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PERSISTENCE OF THE NON-TWIST TORUS
IN NEARLY INTEGRABLE HAMILTONIAN SYSTEMS

JUNXIANG XU AND JIANGONG YOU

(Communicated by Yingfei Y1)

ABSTRACT. In this paper we consider analytic nearly integrable hamiltonian
systems, and prove that if the frequency mapping has nonzero Brouwer topo-
logical degree at some Diophantine frequency, then the invariant torus with
this frequency persists under small perturbations.

1. INTRODUCTION

Consider an analytic hamiltonian H(q,p) = h(p)+ f(q,p), where (¢,p) € T™ x D,
with T™ being the usual n-dimensional torus and D a bounded simply connected
open domain of R”. h(p) and f(q, p) are real analytic on D and D xT™, respectively.
The corresponding hamiltonian system reads as

q Hy(q,p) = hyp(p) + fo(g:p)
(1.1) {p = —Hy(q,p) = ~falg,p)

If f = 0, the system (L) is integrable and possesses a family of invariant
tori T™ x {po} for all py € D, with w(pg) = hyp(po) as its frequency. The whole
phase space is occupied by the invariant tori. Under Kolmogorov’s non-degeneracy
condition, that is,

det(0w/0p) = det(hyp) # 0,

the classical KAM theorem asserts that most of the tori will survive small per-
turbations [6 [0 2 [7, B, [8, @]. What’s more, for a fixed Diophantine frequency
in the image of the frequency map, the perturbed system still has an invariant
torus with this frequency (in this case, we say that the torus persists under small
perturbations).

The classical KAM theorem can be extended to the case of Riissmann’s non-
degeneracy condition

(1.2) aiwi (p) + agwa(p) + -+ + anwn(p) Z0 on D
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2386 JUNXIANG XU AND JIANGONG YOU

for all (ay,as9,---a,) € R™\ {0} [10, 12| [IT} [ 16 15 [I3] in the sense that the
perturbed system (1)) still has a family of invariant tori of positive measure.

However, under Riissmann’s non-degeneracy condition one can only get the exis-
tence of a family of invariant tori, but there is no information on the persistence or
not of any individual torus. In fact, one cannot expect persistence when the image
of the frequency map is a sub-manifold.

In this paper, we will investigate the persistence of tori without assuming Kol-
mogorov’s non-degeneracy condition. Consider an unperturbed torus with fre-
quency wo = w(po) = hp(po)- If hpp(po) = 0, we call this unperturbed torus non-
twist. We will prove that if wg is a Diophantine frequency and the topological degree
deg(w, D,wp) # 0, then the perturbed system still has an invariant torus with wy
as its frequency, i.e., the torus persists under small perturbations. The following
theorem is the main result of this paper.

Theorem 1.1. Suppose that h(p) and f(q,p) are real analytic on D and T" x D,
respectively. Let w(p) = hyp(p) and wy = w(po), with po € D. Suppose that wy
satisfies the Diophantine condition

(1.3) [ (wo, k)| > %,VO#keZ",

and that the Brouwer degree of the frequency mapping w at wg on D is not zero,
i.€.

deg(w7 D7w0) 7é 0.
Then there exists a sufficiently small positive constant € > 0 such that the system
([@TI) has an invariant torus with wo as its frequency if || f|| = suppnyp |f(q,0)| < €.

Remark. By a property of the topological degree, it follows easily that for a Dio-
phantine frequency w, sufficiently close to wg, the invariant torus with w, as its
frequency can also persist under small perturbations.

Remark. An example to which the above theorem can be applied is w(p) = wo +
(p3,p3--,p2). At p =0, w is degenerate in the Kolmogorov sense and so the classic
KAM theorem cannot be applied. Although w satisfies Riissmann’s non-degeneracy
condition, the previous KAM theorems cannot tell us whether the perturbed system
has an invariant torus with wg as the frequency.

Remark. Our result can be easily generalized to lower dimensional hyperbolic in-
variant tori. However, this is not true for the elliptic case.

