EXISTENCE OF LARGE-DATA FINITE-ENERGY GLOBAL WEAK
SOLUTIONS TO A COMPRESSIBLE OLDROYD-B MODEL
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Abstract. A compressible Oldroyd-B type model with stress diffusion is derived from a com-
pressible Navier—Stokes—Fokker—Planck system arising in the kinetic theory of dilute polymeric fluids,
where polymer chains immersed in a barotropic, compressible, isothermal, viscous Newtonian solvent,
are idealized as pairs of massless beads connected with Hookean springs. We develop a priori bounds
for the model, including a logarithmic bound, which guarantee the nonnegativity of the elastic extra
stress tensor, and we prove the existence of large data global-in-time finite-energy weak solutions in
two space dimensions.
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1. Introduction

Micro-macro models of dilute polymeric fluids that arise from statistical physics are
based on coupling the Navier—Stokes system to the Fokker—Planck equation. In these
models polymer molecules are idealized as chains of massless beads, linearly connected
with inextensible rods or elastic springs. In the simplest case of two massless beads
connected with a single Hookean spring the elastic spring-force is assumed to be a linear
function of the conformation vector ¢ €RY, d € {2,3}, describing the orientation of the
spring, and the model is referred to as the Hookean dumbbell model. An interesting
aspect of the Hookean dumbbell model is that it has a (formal) macroscopic closure
in the sense that the macroscopic evolution equation for the elastic extra stress tensor
associated with the classical Oldroyd-B model with stress diffusion can be deduced
from it by multiplying the Fokker-Planck equation with the rank-1 matrix ¢®q:=qq",
integrating with respect to ¢ over a ball B(0,R) C R? of radius R >0, and performing
(formal) partial integrations, where contour/surface integrals over dB(0,R) are set to
zero in the limit of R — oo, by postulating that the probability density function satisfying
the Fokker—Planck equation decays to 0 sufficiently rapidly as |g| — oo.

In [7] and [8], Barrett & Siili proved the existence of large data global-in-time finite-
energy weak solutions to a compressible Navier—-Stokes—Fokker—Planck system, where
the solvent was assumed to be a barotropic, compressible, isothermal, viscous Newtoni-
an fluid confined to a bounded domain Q CR?, d€ {2,3}, and where the elastic spring
force was, instead of a Hookean spring potential, modelled by a finitely extensible non-
linear elastic (FENE-type) spring potential. In [20] the results of [7] were extended
to compressible Navier—Stokes—Fokker—Planck systems with viscosity coefficients that
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depend on the polymer number density. The aim of the present paper is to explore
the existence of weak solutions to a fully macroscopic model, the compressible Oldroyd-
B system, which arises, upon the formal macroscopic closure described above, from a
compressible Navier—Stokes—Fokker—Planck system, with polymer chains idealized as
Hookean dumbbells. The main contribution of the paper is the proof, in the case of two
space dimensions (d=2), of the existence of large data global-in-time finite-energy weak
solutions to this model. In the case of the incompressible Oldroyd-B model with stress
diffusion in two space dimensions the existence of large data global weak solutions was
shown by Barrett & Boyaval [2], and the existence and uniqueness of a global strong
solution, again in two space dimensions, was proved by Constantin and Kliegl [13].
The question of existence of large data global weak solutions to both the incompress-
ible and the compressible Oldroyd-B model with stress diffusion remains a nontrivial
open problem in the case of d=3. We note in passing that in the incompressible case
the existence of global weak solutions to the Navier—Stokes—Fokker—Planck system with
Hookean dumbbells was recently proved in [9] for d=2, as part of the research pro-
gramme initiated in the series of papers [3, 4, 5]; for d=3 the problem is open, and
the problem is also open in the compressible case for both d=2 and d=3. The results
of the present paper may however lead one to speculate that in the case of d=2 at
least the question of existence of large data global-in-time finite-energy weak solution-
s to the Hookean dumbbell model for the compressible Navier—Stokes—Fokker—Planck
system can also be answered positively.

For the moment we shall keep the presentation general, with Q C R? assumed to be
a bounded open domain with C?# boundary (briefly, a C?# domain), with 8¢ (0,1),
and d€{2,3}. In subsequent instances, whenever we are forced to restrict ourselves
to the case of d=2 this restriction will be clearly stated. We consider the following
compressible Oldroyd-B model, posed in the time-space cylinder (0,77 x €:

Oro+div,(ou) =0, (1.1)

d¢(ou) +div, (ou®@u)+ Vyp(o) — div, S(Vyu) =div, (T — (kLn+30*)I) +of, (1.2)
O+ div,(nu) =eA,n, (1.3)

9 T+Div,(uT)— (V,uT+TV,;u) =A, T+ %nﬂf%'ﬂ“, (1.4)

where the pressure p and the density o of the solvent are supposed to be related by the
typical power law relation:

d
p(o)=a0”, a>0, 7>§. (1.5)

Here, like all the mathematical literature apart from [44], who consider y=1 in the case
d=2, we require y >% in order to avoid the possibility of pu®u being just a measure.
The Newtonian stress tensor S(V u) is defined by

Tu 1
S(Vu) =p® (W - d(divmu)ﬂ) + 1B (div,u)l, (1.6)

with constant shear and bulk viscosity coefficients, respectively, z° >0 and u” >0. The
velocity gradient matrix is defined as

(Veu)i<ij<a= (0 0i)1<i j<d- (1.7)
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The symmetric matrix function T= (T ,), 1 <k,¢<d, defined on (0,7] x 2, is the extra
stress tensor and the notation Div,(uT) is defined by

(DivI(uT))HQL:divm(u'lfw), 1<k,0<d. (1.8)

The meaning of the various quantities and parameters appearing in (1.1)—(1.4) will be
introduced in the derivation of the model in Section 2. In particular, the parameters €,
k, X are all positive numbers, whereas L >0 and 3 >0 with L+3#0. We note in passing
that, in contrast with the compressible Oldroyd-B model considered here, in the case
of the incompressible Oldroyd-B model the term div, ((kLn+37%)1) appearing on the
right-hand side of (1.2) plays no particular role in the proof of the existence of global
weak solutions and can be absorbed into the pressure term V,p on the left-hand side
of the equation.

The equations (1.1)—(1.4) are supplemented by initial conditions for g, u, n and T,
and the following boundary conditions:

u=0 on (0,7] x99, (1.9)
Oan=0 on (0,7] x99, (1.10)
nT=0 on (0,7]x0N. (1.11)

Here 0, :=n-V,, where n is the outer unit normal vector on the boundary 9¢2, and the
external force f is assumed to be an element of the function space L>((0,7] x ;R?).

Our proof is based on several levels of regularization, the first of which involves
supplementing (1.2) by an additional term, including the regularization parameter « > 0,
and replacing 7 in (1.4) by n+a. The procedure results in the following regularized
compressible Oldroyd-B model, posed on (0,77 x €2:

8,0+ div, (ou) =0, (1.12)
9 (ou) +div, (ou®u) + Vup(0) + Va (kLn+31?) — div, S(V,u)

:diva—%thr(logT) +of, (1.13)

O ~+div, (nu) =eA,m, (1.14)

9, T+Div,(uT)— (V,uT+TV, u) =eA, T+ %(n—l—a)ﬂ— %T. (1.15)
The equations (1.12)—(1.15) are once again supplemented by initial conditions for p,
u, n and T, and the boundary conditions (1.9)—(1.11). The regularization term on the
right-hand side of (1.2) presupposes that T is symmetric positive definite, but this will
be proved rigorously below in the case of d=2, provided that T is symmetric positive
definite at ¢ =0. In the final step of the proof, we shall pass to the limit o« — 0 with the
regularization parameter a.

The paper is organized as follows. In Section 2, we shall derive the compressible
Oldroyd-B model (1.1)—(1.11) from the compressible Navier—Stokes—Fokker—Planck sys-
tem in the Hookean dumbbell setting. In the cental part of the paper, between Section
3 and the first part of Section 11, we shall focus on the regularized model (1.12)—(1.15),
with >0, 3>0, and the global-in-time existence of weak solutions in two-dimensional
space will be proved in this case. In the second part of Section 11, we will show the
global-in-time existence of weak solutions in two-dimensional space to the original mod-
el (1.1)—(1.11) when 3 >0, by passing to the limit a— 0. Finally, the existence result
in the case of 3=0 will be established in Section 12, by passing to the limit 3 —0. We
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note that the condition L >0 is only needed in the passage to the limit 3 — 0; in other
words, as long as 3> 0, it suffices to assume that L >0.

The mathematical analysis of compressible viscoelastic fluid flow models has been
the subject of active research in recent years. The existence and uniqueness of lo-
cal strong solutions and the existence of global solutions near equilibrium for macro-
scopic models of three-dimensional compressible viscoelastic fluids was considered in
[27, 46, 45, 28, 29, 30]. Fang and Zi [17] proved the existence of a unique local strong
solution to a compressible Oldroyd-B model for all initial data satisfying a certain com-
patibility condition, and established a blow-up criterion for strong solutions. Lei [33]
proved the local and global existence of classical solutions to a compressible Oldroyd-B
system in a torus with small initial data; he also studied the incompressible limit prob-
lem and showed that solutions to the compressible flow model with well-prepared initial
data converge to those of the incompressible model when the Mach number converges
to zero. Guillopé, Salloum, and Talhouk [25] investigated weakly compressible vis-
coelastic fluids satisfying the Oldroyd constitutive law; they obtained a prior: estimates
that are uniform in the Mach number, which then allowed them to prove that weak-
ly compressible flows with well-prepared initial data converge to incompressible flows
when the Mach number converges to zero. The existence of measure-valued solutions to
non-Newtonian compressible, isothermal, monopolar fluid flow models was studied by
Necasové in [40, 41]; for bipolar isothermal non-Newtonian compressible fluids related
analysis was pursued in [42]. In a series of papers (cf. [37, 38, 39]) Mamontov developed a
priori estimates for two- and three-dimensional compressible nonlinear viscoelastic flow
problems and studied the existence of solutions. There is also a substantial literature in
chemical engineering on the use of the compressible Oldroyd-B system in modelling bub-
ble dynamics in compressible viscoelastic liquids (cf., for example, [12]). Bae & Trivisa
[1] have established the existence of global weak solutions to Doi’s rod-model in three-
dimensional bounded domains; the model concerns suspensions of rod-like molecules in
compressible fluids and involves the coupling of a Fokker—Planck type equation with
the compressible Navier—Stokes system. In a related context, Jiang, Jiang & Wang
[31] have studied the existence of global weak solutions to the equations of compressible
flow of nematic liquid crystals in two dimensions. For a survey of macroscopic models of
compressible viscoelastic flow, the reader is referred to the paper by Bollada & Phillips
[10]. As was noted there, even for isothermal viscoelastic models, the transition from
the incompressible to the compressible case is nontrivial; in fact, the precise form of
temperature-dependence in compressible viscoelastic models is not yet properly under-
stood, the development of complete, thermodynamically consistent, models being the
subject of ongoing research. We shall therefore confine ourselves here to the isothermal
setting, with the temperature assumed to be held fixed.

2. Derivation of the compressible Oldroyd-B model

In this section we recall the compressible Navier—Stokes—Fokker—Planck system con-
sidered in [5]. We shall then (formally) derive from it the compressible Oldroyd-B model
(1.1)—(1.11) by considering the special case of the compressible Hookean dumbbell model
and formulating its (formal) macroscopic closure.

2.1. Compressible Navier—Stokes—Fokker—Planck system

The solvent density ¢ and the solvent velocity field u are defined in (0,T] x Q and
(0,T] x Q, respectively, with T > 0, and satisfy the compressible Navier—Stokes equations
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with an elastic extra stress-tensor K:
Oro+div,(ou)=0 in (0,7]xQ, (2.1)
O(ou) +div,(ou®u)+Vyp(o) —div, S(Vyu) =div, K+ of in (0,7]xQ. (2.2)

The pressure p(p) and the Newtonian shear stress tensor S are defined by (1.5) and
(1.6). We shall impose a no-slip boundary condition on the velocity field; i.e.,

u=0 on (0,7]x 0. (2.3)

In the dumbbell model consisting of two beads coupled with an elastic spring rep-
resenting a polymer chain, the non-Newtonian elastic extra stress tensor K is defined
by a version of the Kramers expression (cf. (2.5) below), depending on the probability
density function v, which, in addition to ¢ and x, also depends on the conformation
vector ¢ € R? of the spring. Let D C R? be the domain of admissible conformation vec-
tors. Typically D is the whole space R? or a bounded open ball centered at the origin
0 in R%. Here we consider the Hookean bead-spring model, where D=R? and the
elastic spring-force F:qEDl—)U’(%\qF)qERd and the spring potential U:R>o—Rxo
is defined by

F(q)=qfor all ge D, U(s)=s for all s>0. (2.4)

The extra-stress tensor K is defined by the formula:

K(6)(t,) =K1 () (t2) — ( / w(q,q'>w<t,x,q>w<t,x,q'>dqdq') L (@5

x D

where, similarly to [7, 20], the interaction kernel « is assumed to be a nonnegative
constant y(q,q") =3 > 0. Consequently,

K(y):=Ki(¢) -3 (/Dlﬂdq)QlL (2.6)

The first part, K; (), of K(¢) is given by the Kramers expression

Ky () =k [Cw)L ( K dq) H} , (2.7

where k>0 is the product of the Boltzmann constant and the absolute temperature,
L =2 is the number of beads in the polymer chain in the classical Kramers expression
(in our setting L can be taken to be any nonnegative real number as long as 3>0; in
order to cover the case of 3=0 in the final step of our proof we pass to the limit 3— 0,
and this requires that L >0 in this step), and

)(t,z): /zptxq <|Q|2)qq dg. (2.8)

By noting (2.4), one deduces from (2.5)—(2.8) that in the Hookean case
K(y)=T— (kLn+3n°)L, (2.9)

where

T(M)::k/Dw(t,w,q)qud% n(t»w):Z/Dtﬁ(t,%q)dq, (2.10)
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with the quantity n being called the polymer number density. We thus arrive at the

momentum equation (1.2). Since ¢ is a probability density function, and therefore

nonnegative a.e. on [0,T] x Q2 x D and [, ,¥(t,2,q)drdg=1for a.e. t[0,T], it is clear

from (2.10) that T(¢,z) is symmetric and nonnegative definite for a.e. (¢,2z)€[0,7] x 2.
We introduce the Mazwellian M : D — [0,00) by

M(q):= %exp (—U (;Icﬁ)), WhereZ::/Dexp<—U(;p|2>>dp.

Clearly, [, M(q)dg=1.
The probablhty density function 1 satisfies the following Fokker—Planck equation
n (0,7]xQ x D:

O+ dive (i) +divy (Vo) g) =eAgt 4 1 dlvq(MV (;”4)) (2.11)

A simple calculation reveals that in the case of Hookean springs, when U(1]q \ )=13lal?,
the expression appearing in the second term on the right-hand side of (2.11) can be
rewritten as follows:

Y

MV, <M) =V h+1q. (2.12)

The centre-of-mass diffusion term A 1 is generally of the form A, ( (o )) which

involves the drag coefficient ((-) depending on the fluid density o. Here we assume that
¢ is a constant function, which is, for simplicity, taken to be identically 1. The constant
parameter € > 0 is the centre-of-mass diffusion coefficient. The parameter A >0 is called
the Deborah number; it characterizes the elastic relaxation property of the fluid.

The Fokker—Planck equation needs to be supplemented by suitable boundary con-
ditions; in the Hookean case considered here, with D =R?, these are:

¥lq|—0, Vql/wi—)O, as |q| = oo, forall (t,z)e(0,T]xQ,
4| (2.13)
On=0 on (0,T]x 90 x D.

Finally, by (formally) integrating the partial differential equation (2.11) over D and
using the boundary condition in (2.13),, and by integrating the boundary condition
(2.13), over D, we deduce the following partial differential equation and boundary
condition for the function n:

On~+divy(un)=eAzn in (0,7] x £ Oan=0 on (0,T]x 00. (2.14)

The compressible Navier—Stokes—Fokker—Planck system in the case of Hookean
bead-spring chains consists of (2.1), (2.2), (2.11), (2.14), supplemented with the bound-
ary conditions in (2.3), (2.13), (2.14), and suitable initial conditions for g, u, 9 and 7.
In the next section we use formal computations to derive the compressible Oldroyd-B
model whose analysis is thereafter pursued in the rest of the paper.

2.2. Compressible Oldroyd-B model

This section is devoted to the derivation of the model (1.1)—(1.11) from the Navier—
Stokes—Fokker—Planck system stated in Section 2.1, consisting of equations (2.1), (2.2),
(2.11), (2.14), and the boundary conditions (2.3), (2.13), (2.14).
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The continuity equation (1.1) for the fluid density g and the equation (1.3) for the
polymer number density 7, as well as the boundary condition (1.10) for 5, follow directly
from (2.1) and (2.14). From (2.2) and (2.9), we deduce the balance of momentum
equation (1.2); the boundary condition for the velocity field u follows from (2.3).

The boundary condition (1.11) can be deduced from (2.13) and (2.10). It remains
to derive the evolution equation (1.4) for the elastic extra stress tensor T. To this end,
we note the definition of T in (2.10), multiply equation (2.11) by the matrix kqqT, and
integrate it with respect to ¢ € D. In the following we shall calculate the results, term
by term. We will see that the resulting evolution equation for the extra stress tensor T
is precisely (1.4).

We begin by noting that for the first term in (2.11), associated with the time
derivative, we have that

/ 3tw(quT)dq=8t/ Ykqq' dg=0,T. (2.15)
D D
For the second term in (2.11), we have that

/divz(uw)(quT)dq (dlvxu)/w(quT)qur(u-Vx)/w(quT)dq
D D D
(

divy,u)T+ (u-V,)T
(dive(uTs,.)) ;<\, <qg=:Diva(uT).

