J, thus the

system (6.19) can be rewritten as

{5{ = (pJ +¢n3(0)) + Fu30)x, 621)
0=w,
with the estimates
(@n 31, < §aln, <260 and |Fy3ln,., <268
Finally, we use e =¥/ to conjugate system (6.21) back to
{; = O + Fot O, 6.22)

where @, 11 = @, + ¢, 3 (note that $n+1(0) =p)and F 41 = ew"JFn,Se_w”J,
with

8/9
|On+1 = Onlnyy < \n3ln,, <260,

and (by (6.7))

~ 2
| Futiln,,, <2c8,e!Vnlm

_4n+41"n
< csn/3e 4Ln

1/ _4n+1'n
S En e 4Ly

1/ _4dn41"m _dn+41'n
58}’1 e 8Ln e 8Ln

_dn41"n
<é&pe 8n =gy
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To complete the proof, we need to check two more facts. Firstly, by (6.18),

there is

|e*1//nJeYn,1elﬁnJ — 1|

n+1 = |efllfn‘l (eYl’l.,l

_ ])el/fnJ |hn+1

< 26/l < 2613,

Thus there exists Y,, € By,
8,1/ ‘ Secondly,

n+1°

|F |1/18 |nw¢n+1|hn+] < |F

such that e¥n = ¢~V e¥n1o¥nl

s with [ Yy, <

1/18 Wnlnn Ho@n 30y,

/’l,hL] hn+1
8:,/186 gZTSIL’:l e|‘/fn|hn 64‘]n+15§/9
— /18 Wby o~ SERT tsren”
4, n 8/9
<e” 3t e4l]n+1€n/
8/9
<e — bt (ra—32x18L, e, )
In+1 1/2
< e_8xl-§—L,1{r” e’} <1
since |Mu@n3lh,1 < 2qn+119n.31n,- O
Finally, we define
¢ = lim ¢, (6.23)
n— oo
and define Y so that
e = lim e¥0e!1 ..., (6.24)
n—oo
Thus the conclusion is proved as p € [—1, 1].
If pisnotin [—1, 1], there is k, € 7?2 such that
|(ks, @) —=2p] <1, and  [(ky, w) —=2p[ =1 for O < |k| < [kx|.

Then, by Lemma 3.1, there exists Y € 25, which satisfies |Y |, < e'/? and ¥
conjugates system (6.6) to

{5{ = (pJ +90)J + F.(0))x, (6.25)

0=uw,

3Here we assume that ¢(0) = Fy (0) = 0 for simplicity.
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where ¢ € T, |Cp, and Fy € Rk, By, with the estimate

Furthermore, we have
36 X9 ki 11/2 ksl
| Filnz < RIS 3 555 e~ 1.

Now one can use exp{—k*Te J} to conjugate system (6.25) to

{)? = ((p — %50y + 0(6)J + F@))x, (6.26)

0=uw,
- _ ks6 k6
where F' = exp{—=5>J} Fy.(0) exp{=%-J} € By /2. Thus

~ ks 1
loJ + Flps <lolp+e 3 |Fylpz <26+ 581/2 <ell2,

Let p be the rotation number of the system (6.26), we have

1P < p—@‘+81/2<%+81/251.

The system is reduced to the case we have studied. 0

Now we are in the position to prove Theorems 1.3—1.5. Let us consider the
system

{)%Z(A+F(9))x, 627)

0=uw,

where A € sl(2,R) is a general matrix which is not necessarily a rotation.
Recall that the rotation number is Diophantine w.r.t. w as we assumed in
Theorems 1.3-1.5.

Proof of Theorem 1.3 We use Theorem 1.2 and also its proof in Sect. 5 to
doit. There exists § > O such thatif | F'|, <4, system (6.27) can be conjugated
to

(6.28)

=AM + F™@))x,
0=w,

where F™ € B, satisfies |F ™|, <e&, and A™ is either of the form p,J

(pn € R, elliptic case), or of the form ()‘6’ _2 ) (An € R, hyperbolic case). For
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hyperbolic A™, we always have

L 14
|An|sis,/,

then A 4+ F can be all viewed as a perturbation to 0 = 0J. Otherwise, by
Remark 5.3, system (6.28) is uniformly hyperbolic, which contradicts the as-
sumption that the rotation number is irrational w.r.t. @ (by Lemma 9.1 in
Appendix C, the rotation number is invariant modulo {%(k, o) keZ?). In
any case system (6.28) can be rewritten as