We follow the paper [§] in the standard part of KAM iteration. First we linearize
the hamiltonian system (II]) at the invariant tori of the integrable system, and then
we will consider instead a parameterized hamiltonian system. For any & € D, let
p=&+ 1 and g = 6. Then,

H(q,p) = h(&) + (hp(&), I) + fu(L:€) + f(6,6 + 1)
= e+ (w(&),I) + P(§0.1),
where ¢ = h(€), w(€) = hy(€), P(0,1;€) = fu(L,€) + F(6,6 + 1), and € € D is
regarded as a parameter. Here e is an energy constant, which is usually omitted,
w: & — w(€) is called the frequency mapping, and P is a small perturbation term.
Let
D(s,r) = {(9,[) e C" x (C"’ Im O] < s, |I]1 < r},
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where [Im 6|o = maxi<;<, |[Imf;| and |I|; = Elgign |I;]. Let
II={¢eD|dist(&09D) > o},

where o > r > 0 is a small constant. Let II, be the complex closed neighborhood
of IT in C™ with radius o, that is,

I, = {€ € C" | dist (,11) < o}.

Now the hamiltonian function H(;6,1) is real analytic in (£;60,I) on II, x
D(s,r). The corresponding hamiltonian system becomes

6 = H =w(&) + Pr(&0,1)
(1.4) { ha :—H;: iPa(é;f),f) '

Thus, persistence of invariant tori for the nearly integrable system (1) is reduced
to that of invariant tori for the family of hamiltonian systems ([4]) indexed by the
parameter ¢ € 1I.

We expand P(;60,I) as a Fourier series with respect to 6:

P(&0,1) = Y Pu(& )™,

kezn
Define
HPHH”XD(3>7“) = Z | Pl s es‘k‘a
k1

where ”Pk”mr = SUP¢ en, |I|:<r |Pe(& 1))

Theorem 1.2. Let H(;0,1) = (w(§), I)+P(&;0,1) be real analytic on U, x D(s, 1),
where II C R™ is a bounded simply connected domain. Let wg = w(&y) with & € II.
Suppose that wo satisfies (L3) and that deg(w,Il,wy) # 0. Then there exists a
sufficiently small positive constant € > 0 such that if | P, x pes,r) < €, there exists
&« € II such that the hamiltonian system (L) at & = & has an invariant torus
with wo as its frequency.

Remark. Theorem also holds true if the hamiltonian system (L[4]) is finitely
smooth with respect to the parameter. For some related results we refer to [3] for
details.

2. PROOF OF THE THEOREMS

Our key idea is to introduce an artificial external parameter A and consider the
following hamiltonian system:

0 = Hr=uw(l)+\+P(&0,1)
I =-Hy= —Py(&:0,1) 7

where H = H(E,\;0,1) = (w(&) + A\, I) + P(&;0,1). The hamiltonian system (4]
corresponds to the hamiltonian system (2]) with A = 0. The method of introducing
a parameter was used in [I3] to give a simple proof of the KAM theorem under
Riissmann’s non-degeneracy condition. We will first give a KAM theorem for the
hamiltonian system (2.1) with parameters (£, A) and then prove Theorem

Let

(2.1)

d = max |w(£) —w(n)

and define
B(w,d) ={\ € C" | dist(\,w) < d}.
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2388 JUNXIANG XU AND JIANGONG YOU

Let O = (Ugen B(w(§),d)) NR™. It follows that
W(IT) = {w(€) | € €TT} € O.

Let
o n
OQZ{QEO ‘ |<k7Q>| 2 Wﬂ VkeZ \{0}}
and O, 5 = B(O4,0). Let K > 0 and 6 = si+r- Then, for all Q@ € O, 5 it follows
that o
Q> — <K.
(5] 2 g, 0< bl <

Let M =TI, x B(0,2d + 1). The hamiltonian H (&, \; 6, 1) is real analytic on M x
D(s,r). Without loss of generality, write P(§,\;0,1) = P(§;0,1).

Theorem 2.1. There exists a small € > 0 such that if

IPllarxD(s.ry < €
then we have a Cantor-like family of analytic curves in M,
[To: A= ME).E€ 11| Qe 0.},
which are determined implicitly by the equation
A+ w(€) +h(EN) = 2,
where h(&, \) is a C*°-smooth function on M with |h(&, N)| < 2¢/r and |ha(&,N)|+

|he (€, M) < %, and a parameterized family of symplectic mappings

O(¢, X;+,) 1 D(s/2,7/2) = D(s,r), (N el = | To,
Q€0
where @ is C°-smooth in (&, \) on T in the sense of Whitney and analytic in (6,1)
on D(s/2,1r/2), such that for each (&, )\) € Tq,
H(f, )\,@(5,)\,9,])) = <QvI> +P*(£7>‘a971)a
where Po(&,X;0,1) = O(I?) at I = 0. Therefore, the hamiltonian system (L) has
invariant tori ®(£, \;T™,0) with Q as their frequencies.