(2.16)

For the third term in (2.11), by (formal) integration by parts and ignoring the “bound-
ary” terms at |q| = oo, for any 1<k, <d, we have, with g, being the x'!" component of
q, that

/D v (Vo)) (b da == [ (Vo)) V(gm0

D

:_k/ Z (0r510q8) Dy, (qrq.) dg

aﬁ 1
:—k/ Z ag:ﬁuaCIﬁ'(b) (q;{ OéL+QL5a /{)dq
»B 1
=k [ 3 (G do k/Z Segsa)d
D5

= (VQIUT)L,N - (VUCuT)n,L = (VEUT)H,L - (Tvgu)

Kyt "

For the fourth term in (2.11) we have that
/ eALY (quT)dqzeAx/ w(quT)dqzeAwT. (2.17)
D D

It remains to deal with the last term in (2.11). By (2.12), for any 1<k,.<d, we
have by (formal) integration by parts and ignoring the “boundary” terms at |¢|=

/Ddivq (qu (;’Z))(kqnch)/Ddivq(vqw+'¢)Q)(kQRQL)dq

(2.18)
:—k;/ (Ve +1q)-Vq(q:q.)dg.
D
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We compute the last term in (2.18), which can be decomposed into two terms. The first
one is, after a second (formal) partial integration,

—k . wq,)dg=k A, (q.q,)dg=2k6,., dg=2kné,. ,. .
/D<vqw>vq<qq>q /Dwmq)qz ,/quw, (2.19)

The second one is

d
—k/qu-vq (ququ:—k/ >, (4:) g

/ZdJQQ dk aL+QL5a n)d (220)

a=1

:_Zk/ ¥ qrq.dq.
D
Thus, by (2.18)—(2.20), we have that

% /Ddivq (qu (;Z)) (kqq")dq
1

- (k =" pl—-—T.
An 2A/1/) qq")dg= A?7 2

(2.21)

By combining (2.15)—(2.17) and (2.21), we then obtain

9, T+Div,(uT)— (V,uT+TV, u) =eA, T+ 2’"1/\7711— %T,

which is precisely (1.4). We note that if T solves (1.4) for a given u, then taking the
transpose of (1.4) we see that TT solves (1.4). Hence the symmetry of T from the
definition (2.10) is encoded in the macroscopic equation (1.4).

Having derived the model, we now focus our attention on its mathematical analysis.
We begin by establishing a priori bounds that will form the basis of the weak compact-
ness argument leading to the proof of existence of a weak solution to the system under
consideration.

3. A priori bounds

This section is devoted to the derivation of a priori bounds for the regularized com-
pressible Oldroyd-B model (1.12)—(1.15) with «, 3 > 0 subject to the boundary conditions
(1.9)—(1.11), and given proper initial conditions.

3.1. Initial data and a priori bound
We adopt the following hypotheses on the initial data:

0(0,-)=00(-) with g9 >0 a.e. in Q, o€ L?(Q),

(0,-)=ug(-) € L"(Q;R?) for some r > 2+ such that go|ug|® € L*(Q),

n(0,-) =m0 with 79 >0 a.e. in Q, o€ L*(Q), (3.1)
T(0,-) =To(-) with To=Tg >0 a.e. in €,

To € L2(4RYY), tr(logTo) € L (Q).

c

Here 4/ denotes the conjugate exponent to v>1, i.e., 1/y+1/4' =1, and T > 0 signifies
that Ty is positive definite.
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Because the density o is required to be a nonnegative function, we have assumed
that the initial datum gy is nonnegative. Since the probability density function ) is,
by definition, nonnegative, then the definitions of n and T stated in (2.10) for the
Navier—Stokes—Fokker—Planck system automatically imply that n must be a nonnega-
tive function and T must be a symmetric nonnegative definite matrix a.e. on (0,77 x Q.
However, this information concerning the nonnegativity of T is not a priori encod-
ed in the macroscopic counterpart of this kinetic model, the compressible Oldroyd-B
model (1.1)—(1.11). Furthermore, because of the presence of the logarithmic term in the
alpha-regularised model, see (1.13), we require T >0 a.e. in (0,7 x Q. We have therefore
assumed nonnegativity /positivity of the initial data for n and T, respectively, in (3.1).
For the purposes of the formal energy estimates developed in this section, we will tem-
porarily assume that (g,u,n,T) is a smooth solution to (1.12)—(1.15), (1.9)—(1.11), (3.1)
with a,3>0, and, in addition, that ¢>0, >0 and T >0 a.e. in (0,7] x . We stress
that the energy estimates below, and these nonnegativity and positivity constraints on
0, n and T, will be made rigorous in the case of d=2 later in the paper.

We deduce from (3.1), and (3.1), by using Holder’s inequality that

(0u)(0,-) = 00w = /G0 /B0 € L77T (4 RY).

For the fluid density o, integration of (1.12) over Q with respect to the spatial
variable x, performing partial integration and noting the no-slip boundary condition
(1.9) for the velocity field gives

d

T (t z)de=0 = / (t,x)dx= /Qodz, te (0,77].

For the polymer number density 7, integrating (1.14) over © with respect to the
spatial variable z, performing partial integration and noting, in addition to (1.9), the
homogeneous Neumann boundary condition (1.10) on 7 gives

T (t x)de=0 = / (t,x)dx= /noda:, te(0,7]. (3.2)

In order to derive a formal energy identity we take the inner product of the mo-
mentum equation (1.13) with the velocity field u, integrate over  with respect to the
spatial variable x, and perform partial integration noting the no-slip boundary condi-
tion (1.9) for u. In order to explain the details of the calculation, we shall perform the
computations term by term. We begin by noting that for the first term in (1.13) we
have, for t € (0,7,

2 1 1
/8t(gu)-udx:/(8tg)|u|2dx+/g@t&dx:—g/g|u|2dx—|—f/(8t9)|u|2dx.

For the second term in (1.13),

/divw(gu@)u)-udx:—/(gu@u) Vudr=— Z/Qu u; 0, u;dx
Q Q

7,5=1

=— Z/Quﬂz O, [0 dm—f/gdivm(gu)|u\2dx, te(0,7].

1,j=1
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For the third term in (1.13),

/Vzp udx——/( o")divyude, te(0,T).
Multiplication of (1.12) by 07! gives
00" +divy(0"u)+ (y—1)0"div,u=0.

Thus, thanks to the boundary condition (1.9) and our assumption that > 1, we have
that

a d
/pr ‘udz = / (atg"*—kdlvm( ))d:rzy_lg-/ﬂg"ydm7 te(0,T).

For the fourth term in (1.13),
/vx (kLn+3772)~ud:r:ka/ndivmudxfg/772divmudm, te(0,7].
Q Q Q

Let b: [0,00) = R be a continuous function and b€ C*(0,00). Recalling our assumption
1 >0, multiplication of (1.14) by b’(n) yields that

0rb(n) +dive (b(n)u) + (b'(n)n —b(n)) diveu=eb'(n) Azn. (3.3)
By choosing b(n) :=nlogn+1, we obtain from (3.3) that
d(nlogn+1)+divy ((nlogn+1)u) +ndiv,u—diveu=e(1+logn) Ayn.

Thanks to the boundary conditions (1.9) and (1.10) we then have that
d 1
—kL/ ndivzudx:kL—/(nlognJrl)derskL/ —|Vn|?de, te(0,7]). (3.4)
Q dt Jo Qn

By choosing b(n) :=n? in (3.3) we obtain from (3.3) that
Ot (n?) +div, (n*u) +n?div,u=2enA,n.

Hence, thanks again to the boundary conditions (1.9) and (1.10), we obtain

d
—3/nzdivmudx:;,—/nde—stg/ |Ven?de,  t€(0,T). (3.5)
Q dt Jo Q

By combining (3.4) and (3.5), the fourth term in (1.13) can be therefore rewritten, for
t€ (0,71, as follows:

d kL
/Vm (kLn+3n2).udx:—/ (kL(nlogn—l—l)—&—yf) dx—i—/ (+25)5V:v77|2d$.
Q dt Jo o\ "

For the fifth term in (1.13) we have

au 1
_/ div, S(V u) -udx:/ (NS (qu—;ku — d(divzu)]l) —i—uB(divmu)]I) :Vyude
Q Q

2
Q

VmquVEu

1 ..
5 - g(dwxu)l[

+ B |divu)?de,  te(0,T7].
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For the sixth term in (1.13) we have

diva-udx:—/ T:V,udz, te(0,7).
Q Q
For the seventh term in (1.13) we have

—g/Vg;tlr(logﬂ‘)udyc:g/tr(log']T)(divggu)dav7 te(0,7).
2 Jo 2 Ja

Therefore, by summing up the above identities, we deduce, on noting (1.12), that

d 1 9 a . 9 / kL 9
— - — L(nl 1 —+2
G Q{2Q|U| e + (kL(nlogn+1)+371%) | dz+ AR e|Vnl*da
T 2
—|—/us W—é(divxu)ﬂ + B |div,u)? dz (3.6)
Q

:—/T:undx—l—g/tr(logT)dikudx—i—/gf-udx, te(0,7].
Q 2 Jao Q

In order to complete the derivation of a (formal) energy identity for the system,
we need to deal with the first two terms on the right-hand side of equation (3.6). As
far as the first term on the right-hand side of (3.6) is concerned, by taking the trace of
equation (1.15), integrating over Q with respect to the spatial variable x, and using the
boundary conditions (1.9) and (1.11), we deduce that

tr(’I[‘)dachi tr('ﬂ‘)dm:ﬁ (n+a)dx+2/T:Vzudx, t€(0,7]. (3.7)
Q

dt Jo 2X Jo 2X /g,

Here, we have also noted that tr(PQ™)=P:Q for all P,Q € R"*". Therefore, (3.6)+
1(3.7) gives

d
at Jq,

kL
+/ <+23>5|Vz77|2dx+/u3
o\ Q

1
— T
™ Qtr( ) dx

1 1
|:2Qu2 + %97 + (kL(nlogn+1)+3n*) + 2t]r(?l‘)] dz

qu—kvgu 1 . 2
f—a(dlvzu)ﬂ

(3.8)
+ 1B |div,ul?de +

kd

z/gf~udx—|—— (n—i—a)dx—i—g/tr(log'ﬂ‘)divzudx, te(0,7).
Q 4N Jo 2 Ja

We are left to deal with the final term on the right-hand side of (3.8) (which is the

same as the second term on the right-hand side of (3.6)); this requires some nontrivial

calculations, which we shall next discuss.

3.2. A logarithmic bound

In this section, inspired by the study of the incompressible Oldroyd-B model in
[26, 34, 2], we derive a logarithmic bound on the extra stress tensor T and a bound
on T~ . These are needed both to complete the derivation of the (formal) energy
identity for the system, as well as in the construction of the sequence of approximating
solutions. As we shall see below, the computations aimed at dealing with the final term
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on the right-hand side of (3.8) will yield a term in the (formal) energy identity for the
system (1.12)—(1.15), (1.9)—(1.11), (3.1), which will ultimately ensure the positivity of
T a.e. on Qx (0,7]. For the purposes of the formal calculations that will now follow,
we temporarily assume that T is a symmetric positive definite matrix.

Let T~'=(T"1)1<x,.<a be the inverse of T. We compute the inner product of
equation (1.15) and T—!. We recall the following formula, usually referred to as Jacobi’s
formula:

O(detT) = (detT)tr (T~'OT);  hence  d(logdetT)=tr(T *9T)=aT:T" !, (3.9)

where, in the present context, 0 is a derivative in space or time. Since T is symmetric
positive definite, we can define its real logarithm, logT, which is a symmetric matrix
such that e'°¢T =T. Indeed, upon diagonalization of T, using the orthogonal d x d matrix
O, we have that

T=0diag{\1,\2,..., ¢} O and therefore logT=Qdiag{logA;,log\s,...,JlogAs}OT,
where A\, >0, k=1,...,d, are the eigenvalues of T. Thus, we have the following identity:
tr (logT) =logdetT. (3.10)
By (3.9) and (3.10), we have for the first term in (1.15) that
O, T: T~ =9, (logdetT) = d;tr (logT). (3.11)
For the second term in (1.15) we have that
Div,(uT): T~ = ((u-V,) T+ (div,u)T): T~ = (u- V,)tr(logT) +ddiv,u.  (3.12)
For the third term in (1.15) we have
— (VouT+TV u): T =—tr ((VouT+ TV u) T ) = —2tr(V,u) = —2div,u.
Thus, by taking the inner product of equation (1.15) with T~!, we obtain

Otr (logT) + (u-Vy)tr (logT) + (d —2) div,u
d (3.13)

zeAwT:T_l—i—i(n—l—a)tr (T™Y) - TS

2\
After integrating (3.13) over 2, performing partial integration and noting the boundary
condition (1.9) on u, we have that, for ¢ € (0,77,

g/tr(logT)dﬂc:/(divggu)tr(log?l‘)dav

4 (3.14)

k
Lm—1 -1 -0
—&—E/QAQE']I‘.']I‘ dx+—2/\/ﬂ(n+a)tr(]l )dx 2)\| |

To proceed, we require the following lemma whose proof is elementary but rather lengthy
and has been therefore relegated to Appendix A.

LEMMA 3.1. Let IPEW2’2(Q;RdXd)ﬂgl(ﬁ;RdXd) be a symmetric matriz function,
which is positive definite, uniformly on ), and satisfies O,P=0 on 9S; then,

/QAAP’:IP’_ldx:jil/Qtr(((5IjIP’)(IP_1))2)d:cZCli/QWa;tr(logP)zda:. (3.15)
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We continue our formal calculations under the assumption that T(¢,-) satisfies the
hypotheses of Lemma 3.1 for £ € (0,T]. By subtracting §(3.14) from the a priori bound
(3.8) and using (3.15), we finally obtain the following (formal) energy identity:

((1125/{ olu |2 ’yal V-f—(161/(77102%‘77-1-1)—1'2177 )—%—;tr('ﬂ‘—alog'ﬂ‘)}dx

+/Q(knL+23>5Vw|2dx+a2€§:/ﬂtr(((3xﬂr)(qr1))2)dx

2
Q

+ 1P |div,ul? dx
YA

kd ad
_/ng-uda:+ﬁ/(n+oz)dx+4)\|0| te(0,7].

Vmu—i—Vgu 1 ..
— g(dlvzu)]l

(3.16)

tr(T) dx+4—§ (n+a)tr(T™") da

This (formal) energy identity will be the starting point for the development of the weak

compactness argument leading to the proof of existence of a global-in-time large data

finite-energy weak solution to the compressible Oldroyd-B system under consideration.
To this end, we make some preliminary observations. Let us denote by A\., k=
.,d, the eigenvalues of the symmetric positive definite matrix T. Then,

d
tr('I[‘—alog']I‘):Z()\,{—alog)\ Za aloga)=d(a—aloga).

k=1
Hence, for any >0, we have that
tr (T —alogT) +d(aloga—a) >0. (3.17)

Motivated by (3.16) and (3.17), for ¢ € [0,7] we consider the following nonnegative
energy functional:

1
E(t)r=/ [Q|u|2+a@”+(kL(n10gn+1)+3n2)
Q v—-1
) (3.18)
i(tr(']l‘ alogT)+d(aloga—a)) |dz.
Holder’s inequality then gives
/Qé)f'UdeS £ (0,71 x k) [[Velull| L2 (ray Vol L2 SCE(t),  te(0,T],

for some positive constant C'=C(f,a,v). Also, as n(logn—1)+1>0 for >0, we have
that

max{1,a|Q|}
< >0: .
/Q(n(t,a:)+oz)dx_ ST (B 1), O] when L>0 and 520: (3.19)

similarly, as n+a < (% +a)+ 2%’ 3n?, by integrating this inequality over € we deduce that

1 1
/Q(r](t,x)—ka)dajgmax{ (2 —|—04> |Q,23} (E(t)+1), t€(0,T], when L>0 and 3>0.
(3.20)
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Thus, integrating (3.16) over the time interval [0,¢] with respect to the temporal
variable and noting (3.15) implies that

//(+2§>€Vz77|2dl'dt +— //\V tr (logT)|* da:dt’

T
z 1,
n / / S|Vt Vou dwwu)ﬂ
0 JQ

E< + 1B |div,u)? dzdt’

—i—l/t/tr(T)dxdt’—i—ak/t/( +a)tr (T™") dzdt’
Ny Jo Sy S

t
< Ey+C | E({)dt' +Ct, te(0,7],
0

(3.21)

where, if L >0, the positive constant C' depends only on ||f||e((o,rxqre) and
the parameters a,v,k,d,L,\ a,|?|, but it is independent of 3>0; whereas if 3>0,
then the positive constant C' depends only on ||f|[ (0 rxore) and the parameters
a,v,k,d,3,\ a,|Q, but it is independent of L >0. The initial energy

1 a
Ey 5:/ [290|u0|2+ ——00 + (kL(nologno +1) +375)
Q -1 (3.22)

+—- (tr(To—alogTy) +d(aloga— a))} dz

DN | =

is finite thanks to the assumptions on the initial data stated in (3.1). Thus, Gronwall’s
inequality implies that

//<+2;,>5|Vm| dedt’ + 2d/ /|V tr(logT)|? dz:dt’
// s|Va u+VT 1

d

4)\/ /tr dedt + 22 // (n+a)tr (T™") dzdt’

< (Eo+Ct)e € (0,7,

(dlvaju)]l + pB|div,ul? dzdt’

(3.23)

where, if L >0, the positive constant C' depends only on ||f||e((o,rxqre) and
the parameters a,v,k,d,L,\ a,|Q|, but it is independent of 3>0; whereas if 3>0,
then the positive constant C' depends only on [|f|| ;e ((0,7]xqre) and the parameters
a,v,k,d,3,\a,|Q], but it is independent of L >0.

Next we recall Korn’s inequality (see, for example, [14]): there exists a positive
constant C'=C/(d,2) such that

IVl r2(qraxay < C = (div,v)I YveW,?(Q,RY). (3.24)

Vaiv+ ng 1
2 d

LZ(Q;RdXd)

Thus we deduce the following (formal) inclusions from the a priori inequality (3.23):
0€ L=(0,T;L7(R), ueL*(0.TsWy*(%RY),  olu® € L%(0,T5L1(R)),
n€L>®(0,T;L*(Q))NL*(0,T;W"(Q)), (n+a)tr(T')eL'(0,T5L' (), (3.25)
tr(T—alogT) € L=(0,T;L'(Q)), Vatr(logT) € L*(0,T;L* (4 RY).
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Unfortunately, these bounds on T are not strong enough in order to establish the exis-
tence of a solution to the regularized compressible Oldroyd-B model (1.12)—(1.15) with
a, 3> 0 subject to the boundary conditions (1.9)—(1.11), and initial conditions (3.1).

3.3. A further bound in two space dimensions

In this section we will show that when d=2 one can establish stronger bounds on
T than those stated in (3.23) and (3.25). The key step is to take the inner product of
(1.15) with T and integrate over € with respect to x. Direct calculations imply that

1
2 2
2dt/|T| dx+5/|V T|? dx+2)\/\’ﬂ‘| dz

—/Divl.(uT):de—&—/ (V,uT+TV,u): Tda:—|—2k)\/(77—|—a)}1:Tda:

| &
2/(d1vzu)|'JT|2dx+2/|V$u||T\2dx+ /|T|2dx+ [ (r+o)da

2\

k2
<3/ Vu||T|?dz + — /|’]I‘| de+ — (77+a)2dx, t€(0,7].