{)? = (pu.1 + F"D(@)x, (6.29)

0 =w,

where p, 1 € R and FD € 9B, satisfies |[F"D],, < en' .
Moreover, from the iteration procedure of the proof in Sect. 5, one can

choose a subsequence {n j}?‘;o of N, such that for any j > 0, there is

(AP FOD) = (AHD FeitD) = = (A0 =D peia=h),

~

Now we let g; = qn;> 5;L =qnj+1, = &n;> hj = hy;. Note that we always
have o ' '

qh;
T = (P expl -1 g
(§]+1,h1+1)—<8j exp{ 65x21x4}’h1/4)’ (6.30)

and for any x > 1,

.

In summary, system (6.27) can be conjugated to a sequence of systems of
the form

. ~(0) =
i (0 7T+ FODX iy system) 6.32)
=w
where 5}0) = Pnj,1 and Fj = F"i-D (in system (6.29)). Note that Fj satisfies
~ _~l/4
|Fj|hj = 8j .

Denote by p; the rotation number of the jth system of (6.32).
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We will prove in the end that one can choose a sequence of y; > 1, such
that

ca+ o\
pj €DC(yj,7) and  yjy1 < (h_ eXp{O’ﬂ]+ }> i, (6.33)
J

where ¢, 0 > 1 are some universal constants. Now in condition (6.4) of The-
orem 6.1, we choose & = h; (note that h; < 1 as we assume in Sect. 5) and
h = h /6 to obtain a sequence of conditions

~ 2
N hj 1207
vi =8| = .
1200y,

By Theorem 6.1, to complete the proof, we then just need to find j, such that
|F'j|gj <vj. (6.34)
By (6.30) and (6.31),

Fjily, Vit N Fjly, JIE g,
|Fjli,/vi Vj+1/Vj

~4 L ~_|_~.
qj FULy1/L q;hj
<Cc|=L LG i
< (hj) exp{ 6], }8 eXP{ 7

~1l/L + ~+7

€. h; q: hij
_ J J ~p~1/L _, J
=C—=— o (qj ex p{ 2L2 }) exp{qu £ L }

J

= \ VL 7.
£ _pat( i s
<C1<h2L2) exp{ Lg; (2L2 £; )}

J

decreases to zero as j — oo, where constants C, C; and L depend only on .
This fact implies that (6.34) can be verified for sufficiently large ;.

Now we choose ), y1,... and verify (6.33). Assume that pg = p €
DCy(y, ). Firstly let yp = y. We assume that y; have been chosen. Let r;
be the degree of the conjugation map B/) from the jth system to (j + 1)th
system in the form (6.32). By Lemma 9.1 in Appendix C, there is

(rj,w)
DR

Pj+1=pj+
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If r; =(0,0), pj+1 = p; and we can choose yj1 = y;. If r; # (0,0), for
pj € DCy(yj, 1),

—1
z
2p; — (k, w)] > L s for any 0 # k € Z2.

We then have
yi!
20j41 — (k, )| =12p; — (k+rj, )| > W for any 0 # k € Z2.
j
So we can choose yj 1 = y;|r;|* and pj;1 € DCy,(yj+1, 7). By Remark 5.4,
there is

~

cqj
Irjl < = explog; 2
J

l/a}

In this way, the sequence yy, y1, . . . satisfying (6.33) is chosen. O

Proof of Theorem 1.4 By Remark 6.2, we get Theorem 1.4 from Theo-
rem 1.3. O

Theorem 6.1 remains true if we consider the perturbations to arbitrary con-
stant system. In fact, we have the following conclusion:

Theorem 6.2 (Positive measure rotations reducibility) Suppose that i m (6.27)
F € B8}, and the rotation number p is in DC,(y, ). For any h € (0, 3) there

exists $ =8(A, h,3h — h, y, T) > 0 such that system (6.27) can be conjugated
to system (6.5) with ¢ € Cj; if

|Flp <6.