Now we first use Theorem 2] to prove Theorem and delay the proof of
Theorem 211 until later. In fact, let © = wy and then we have an analytic curve
Ty, : € €I = A(), implicitly determined by the equation A +w(&) + h(€, A) = wo.
By the implicit function theorem we have

AE) = wo —w(§) + A(€), YE 1L
Moreover, if € is sufficiently small, we have |A(€)| < 2¢/r and \5\5(5)| < 4e¢/r. From
the assumption it follows that
deg(wg — w,II,0) # 0.
So if € is sufficiently small we have
deg(A, 11, 0) = deg(wp — w, I1,0) # 0.
Then we have &, € IT such that A({,) = 0. Therefore, the hamiltonian system (L.4)
with H(&;0,1) = H(&x, AM(&4);0, 1) has an invariant torus ®(&,, A(x); T™,0) with
wop as the frequency.

Now it remains to prove Theorem 2.1l Our method is the standard KAM itera-
tion. We should note that it is very important to keep the parameters £ and A in
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PERSISTENCE OF NON-TWIST TORI IN HAMILTONIAN SYSTEMS 2389

the KAM iteration so that one can see clearly the dependence of KAM tori on the
parameters.
KAM step. We summarize our KAM step in the following iteration lemma.

Lemma 2.1 (Iteration Lemma). Consider the hamiltonian
H(& X 0,1) = N(§, M 1) + P(E A0, 1),

where N(&, N 1) = (Q(E,N), I) with Q(E,N) = w(&) + A+ h(E, \). Assume that the
following hold:

Al. N and P are analytic on M and M x D(s,r), respectively. With 0 < E < 1
and 0 < p < s/5, P satisfies

IPlarxps,y < € =arp” " E,

A2. The function h satisfies
(22) A6 M|+ Ihe(E 0] < 3. Y(EN) € M,
and for each Q € O, the equation

QEN) =wl@) +A+R(E N =0
defines implicitly an analytic mapping

A:€ell, = A& e B(0,2d+ 1)

such that I'q = {(&, A (€ )~ | € €, } C M. Moreover, for K > 0 satisfying e %¢ =
E, § = 5551 and § = 50, we have

U(Ta,d8) = {(£,N) € I, x C" | [N = A(€)| < 8} € M.

~—

wln

Then, there exist My C M and D(sy,ry) C D(s,r) such that for any (§,\) € My
there exists a symplectic mapping
D& As+, o) D(s4, 1) = D(s,1),
with ® real analytic on My x D(sy,r4), such that
Hy(§,X0,1) = H(E, A (8,40, 1)) = Ny (& M 1) + Pi(& M6, 1),

where Ny (€, X 1) = (24.(&, ), T) with Q4 (§,1) = w(&) + A+ A&, A) + (&, \), and
the following conclusions hold:
(i) The new perturbation term Py satisfies

[P llaty x sy ) < €4 = ayryplt " HE,
with
sy =s—5p, n=VE, p; = %p, ry =nr, By = cE?,
and

1
My ={(§&X) €C" xC" | £€l,_y15,(6N) €T, [N = A < 26},
where I' = UQeOQ Lq. Moreover, for the mapping ® we have the following estimates:
||W((I) - id)HM+><D(s+,r+) < cFE,
and
IW(D® —I)W H|ar, wpsy iy < CE,

where D is the differentiation operator with respect to (6,1) and W is the matriz
diag(p~1I,,r~1I,) with I, being the n-th unit matriz.
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2390 JUNXIANG XU AND JIANGONG YOU

(ii) h satisfies

R(& N < = = ap™ "B, V(g A) € M
and
(6 N) ]+ [he(€, V] < 25, ¥(EA) € M.
Thus, if
(2.3) 20p" T E < ia,

then the equation
determines implicitly an analytic mapping
1
A€ ell,, = Ap(§) € B(0,2d + 1) with oy =0 — 56

that satisfies

(24 A+(€) = AQ)| £ 2 =20 E < 10
and
(2:5) Tf = {(€A4(€) | € €T} € M.

Let 64 = 2K++1 with K satisfying e’+5+ = B, . If
+

(2.6) oy < l(5,
4
then for all 2 € O, we have U(T(,84) C My.

Remark. The above lemma is actually one step in our KAM iteration. If ([23) and
[230) hold and h, satisfies (2.2)), then the assumptions A1l and A2 hold for H
and so the KAM step can be iterated.