2A
Thus, for t € (0,77,

2 2 2
2dt/|T| dx+s/ V. T)*dz+ — /|’]I‘| dz

) (3.26)
SS”V uHL2(Q;R2><2 HT”L‘I R2x2)+2)\/(77—|—0z)2dx.

We recall the following Gagliardo-Nirenberg inequality: let G C R? be a bounded Lip-
schitz domain; then, for any r €[2,00) if d=2, and r €[2,6] if d=3, one has, for any
ve W12(G), that:

1
lolerie) < ClrdMIolsley ol 0=d(3-7). 321

Hence, in the case of d=2 and G'=Q CR?, we have, for t € (0,T], that

ITNZ s (umaxe) < C TN L2 (@maxe) [ Tllwr.oimaxa)

(3.28)
< C”T"L?(Q;RZX?) (HTHLZ(Q;RQXZ) + ||V$T||L2(Q;R2x2x2)) .
This implies, for t € (0,T], that
3||vxu||L2(Q;R2X2) ||TH%4(Q;]R2X2)
(3.29)

€
< CO|IVaulZsqmexay I Tl 2 @maxe) + 3 TN 2 (o maxzy + By IVoT|7 2 (0 mex2xz)-

As 3>0, we have from the a priori bound (3.23) that ||77||%0C(07t;L2(Q)) <C(t,Ep,371).
We thus deduce from (3.26) and (3.29) that, for ¢ € (0,77,

d 1 _
&/Q|T|2dx+5/Q|V$T\2dm+ﬁ/§2|'H‘|2dsc§C||V$u||2Lz(Q)H'JI‘||%z(Q)—|—C(t,EO,5 .
Now, Gronwall’s inequality implies that, for ¢t € (0,71,

t N2 ’
1T e ey < 0 ¥ a2y O (2 sy +C (1 Bo,57) ) - (3:30)
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Finally, by invoking the a priori bound (3.23) again we deduce that, for ¢ € (0,77,

t 1 t
/\T(t)|2dx+5/ /\Vw'IHdedt’—i——/ /\T|2dxdt’
Q 0 Ja 4X Jo Ja (3.31)

< C(t,Eo,g_l, ||T0||%2(Q;R2x2))~

Thus, in the case of d=2 and 3> 0, we can supplement (3.25) with the following stronger
inclusion for T:

T e L>(0,T; L* (1 R?*2)) N L2(0,T; WH2(Q; R**2)).

Finally, we will also consider the case of d=2 and 3=0 in the final step of our exis-
tence proof. To this end we require bounds on ||V z2 (0,712 (0;r2x2)) and the second
term on the right-hand side of (3.26) that are uniform in j as 3— 0. The derivation of
the required j-uniform bounds is the subject of the following remark.

REMARK 1. The 3-uniform bound on ||V ul|r2(0,7;12(qr2x2)) @5 a direct consequence
of (3.23), with L>0, and (3.24). To show that the constant on the right-hand side of
(3.31) is uniform as 3—0, by (3.26) it suffices to show that the norm ||n||L20,7;12(q)) 5
uniformly bounded as 3—0. As |nlogn| <nlogn+1 for all n>0, it follows from (3.23),
considered in the case when L>0 and 3>0, that

Inlognll Lo 0,721 () + | Van? | 2 (0,712 (sm2y) < C(T, Eo, L), (3.32)

where, for any (fized) L >0, the constant C(T,Ey,L™1) is bounded as 3— 0. By direct
computation, for t€ (0,7,

/Q |Van|dz = /Q|2n%vzn%\dxsznn%||L2(Q>Hvzn%||m(m:2Hn||%1(m||vmn%||Lz<m7
and by (3.32) we therefore have that
Im1l 207w 11 () < C(T,Eo,L71).
As d=2, the Sobolev embedding of WH(Q) into L?(Q) then gives that
Inllz20,7:L2(0)) < C(T, Eo, L),

as required. Consequently the constant appearing on the right-hand side of the inequal-
ity (3.31) is independent of 3, and (3.31) therefore provides a uniform bound on T in
L*(0,T; L2 (RPN L2(0, T; WEH2(;R2%2)) as 3—0, for any (fized) L > 0.

Motivated by these formal calculations, we shall now embark on a rigorous argument
aimed at proving the existence of global-in-time large data finite-energy weak solutions
to the compressible Oldroyd-B model for the case d=2.

4. Weak solutions, main results and the construction of approximating
solutions

The rest of the paper is devoted to the proof of the existence of global-in-time
large data finite-energy weak solutions to the regularized compressible Oldroyd-B model
(1.12)—(1.15), (1.9)—(1.11), (3.1) in the case d=2, followed by passage to the limit a—0
with the regularization parameter o >0 under the assumption that 3>0. Finally, we
cover the entire range of 3 >0 by passing to the limit 3 — 0 assuming that L > 0.
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4.1. Weak solutions and main results

Our main result is the proof of the existence of global-in-time large data finite-
energy weak solutions to the compressible Oldroyd-B model in the two-dimensional
setting. First of all, we give the definition of a finite-energy weak solution to the a-
regularized problem (1.12)—(1.15), (1.9)—(1.11), (3.1).

DEFINITION 4.1. Let T>0 and let QCR? be a bounded C*? domain, with 0<B<1.
Let £€ L>=((0,T] x ;RY).  We say that (0,u,n,T) is a finite-energy weak solution in
(0,T] xQ to the system of equations (1.12)—(1.15), (1.9)—(1.11), with 3>0 fized and
a>0, supplemented by the initial data (3.1), if:
e p>0ae in (0,7]xQ, 0e€Cyu([0,T;L7()), wueL(0,T;W;*(Q;R)),
T is symmetric;

oue Cy([0,T]; L7 (RY),  glul> € L™(0,T;L(R)),

n>0ae. in (0,7]xQ, ne€C,([0,T];L*(Q))NL*(0,T;WH2(Q)),

T>0 a.e. in (0,7] %,

Te Cu([0, 7] L2 (R™)) N L2(0, 75 W (Q;R)),

tr(logT) € L>(0,T; L' (Q))NL2(0,T;Wh2(Q)),

(n+a)tr (T~) € L' (0,T; L1 ().

e For any t€(0,T] and any test function ¢ € C([0,T] xQ), one has
/ [ levroon-Vos]dzat' = [ ot oo [ wo(0)de, (32

t
//[Uat¢+nu-vw¢—svwn-vxqb]dxdt’
0 JQ

— [0ttt )de [ moo(0.)da
Q Q
e For any t€(0,T] and any test function @ € C>([0,T];C>(;RY)), one has

(4.3)

t
//S[gu-&,gp—&—(gu@u):ngo+p(g)div$go
0 Jo

+ (kLn+3n°) divye —S(Vyu): V] dodt’
t
:/ /’]I‘:chp—%tr(log’ﬂ‘)divxgo—gf-cpdxdt’
0o Jo
+ [ outt.) (e )do~ [ oo p(0.)da.
Q Q
e For any t€(0,T] and any test function Y € C°°([0,T] x ;R¥*?) | one has
t
/ / [T:0, Y+ (uT)::V,Y+ (V,uT+TVou):Y—eV,T:V,Y] dzdt’
0
/ / { (n+a tr(Y)+21)\T:Y] dzdt/ (4.5)
+/’]I‘(t,-):Y(t,~)dx—/']I‘O:Y(O,~)dx,
Q Q
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where the terms involving the notation :: are

(uT)::V,Y = Ed:u,iY 00, Y, VTV, Y= Ed:(’?zﬁ']l' 10z, Y. (4.6)
k=1 k=1
e The continuity equation holds in the sense of renormalized solutions:
0¢b(0)+divy(b(o)u) + (b'(0)o—b(p))div,u=0 in D'((0,7)xQ),  (4.7)
for any be C[0,00)NC(0,00) such that
I/ (s)] < Cs™™ Vse(0,1] and |V (s)|<Cs™ Vs>1, (4.8)
where Ao <1 and A1 € (—1,00); see (6.2.9) and (6.2.10) in [435].
e For a.e. t€(0,T] the following energy inequality holds:

t t
E(t)—|-25/ /2I<;L\Vw17%|2+3|vz77|2dxdt’+afg/ /|V1tr(logT)|2dxdt'
0 Ja 2d Jo Jo

t 2
+/ /,us + pB|div, ul* dzdt’
0 JQ
+1/t/tr(’]l‘)datdt'+ak/t/( +a)tr (T™) dadt!
Ny Jo Sy S
¢ kd ad
<FE foude+ — dz+ =< ||| dt’
<Bot [ | [ ofuaes 5 [rarars Slalar,

where E(t) and Eq are defined by (3.18) and (3.22).

REMARK 2. Definition 4.1 is fairly standard. The energy inequality (4.9) identifies
an important class of weak solutions, usually termed dissipative or finite-energy weak
solutions. We note that, given a smooth solution, the energy inequality (4.9) can be
derived by integrating the a priori bound (3.16) over [0,t] with respect to the temporal
variable and using Lemma 3.1.

V,u+Viu 1
2 d

(div,u)l

REMARK 3. In Definition 4.1, we assume sufficient regularity for T in (4.1). This
allows us to choose T as a test function in the weak formulation (4.5) and to derive the
following inequality in the two-dimensional setting: for a.e. t€ (0,7,

1 t 1t
7/ |’]I‘(t)|2dx+5/ /|VIT\2dxdt’+—/ /|’]I‘|2dxdt’
2 Q 0 JQ 4\ 0 JQ

1 t k2 t
<1 |T0|2dx+3/ /|qu||T\2da:dt’+—/ /(n+a)2dxdt’.
2Ja 0 Jo 22 Jo Ja

Given a symmetric positive definite matriz function T satisfying (4.1), all of the terms
appearing in (4.10) are meaningful. Moreover, by the argument presented in Section
3.8, we can derive the uniform bounds stated in inequality (3.31).

(4.10)

We are now ready to state our first main theorem, which asserts the global-in-time
existence of large data finite-energy weak solutions to the a-regularized compressible
Oldroyd-B model in the two-dimensional setting when 3 > 0.

THEOREM 4.2. Let d=2 and suppose that v>1, 3>0 and a>0. Then, there exist-
s a finite-energy weak solution (o,u,n,T) to the a-regularized compressible Oldroyd-B
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model (1.12)—(1.15), (1.9)—~(1.11) with initial data (3.1), in the sense of Definition 4.1.
Moreover, the extra stress tensor T appearing as the fourth component of such a weak
solution (o,u,n,T) satisfies the inequality (3.31), and the constant on the right-hand
side of (3.31) is independent of 3 as long as L>0.

The proof of Theorem 4.2 involves four levels of approximation, which are described
in Section 6; the respective passages to the limits with the four levels of approximation
are carried out in Sections 7-11.

Our second main result is stated in Theorem 11.2, and concerns passing to the
limit @ — 0 with the regularisation parameter >0 in the sequence of solutions whose
existence is asserted by Theorem 4.2, thus proving the existence of large data finite-
energy global weak solutions, in the sense of Definition 11.1, to (1.1)—(1.11), with L>0
and 3>0. Finally, in Theorem 12.1 we pass to the limit § — 0, assuming that L >0, to
deduce the existence of large data finite-energy global weak solutions to the compressible
Oldroyd-B model with stress diffusion in two space dimensions, for the entire range of
parameters 3 € [0,00), including 3=0. We conclude with a further result, which shows
that if the initial polymer number density has stronger integrability than LlogL(2),
say 19 € L1(Q2), ¢>1, then the regularity and the integrability properties of 7(t,-) for
t € (0,7 are also improved.

Before embarking on the technical part of the paper, we recall, in Section 5, a
number of preliminary results, which will be required in the proofs.

5. Preliminaries
In this section we recall some technical tools that will be required in the analysis
pursued in the rest of the paper.

5.1. Classical mollifiers

Let ¢ € 0°(R%) be a nonnegative, radially symmetric function such that supp¢ C
B(0,1) and [;,¢(z)dz=1. We define the mollification kernel (o(-)=77¢(5) for any
6> 0. Then for any locally integrable function v defined on R? with values in a Banach
space X, we define the classical (Friedrichs) mollifier Sy as the following convolution
operator:

Solv] :=<9*U:Adce<x—y> u(y)dy.

Some of the key properties of Sy are summarized in the next lemma.

LEMMA 5.1 (Theorem 10.1 in [22]). Let X be a Banach space. If ve Li (R%X),
we have that Sp[v] € C= (R X). In addition, the following hold:
(i) If ve LY (R4 X), 1<p<oo, then Splv]€ LY (R%X); furthermore, So[v]—v
in LY (R%X), as 60— 0.
(it) If ve LP(R%:X), 1<p<oo, then ||So[v]|lrera.x) <|vllLowa;x); furthermore,
Splv] = v in LP(R% X), as 6 — 0.
(i) If ve L>*(RYX), then ||Sp[v]]| oo ma;x) < 0]l Lo (me:x)-

5.2. The Bogovskii operator
We recall the Bogovskil operator, whose construction can be found in [11] and in
Chapter IIT of Galdi’s book [23]; see also Lemma 3.17 in [43].

LEMMA 5.2. Let 1<p<oo and suppose that G CR? is a bounded Lipschitz domain. Let

L{(G) be the space of all LP(G) functions with zero mean value. Then, there exists a
linear operator Bg from LE(G) to Wy (G;R?) such that for any pe LY (G) one has

diveBa(p)=p inG: [Ba(p)lyrngzs <cp.d.G) ol oo,
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If, in addition, p=div,g for some g€ LI(G;R?), 1<g<oo, g-n=0 on 9G, then
the following inequality holds:

1B (0|l La(aray < e(d,q,G) |8l La(airay-

5.3. Compactness theorems
We begin by recalling the following result, usually referred to as the Aubin—Lions—
Simon compactness theorem (see Simon [47]).

LEMMA 5.3. Let Xy, X and X, be three Banach spaces with XqC X C Xy. Suppose
that Xg—— X, i.e. Xg is compactly embedded in X, and that X — X1, i.e. X is
continuously embedded in X1. For 1 <p,q<o0, let

Y ={veL?(0,T;Xy):0we L0,T;X,)}.

Then, the following properties hold:
(i) If p<oo, then the embedding of Y into LP(0,T;X) is compact;
(i1) If p=oc and g>1, then the embedding of Y into C([0,T];X) is compact.

We shall also require the following generalization of the Aubin—Lions—Simon com-
pactness theorem due to Dubinskii [15] (see also Barrett & Siili [6]). Before stating the
result, we recall the concept of seminormed set (in the sense of Dubinskii). A subset
Xp of a linear space X over the field of real numbers is said to be a seminormed set if

Av e Xy, forany Ae€[0,00) and any v € Xy,

and there exists a functional on Xy (namely the seminorm of Xy), denoted by []x,,
satisfying the following two properties:
(i) [v]x, >0 for any v € Xy, and [v]x, =0 if and only if v=0;

(i1) [Av]x, =A[v]x, for any A€[0,00) and any v € Xj.

A subset B of a seminormed set X is said to be bounded if there exists a positive
constant ¢> 0 such that [v]x, <c for any v€ B. A seminormed set Xy contained in a
normed linear space X with norm ||-||x is said to be continuously embedded in X, and
we write Xg <> X, if there exists a constant ¢> 0 such that

vl x <clv]x,, for any ve X,.

The embedding of a seminormed set Xy into a normed linear space X is said to be
compact if from any bounded infinite set of elements of X one can extract a subsequence
that converges in X.

We remark here that, for the sake of simplicity of the exposition and our mathe-
matical notations, the extraction of subsequences from sequences (e.g. the extraction of
weakly or weakly-* convergent subsequences from bounded sequences, or the extraction
of almost everywhere convergent subsequences from strongly convergent sequences) will
not be explicitly indicated.

LEMMA 5.4 (Dubinskii’s compactness theorem). Suppose that X is a seminormed
set that is compactly embedded into a Banach space X, which is continuously embedded
into another Banach space X1. Then, for any 1 <p,q< oo, the embedding

{veLP(0,T;Xy):0,ve LY0,T;X1)} — LP(0,T;X)

18 compact.
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5.4. On C,([0,T];X) type spaces

Let X be a Banach space. We denote by Cy([0,7];X) the set of all functions
v€ L*>®(0,T;X) such that the mapping t € [0,7]— (¢,v(t)) x €R is continuous on [0,7
for all ¢ € X’. Here and throughout the paper, we use X’ to denote the dual space of
X, and (-,-)x to denote the duality pairing between X’ and X.

Whenever X has a predual F, in the sense that E' = X, we denote by Cy.([0,7]; X)
the set of all functions v € L*°(0,T;X) such that the mapping ¢ €[0,T]— (v(t),¢)p €R
is continuous on [0,T] for all ¢ € E. We reproduce Lemma 3.1 from [7].

LEMMA 5.5. Suppose that X and Y are Banach spaces.

(i) Assume that the space X is reflexive and is continuously embedded in the space
Y, then,

LOO(OaT;X)ma([O’T};Y) :Cu,([O,T];X).

(i1) Assume that X has a separable predual E and Y has a predual F such that F
s continuously embedded in E; then,

L0, T; X)NCuws([0,T];Y) = Cyuu ([0, T]; X).

Part (i) is due to Strauss [48] (cf. Lions & Magenes [36], Lemma 8.1, Ch. 3, Sec.
8.4); part (ii) is proved analogously, via the sequential Banach—Alaoglu theorem.

We recall the following Arzela—Ascoli type result, and refer to Lemma 6.2 in [43]
for its proof.

LEMMA 5.6. Let r,s€(1,00) and let G be a bounded Lipschitz domain in R, d>2.
Suppose that (gn)nen is a sequence of functions in Cy,([0,T]; L*(G)) such that (gn)nen
is bounded in C([0,T];W =17 (G))NL>(0,T;L*(G)). Then, there exists a subsequence
(not indicated) such that the following hold:

(i) gn—g in Cyw([0,T); L (G));

(it) If, in addition, r< %, or r><% and s>

([0, T, W=H(@G)).
5.5. Regularity of the parabolic Neumann problem

We first introduce fractional-order Sobolev spaces. Let G be the whole space R? or
a bounded Lipschitz domain in R?. For any k€N, 8€(0,1) and s € [1,00), we define

dr
d+r’

then g,—g strongly in

W]H—B’S(G) = {v S Wk’S(G) : ||U||Wk+5,s(G) < OO},

where

1
0%v(x) —0%v(y)|® :
lvllwr+s.sc) = vllwes @)+ Z (/G/G o — g1 dxdy | .

|| =k

The following classical results are taken from Section 7.6.1 in [43]. Let G be a
bounded domain in R% and consider the parabolic initial-boundary-value problem:

Op—eAzp=h in (0,T]xG, p(0,-)=po iInG, Jap=0 in (0,7]x0G. (5.1)

Here €>0, pg and h are known functions, and p is the unknown solution. The first
regularity result of relevance to us here is encapsulated in the following lemma.