Proof By footnote 2, we only need to consider the elliptic case A = pJ with
p € R, and the hyperbolic case A = (} ) with A € R. Now we assume that
& = |F|j. For hyperbolic case, we always have
Al < 56/,
-2

then A 4 F can be all viewed as a perturbation to 0 = 0J. Otherwise, by Re-
mark 5.3 the system is uniformly hyperbolic, which contradicts the assump-
tion that the rotation number is irrational w.r.t. . In any case, system (6.27)
can be rewritten as

{)g = (pJ + F(0))x, (6.35)

0=w,
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where p € R, and Fe®, satisfying |f ln < &'/4. Then it follows from The-
orem 6.1. (]

Proof of Theorem 1.5 Theorem 1.5 can be obtained from Remark 6.1 and
Theorem 6.2. g
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Appendix A: Floquet theory
In this section, we present a result based on Floquet Theory and its proof.

Lemma 7.1 We consider system

(7.1)

% = F(0)x,
0=w=(al),

where F € By, satisfies |F|, < € and is of the form

F61.00) =Y Flg, ~Ip)e @1,
leZ

with (q, —p) € Z? fixed. Then one can find analytic B : 2T? — SL(2, R) and
C € sl(2, R) with the following properties:

(1) B(0) admits analytic extension in |Im6| < h with

8 |F
|B|co fexp{%} and
T

|F|n
sup |B(9)|féexp{————(Sn-+-ﬂq|-¥|lﬂ)h)}
[Im 6| <h IT]

where T = ga — p;
(2) C satisfies the estimates

7| 4 |F|p 7| '
IC| < —expy ——— and |spec(C)| < — max{|F|p, 27 };
2 7| 4
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(3) In |ImB| < h, there is
0,B(O)=CB(#)— B(O)F(0),
i.e., B conjugates (7.1) to constant system

x=Cx,
j = (a, 1).

Proof Let ¢ = g6 — pbr, h = (lq| + | p|)h and
G(¢) = Z f(lq, —lp)eil‘z’.
leZ

Thus we have F (01, 6>) = G(g¢61 — p6) and

sup_|G@) < Y 1F(lq. ~Ip)le""

$eT!, [Imp|<h leZ

— Z |I?(lq, _lp)|e\l|(|f1|+lpl)h = |F|p.
leZ

Let us consider the equation

> _ g 72
i (tt)x, (7.2)

with the basic matrix solution @ (¢) satisfying ®(0) = /. We have the estimate
(by Gronwall inequality)

47
Sup | (1)] <eXP{_|F|h}

o<icts !

The fact that G is 2” perlodlc implies that CD(M) (\rl)z Thus one

T.C

can choose C € 5l(2, R) satlsfymg d>( ) =e i with the estimates

()
spec| —C
7]

7| 4r |7l
|C|<2_exp{ﬁ|F|h and |SP€C(C)|§EmaX{IF|h,2n}-

Define By (1) = ¢“'® ()™, then B1 (1) = Bi (1 + %).

4 4
ﬂC <2exp ﬁ'ﬂh and < max{|Flp, 27},
T

1.e.,
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Moreover, ® has analytic extensiog in |Imz?| < i;/ |7]. In fact, it is easy to
see that ® (¢ +is), for any fixed |s| < h/|z|, is the basic matrix solution of the
equation

A _ G +is)
— = $)X
dt

with (0 4 is) = P (is). As in the case s = 0, we have the estimate

: 4 .
sup |® (7 +1s)| SeXP{mlFlh}@(m)l-

4
O<r<=¢

In the same way, from the equation

dx
d(is)

= G(s)x,

we obtain the estimate
|D(is)| < exp{|s|[F|n}.
Hence,

. 47
sup [P +1is)| < eXp{(|— + |S|)|F|h}~

4 Tl
<<z
O_t_ItI

In other words, the matrix function ®(¢) satisfies the estimate

|F[n
sup |¢(t)|SCXP{—{4n+(|q|+|P|)h}-
0<|Ret|<4xr/|t|,Imt|<h/|7| |T|

Thus B; (t) = ¢’ ®(t)~! has analytic extension in [Im?| < E/|r| with the es-
timate (notice that Bj is %—periodic and |[M| = |M~'| forany M € SL(2, C))