Proof of the iteration lemma. Our KAM step is standard and we divide it into sev-

eral parts.
A. Truncation. Let R = P(£,;0,0) 4+ (Pr(&, X;0,0),I). Tt follows easily that
||RHM><D(S,T) < 2||‘P||M><D(s,r) < 2e. Let

R= )" Ri(&N 1)t ?
kezm

and
RN = 3" Ry(&, M 1)t 0).

|k|<K
By definition, we have
||R - RKHMXD(sfp,r) < 266_Kp~

B. Construction of the symplectic mapping. The symplectic mapping is generated
by a hamiltonian flow mapping at time 1, that is, ® = X&|,—1, where F is the
generation function. It follows that

Ho® =N, +{N,F} +R" — [R] + Py,
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PERSISTENCE OF NON-TWIST TORI IN HAMILTONIAN SYSTEMS 2391

where [R] denotes the average of R on T", Ny = N+ [R] = (I,Q4(§,\), {, -} is
the Poisson bracket, and

P, = (R—RK)+/1{(1—t){N,F}+R,F}onpdt+(P—R)o<1>.
0

We choose F' such that
(2.7) {N,F}+R¥ —[R] =0.
It follows that
Q: (&N eUl, ) = QN € 0,5
Thus, we have
(960 B = G ¥(EX) € U(TLH). YO < k] < K.

Let {Fi} and {Ry} be the Fourier coefficients of F' and R with respect to 6.
Thus

Fp = Ry, 0< |k| <K

1
Q& A), k)
and Fy, =0 with k =0 or |k| > K.

We have
ce
||F||U(F,5)><D(T,sfp) < W-
C. Estimates for the symplectic mapping. It follows that
ce
||WXF||U(F,5)><D(T,572p) < W =cF.

Thus, if 0 < 7 < § and cE < g, then for all (£,A) € U(T',§) we have
(6, Ajrye) = XF : D(rn,s —3p) = D(2rn, s — 2p).
Combining this with Cauchy’s estimate, we have

[W(® —id)luw.s)xD(s—5pmr) < cE
and
[W(D® — Id)W [ u(r,8)x D(s—5pr) < CE.
Thus the estimates for @ hold.

D. Estimates of the error terms. Since h(&,\) = [Pr(€, \;-,0)], by the assump-
tions the estimate for h obviously holds. Let My be defined as in conclusion (i).
Since the set O, is closed, it follows easily that M, is also closed. Obv10usly, we
have dist(My,0M) > 15 By Cauchy’s estimate, the estimates for hg and hy, follow
easily.

Moreover, by (23] and the implicit function theorem, if

har(EN)] < 5. Y(EN) € M,

the equation
determines an analytic mapping
Ap€ell,, = A (&) € B(0,2d+1).

It is easy to see that statements (24) and (2.3) hold. By ([2.6) we have that
U(l'E,64) € M. Thus, conclusion (ii) holds.
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As usual, it follows that
€ 2 -K
+ (" +e P

| Pl ary xD(syr) <€ W

By the choice of the parameters, we have

tnt+lpd +n+1
IPyllarexDsyry) S ceE <carypy™ " E2 =ar pl™"" E

)

where E, = cE 5 with ¢ being a constant that depends only on n and 7. This
implies conclusion (i). O

Iteration. Now we choose some suitable parameters so that the above step can
be iterated infinitely.
At the initial step, let pg = s/20, ro =1, g = arongr"HEo =¢, and 1y = EO%.
Let K, satisfy e Foro = E.
Assume the above parameters are all well defined for j. Then, we define p;; =
1

%pj, = Ef, rjy1 =n;r; and By = cEJ%; €41, Nj+1, K41 are defined similarly.

Let My =11, x B(0,2d + 1) and Dy = D(so,70). Let Hy = H. By the iteration
lemma, we have a sequence of closed sets {M;} with M; 1 C M, and a sequence of
symplectic mappings {®,} such that for each (§,\) € M1, ®;(§,A;+,+) : Djy1 —
Dj, where D; = D(sj,7;). Moreover, we have the following estimates:

IW5(®; —1id)l[a1; 11 x D40 < CE;
and
IW;(D®; —I)W, I ag,yxDys < CEj.
Let ®/ = ®goPq0---P,;_; with ®° =id and
Hj=Ho® =N;+P;,
where N; (&, X 1) = (45(€,\), I) with (6, \) = w(€)+A+h;(E, \). Let 6; = R