LEMMA 5.7. Let 0<8<1, 1<p,q<oco and suppose that G is a bounded domain in R?,

2
GeC?P, pyeWe ™ heLP(0,T;LUG)),
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2-24q . . . — .
where W *'" is the completion of the linear space {ve C*(G): dav|q =0} in the norm
of WQ_%’q(G). Then, there exists a unique function p satisfying

p€ LP(0,T;W24(G)NC([0,T;W?59(G)), dype LP(0,T;LY(G))

and solving (5.1), a.e. in (0,7]x G, (5.1), a.e. in G; in addition, p satisfies (5.1)4 in the
sense of the normal trace, which is well defined since Ayp€ LP(0,T;LY(G)). Moreover,
we have that

1—1
e r HpHLOC(o,T;W%%“’(G)) + ||8tp||Lp(o,T;L'I(G)) +ellpllLeorw2a(a)

-1
<C(p.q.G) [51 r HPOHWL%,(; & +hll e oi206)) -

(

The second result that we state concerns parabolic problems with a divergence-form
source term, h=div,g.

LEMMA 5.8. Let 0< <1, 1<p,q<oo and suppose that G is a bounded domain in R?,
GeC*P, pyeLYG), geLP(0,T;L(G;RY)).

Then, there exists a unique function p€ LP(0,T;Wh4(G))NC([0,T);LY(Q)) satisfying
(56.1), a.e. in G and

d
— p¢dx+5/ pr-qude:—/g-de)dx in D'(0,T).
dt Jg G G

Moreover, we have that

_1
el ||p||L°°(O,T;Lq(G)) +€||prHLP(O,T;L‘1(G;Rd))

<C(p,q,G) [ﬁlf% llpollzeca) +|

g||Lp(o,T;Lq(G;Rd)) .

6. Definition of the sequence of approximating solutions

We will prove Theorem 4.2 by means of a four-level approximation, inspired by the
construction of approximate solutions in [21, 18, 22] for the study of the compressible
Navier—Stokes equations and in [2] for the study of the incompressible Oldroyd-B model.
In this section we will describe our four-level approximation scheme. In subsequent
sections we will prove the existence of solutions to each of the approximation levels,
the convergence of the approximating solution sequence at each level, and will complete
the proof of Theorem 4.2. Finally, upon passing to the limits o — 0 and 3 — 0, we will
deduce the existence of a global-in-time large data finite-energy weak solution to the
original compressible Oldroyd-B model, (1.1)—(1.11), for the entire range of 3 €[0,00),
including 3=0.

In the sequel, we shall occasionally retain the symbol d in certain (in)equalities in
order to emphasize the role of the number of space dimensions in the (in)equality con-
cerned, but it will be understood throughout that the analysis that follows is restricted
to the case of d=2.
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6.1. Mollification of the initial data
First of all, we consider a mollification of the initial data by using the mollifier
introduced in Section 5.1.

Let d=2, let 2 CR? be a bounded C?# domain, with 8€ (0,1), and let the initial
data gg,u9,7m0,To be given, as in (3.1). We consider the zero-extension of (gg,u9,70,To)
to the whole of R2, still denoted by the same symbols, outside of the domain 2. We
then define for > 0 the following mollified initial data:

00,06 =0+ Ssl00]; w00 =Sp[uol; Mo,e:=0+Se[no]; To,e:=01+54[To). (6.1)

Thanks to the properties of the classical Friedrichs mollifier listed in Lemma 5.1, we
have the following bounds and convergence results, as 6 — 0:

00,0 €C®(R?), < 00,0 <C(0), 00,0 — 00 in LY();

ug ¢ € C°(R%;R?), ugp—ug in L7(Q;R?) for r€[1,00);

20,6106 = goluo|* in L'();

20,60u0,6 € C*(R*R?), 09,9u0,6 — oug in L1 (O;R2); (2
no,0 € C™(R?), 0<n0,9 <C(0), mo,0—no in L2();

To,0 € C*°(R%;R**?), §<To,9=Tj 9 <C(6), Top—To in L*(Q;R>*?),

where C(0) signifies a constant depending only on . By Sobolev embedding,

Lo (®2) <O+ |S0[0] || e (r2) <O+ C||Sole]l w2 m2) <O+CO2,

100,

and we can therefore take C(0)~672 as 6 — 0.

6.2. First level: artificial pressure approximation

Let o1 >0 be small and I > 4. We consider the following system of equations, which
results from a modification of the pressure in the system (1.12)—(1.15):

Oro+div,(ou) =0,
Or(ou) +div, (pu®u)+V,.p(0) ++ Va (kLr] +3772) —div,S(V, u)
—div, T — %thr (logT) + of,
din+divy (nu) =eA,n,

k 1
9, T+Div,(uT)— (V,uT+TV, u) =eA, T+ ﬁ(n—i-oz)]l— 511".

We impose the same boundary conditions as in (1.9)—(1.11) and we consider the mollified
initial data defined in (6.1), satisfying (6.2).

6.3. Second level: dissipative approximation

Let 09 >0 be small. We consider the following system of equations, where a dis-
sipative term is added to the continuity equation and, in order to maintain an energy
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bound, a term is added to the momentum equation:

Oro+div,(ou) :, (6.3)
at(gu)"_divm(gu@u)+Vzp(9)+ Ulvzgp +| 02VuVyo
+V, (kLn—i—;,nQ) —div,S(V,u)
= div,T— % V,tr(logT) + of,

O +div, (nu) =eA.n,

k 1
O T+Div,(uT)— (V,uT+TV, u) =eA, T+ a(n—s—a)l[— ﬁT.

We consider the mollified initial data defined in (6.1), satisfying (6.2). Since the os-
regularized equation (6.3) is now parabolic, in addition to the boundary conditions
stated in (1.9)—(1.11) we shall also require that

Ono=0 on (0,7] x 99. (6.4)

6.4. Third level: Galerkin approximation

By the classical theory of eigenvalue problems for symmetric linear elliptic operators
(see, for example, Theorem 1 in Section 6.5 in [16]), one deduces the existence of an
infinite sequence of eigenvalues 0 < A\ < Ay <--- with A, = 00, n— 00, and an associated
orthogonal eigenfunction basis in L?(£2;R?), denoted by (¥,,)nen, such that

—Agn =¥, in Q; 4, =0 on 9.
Moreover, ¥, € Wy > (Q;R?) NW22(Q;R?)NC>(Q;R?) and 9, € C>F (Q;R?) since Q is

a C?P domain, with 0< < 1; by a classical Schauder type elliptic regularity estimate
and Sobolev embedding, one also has that

Wnllens @pe) < CO) [¥nll2@pe),  with C(A,) SCA2, forn=1,2,.... (6.5)

We define the n-dimensional Hilbert space X,,, with inner product (-,-), by
X, i=span{®1,...,. ¥, }, (v,w):/ v-wdx, v,weX,.
Q

We denote by P, the orthogonal projection in L?(;R?) onto the linear subspace X,
and we consider the following problem:

u, €C([0,7],X,), u,(0)=ug,, =Pyuge; forany pcX,:

Ot(onuy) - pdx
Q

"1‘/ [divx(@nun®un)+v1’p(9n)+ 0’1Vx95 +|o2Vu,Vaon (66)
Q

+V, (kLnn +377721) - dlvmg(vmun)] “pdx

:/ {divﬂfn — % Vtr(logTy,) + on f} ~pdz,
Q
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where ug g is the mollified initial datum for uy defined in (6.1), and o,,n,, T, are
determined by the parabolic equations

ath+din(Qnun):a (67)

g +-div, (777LU7L) A P (68)
k 1
T, +Divy(u,Ty) — (Vou, T+ T, Vau,) =eA, T, + o (N + )T — ﬁ’]l‘n, (6.9)
subject to the boundary conditions stated in (1.9)—(1.11) and (6.4), and the mollified
initial data defined in (6.1), satisfying (6.2), for g,, u,, 9, and T,.

6.5. Fourth level: regularization of the extra stress tensor

As pointed out in Section 3.2, the a priori bounds are obtained by assuming the
that T is symmetric positive definite, which we do not have a priori. Thus, inspired by
the work of Barrett & Boyaval [2], we will employ a regularization for T to construct
a family of symmetric positive definite approximations of T, which satisfy bounds on
their logarithm and inverse similar to the ones in Section 3.2. The regularization of the
extra stress tensor T in [2] needs to be modified slightly to remain valid in our context.

Let o3>0 be small, in the sense that o3 <min{w,0}, and define x,,(s):=
max{os,s}, s€R. We introduce the following generalization of scalar functions to sym-
metric matrix functions: let g:R—R be a scalar function and let P€R%*¢ be a real
symmetric matrix; then, one has the following diagonalization:

P=0DOT, O is an orthogonal matrix, D=diag{\1,..., ¢},

where \j, j=1,...,d, are the eigenvalues of PP.
We define ¢g(PP) and ¢'(P) by the following formulae

g(P)=0(g(D))0", ¢'(P)=0(¢'(D))0", (6.10)
where
g(D):=diag{g(M1),...,9(A\a)}, ¢'(D):=diag{g'(A1),....9"(Xa)}- (6.11)

With these definitions, we have the following lemma, whose proof is given in Ap-
pendix B.

LEMMA 6.1. Let g€ C*(R), with 0<y<1, be concave or convex, and let P€
WL2(0,T;R¥¥) be symmetric. Then, the matriz function t € (0,T) g(P(t)) € R*4,
defined by (6.10), is differentiable a.e. on (0,T) and satisfies the identity

Otr (g(P)) =tr (g’ (P) 8;P) = &, IP: ¢ (IP) a.e. on (0,7T).

We now fix d=2, and state the fourth level of approximation as follows:

Uy 0y € C([0,70],X0), Un,os(0)=1gn=Pyuge; forany ¢€X,:

/ [0t (0n,03Un,05) +diVe(0n,05Un,o5 @ Uy oy)] - pdT
Q

+/ [vxp(gn,ag)"_ Ulvxgg703 +’J2vIun,Ugv$Q’n763
Q

(6.12)

+V,. (k:Lnn,,,,d +3 772,03) - divxS(VIunﬁs)] ~pdr

. a
:/Q [ dlvzxgg('ﬂ‘igg) = gvztr(logxa3(']l‘§703)) +gn’03f] ~pdz,
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where ug ¢ is the mollified initial datum for ug defined in (6.1),
’]I"rSL',J:} = % (Tn,oﬁ + (T’IL,O‘;;)T) ) (6.13)

and 9n, 04,"Mn,045 Ln,os are determined by the parabolic equations

875@71,03 +diV$(Qn,U3uTL,O’3):7 (614)

0,5 +dive (Nn,o5Wno5) =AM o5 (6.15)

and

atTn70'3+Din(un,ﬂs Xos (Ti,a;,) )

- (qun,o's XUS(TS,O’g) + XUS(Tg,Ug) vguﬂﬁS) (616)
k 1 S
ngxTn,03+ﬁ(nn,03 +a)]1_ﬁ XUS(Tn,Ug) )
and the boundary conditions in (1.9)—(1.11) and (6.4). The equations (6.14)—(6.16)
will be considered subject to the initial data defined in (6.1), satisfying (6.2) for

On.03>1n.05> Ln,os-

Compared to the regularization of the extra tensor performed in [2] in the incom-
pressible case, in the compressible case considered here we require the additional regu-
larization 55X, (T,‘f’ag) featuring in (6.16) in order derive sufficiently strong bounds on

10g(Th,o,) and T, % (see Section 7.2 below).

7. The fourth level of approximation

For any o3>0, sufficiently small, and any n €N, the problem (6.12) is a system
of ordinary differential equations in u, ,, with respect to t because X, is a finite-
dimensional space; the equations (6.14)—(6.16) are all of parabolic type and are all well-
posed given any smooth u,, ,,. Thus, locally in time, over a time interval [0,T, ,,], for
some T}, -, >0, the existence of a unique solution, denoted by (95,04, Un,oq,Mn,05> Lnos)s
to the problem at the fourth level of approximation, posed in Section 6.5, is classical,
see [35, 21, 19, 43].

Since Wy, o, € C([0,T0,64],X5), by the definition of X,, in Section 6.4, we have, for
all t€[0,T}, o],

Unoy € (10, T, C*P (UR?), [, (1)l 025 (c2) < C () [, (1) | 2202582 - (7-1)

By similar arguments as in Section 2.1 in [21] concerning well-posedness and uniform
bounds for parabolic equations, we have, for all ¢ € (0,7}, »,], that

(n.oss Mmoss Trios) € C10, T oy s W () x WH2(Q) x W2 (Q;R?*?)),
(Qn,asa Mn,oss Tn,rm) eL? (07Tn,03§W2’2 (2) x W272(Q) X W272<Q§R2XZ))>

Ty, is symmetric,
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t t
fexp (—/ IIdinun,os(t')||L°<>(Q)dt') < 0n,o5(t,2) <C(0) exp (/ ([divetn,oq ()| oo (@) dt') ;
0 0
t t
. / / . / ’
fexp (—/ |divetn oy ()| Loo (o) dt ) <NMn,os (8,x) <C(0) exp </ [|divetn oy ()| Loo (o) dt > ,
0 0
t
||Qn703(t)||?/‘/1>2(9) +/ \|Qn,as(t’)||?4/2>2(n)dt’ <CO(t,6,02, ||Vrun,as||L<>o((o,Tn,a3)xﬂ;R?w))»
0
t
7n,05 (t)HIQZVLQ(Q)J'_/ 171,05 (t/)H%/V2»2(Q) dt/SC(tvevHvicun,ff3|‘L°°((0,Tn,103)><Q;]R2><2)):
0

t
2 2
[0 —— / Ty (1)1 2.2 2y
(0]

S C(t70? ||v1un,0'3 ||L°°((O,TH,US)XQ;R2X2)) .
(7.2)

The symmetry of T,, », can be deduced by using the symmetry of equation (6.16), the
symmetry of T;SL')US, the symmetry of the initial datum T, ,,(0) =Tg ¢ > 6, the symmetry
of the trace operator appearing on the right-hand side of (6.12), and the uniqueness of
the solution to equation (6.16). The latter is a consequence of (7.1) and the Lipschitz
continuity of x,, defined over the space of real symmetric matrices, which follows from
the Lipschitz continuity of x,, considered as a mapping from R into R (cf. Theorem
1.1 in [49)).

The bound on T, ,, in (7.2) can be derived similarly to those on the scalar functions
On,05 and 71, »,, by observing that, for any real symmetric matrix PeR¥™? one has
[Xos (P)| <03+ |P|. In the rest of this section we shall derive uniform bounds on the
solution sequence, which guarantee that the existence time 7}, ,, identified above can
be extended to T

7.1. Uniform bounds
We shall now develop some bounds that are uniform in o3 in the limit of o3 — 0.

Similarly to the a priori bound (3.6), we deduce by taking ¢ =u,, ,, in (6.12), noting
(6.14) and that

1
5/ Aan,ag |un,0'3 |2d1' = _/ (kun,og v.’L‘QTL,O'g) : un,ag dx,
Q Q

and combining with (6.14) tested with b} (9,0, ) and (6.15) tested with b5 (1, o, ), where
by (r)= ST+ Zrt and by(r) =kL(rlogr+1)+3r?, that

a g1

y— 1 Q;Y7,7o-3 + ﬁtg’rl;og + kL(nn,o'g 1Ognn,o'3 + 1) +3T]1?L,o'3:| dx

| |
Qn o3 |Un,o
dt Q 2 73 73

kL
+az/(awl,}i+01FQZ,}§)\Van,03I2dx+6/ ( +23) IVl os|* da
Q Q n,os3

+/us
Q

= _/QXog (Th,o5): Vallp, gy dz

2

Vol o, +Viu, ,. ,
xzUn,o3 z YUn,o3 +MB‘d1V.7)un,a'3‘2dI

2

1
— g (divxun703 )H

+%/Qtr(longS(Tn7g3))div$un,ggdx+/§2gnmf.un’[,SdJ;,
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for a.e. t€(0,T},4,], where we have used that Ty, .
eq. (7.2)).

Similarly as in (3.7), on taking the trace of (6.16) and integrating over 2, we have
that, for a.e. t € (0,T0,04],

=T, s, (cf. the paragraph following

d

dt tI‘(Tn U3)d$+7/tr X0'3 Tn 03))d$

kd

2)\ (nn03+a)dx+2/2X0'3(Tn0'3) Vmunogdx

7.2. A logarithmic bound
Following [2], we introduce the logarithmic cut-off function G,, :R— R, defined by

B log s if s>o03,
Goy(s)= { o3 ts+logos —1 if s<os.

Since G, (s)=Xo,(s)' for all s€R, we have, for any real symmetric matrix
T, that G}, (T)=xo,(T)"!. It follows from (6.16), (7.1) and (7.2)s that Tno, €
WL2(0,T,.0,; L?(,R%¥*4)).  Hence, by Lemma 6.1, we have, as ']I‘gc,g—’]l‘n’g3 and
G,, € CHH(R) is concave, that

0T o :Gi73 (Th.05) =0itr (Goy(Th.os)) a.e. on (0,7, 5] x Q.
Further, by (3.12) and (3.11) we deduce that
Dlvx(un g3 XUJ( n 03)) : G:73 (TTL,Us)

(un o3 Va)Xos (Tn703 + (divxumas)xrfs( n,03 JE G/ ( n 03)

= )
=((Wn,05 " Vi) Xo5(Tn,05)) : Xos (Tn,03)71 +(diveUn,o5) Xos (Tnos) 1 Xos (Tn,63)71
=Wn,04 - Va)tr(10g Xos (Th,0q)) +ddivauy, oy a.e. on (0,T,,4,] X Q

and

- (kun,os Xos (Tn,oa) + Xos (Tn703 ) v;run,cfs) : G:Tg (Tn,os)

— (Van,oq Xos (Troos) + Xos (Tros) Vi Unios )t Xos (Treg)
=—-2divyuy,e, a.e. on (0,7}, 5,] x 2.