871|F|h} and

|Bilco < eXP{
¢ 7]

|F|
sup  |B1(2)| SGXP{—h(Sn + (g1 + Ipl)h)}-
[Im¢|<h/|z| 7|

One can check easily that By conjugates (7.2) to some equation with con-
stant coefficient. More precisely, we have

d
EBl(z)Bm)—l +B(1)G(tt)Bi (1) ' =C
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in the domain |Im¢| < 17/ |7|. In other words,
d S g — ~ ~ —
r@&@)&(«p) '+ Bi@#)G@)Bi(p)~' =C,

where El (¢) = B1(¢p/71), in the domain |Im¢| < h. 1t is obvious that El is

47 -periodic. ~
Let B2(61, 62) = B1(g81 — p6). We see that B; is analytic in [Im6@| < h
and
87 |F
|B2|co < exp{ 7T|| | |h} and
T
[F|p
sup [B2(0)| <expy——{87 + (lg| + |pDh} ;.
IIm@|<h 7|
Moreover,
30 B2(0)B2(0)™" + B2(0)F(0) B2 () ' =C
in the domain [Im#6| < A. Il

Appendix B: Normal form

In this section, we give some estimates on conjugating a matrix to normal
form.

Lemma 8.1 Ler A € 5l(2, R) satisfy spec(A) = {ip, —ip} with 0 # p € R.
There exists P € SL(2, R) such that |P| < 2(|A|/p)"/? and that PAP~! =

(5 6)

Proof There exist u = (u1, us),v = (vi, v2) € R? with |u| = |v| = 1 such
that Au = —pv and Av = pu. Let 6 = Z(u, v), 0 <6 < /2. Without loss of
generality, we assume that (1, v) =cos#.

For any r € R, we have that (u + v, u +1tv) = 1+12+2tcosb and (A(u +
1), A(u + tv)) = p2(1 + t2 — 2t cos6). Thus

1+12—2tcosf ,
Al=su = |p|su 1) = sup f(1).
| Al teﬂglpl\/1+t2+2tcosg Iplzeﬂg\/f() ol teﬂgf()

By simple computation, one can see that

l+cos®  (14cosh)?
supf(t)=f(—1)=1 = — )
teR —cosf sin” 6
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Thus we have
o] o]

sinf = — (1 4+cosf) > —.
|Al |Al

Now let P = (;3}), then PAP~' = (2 f). Recall that |detP| =

uy v
|ullv||sinf| = sinf, so P = :l:(sin@)_%f; € SL(2,R) satisfies
[Pl <2(1Al/lp)? and PAP~ = (° ¢). O

Lemma 8.2 Ler € > 0. Assume that A € sl(2,R) and |A| < 1/¢. Then there
exist P € SL(2,R) with |P| <2(1/€)3, D € sl(2,R) with |D| <2¢ and A =
(3 _O)L) or A = (_Op 8), such that PAP~™' = A 4+ D. Here A, p € R satisfy
l[spec(A)| — |spec(A)|| <€, i.e., |[A] — [spec(A)|| < € or ||p| — |spec(A)|| <
€.

Proof We consider firstly the case of spec(A) = {A, —A} € R. In this case,
one can find some M € SO(2, R), such that

MAM™' = (g _0)\) + (8 g) 2A+C.

It is obvious that |c¢| < |A| < 1/€. Now let
e O
k= (0 1/e>’

KMAMT'K'=K(A+CO)K '=A+KCK™,

then we have

where

0 0

It is obvious that |[K M| < |K| <1/e and |D| <e.
When spec(A) = {ip, —ip} with 0 # p € R, without loss of generality, we

assume that
A u
I Y

withO <v<u<|A|<1/e.

If v < €3, let
Aou 0O O
A1=<O —A) and C1=<_v O)'

DA2KCK = (0 EZC) .
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For spec(A1) = {A, —A} C R, there exist K| € SL(2, R) satisfying | K| < 1/¢
and Dg € sl(2, R) satisfying | D] < €, such that

A0

>+D1éA+Dl.

Let
D=Di+K(CiK[",

we then have |D| < |D1| + |K1|*|Ci| < 2e. In this case, one can check that
Al —lpll <e.
If v > €3, let

Lo (w0
1= 0 (/)14 )

It is obvious that |L{| < (|A|/€3)'/* < 1/e. One can see that

EléLlALl_l=( * V””).

—Juv  —A
Now we have uv = A2 + p2. Moreover, it is obvious that min{|A — \/uv]|,
A + uvl} < p.