0; = %5j and 0; =01 — %Jj_l with 09 = 0. From the iteration lemma we know

that for Q2 € O, the equation
Q;(&A) =w(&) + A+ hi(EA) =0
on M; defines implicitly an analytic mapping A = A;(§), § € Il,,, whose graph in

M; forms an analytic curve ng.
Let I'; = Ugeo, T We have

. 1
M1 = {(€N) €C" x C" | € €Ly, (€N €TV, [N = A < 355}

Obviously, it follows that M1 C M; and dist(M;41,0M;) > 16;.
Let
hi(6, ) = Qa1 (€0) = (€ N).
Then we have
BiE N < 2V (€N €M
and

A A €.
(i€ M+ [hia(E N < ===, ¥ (§4) € M.
V)
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PERSISTENCE OF NON-TWIST TORI IN HAMILTONIAN SYSTEMS 2393
Furthermore, we have
IAj+1(8) = A6 <

Obviously it follows that

26j
)

J

V(f, )\) S Mj+1.

| P HM xD; S € = O‘PTJrnJrlrjEj'

Convergence of the iteration. Now we prove convergence of the KAM iter-
ation. In the same way as in [8 [15], it follows that if 2By < %, then

J
[WoD® W, |a, %, < H 1+ cEj)

So, we have
[Wo(®7 — &7~ )|[a, xp, < CE;
and
[WoD(®7 — ' Y)||a, xp, < CEj.
Let D. = D(0, 35), Mx = (1,50 M; and ® = lim; ,, ®/. Thus, we have
[Wo(® —id)||ar. xp. < cEp

and
IWo(D® —1d)||ar. xp, < cEp.

Since ®7 is affine in I, we have convergence of ®/ to ® on D(r/2,s/2) and

[Wo(® — id)”M*XD(s/Q,r/Q) < cEy.

Now we consider convergence of {h;}. Let F; =

T T+1 —x;
Fjv1 _ (l)n(Kj+1Pj+1) B _ (l)nxj+1e -
E; 27 (Kp))™tt Ej 27 aftlemw

where z; = Kjp;. By the iteration F;{; = CEJ-%, if Ey is sufficiently small, £}
are all sufficiently small and so Kjp,; are sufficiently large. Since the function
27Tle " is decreasing for x > 7+ 1, we can choose a small Ey > 0 such that
Fﬁ“ < i and F) § ,Vj > 0. Thus the assumption (23] holds. Moreover,

5151 = (3 mwil < %. Thus, the condition (Z6]) holds.

Let ox =0 — 3 ZJ _o0;. It follows that o, > 0 — —(50 If Ey is sufficiently small
such that g < o, then we have o, > 30 Thus I1,, C njzo o)

By iteration we have h; = Zf;g h;. Combining this with the estimates for ﬁj,
we have that for all (§, \) € Mj,

]1 ji—1
Ih (5A\<Z S6iF; < 5OZF<5OFO<2€/7«
=0

Similarly, it follows that for all (£, \) € M,

j—1
e (€, M)+ hia (6, M) < Y F < 2F) < 12(—In Eo)™ " Ey.
=0
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So if Ejy is sufficiently small we have
1
[hie (€ A+ Tha(& ] < 5, V(€ A) € Mj,

and so the assumption (2:2) holds for all j.
Let h = lim;_,o hj. Then for (£, \) € M, we have

2¢

and )
[he (& M)+ 1ha(€, V)] < 12(=In Eg) 1By < o
In the same way it is easy to show that {\;} is also convergent on II,,. In fact,
we can choose Ey sufficiently small such that F; < i for all j > 0. Then for ¢ > j
it follows that
i—1
5
[Ai(€) = A (€] < ZFZCSZ < 2F50; <
l=jy
Let \;(€) = A(€),€ € T1,,. Since T, = {(£,),(€)) |¢€ € Iy, } € Mj and \; are all
analytic on Il , so is the limit A. Let ¢ — oo, and then we have

MO~ Nl < 5.

This implies that I'q = {({,A(§)) | £ € Il } € M; and so I = Uqgep, I C M;.
Hence, I'* C M, = ﬂjZO M;. Obviously, for (¢,A) € I'§ we have

A4 w(&) + h(EN) = Q.

In the same way as in [I5] we can prove that h and P, are C°°-smooth with
respect to (§,\) on M, in the Whitney sense. By Whitney’s extension theorem
[14], we can extend h and P, to be C*°-smooth on M, but this makes sense only
on M, for our problem.
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