Thus, by taking the Frobenius inner product of (6.16) with G, (T, ,,) we get that

Otr (G, (Tn,os )+ (un,oz -V )tr (log X o, (Tn,as)) +(d—-2) divy Uy, oy

k o d (7.5)
:EAxTn,ag :Xa'g (Tn,ag.) 1 (7777, o3 —|—Oé) tr (Xcr3 (’]TTL,O'3) 1) T ay

o 2X
a.e. on (0,7}, 5,] x . Integrating (7.5) over €2 implies, for a.e. t € (0,1,,+,], that

T
T tr(G s (Th.oy)dT

= / tr(logXes (Tn,oy)) divyty, o de+e AxTn,gs Xos (Tn,gs)fl dx (7.6)
Q

k;

2/\ (nn o3 +a)tr(X03(Tn,U3)_1> SL’—*|Q|
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To proceed, we require the following generalization of Lemma 3.1, whose proof is

elementary but rather lengthy and has been therefore relegated to Appendix C.

LEMMA 7.1. For 03>0, let T,, >0, and suppose that P € C([0,T,,]; WH2(Q;R*?)) is
a symmetric matriz function, with AP € L?(0,T,,; L*(Q;RI¥*4)), satisfying a homoge-
neous Neumann boundary condition on 0S2; then, X o, (P) =t € L>=(0,Ty,,; W12 (;REX4)),

and
/A P:Xo, (P) " tdz=— /V P::V.Xo, (P) tda
51 / IV, tr (log Yo, (P))| da
d Jg
a.e. on (0,T,,].

Thanks to (7.3), (7.4), (7.6) and (7.7) we then obtain, for a.e. t € (0,7}, 4], that

d
dt

o1
—1%e T o]

1
QnaAunaA +

1 d
+ 5& tr (Tn,ae, _aGUS (TTL,U3))dx

kL
+ag/(cwgn 03+01an US)\VJCQn os | dx+5/<
Q Q

n,o3
/ S
Q

1
—|—‘uB|d1qun 03| d1‘+4>\/tr(X03(Tn,03))dx

2
Vallnos +Vatnoy Lo o
zUn o3

2 d

+53 [ O )t (e () ) o 55 / V12 (08 o, (T ) it

S/Qn,agf'un,agd 4A/ nngg+a)d.’[+ |Q‘
Q

=+ 23) |vx77n,03 |2 dx

+ kL(nn,os lognn,o; + 1) +57772L,a3:| da

(7.8)

Since we can take o3 <, it is straightforward to see that, for any s€R, one has s—

aGy,(s) > a—aloga. Thus,

d
tI‘(ngg*a "03 Z(An ajfaGU (/\53273)) Zd(afaloga)v
j=1
where )\51]; 2,3, j=1,...,d, are the eigenvalues of the symmetric matrix T, ,,. Then,
similarly as in (3.18), we define the following nonnegative functional:
1
Enog (t) ::/ [2 On,o3 |un 03| + ﬁgn o3 T 7971 03 +kL("7ﬂ 0310870, 05 + 1) +377n o3 dx
Q

+%/ [tr (Th,05 — @Gos(Th,05)) +d(aloga—a)]dz.
Q
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Similarly to (3.21), integrating (7.8) over [0,t] for any t € (0,T;, ,] then gives

t
&mw+@//awmuww%@meAww
0

t L
+€/ / (ﬂk +23> IV el |2 dzdt
n,os

7 !
+4/\/0 /Qtr(xgs(']l‘nm))dxdt

ak [ i
7/0 /s)(ﬁn7gg+a)tr(xgg(']rmg3) 1) dedt’

2

:E n,o; V n,o. 1 . .
Un,os + Unos _ g(dlvzunm)]l + 1B |divew, 0, 2 dzdt

(6% t 2 /
50 ; Q|Vztr(logxg3 (Th,0q))|" dadt
t kd t
S E0,0+/ /Qn)ggf'un’o-gd.’l/‘dt/—‘rﬁ/ /(nn,og +04 d.’L‘dt +7‘Q|t
0 JQ 0 JQ

t
< E079+C'/ E, () dt'+Ct,
0

(7.9)
where the initial energy Ey g is defined as

1
Eo,e)::/ {290 o100/ + 1909++F IQo,e+(kL(ﬁo,elogﬁo,e+1)+577§,9) dz
Q
1
+§/ [tr(To,¢ —alog Ty g) +d(aloga —a)]dz.
Q
(7.10)

Here we have used the fact that Tg g >8> o3, which implies that Gy, (To,9) =logTo e.
Then, Gronwall’s inequality implies, for any ¢t € (0,75, +,], that

t
Eno, (t) +U2/ / ayo, 03 +01F9n ag)lvmgn 0'3| dzdt’
0

! kL
+6/ / ( +23> |v3377n,03|2dxdt’
0 Nn.os

4)\/ /tr (Xos(Th.oq)) dzdt’ +o% // (Mo + )T (Xog (Tryog) ™ 1) dzdt

—//Wmmwamawww
dJo Ja '
< (Eog+Ct)e’t,  te(0,Th 0],

2

vI
Vuy, 03 + Un,o3 —|—/1,B|dikun’03 |2d.’1?dtl

(divgyuy, e, )l

1
d

(7.11)
where C' is a positive constant, independent of ¢ and of the approximation parameters
(F701a027033n)-
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7.3. Maximal existence time

In this section, we shall use the uniform bound (7.11) to show that T}, ,,, the
maximal time of existence for solutions to the fourth level of approximation, is in fact
equal to the final time 7.

By Korn’s inequality (3.24), a partial result from the bound (7.11) is that

Tn,a3
/ HVzun,gg_ (t)H%2(Q;R2><2)dt§ (EO’()-FCTn’Ug_)eCT"‘US SC(EO’Q,T). (712)
0

Thanks to Friedrichs’ inequality, (7.12) implies that

Tn,o5
/0 0y (D112 152) 42 < C (B, ). (7.13)

By the equivalence of the W12(Q2) and W°°(Q2) norms in the finite-dimensional linear
space X,, (see (6.5)), and the Cauchy—Schwarz inequality over (0,7, »,], we then have
from (7.13) that

Tn,a3
/ IVt g (£)] oo (e A < C(n, B ,T). (7.14)
0

Using (7.14) it follows from the third line of (7.2) that we have the following lower and
upper bounds on ¢, ,, in terms of positive constants:

C(GvnvEO,\%T)il S On,o3 S 0(07n7E0,97T)'
Together with the following partial result from (7.11):

sup ||Qn>03|un,03|2(t)||L1(Q) SC(EO,‘%T)v
te(O,T,,,,,,S]

we obtain

sup [ Up,os (0| 2 (sr2) SC(0,1, Eo0,T).
t€(0,Tn,o5]

Again by the properties in (6.5) of functions in X,,, we have

sup \|u,L7g3(t)||Cz,5(§;R2) <C(0,n,Ey,T). (7.15)
t€(0,Tn,o5]
Hence, by a continuity argument, the existence time can exceed 7}, ,. Since the bound
in (7.11) is independent of n, o3, this process can be repeated a finite number of times, as
long as the existence time 7}, o, <7, until the final time T is reached, and therefore the
maximal existence time T), ,, =T. Moreover, by (7.2) and (7.15), we have the following
bounds that are uniform with respect to os:

Sup [ un o, (t) [l c2.6 (qm2) < C (0,1, Eo,9,T),
te (0,7

C(@,TL,E&@,T)il <On,os(t,x) <C(0,n,Ep9,T) forall (t,z) € (0,T]xQ,
C(0,m,E0,6,T) ™ <oy (t,2) <C(0,1,F0,T)  for all (t,7) € (0,T] x £,

s(up ]”Qn,dg (O llwr2@) +0n05ll 20, 7sw22(0)) < C(02,0,n,E90,T),
te(0,T

S(up : H77n,03 (t)”Wl‘?(Q) + H77n,03 ||L2 (0, T;W22(Q)) S C(ean7E0,97T>7
te(0,T

s(up ] ||T7L,O'3 (t) le,z(Q;szz) + ||Tn7(73 ||L2((),T;W2’2(Q;]R2><2)) S C(G,H,E(),g,T)
te(0,T

(7.16)
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and

sup /[tr('}l‘n’gg—aGUS(Tn,UB))—l—d(aloga—a)]d:v§C(E0,9,T),
te(0,7)J0 (7.17)

T
/ /tr (Xos (']I‘n7g3)_1) dedt<C(0,n,E0,9,T).
o Ja

After these preparatory considerations, we are now ready to pass to the limit o3 —0
in the fourth level of approximation, so as to deduce the existence of solutions to the
third level of approximation. This will be the subject of the next section.

8. The third level of approximation

This section is devoted to studying the limit of the solution sequence
(0n,05:Un.05,Mn,05: Ln,os) as 03—0, and to showing that the resulting limit is a so-
lution to the third level of approximation formulated in Section 6.4. We will also derive
bounds on this solution limit that are uniform with respect to n, in preparation for
passage to the limit n— oo in the next section.

8.1. Time derivative bounds and strong convergence
The bounds in (7.16) imply the following weak convergence results, as o3 — 0:

On.os — On,s weakly-* in L (0,T;W%(Q))NL*(0,T;W?2(Q)),

Mg — Ty weakly-* in L°°(0,T;W%(Q)) N L*(0,T; W2%(Q)),

Thos—Tpn,  weakly-* in L>(0,T;WH2(QR**2)NL2(0,T; W2 (Q;R?**?)).
From equations (6.14)—(6.16) and the bounds in (7.16) we then have that

H (atgn,ag7at77n,037atTn,a3) ||L2(O,T;L2(Q)><L2 (Q)XLZ(Q;R2X2)) S 0(02797n7E0,97T)~ (81)

We can therefore use the Aubin-Lions-Simon compactness theorem (cf. Lemma
5.3) to deduce, for all g€ [1,00), the following strong convergence results, on noting
that d=2, as 03 —0:

On,o5 = Ons strongly in L*(0,T;Wh%(Q))NC([0,T]; L4(R)),

Nnos — Mns strongly in L2(0,7;W4(Q))NC([0,T); LY(Q)),

Th.os = Tn, strongly in L?(0,T; W 4(Q;R?*?))nC([0,T7]; L(Q;R?*?)),
Xos (Thn,os) = [Tnl+, strongly in L2(0,7;Wh4(Q;R?*2))nC([0,T]; L9 (1 R?*?)),

where the limit T,, is also real symmetric as Ty, ,, is real symmetric for all o3>0, n€N.
In addition, it follows from (7.16)2 3 that

OnsMn >0 a.e. in (0,7] x Q. (8.3)
Thanks to (7.16), (7.11) and equation (6.12) it follows that

||3tun763 SC(O’Q,@,TL,EOﬁ,T)~ (84)

H L2(0,T;L?(;R?))

Thus, thanks to the embedding %7 (2;R?) — W2+5:2(Q;R?), the compact embedding
W2H8:2(Q;R?) s W22(Q;R?), (7.16), and the Aubin-Lions-Simon theorem, we have
the following strong convergence result, as o3 — 0, for each fixed ne€N:

U, 5, — W, strongly in C([0,T];W?(;R?)). (8.5)
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8.2. Positivity of the extra tress tensor

Employing a technique from [2], we will now show by using the bound (7.17)5 that
the limit T,, obtained in (8.2) is, almost everywhere, a real symmetric positive definite
matrix.

Assume that T, is not symmetric positive definite a.e. in D,, C (0,7 X €2; then, there
exists a q € L>((0,7] x ;R?) such that

[T.]+q=0 a.e. in (0,7]xQ
with |q|=1 a.e. in D,, and q=0 a.e. in ((0,7] xQ)\ D,.

On noting (7.17)2 and using the Cauchy—Schwarz inequality, we then have that

D= [ [Iararai= [ [ (1ol 5 a) (1o TulE ) ana
< ( / ' [ e <Tn,03>1|dxdt> § ( / ' [, mrn,%)qudt) (.7)
<c ( / ' /| qTxm(ﬂrn,ag)qudt) |

where C is independent of o5. Passing to the limit o3 — 0 in (8.7), and noting (8.2)4 and
(8.6), yields that |D,|=0. Hence, T, is symmetric positive definite a.e. in (0,77 x Q.
Finally, it follows from (7.11) and (8.2)4 that, as 03— 0:

[N

Vtr (108 X o (Th.os)) = Vatr(logT,)  weakly in L*(0,T;L*(Q;R%)). (8.8)

8.3. Convergence to the third level of approximation

By (8.1) and (8.4), we have weak convergence of the time derivatives. By the
strong convergence results established in Section 8.1 and the positivity of T,, shown in
Section 8.2, letting o3 — 0 in the fourth level of approximation (6.12)—-(6.16) implies that
the limit (o, Un,7n,Ty) is a solution to the third level of approximation, (6.6)—(6.9).
The attainment of the boundary conditions in (1.9)—(1.11) and (6.4) for (o5, Un,7n,Tr)
follows from the attainment of the boundary conditions for (9, s, Un,oq,Mn,05: Lncos)-
The initial data for g,, n,, T, are attained in the sense of the L?()) norm for any
g < o0 by the first three statements in (8.2), and the initial datum for u,, is attained in
the sense of the W22(Q;R?*2) norm by (8.5).

Moreover, by the convergence results established in Section 8.1, weak lower-
semicontinuity of the norm in L? spaces and Fatou’s lemma, letting o3 — 0 in the bounds
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(7.9) and (7.11) gives, for a.e. ¢t € (0,7, the following inequalities:

t i
t)+402//<avmgﬁl2 |vzgn|2>dxdt
o Jo \7

t 1
+2€// 2kL|Vm773|2+3|ann|2>dxdt/

mun—&-V u, 1 2

// —a(divmun)ﬂ + 1P |div,u, |2 dedt’
(8.9)
— tr(T,,)dzdt
+4/\/0 /Q r(T,)dz
ak [*
+ (Nn +a)tr (T, ) dzdt +— |v tr(logT,,)|> dzdt’
ax Jo Ja
t
§E079+/ /gnf~undxdt’+ //nn+a Ydzdt +—\Q|t
0 Ja
with d=2 and
¢ a a2 01 r
t)+402/ / (IW@% |2+ngﬁ|2)dxdt’
0o Ja \7 r
t
vae [ %L\vxnémwwnﬁ)dxdt'
// e JrV e fg(divzun)]l + pPdiv,u,|?dzdt (8.10)

//tr Ydzdt +—// N +a)tr (T, ) dadt’
0

—/ /|Vztr(log’]l‘n)|2dxdt’

d 0 JQ

<(Fop+Ct)ec!

with d=2, where the energy FE,, is defined by

1
En(t):z/Q{QQMuRQ—&—
1
+§/[tr(Tn—alog']I‘n)—i-d(aloga—a)]dx,
Q

w+kL(nylogn, +1)+3n2 | dx

I‘ 1

with d=2, and the initial energy Ep ¢ is the same as in (7.10).

9. The second level of approximation. Our objective in this section is to
study the limit of the solution sequence (9,Un,Mn,Ty) as n— oo, in order to deduce
the existence of a solution to the second level of approximation, stated in Section 6.3.
To this end, we need to derive bounds on (g,,,U,,Mn,Ty) that are uniform in n. We
note here that while the steps performed hitherto can be extended to the case of d=3,
with some restrictions on ¢ in (8.2), in what follows we shall have to restrict ourselves
to the case of d=2.
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9.1. Uniform bounds and convergence. We summarize the n-uniform bounds
that follow from (8.10) as 3> 0:
H9n||L°°(OTLW(Q))+UI||Q7L||L°°(OTLF(Q))<C Eo.p, 1),
ol
V(i )20,y xr2) +01[| Ve (Qn)||L2((OT)><Q]R2)<C 02,E0,9,T),

EO 65 )
EO 0

(
(
7nll Lo 0, 7:22(2)) + 1Ml L2 0,75w12(0)) + ||77n 20, m5w12 () < O(
[on|wn|? | 2o< (0,701 (02)) + HUnHLz 0,T;WE2(Q;R?)) <C( T)
[[tr (T, — alogTy) || o< 0,711 (92)) + | (0 + ) tr (T )| 230,701 (92)) < C(Eo,0,T),
Vot (logTh) [ 220,722 (;r2)) < C(Eo,9,T)

(9.1)
Multiplying (6.7) by o, and integrating the result over €2 implies that
1d 1
. gidx—kag/ |V pon|?dz= —/ divy(onuy) ondz = —f/ (div,u,) 02 do

1
<- </ |divxun2dz+/gidx>.
4 Q Q

Combining this with (9.1) and recalling from Section 6.2 that I' >4, we deduce that

llonllz20, 7w 2(0)) < C(01,02,E0,0,T).

For d=2, as is assumed to be the case here, taking the inner product of (6.16) with
T,, integrating the result over €2 and applying the same argument as in Section 3.3
additionally gives

t
/|Tn(t)|2dx+5/ /\VxTanxdt’
@ 10 t” (9.3)
+7)\/ /|Tn|2dxdtlSC(taEOﬁ;||T0,9||%2(Q;R2><2)>,
0 JQ

and furthermore

).

I Tl oo (0,722 (0sm2x2)) + [ Tall 20, 7w1.2 (m2x2)) < C(T, Eo g,

Therefore, we have the following weak convergence results, as n — co:

On — 0o, weakly-* in L°°(0,T; L (2))NL?(0,T; W2 (Q)),

Nn = Moy weakly-* in L>(0,T;L*(Q))NL*(0,T;W'2(Q)),

u, —u,, weakly in L2(0,T; W, (;R?)),

T, =T, weakly-* in L°°(0,T; L* (S R?*2))NL2(0,T; WH2(Q; R?%2)),

trlogT,, — trlogT,, weakly in L2(0,T;WH%(Q)).
(9.4)

The time derivative bounds obtained from (6.7)—(6.9) enable us to use the Aubin—
Lions—Simon compactness theorem to obtain the following strong convergence results,
as n— 0o:

On = 0oy strongly in L?(0,T;L9()) Vqe[l,00),
M = Moy strongly in L?(0,7;L(9)) Vqe[l,00), (9.5)
T, —T,, strongly in L?(0,T;L9(;R**?)) Vqel,00).
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It follows from (8.3) that
0033 Moy >0 ace. in (0,7 x Q. (9.6)

By Sobolev embedding we have that

r T
lloa | 20,1500 ) S Cllor |L20,7:w12(0)) Vge([l,00),

and therefore |0} || 11(0.7:19(0)) < C(01,02,E0,9,T) for all g€ [1,00). Hence, by (9.1),
and interpolation between Lebesgue spaces, we deduce that

llonllLe-oromxa) <Clo1,02,E0,9,T)  VE€(0,1).
Together with (9.5), we obtain the strong convergence result, as n— oo:
0n — 0o, strongly in L' ((0,T) x Q). (9.7)
Thus, we have the following convergence results, as n— oo:

OnUp — 05, Ug, weakly-* in LOO(O,T;L%(Q;]RQ))7
o) =07, gg — 952 strongly in L((0,T) x Q).