Under the assumption v > €3, there are furthermore two cases:
If p < €3, there is |d| < €3, such that

(1 #l 0 d\a
a=i(ly, T+ (5 )ero

For spec(E>) = {0} C R, there exist K> € SL(2, R) satisfying |K>| < 1/€. Let
D, = KZEZKEI. Then there is | D3| < €. Now we let

A=0 and D=Dy+K,GK;'.
We then have |D| < |Dy| + |K2|?|G| < 2e.

Otherwise, if p > €3, by Lemma 8.1 there exists P; € SL(2, R) such that
|P1] <2(]Al/p)"/? <2(1/€)? and let

A=P1E1P11:(_Op 8) and D=0,

Appendix C: Degree and rotation number

In this section we discuss the impact of conjugation maps on the rotation
number. A continuous map B : 2T2 — SL(2,R) is said to be of degree r =
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(r1,r) € 72, if B(-,0) is homotopic to R(-)"! and B(0, -) is homotopic to
R(-)"2, where
0 -6
cos3 —sin3

Sin 7 COS bl

Recall that the fundamental group of SL(2, R) is Z with generator R.

Lemma 9.1 Let w = (w1, w)) € R? be irrational. Assume that a C! conjuga-
tion map B : 2T? — SL(2, R) of degree r conjugates system

{x =AO)x,

= 9.1

with the rotation number p to system

{)? =A@O)x, (9.2)

0=w,

with rotation number p. Then we have

Iiroof Without loss of generality, assume that wo > 0. Let ®(-,¢) and
@ (-, t) be basic matrix solutions of (9.1) and (9.2) respectively. Consider the
Poincaré Cocycles

4
< nw],\D>:TxR2—>TxR2,

)
L cb(<¢, 0), 4—”)x>
w?

4 ~
( nwl,W):TszaTsz,
w)

drw; ~ 4
6.%) > (¢+ ,d>((¢,0), —)x).
)

w2

drw
w2

(¢, x) = <¢+

and

By the definition of the rotation number of cocycles [5, 24], (47;%, U)

and (%, W) have rotation numbers ‘%’) and ‘Z}T—f

over W(¢) = B(¢,0) = B(¢, 2)—7;) defined on 2T conjugates (47;%, ) to

respectively. More-
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(47”‘)1 , lTl). Recall that W(¢) is homotopic to R(-)"!. By Proposition 1.1

. @2 .
in [24] and its remarks, we have

dp  dmp  2rimon

= + mod 27 Z,
1a%) 13%) %)
1.e.,
5:,0—1—%, for some [ € Z.
In the same way, one can show that
o=p+ W—%, for some [ € Z.

Recall that w is irrational, we thus have T= riand [l =nr, i.e.,

~ (r, )
p=p+— O

The following Lemma shows that the degree of a conjugation map is con-
trolled by its C'-norm.

Lemma 9.2 For any C! map B : 2T? — SL(2, R) with the degree r, we have
Irl < c|BI%,
where ¢, 0 > 1 are some universal constants.

Proof We only need to prove that, for any C! map W : 2T — SL(2, R) which
is homotopic to R?,

Is] < cl W,
where ¢, 0 > 1 are universal constants. In fact, we define the path w : 2T —
S! C R?, where S! = {(x,y) e RZ: x2+ y2 =1}, as

_ (LOW(@)

O =T owe)

(the norm | - | here is the standard Euclidean norm of R?). It is obvious that w
is homotopic to the path e : 2T — S! € R? defined as

_ (LLOR@)" _( s¢ s«p)

= = [ cos—, sin —
|(1,0)R(¢)*] 2

e(9) >
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Thus the degree of w is also s, so the length of it is not less than 27 |s|, i.e.,

4
47T|u/|c02f0 [w'()ld¢ > 2m]s|,

which implies |s| < 2|w’|c0 < c|W|‘él, where c¢,o > 1 are some universal
constants. (]

By Cauchy inequality, we have a corollary as follows:

Corollary 9.1 Let h > 0. For any map B : 2T? — SL(2,R) analytic in

[Im&| < h with the degree r, we have

I ° B©®)1)”

r 5.—( sup ) ,
min{1, h%} \jimg|<n

where c, o > 1 are some universal constants.

Added in the Proof With minor modification in the proof of Lemma 5.2, one can get almost
reducibility (Theorem 1.2) in a stronger sense: the analytic radius %, of F; does not tend to
zero. More precisely, h, > h — ¢ for arbitrarily small § (see the definition before Theorem 1.2).
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