Next we shall deal with the nonlinear term g,u, ®u,. From (6.6), by the same
argument as in Section 7.8.2 in [43], we have that

||atPn(Qnun)||Lr1 (O,T;W*ZQ(Q;R%) S C(O—lyEO,OaT)y for some ry> 17

where P, is the orthogonal projection from L2(€;R2) onto X,, and W~22(Q;R2) is the
dual space of W, ?(Q;R?)NW22(Q;R?). On the other hand, since I'>4, we deduce
from (9.1) and Sobolev embedding that

| Pr(0nn)| 20,702 (0ir2)) < lontnll£2(0,7;L2(0:r2))
<Cllenlleo,r:Lr @) IVatnll L2 (0,102 (0:r22))
<C(o1,E0,,T).

Thus, the Aubin—Lions—Simon compactness theorem gives
Po(0nuy) = 00,us, strongly in L2(0,T; W52 (Q;R?)).
By writing g,u, =P, (0nu,)+ (1 —P,)(0nu,) we deduce that
OnlUy, — 05y Uy, strongly in L2(0,T; W12 (;R?)).
Thus we have the following convergence result for the convective term:

Oy, DUy, — 0p, Uy, DUy, in D'((0,T) x Q;R?*?).

Finally, we shall study the limit of the extra term V,u,V;0,. To this end, we will
employ Lemma 5.7 and Lemma 5.8 to show that the limit (g,,,u,,) fulfills the parabolic
equation (6.3) a.e. in (0,7] x Q2. By function space interpolation, we have that

(0ntn)ne is bounded in L (0,T; LT (;R?)) N L%(0,T; L7 (4 R?)) < L7 ((0,T) x 4 R?),
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for some r>2, where I'— denotes any number in the interval [1,T'). We then apply
Lemma 5.8 to (6.4) and (6.7) to deduce that

(V20n)nen is bounded in L"((0,T) x Q;R?) for some 7> 2.
Consequently,
div, (onuy) = 0ndiveu, + Va0, -1, is bounded in L°((0,7) x Q) for some s> 1.
The application of Lemma 5.7 gives
10con s 0,y x ) | onllLs(0,7;w25(0)) SC,  for some C' >0 independent of n.
Letting n — oo gives
9100, €L°((0,T)xQ), 05, €L*(0,T;W>*(Q))NL"(0,T;WH"(2)),

for some r > 2 and s> 1. Moreover, g,, and u,, satisfy (6.3) a.e. in (0,7] X Q, On0s, =0
on (0,7]x0Q and g4, (0)=00,9. Therefore, similarly as in (9.2), we have, for every
t€ (0,77, that

¢
|%2(Q)—/O /Q(dikun)gidx,

t
loa ()20 + 2091700 12 (0.0 eres) = 1200l 2c — / /Q (divou,,) g2, de.

||Qn(t)||2L2(Q) +202||Va:QnH2L2((o,t)xQ;R2) =|l00,0

Letting n — 0o, noting (9.7), (9.4)3 and by the weak lower-semicontinuity of the L?
norm we deduce, for any ¢ € (0,77, that

||Qn(t)||%2(9) = [ oo, (t)||2L2(Q)7 ||VanH%2((o,t)xQ;R2) = [[Vz00, H%Z((O,t)xﬂ;]Rz)'
This implies the strong convergence of Vg, and, in addition,
Vou,V,0n — Vs, Vios, inD'((0,T)xQR?).

We shall combine the convergence results established in this section to show that the
limit (055,Usy,7M04, Lo,) solves the second level of approximation; this will be done in
Section 9.3. Before doing so however we need to prove the positive definiteness of the
limiting symmetric extra stress tensor T,,.

9.2. Positivity of the extra stress tensor
As T, is symmetric positive definite a.e. in (0,7] x 2, we have from (9.5)3 that T,
is symmetric nonnegative definite a.e. in (0,77 x Q. It follows from (9.1)5 and (9.6) that

||tI‘ (T;l) ||L1(0,T;L1(Q)) SC(EQ@,T,O&). (98)

We now adapt the argument in Section 8.2 to show that T, is in fact symmetric positive
definite on (0,7] x . Assume that Ty, is not positive definite a.e. in D,, C (0,7] x 2.
Then there exists a q € L*((0,T] x Q;R%) such that

Ty,q=0 a.e. in (0,7] x 2

9.9
with |q|=1 a.e. in D,, and q=0 a.e. in ((0,7]xQ)\ D,. (9:9)
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On noting (9.8), we then have that

\Dm|—/ /|q\2dxdt—//
T 3
<C / /qTandzdt ,

0 Q

where C'is independent of n. Passing to the limit n — oo in (9.10), and noting (9.5)3 and
(9.9), yields that |D,,| =0. Hence, T,, is symmetric positive definite a.e. in (0,77 x Q.
Finally, by (9.4)5 and (9.5)3 we deduce, as n— 0o, that

m\»a

((T )3 )dxdt
(9.10)

tr(logT,) —tr(logT,,) weakly in L*(0,7;W2()).

9.3. Convergence to the second level of approximation
We have already shown that g,, and u,, satisfy (6.3) a.e. in (0,7] X Q, On0s, =0
n (0,7 x990 and 9,,(0)=go,0-
By the convergence results obtained in Section 9.1 and a compactness argument,
letting n— 0o in (6.6) implies that, for any ¢ € C°([0,T];C°(;RY)), we have

t
/ / (00200, 0P+ (002 e, @g,) : Vatp+ (p(00,) +0105,) divap] dudt!
0 Ja
t
+/ / [(kLnaz +377c2,2)divx<p*S(Vmua2):Vmcpfgzvmu@vmgﬂ.90] dedt’
0 Ja
' a
:/0 /QTUZ:thp—&—i(trlog’ﬂ‘gz)divzg@_Qozf.(pdxdt/

+ / 0o tloy (1) -0 (t,) da — / 00.0u0.0-0(0,-) .
Q Q

Again by the convergence results obtained in Section 9.1, we deduce that the weak
formulations (4.3) and (4.5) are satisfied by the limit (055, Usy;Mes, Loy )-

Moreover, by the convergence results established in Section 9.1, weak lower-
semicontinuity of the norm in LP spaces and Fatou’s lemma, letting n— oo in the
inequalities (8.9) and (8.10) gives, for a.e. t€ (0,77

t
Bal+40: [ [ (41903 P+ SIVa0E ) aoa
o Jo\7 r
t 1
+2¢ [ [ (RLIV.0 P 4319 a0 ) ddt
0 JQ
+/t/us —qu"ﬁvgu” L
d
//tr o2) dxdt—i— // Noy +)tr (T, }) dadt!
Td/o /Q|thr(log'ﬂ‘f,2)|2dxdt’
t
< Eo’g-i-/ /QUQf-ugzdxdt’—l— // Noy +a) dxdt’ —|— |Q\t
0 JQ

2

(divyue,)I| +pPdivau,, [*dzdt’

(9.11)
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with d=2, and
¢ a ol 2 o1 r 9
Eag(t)+4@/ / (|vm932| -V, b )amy
o Ja\Y r
t
+25// 2kL|VIn§2|2+3|VIn02|2)dscdt’
/ / - & (lem Ug, )I[
! 1
— tr (T, )dedt’ + — tr (T ) dzdt
+4AA /Q I‘( ‘72) T +4A/O /Q(WUQWLO‘) I'( 0'2) €T
t
2 / / IVotr (log Ty, )|* dzdt’
d 0 JQ

< (Epp+Ct) eCt

2

vI 1
Vello, +VyUo, + 2 tos + 1P |div,u,, | dzdt

(9.12)

with d =2, where the energy E,, is defined as

1 a
E,, (t):= — 00, |0y, [P+ —— 07
(0= [ | gombuns+ a4 17

1
+§/ [tr(T,, —alog Ty, ) +d(aloga—a)]dz,
Q

b, HkL(no,logne, +1)+3n2, | da

with d=2, and the initial energy Ep ¢ is the same as in (7.10).
Moreover, letting n— oo in (9.3) implies, for a.e. t€ (0,77, that

t 1 t
T, (¢ 2dx—|—5// V., T, dedt’—i——/ / T, |?dzdt’
/Q\ (1) [ 0.1, s e 015

<C(T,Eo0,|IToll72()-

10. The first level of approximation

Now we let 09— 0 in the solution sequence (0y4,Upy:70s, Lo, ), in order to deduce
the existence of a solution to the first level of approximation, formulated in Section 6.2.
First, we derive uniform bounds on (94,,Us,,%0,, Lo, ) as o2 — 0. It follows directly from
(9.12) and (9.13), as 3> 0, that

HQGz”LO"(OTL’Y(Q))+01THQU2HL°°(OTL
2
Vo2 Va (s, )HLQ((OT xQR2) TV 01/ 02|V (Q@)HL? ((0,T)x4R2) S

<C
<C
1705 | Lo (0,152.2 (92)) + 102 | L2 (0,71 2(9))+||7702||L2 o,rwr2(9) <C
||Q<72|u<72| HLQC(OTLl(Q H\uaz”p(OTW”(Q iR2)) = <C

[[tr (Tor, = l0gToy, ) | L 0,521 (2)) + | (Mo + ) 01 (T )| 10,7321 (2)) < C(Eo 6,

[Vatr(logTo, ) | 20,1522 (:r2)) < C(Eo0,

1T oy |l oo (0,75 22 (2sr2x2)) + | T oy | L2(0,7,w 1.2 (2R2x2Y)

SC(EO’Q,T,||T079||%2(Q;R2><2)).
(10.1)

The process of letting o2 — 0 can be performed similarly as in the study of the com-
pressible Navier—Stokes system (see for example Section 3 in [21], where the Bogovskil

( T)
( T)
( T)
(Eo 0,T),
( T)
( T)
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operator (Lemma 5.2) is needed to show the higher integrability of the density, and
Lemma 5.6 is used to pass to the limit in the nonlinear terms 95, Uy, and gy, Uq, @ Uy, ),
by observing the strong convergence of the additional unknowns 7,, and T,,. A key
step in passing to the limit in a sequence of approximations to the compressible Navier—
Stokes system is the proof of strong convergence of the approximations to the density,
based on weak convergence of the, so called, effective viscous flux. A helpful tool in the
proof of this is Lemma 7.36 in [43]; see also Lemma 5.6 in [7] and Lemma 2.3 in [8],
which are the appropriate extensions of Lemma 7.36 in [43], required for deducing weak
convergence of the effective viscous flux in the presence of the extra stress tensor, in
a compressible Navier—Stokes—Fokker—Planck system. Unlike the compressible FENE
models in [7] and [8], where only strong convergence of the approximations to the extra
stress tensor in L™((0,7) xQ), with r€[1, 43()31?), was available, for the compressible
Oldroyd-B model considered here these extensions are not needed: Lemma 7.36 from
[43] (suitably adapted to the case of d=2; cf. Lemma 2.3 in [8]) directly applies, as in the
case of the compressible Navier-Stokes system, thanks to (10.1)4 ;, yielding (10.3), 5,
thus ensuring fulfillment of condition (7.5.4) of Lemma 7.36 in [43]. From the uniform
estimates (10.1) and the equations for 7,, and T, we deduce, for any r € (1,2) as d=2,
that

19011220, 75w ~1m (@) T 10¢ T oy | L2 0,7 -1 (2sm2x2)) < C(Eo,0,T), (10.2)

where W~17(Q) is the dual of W&’T,(Q), with 1/r+1/r'=1. These time derivative
bounds, (10.1) and the application of the Aubin—Lions—Simon compactness theorem
implies, as g5 — 0, that

Ny — No weakly-* in L>°(0,T;L*(Q))NL*(0,T;Wh2(Q)),

Moy = Moy strongly in LQ(O,T;LQ(Q)) Vqe|[l,00),

Ty, = Ts, weakly-* in L™ (0,T; L* (S R?*2)) N L2(0,T; WH2(Q; R?*2)),
Ty, = To, strongly in L?(0,T; L(Q;R**?)) Vqe[l,00),

tr(logT,,) = tr(logT,,) weakly in L*(0,T;W'?(Q)).
(10.3)

Then, by Lemmas 5.5 and 5.6, (10.2) and (10.3),

Moy € Cw([0,T];L3(2)),  To, € Cu([0,T]; L* (4 R**?)).

The nonnegativity of g, and 7., a.e. in (0,77 x Q follows from (8.3). We note that
since T, is symmetric and positive definite a.e. in (0,77 x Q, it follows from (10.3)4 that
T,, is symmetric and positive semidefinite a.e. in (0,7] x Q. The positive definiteness
of Ty, >0 a.e. in (0,7] x Q can be deduced by an argument that is identical to the one
in Section 9.2; we therefore omit the details and only state the conclusion. The limit
(064 ,U0, M0y, Loy ) is @ weak solution to the first level of approximation stated in Section
6.2. Passing to the limit o9 — 0 in (9.11)—(9.13), one has the following bounds, for a.e.
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€(0,77:

2

t 1
Egl(t)+25/ / (2kL|an§1|2+3|angl|2)dwdt’
0 Q
T
x (o8 (o8 1 .
Valle, + Vo U, + 1B|div,ug, |? dedt’

t

G 7
0 JQ d
1 [t ak [*

+7/ /tr(’]l‘al)da:dt’—k—/ /(ngl+a)tr('ﬂ‘;1)dmdt’ (10.4)

t

ae / / Vatr (log Ty, )2 dzdt!

dJo Ja

t
< Eo’e-i-/ /gglf-ualdxdt’—l— // (Mo, +a)dxdt’ +—|Q\t
0 Ja

with d=2, and

(divyu,, )l

t 1
E,, (t)+25/ /e (2kL|V$7721|2+3|V$7],,1 |2> dxdt’
0 Ja
T
1
—qual +Valo, —(divgu,, )T

t 2
S
#//ﬂ ;

+ 1P |div,ug, | dzdt
(10.5)
//tr o dxdt—|——/ / Moy +a) tr ( Ul)dxdt

//|V tr(logT,, )|* dzdt’

(E09+Ct

with d=2, and

/ml )| d:z:Jrs/ /|v Ty, |>dzdt’ + 7/ /mrm\ z)dzdt’
(10.6)

<O(T,Eop. | Tosl72(mexz)),

where the energy E,, is defined by

1
En )= [ |gontun P =

1
+§/ [tr(Ts, —alog Ty, ) +d(aloga—a)]dz,
Q

b +kL(no, logne, +1)+3n2, | dx

F 1

with d=2, and the initial energy Ey ¢ is the same as in (7.10).
11. Completion of the proof.

11.1. Passage to the limits 0y —+0 and 6 —0

The next step is to show that the limit (o, u,n,T) of the sequence (04, ,Us; M0, Toy )
as 01 — 0, is a weak solution to (1.12)—(1.15), (1.9)—(1.11), in the sense of Definition 4.1
with regularized initial data (6.1), satisfying (6.2). We choose 6 = o1 and simultaneously
pass to the limits 01 —0 and # —0. Having done so, in the next section we shall also
pass to the limit « — 0 with the regularization parameter «, with 3>0 held fixed, and
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in the final section we shall let 3 — 0, with L >0 kept fixed, in order to cover the entire
range of the parameter 3 € [0,00). We begin our considerations by noting that, thanks
to (10.4)—(10.6), we have the following uniform bounds as 3> 0:

l0s Il 0,730y + 01 10 Il (0,732 sy < OB, T),

M0, | Lo (0,722 (92)) + 100 | L2 0, 75w12 () + H’)a%l |20, m5w12(0)) < C(Eo,T),

HQal |U-cf1 |2||L°°(O,T;L1(Q)) + ||u0—1 ||L2(0,T;W01v2(Q;R2)) < C(E0,9>T)7

[tr(To, — 10g(To,)) | Lo 0,301 () + I (10, + ) tr (T D 10,7520 (02)) < C(Eo,p,T),
V| Vatr(logTo, ) (| 220,112 (0:r2)) < C(Eo,0,T),

Ty | oo (0,75 22 (2r2%2)) + | Toy |20, 73w 2 (2m2x2))
SC(EO,avTvHTO,9||%2(Q;R2><2))~
(11.1)
Similarly to (10.2), the uniform estimates (11.1) and the equations for 7,, and T,,
imply, for any r € (1,2), that

||6t7701 ||L2(O’T;W71,T(Q)) + ||(9tTgl ||L2(0$T;W71,T(Q;R2><2)) < C(EQQ,T). (11.2)

Similarly as in (10.3), we have the following convergence results for 7n,, and T,,, as
o1 —0:

- weakly-* in L>°(0,T;L*())NL2(0,T;WH2(Q)),

Noy =7 strongly in L*(0,T;L%(Q)) Vqe[l,00),

Ty, =T weakly-* in L>°(0,T; L*(;R**2)) N L2(0,T; WH2(Q; R?*2)),
Ty, —T strongly in L?(0,T;L9(S;R?*?)) Yqe[l,00),

tr (log Ty, ) — tr(logT) weakly in L?(0,T;WH2%(Q)).

(11.3)
We note that since T,, is symmetric and positive definite a.e. on (0,7 x £, it follows
from (11.3)4 that T is symmetric and positive semidefinite a.e. on (0,7] x 2, and we
have n>0 and T >0 a.e. in (0,7] x 2 by employing the argument from Section 9.2. The
other limit processes, associated with g,, and u,,, can be performed similarly as in the
study of the compressible Navier—Stokes equations, and we refer to Section 4 in [21] for
details (see also the paragraph following (10.1) above). Thus, by observing the strong
convergence of the initial data in (6.2), we deduce that the limit (9,u,n,T) is a weak
solution to (1.12)—(1.15), (1.9)—(1.11), in the sense of Definition 4.1, with the initial
data satisfying (3.1). The bounds (3.31) and (4.9) follow by letting 01 =60 —0 in (10.6)
and (10.4), respectively. Moreover, thanks to the definition of E,, (), following (10.6)
above, and by noting that the expression appearing on the right-hand side of (10.5) is
independent of 3, the argument contained in Remark 1 implies that the constant on the
right-hand side of (3.31) is independent of 3, as long as L >0. Finally, by Lemmas 5.5
and 5.6, (11.3) and (11.2), we have

NECL(0,THLAR), TeCy([0,7] LA(QR2)).

The proof of Theorem 4.2 is complete.

11.2. The vanishing logarithmic term limit: passage to the limit a—0.
In this section, we study the process of letting a— 0 in the problem (1.12)—(1.15),
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(1.9)—(1.11). We will show that letting o — 0, with 3 >0 held fixed, yields the existence
of a global-in-time weak solution to the corresponding problem without the logarithmic
term §V tr(logT) in (1.13) and with no « term in (1.15), which is our original model
(1.1)=(1.11) in the case of 3> 0.

11.2.1. Weak solutions and main theorem

We re-iterate our hypotheses on the initial data, but this time we do so without
requiring the positivity of the initial extra stress tensor (only its symmetry and non-
negativity are assumed):

0(0,-)=00(:) with g9 >0 a.e. in Q, g9 L”(Q),

u(0,-) =uo(-) € L" (Q;R?) for some 7> 24" such that gg|ug|® € L'(Q),
n(0,-) =no with 79 >0 a.e. in Q, 1€ L*(Q),
T(0,-) =To(-) with To=Tg >0 a.e. in Q, Toe€ L*(Q;R*Y).

The corresponding weak solution is defined similarly as in Definition 4.1.
DEFINITION 11.1. Let T >0 and suppose that QCR? is a bounded C*P domain, with
0< B<1. Assume further that £ € L>((0,T] x Q;RY). We say that (o,u,n,T) is a finite-
energy weak solution in (0,T] % 2 to the system of equations (1.1)—(1.11), supplemented
by the initial data (11.4), if:
e 9>0ae. in (0,T]xQ, o€ Cyw([0,T];L7(2)), ue L2(0,T; W, *(Q;RY)),

T is symmetric,

oue Cy([0.7): L7 (URY),  olul® € L (0.T:L*(9)),

n>0ae. in (0,7]xQ, neCy,([0,T];L*(Q))NL*(0,T;W2(Q)),

T>0 ae. in (0,7]xQ, TeC,([0,T];L*(QR¥>)) N L0, T;W2(Q;R¥*9)).

(11.4)

e For any t€(0,T] and any test function ¢ € C°°([0,T] xQ), one has

/ / 0016+ ou- V) dedt! = / o(t,)(t,") da — / 006(0,)dzx,  (115)
0 Q Q Q

t
/ / [10cp+nu- V¢ —eVan- Vi) dxdf:/n(tw)ﬂtw)dw—/770(15(07-)0193
0 /0 Q

Q
(11.6)
e For any t€(0,T] and any test function @ € C>([0,T];C>(;R?)), one has

t
//[Qu-8t¢+(9u®u):szo+p(9)divwso
0 Jo
+ (kLn+3n%) divyp—S(V,u) : V] dzdt! (11.7)
t
:/ /T:Vw(p—gf.godxdt/—l—/Qu(t7.).¢(t,.)dx—/gouo-gp(07.)dx.
0o Ja Q Q
o For any t€(0,T] and any test function Y € C=([0,T] x Q;R¥*%) | one has

t
//[T:&tY—l—(uT)::VwY—i—(quTH—TV;Fu):Y—eVﬂI‘::VxY] dzdt’

//[ oy (Y +2)\’J1‘ Y} dzdt’ +/QT( ) Y(ta')dx*/ﬂTOiY(O,')dx.

(11.8)
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o The continuity equation holds in the sense of renormalized solutions:
0rb(e) +divy (b(e)u) + (V' (e)e—b(e))divou=0 in D'((0,7) xQ),  (11.9)

for any b€ C°[0,00)NCY(0,00) satisfying (4.8).
e For a.e. t€(0,T], the following energy inequality holds:

1 1
/{gu2+a QV+(kL(nlogn+l)+5772)+tr(T)] dx
0 l2 1 2
t . 1 t
—|—2£/ /2kL|Vx775|2+5\Vxn|2da:dt'+ﬁ/ /tr(T)da:dt'
0 Ja

T 2
// I‘”V —é(divxu)ﬂ +pBdiv,ul* dedt’ (11.10)
S/[ 00|uol? +7100 (k?L(nologTIO'i‘l)‘f'?)??o)‘f'2tr(T0)}d
Q
kd
f- — .
/Qg udx+4)\/ndx

We state the associated result concerning the existence of large data global-in-time
finite-energy weak solutions.

THEOREM 11.2. Let d=2, v>1 and 3>0. Then, there exists a finite-energy global-in-
time weak solution (o,u,n,T) to the compressible Oldroyd-B model (1.1)~(1.11) in the
sense of Definition 11.1 with initial data (11.4). Moreover, the extra stress tensor T in
such a weak solution satisfies the bound (3.31).

In the rest of this section we briefly prove Theorem 11.2. The first step is the
regularization of the initial stress tensor in order to make it strictly positive definite.
This allows us to apply Theorem 4.2 to construct a family of approximating solutions.

11.2.2. Proof of Theorem 11.2
Let T be as in (11.4) and a€ (0,1). We define:

To,a=To+al. (11.11)
Direct calculations give

To,o>al>0, ae. in €,

11.12
ltr (logTo.o) | < d|loga|+tr(To) +da€ L*(2) (with d=2 in our case here). ( )

We consider the problem (1.12)—(1.15), (1.9)—(1.11), where « is chosen to be the
same as in (11.11). The initial data are as in (11.4) except that the initial stress tensor
is taken to be the regularized one in (11.11). When d=2, as is assumed to be the
case here, by Theorem 4.2 and its proof, for any a € (0,1), there exists a weak solution
(0a,Ua,Ma, Te) in the sense of Definition 4.1 satisfying (3.31).

By the energy inequality (4.9) and Gronwall’s inequality we deduce, for a.e. te
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(0,7, that, with d=2,
t 1
Ea(t)+2s// 2kL|VInO%|2+3|V$na|2)dxdt’
// 2 +V 2 — 3 + 18| div,ug|? dedt’
, (11.13)
4A/ /tr )dadt’ +—/ / Na+a)tr (T,") dadt

7/ /|thr(log11’a)|2dxdt’
d Jo Jo

<(Bya+Ct)e"

(div,ug)I

Here E,(t) is the same as E(t), as defined in (3.18), but with (o,u,n,T) replaced by
(00,Ua,Ma,To). Similarly, Ey, is the same as Ey, as defined in (3.22), but with Ty
replaced by Ty .. We explore the behavior of Fy, as o —0. Thanks to the property
registered in (11.12), the quantity Ey o is uniformly bounded as a — 0, and we have the
following convergence result, as o — 0:

1 a 1
Eo,a—>/ [2Q0|UO|2+M93+(kL(W010gU0+1)+3U§)+2tr(T0) dx.
o _

Thus, from (11.13) and (3.31), we derive analogous uniform bounds to those in (11.1).
Time derivative bounds, similar to (11.2), obtained from the equations for 7, and T,,
and the application of the Aubin-Lions—Simon compactness theorem then yield (strong)
convergence of the sequences (74 )a>0 and (Tq)a>o0-

Letting o —0 in (4.2)—(4.9) we deduce (11.5)—(11.10); here we only deal with the
terms associated with «, as all other terms can be handled similarly as in [21] in the
case of the compressible Navier—Stokes equations, together with the strong convergence
we have obtained for the sequences (14)a>0 and (Tq)a>o0-

A partial result of (11.13) is the following uniform bound:

Va||Vatr(logTa) |2 0,7:02(0:r2)) < C(Eo,a,T).

Then, for any ¢ € C°°([0,T];C°(Q;R?), as a— 0,

t
‘a/ /tr(logTa)divwcpdxdt’
2 Jo Ja
<Vava|Vitr(logTa) || L2(0,1:02 k) |01 2 (0,7 L2 (25m2)) — 0

The energy inequality (11.10) can be deduced by letting a— 0 in (4.9). Indeed,
thanks to the fact that s—logs—1>0 for any s >0, we have —logs>—s+1. Thus,

tr(Ty —alogTy) +d(aloga—a) >tr(Ty) +a(—tr (Ty) +d) + d(aloga—a) — tr(T).
All of the other terms can be handled directly. The additional bound (3.31) follows
similarly. The proof of Theorem 11.2 is thereby complete. O

12. Passing to the limit 3—0
Inspired by the conclusions of [8], in this section we shall study the limit process
for the problem in Section 11.2 as 3—0, so as to be able to cover the entire parameter
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range 3 € [0,00). We will show that the limiting problem is one that arises by formally
setting 3=0. To this end we shall assume henceforth that L >0 is kept fixed. The
initial data are as follows (note, in particular, that the initial polymer number density
no is now only assumed to have LlogL(2) integrability instead of the, stronger, L?(£2)
integrability assumed hitherto (cf. (11.4)):

0(0,-)=p0(:) with g9 >0 a.e. in Q, o€ L7(Q),
u(0,-)=ug(-) € L"(R?) for some r > 2 such that go|ug|® € L*(Q),
(0,-) =no with 79>0 a.e. in Q, nologne € L*(Q),
T(0,-) =To(-) with To=Tg >0 a.e. in Q, Toe L?(Q;R¥*9).

(12.1)

3

We first regularize the initial polymer number density 79 given in (12.1), to obtain
a square-integrable function:

7o

Ms=—""7, 1- (12.2)
1+3%n5
Hence,
3/n3)3dx§3%/nodx—>0, as 3— 0. (12.3)
Q Q

Furthermore, by direct computations and the Dominated Convergence Theorem we
deduce that

/no,;,logno,;,dw /ni(logno—log(lﬂ no))d
Q Ql+5477

. 3

Z 2

:/ <77010g770—3010g770—10g(1+3 03 )) dr (12.4)
@ 1+57ng 1+39n3

%/(nologno)dx, as 3 —0.
Q

The results in (12.3) and (12.4) then allow us to pass to the limit 3—0 on the right-
hand side of the energy inequality (11.10). We are now ready to state our third main
theorem.

THEOREM 12.1. Suppose that L>0 is held fized. For any 3>0, let (0;,uy,n;,T;) be
a weak solution in the sense of Definition 11.1 with initial data as in (12.1), except
that the initial polymer number density is taken as the regularized one, as in (12.2),
satisfying (12.3) and (12.4). We then have that

(05,u3,m5,T;) = (0,u,n,T) in D'((0,7)xQ), as;—0,

and the limit (o,u,n,T) is a weak solution to the problem (1.1)—(1.11), with initial data
(12.1), in the same sense as in Definition 11.1 except that 3 is taken to be 0 and n is
taken in the set of all ) such that

n>0 a.e. in (0,T]xQ, n€Cyw([0,T];L*(Q)),
nlogne L*(0,T;L1(Q)), n# € L2(0,T;W2()).
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Proof. By the energy inequality (11.10) and Gronwall’s inequality we deduce the
following uniform bounds:

o5l o (0,527 (2)) < C,

[[m310g 3] Lo (0,7:21 () + In L2 0,mw12(0)) <C,
313112 0,722 (02)) T 3l1M3 172 0, 1w 2029y SO (12.5)

[l o5y 2 | 2o (0,701 (02)) + [0y ||L2((]7T;W01*2(Q;R2)) <C,

T o 0,752 (ur2x2)) + I T5 | 20, 73w 2 (r2x2)) < C

where C only depends on T and the initial data; in particular it is independent of 3
as 3—0. We draw the reader’s attention here to the alternatives (3.19) and (3.20),
corresponding to L >0, 3>0 and L >0 and 3 >0, respectively, and emphasize that we
are now operating in the first of these two regimes, corresponding to (3.19), which
guarantees the independence of the constant in the energy inequality (11.10) on 3,
provided that L >0 is held fixed (as has been assumed in the statement of the theorem).
The independence of the constant on 3, as 3— 0, in the bounds on n; stated in (12.5),
and in the bounds on T; stated in (12.5); can be shown by the same argument as in
Remark 1, thanks to L >0 being held fixed.

The uniform bounds for g;, u;, T, are the same as in the previous section, Section
11.2. To understand the limit as 3—0, we only focus on 7; and the terms in the
equations related to ;. The passage to the limit for the other terms can be dealt with
similarly as in the previous sections.

We apply Dubinskii’s compactness theorem (Lemma 5.4) to show strong conver-
gence of n;. Let

X:=L'Q), Xo={peX:9>0, JoeW2(Q)}, X, =W 23Q)=[W*Q),

where X is a seminomed space in the sense of Dubinskii, with seminorm defined by

(9l = ol oy + /Q Vol de.

We shall now verify that X, Xy and X; thus defined do indeed satisfy the require-
ments of Lemma 5.4. By the bounds in (12.5), and Sobolev embedding we obtain

(11510815 Lo (0.1:2 (2)) + H773||L1(0’T;L%(Q)) <C, forany §€(0,1). (12.6)
From function space interpolation, we deduce that

||775 HL2*5(O,T;L2(Q)) + ||775 “L2+%(0 Te12-5(0) <C, forany € (0,1). (12.7)

Together with (12.5)5 4 and equation (1.3), we have that
(n;)3>0 is bounded in L*(0,7;X¢) and (9;7;);>0 is bounded in L'(0,7;X;). (12.8)

The continuity of the embedding X — X7 is immediate by Sobolev embedding. We
now verify the compactness of the embedding X< X. Let (¢, )nen be a bounded se-
quence in Xo. Thus, the sequence /g@n)neN is bounded in W12(Q), which is compactly

embedded into L?(£2). This means that

V@n—p strongly in L*(Q), asn— oo.
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Define ¢:=p?. Then,

lon —@llLi) =1 (Ven +ve) (Ve —ve) oo
< H\/ SOnJF\/&”LQ(Q)H\/Sﬁn*\/QZ||L2(Q) —0, asn—oo.

This implies that the embedding Xy — X is compact.
By (12.8) and Dubinskii’s compactness theorem, we obtain

ny;—mn strongly in L' ((0,7) xQ), as 3—0.
This implies that

n;—n ae. in (0,7)xQ, as;—0. (12.9)

Again by the argument in Remark 1, we have the following uniform bound on the
L? norm of n;:

17511 20,1522 () < C, (12.10)

where C is independent of 3. Thus, by the almost everywhere convergence in (12.9) and
Vitali’s theorem, we have, for any 6 € (0,1), that

n,—n strongly in L*7°((0,T) xQ), as 3—0. (12.11)

By (12.10), (12.11) and writing V.7, as 2773% Vznﬁ, we can pass to the limit 3—0 in
the nonlinear terms associated with n; in the weak formulations (11.5)-(11.8) to deduce
that the equations are satisfied by the limiting quadruple of functions, (o,u,n,T).

The energy inequality for (o,u,n,T) can be obtained by letting 3—0 in (11.10),
using (12.3)-(12.4), and omitting the nonnegative terms 377 and 3|V,7;|* on the left-
hand side of (11.10).

It is immediate to deduce that the solution 7 satisfies >0 a.e. in (0,7] x Q and

nlogn € L= (0,T;L*(Q)), n? € L*(0,T;W2(Q)),
neL?(0,T;L*(Q)), 9meL*(0,T;W22(Q)).

Thus, by using Lemma 5.5 (ii), we have that
1€ Cy([0,T];L1(2)).

The proof of this assertion proceeds as follows. Let F(s):=s(logs—1)+1 for s>0,
and define F(0):=1. Clearly, F(s) >0 for all s€[0,00), F(1)=0, F is strictly convex
with superlinear growth as s —oo. We take X := L®(Q2), the Orlicz space with Young’s
function ®(s)=F(1+|s|) (cf. Kufner, John & Fucik [32], Sec. 3.6) whose separable
predual E:=EY(Q) has Young’s function, ¥(s) =exp|s|—|s| — 1, the Fenchel conjugate
of ® (see, Section 3.12 in [32] for the definition of EY({2), Theorem 3.12.9 in [32] for
the separability of E¥((2), and Section 3.13.8, eq. (1) in [32] for the duality [E¥(Q)]' =
L®(Q)). Further, we choose Y :=W~22(Q), whose predual F=Wg?(Q) is, clearly,
continuously embedded in L>°(Q2) by the Sobolev embedding theorem, and L>°(Q) is, in
turn, continuously embedded in E=EY(Q) thanks to Theorem 3.17.7 in [32]. It then
follows from Lemma 5.5 (i) that € Cy.([0,T]; L(Q)). However, as L>(Q)=[L'(Q)],
Cuw«([0,T]; L*(Q)) is contained in C,([0,T];L*(2)), whereby 1€ Cy([0,T];L*(R)), as
has been asserted. O
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We conclude with a further result, which shows that if the initial polymer number
density has stronger integrability than LlogL(Q), say no € L1(Q2), ¢> 1, then the regu-
larity and the integrability properties of n(t,-) for t € (0,T] are also improved; the proof
is based on function space interpolation and repeated application of Lemma 5.8.

ProrosiTiON 12.2.
Suppose that L>0 is held fized. Assume further that no€ LY(QY), ¢>1; then, for
any § € (0,1) such that § <q—1, we have that

ne L®(0,T;L9(Q))NL>°(0,T;WhH4(Q)) N L2(0,T; WH17°(Q)). (12.12)

Proof. By (12.5), we have that the limit ue L?(0,T;WH%(Q,R?)) and ne
L>(0,T; LY ()N L2(0,T;L2(2)). By Sobolev embedding W2(Q) < L3 (Q), for any
0€(0,1), we have that

nue L3 (0,T; LN (QR?) N LY (0,T; L> % (Q;R?)) — L+ (0, T; L2~0 (;R?)), (12.13)

for any 6 € (0,1) and some ¢(8) > 0.
We first consider the case 1<g<2. Using (12.13), we can apply Lemma 5.8 to
deduce that

0 L(0,T5 L) L0 (0,75 Wh(Q) = L0 (0,13 L775 ()),
where we have used the Sobolev embedding
Wha(Q) s L773(Q), if1<g<2.

Again by Sobolev embedding and function space interpolation, with § € (0,1) such that
0 <q—1, we deduce that

mue L2(0,T; L9~° (Q:R?)) N L@ (0,7, L3=7 (;R?)),  for some ¢(8) > 0.

This implies that nue L2~%(0,T;L9(;R?)), for any € (0,1) such that §<g—1 and
some ¢(0) > 0. By using Lemma 5.8 again we arrive at (12.12).

Let us now consider the case ¢ >2. By (12.13) and Lemma 5.8 we deduce that
ne L=(0,T;L>~5(Q))NLFe®) (0, T;Wh279(Q)), for any € (0,1) and some ¢(d) > 0.
This implies furthermore that
nue L2790, T; L2(Q;R?))NL2(0,T; L2 ~°(Q;R?)), for any d € (0,1).
By applying Lemma 5.8 again we deduce that

ne L>®(0,T;L%(Q)NL>~°(0,T;Wh2(Q)) N L0, T;W27°(Q)), for any 6 € (0,1),
(12.14)
which proves (12.12) with ¢=2. It remains to consider the case when ¢ >2. By (12.14)
we have that

nue L2(0,T; L*°(Q;R?)) N L) (0,T; L5 (;R?)), for any § € (0,1) and some ¢(8) > 0.
Together with Lemma 5.8 we then deduce that

ne L=(0,T;L9(Q))N LD (0,T;W19(Q)), for some ¢(q) > 0.
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Again by the bound on u and Sobolev embedding we have that
nue L(0,T; L9 (R?)) N LM (0,T; L9~ (4 R?)),

for any € (0,1) and some ¢(8) >0. This gives nue L>~%(0,T;L(Q;R?)) for any & €
(0,1). Hence, the application of Lemma 5.8 implies (12.12). That completes the proof
of the proposition. O
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Appendix A. Proof of Lemma 3.1

We complete our analysis of the compressible Oldroyd-B model by providing the
proofs of Lemmas 3.1, 6.1 and 7.1. Here, we give the proof of Lemma 3.1; the proofs of
Lemmas 6.1 and 7.1 are contained in Appendix B and Appendix C, respectively.

Proof. [Proof of Lemma 3.1] We begin by proving the inequality stated in Lemma
3.1. As s€[l,00)—g(s):=s%—2slogs—1€R>( is a convex function, with a unique
stationary point located at s=1, where g attains its minimum value on [1,00), it follows
that g(s)>g(1)=0 for all s€[l,00). Assuming that a,b€Rsq, and rearranging the

expression g(s.) >0, where s, 1=,/ 2‘?;?35}%, we deduce that

1 1
—(a—b) (a_b> > (loga —logh)? Va,beRsy. (A1)

In order to extend this inequality to symmetric positive definite matrices, we
adapt an argument from [2]. Suppose that A,B€R?*? are symmetric positive defi-
nite matrices, with respective diagonalizations A:(O)AID)A@;{ and ]B:(O)]BDB@)% , where
D4, Dy € R¥*? are diagonal, with positive diagonal entries, and Q4 and Qg are orthogo-
nal. By defining the matrix C:=logA —logB, applying the Cauchy—Schwarz inequality,
and noting that C=CT, we have that

|tr(logA) —tr(logB)|* = |tr(C)|?

d d
gdZ(Cu Z zk —d Z Czk(ckz —dz zz =dtr Cz) (A 2)
71 : .

i,k=1
:dtr((logA—logB)) dtr((log A —logB)(log A —logB))
=dtr((04(logDy)OF — Op(logDp)0g ) (04 (logDy )OF — Op(logDp)0g ).

Since O, is orthogonal and the trace of a product of matrices is invariant under cyclic
permutations of the factors appearing in the product, we have, with Q:=Q} Qp, that

tr((0a(logDa )0y — Og (logDs)Og ) (04 (logDa) O )
=tr(04 (logDy )0} — tr(0f Op(logDg ) (0F Og) T (logDy )
=tr((logDy)?) — tr(O(logDg )0 (logDy))

d
=tr((logD)?) = Y (04)(logDg),;(0"),; (logDa)si

ij=1
d
=) (0i)*[(logD4)i; —logDg),;) (logDa )i,
ij=1

where in the transition to the last line we have used that Z?Zl(@ij)z =1 for all i€

{1,...,d}, which is a direct consequence of the fact that OO =1, because O, and Op
are orthogonal matrices. By swapping A and B in this identity, and noting that the
matrix Of Oy, resulting from swapping A and B in the definition of O =0} Og, is equal
to the transpose of @, we have that

tr((@B(logDB)@%; — 04 (logDy )0y ) (Op (logDp)Og )

—Z *[(logDs);; — (logDa) ;] (log D )is-
i,j=1
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After renaming ¢ into j and j into ¢ under the double summation sign appearing on the
right-hand side, we have that

~tr((Oa(logD4)O} — Os(logDs)0% ) (s (logDz) 0% )

d A.
=— Y (04)*[(logD4)i; — (logDs) ;] (log D) ;- .
ij=1
By summing (A.3) and (A.4) and recalling the inequality (A.1), we deduce that
tr((04(logDy )0} —Op(logDp)0g ) (04 (logDy )0} —Op(logDg)03 )
d
=) (04)*[(logDa); — (logDs),;][(logDa )i; — (log D) ;5]
ij=1
d
= i;:l(@u)Q [(logD ); — (log Dy ) ;1> A5)
d 1 1
<= e (@)= ®)5) (-~ oy )|
d
=- Z (04) [((Da) i — (Dg) ) (Dx i — (D5 )55)] -

Now, by an analogous calculation to the one that led to the first equality in (A.5) above,
we have that

tr ((0,D,0} —OpDp0Og) (04(D4) 'O} —Op(Dp) '0g))
d
3 3 (A.6)
=Y (04)* [(Da)ii — (Da);5) (D7 i — (D5 );5)]
i,j=1
By comparing the right-hand sides of (A.5) and (A.6), we deduce that
tr((04(logDa )0} — Op(logDp)Og ) (04 (logD )0} — Op(logDg)0F )
< —tr ((04Da0, —0D30g ) (04 (Da) 'Oy —Op(D5) ™ O0g));

equivalently,
tr((logA —logB)(logA —logB)) < —tr (A—B) (A~ =B ")). (A7)

Substitution of (A.7) into the penultimate line of (A.2) then implies that, for any two
symmetric positive definite matrices A, B€R**¢, the following inequality holds:

tr(logA) —tr(logB)|* < —dtr (A—B) (A" =B~ 1)). (A.8)

Let e; denote the unit vector pointing in the positive Ox; direction, j=1,...,d.
Then, for each z € and each j € {1,...,d}, there exists a bounded closed interval I, ; C
R, with 0 contained in the interior of I, ;, such that z+he; €Q for all he I, ;. As, by
hypothesis, P is symmetric and positive definite, uniformly on , there exists a ¢o € Rsg
such that P(z)>col for all z€Q. Thus, A=P(z+he;) and B=P(z) are legitimate
choices in (A.8) for all hel, ; and je{1,...,d}. Dividing the resulting inequality by
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h2d, and passing to the limit h— 0, thanks to the assumed regularity P € C'*(€;R?*4),
we deduce that

é \895J,t1r(logIP’(yg))|2 < —tr (0, P(2)) (0s, (P~ (x)))) Vee, Vjie{l,....d}. (A.9)

Here, to obtain the expression on the left-hand side of the last inequality, we have
made use of the fact that by Jacobi’s identity, tr(logP(z))=1logdetP(z), and z€Q—
logdetP(x) €R is a C! function, whereby the same is true of x € Qs tr(loglP(z)) € R.

As PP~! =1, it follows from the product rule that 9., (P~')=—P~'(9,,P)P~!, and
therefore (A.9) yields

é |0, tr(logP(2))[* < tr (85, P())P~ ! (2))?) Veef, Vjie{l,....d}.

Because P € C*((;R?*?), the expression x € Qi tr (((8,,P(x))P~*(z))?) appearing on
the right-hand side of this inequality is a bounded continuous function on . Also,
thanks to the discussion in the previous paragraph, the expression appearing on the left
hand side of this inequality is a continuous (and therefore, thanks to the upper bound
furnished by the inequality, a bounded continuous) function on . By integrating the
inequality over 2 and summing over j=1,...,d we thereby deduce that

Cli/ﬂthr(logp)degzd:/gtr«(axjpm1)2> dz,

thus completing the proof of the inequality stated in the lemma.

It remains to prove the equality stated in Lemma 3.1. By partial integration (cf.
Corollary 2.6 in Ch.1 of [24]), recalling that, by hypothesis, the symmetric and uni-
formly positive definite matrix function P € W22(Q;R4*4)NC1(Q;R?*4) satisfies a ho-
mogeneous Neumann boundary condition on 9, and noting that P~ € C1(Q;R%*?) c
Wh2(Q;R?*4) we have that

d
/AmIF’:]P”ldx:—Z/('“)z].]P’:(‘?xj(]P”l)dx
. 2 Jo Ot O

- _i/gztr((awjp)@% (P_1>))dx=§:/§2tr (@, B)E)?) d,

where we have, once again, made use of the identity d,,(P~!)=—P~!(d,,P)P~*. O

Appendix B. Proof of Lemma 6.1
Proof. [Proof of Lemma 6.1] According to (2.15) in [2], for any concave function
g€ C(R), and any pair of symmetric matrices A,B€R?*? one has that

(A=B):g'(B) > tr(g(A) —g(B)) > (A—B):g'(A). (B.1)
For a convex function g € C1(R), the inequalities in (B.1) are reversed, yielding
(A—B):¢'(B) <tr(9(A) —g(B)) <(A—B):g'(4) (B.2)

for any pair of symmetric matrices A,B € R?*?,
Let us suppose that g€ O (R), with 0 <~y <1, is concave. As the univariate sym-
metric matrix function P€ W12((0,7);R?*9) is absolutely continuous on [0,77], it is
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differentiable a.e. on (0,T"). Let ¢, € (0,7) be such that P is differentiable at t.. Hence,
by choosing A=P(t.+h) and B=P(¢,) in (B.1), where 0 < |h| <min(t.,T —t.), we have
that

P(t. +h) —P(t.) tr(g(P(t.+h)) —g(P(L.)))

1g'(P(t.)) >
P(t, +h) —P(t,) (B-3)

h

Y

:g (P(t. +h)),

for h>0, and with the > signs replaced by < for h<O0.

Now, the function ¢ € [0,T] ~ ¢/ (P(t)) is continuous on [0,7]. Indeed, as g’ € C*7(R),
the matrix function Q> ¢/(Q), defined on the space of symmetric matrices Q € R?*¢,
is also Holder continuous, with the same Hélder exponent «y (cf. Theorem 1.1 in [49]),
and

19/ (P(te+ 1)) — g/ (P(t)] < Ilg ooy d 7 [P(t. +h) —P(t)].

Thanks to the (absolute) continuity of ¢€[0,7]+— P(t) € R?*?, the right-hand side of
this inequality converges to 0 as h— 0; therefore the same is true of the left-hand side
of the inequality. Hence,

lim ¢'(P(t. +h)) = g'(P(t.)).

Since P is differentiable at ¢, € (0,T), we can now pass to the limit h—04 in (B.3) to
deduce that

OiP(ts): g'(P(t)) > lim tr(g(P(te+h)) —g(P(t.)))

> lim . > 0B (t.):g/(B(t.)),

for h >0, with the > signs replaced by < and limj o, replaced by limj,_,o_ for A <0.
Hence, and thanks to the linearity of the trace operator tr,

o (G 1)~ tr(g(P(£.)))

lim - = 9,P(t,): ¢ (P(t.)).

Consequently, for a concave function g€ C*7(R), 0<y<1,

Oitr (g(P(t.))) =g/ (P(t.)) : (OiP(t.)) =tr (¢ (P(£.)) (BP(t4)))

at each point t, € (0,T) at which P is differentiable. In the case when ge C17(R),
0<y<1, is a convex function the same pair of equalities is arrived at by an analogous
argument, but now starting from (B.2).

Thus we have shown that, for any symmetric matrix P€ W12(0,T;R4*?),

drtx (9(B(1)) =g (B(1): (1) =tr (¢ (B() (A1)  for ae. te(0,T), (B.A)

under the assumption that g€ C!7(R), with 0<v<1, is concave or convex. O

Appendix C. Proof of Lemma 7.1

Proof. [Proof of Lemma 7.1] By hypothesis, the symmetric matrix function Pe
C([0,T,,]; WH2 (R ) and AP € L?(0,T,,; L*(Q;R?*4)). We shall first show that
this implies that X, (P)~! € L>(0,T,,; WH2(Q;R4*?)). To this end, we first note that,
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as Pe C([0,T,,); W12 (;R4*4)) it follows that, for any ' € Q2 and any h#0 such that
dist(Q',09) > |h|, we have a bounded difference quotient

J,

On the other hand, as s € R x,,(s) ERs is globally Lipschitz continuous with Lips-
chitz constant equal to 1, by Theorem 1.1 in [49], P€ R¥4— x,. (P) € R?*? is globally
Lipschitz with Lipschitz constant equal to 1; hence,

|XU3 (P(tvw—’_hej)) — Xos (]P)(tvx)ﬂ < |]P)(t,$+h6j) _P(t,x”v

P(t,z+ he;) —P(t,z) |
h

dxg/\aijF’(t,x)Fdx, j=1,....d, Vte(0,T,,].
Q

which then implies that

/ Xos (B(t,z+he;)) = Xoy (P(t,2)) |
o h

for any Q' €Q and any h#0 such that dist(2',00) > |h|. Hence € Q> x,, (P(t,2)) €
R%*? is weakly differentiable on €2 for all ¢t € (0,T,,], with 8, X0, (P(t,")) € L*(Q;R9*9)
for all j€{1,...,d} and all ¢ € (0,T,,]; furthermore,

dx§/|8IjP(t,x)|2dx, j=1,....,d, Yt€(0,T,,],
Q

ess.supte(ojw]/Q|8wj(X[,S(IP’(t7x)))|2dxgess.supte(oja?’]/Q\&;jIP(t,x)de. (C.1)

Now,

_ |Q|d
ess.suptg(o,Taa]/Q|X03(P(t,x)) 1\2dI:eSS-SUPte(0,T(,3]/Q|G;3( (t,x))]?de < —- 2

and, similarly, for any j€{1,...,d},
essuD1cio1,) [ 10, O (PUE) ) Pl
:eSS'SU-ptE(O,TUB]/Q'(XUS(P(t?x))_l)(aa:j (Xors (P(t,2)))) (Xors (P(t,2)) 1) [P d

< ess.Supe (o7, ] /Q Xora (P(£,2)) ™1 2|05, (Xos (P(t,2))) [ [Xoy (P(t,2)) 7 [ da
d2

<O_§eSS~SUPte(O,T03}/ |8mj(X03(]P(t,;v)))|2dx,

whereby, thanks to (C.1),

_ d?
€sS.5Up, ¢ 0T3]/ 102, (Xos (P(t,)) 1)|2dx§?eSS.SuptE(O’TGS]/Q|31].P(t,w)|2dx-
3

Thus we have shown that x,,(P)~! € L>(0,T,,;W2(Q;R¥*4)), as has been asserted
above.

As PeC([0,T,,];Wh2(Q;R¥*4)), with A,Pe L2(0,T,,;L?(;R?*4)), satisfies a ho-
mogeneous Neumann boundary condition on 92, and, as was shown above, Y., (P)~! €
L>(0,T,,; WH2(Q;R?¥9))| we can apply Corollary 2.6 in Ch.1 of [24] to integrate by
parts:

d
/ AP Xy (B) Tz ==Y / Ba, B0, (X (P) 1) dar = — / VP Vo (o (P) ) da,
Q m/e Q
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a.e. on (0,7,,], thus proving the equality stated in Lemma 7.1.

Next we will show that, for any j € {1,...,d}, the following inequality holds for a.e.
€(0,T,,):

/ axJHD t .CE (X<73 (P(t’x))il)dxz 2/ |6wjtr(logX<T3 (P(tvz)))}de (02)
Q

As x4, is nondecreasing and globally Lipschitz continuous with Lipschitz constant equal
to 1, it follows that

a0 () 2 @m0 () (v

In conjunction with (A.1), with a and b in (A.1) replaced by x4 (a) and ., (b), respec-
tively, this then yields that

1 1
—(a— - > (1 ~1 2 R Rso. (C.
(G; b) (Xa'3 (a) Xos (b)) = ( O0gXos (a) ngo'g(b)) vaab ek, VOS €R>o (C 3)

By an identical argument to the one above that resulted in (A.8), we then have, for all
symmetric A, B€R¥*4, that

|tr(log Xos (A)) —tr(log Xoy (B))|2 < —dtr ((A_B) (Xag (A)_l ~ Xos (B)_l)) . (C.4)

Let, again, e; denote the unit vector pointing in the positive Ox; direction, j=1,...,d.
Thus, for any Q' € Q) and any h# 0 such that 0 < |h| < dist(Q',09), and any j€{1,...,d},
we deduce from (C.4) that, for all t € (0,7,,],

1 [ |tr(logXo, (P(t,z+ he;))) — tr(log xo, (P(2,7))) de
d h
S_//tr(IP’(t,ac—i—iw}JL»)—IP’(t,sc) XU3(IP’(t,ai+hej))i_l — Xos (P(t, 7))~ )d:v. (C.5)

By the Cauchy—Schwarz inequality, the right-hand side of (C.5) can be bounded, for
each t € (0,7,,], as follows:

OS_/ tr(P(t,fE+h€j)]}D(t,l’) Xas(P(t7x+hej))1Xas(]P)(tvx))1>dx

h h
P(t,+ he;) —P(t,)
Sess.supte(ojgg] }JL )
L2(Y
Xos (P(t, +he;)) ™! = xo, (P(E,) !

X €88.5UDe (0,7,,,]

h

L2()

<ess.supie(o,7,,) 102, Pt )l 22 (@) es85upge 0.7, 1102, (Xory (P(£)) ™)l 22 (0)-
Thus we deduce from (C.5) that 8,,tr(log X, (P(t,-)) € L*(Q;R*?), for all j€{1,...,d}
and all t € (0,7,,], and by letting h—0,

1
110z, tr(log xory (Pt ))IZ2 )
2

1 tr(10g Xoy (P(t,2 + he)))) — tr(log xa, (P(t,2)))
=an o, h dr (C.6)
A -1 -1
< im tr(ﬂmmheﬁ P(z) Xou (P(@+he;) "t = Xo (P() > "
h—0Jq., h h
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for all t€(0,T5,], where Qj ;:={zxcQ:x+he; €Q}, j=1,...,d. The limit of the se-
quence of integrals appearing in the second line of (C.6) exists, possibly upon extraction
of a subsequence, thanks to the boundedness of the sequence. Hence, for all ¢ € (0,7,,],
we have

1
p 102, tr(10g X o (P(t,))) |72 (02)

) — N1 -1
<t [ xou, () P PO o Blrhes) L BN
Q

h—0

for j=1,...,d. Here xq,, denotes the characteristic function of the set € ; (not
to be confused with the cut-off function x,,). As PeC/([0,T,,];WH2(Q;R¥*9)) and
Xos (P) 1€ L>2(0,T,,; WE2(;R4*4)), it follows that, as h— 0,

]P(tv ) +h€j) 7P(t7 )
h

— 0y, P(t,) weakly in L?(;R4*),

for j=1,...,d, and for a.e. t€(0,7,,], and

Xos (P(t,+he;)) ™t — o, (P(£,)
h

= Oz, Xos (P(t, )t weakly in L2(€;RI*9),

for j=1,...,d, and for a.e. t€(0,1,,].

Furthermore, since A,P(t,-) € L2(Q;R¥*4) for a.e. t€(0,T,,], P satisfies a homoge-
neous Neumann boundary condition on 99, and Q is a C*# domain, with 8 € (0,1), it
follows by elliptic regularity theory (cf. Lemma 4.27 in [43]) that P(¢,-) € W22 (Q;R9*)
for a.e. t€(0,7,,]. Hence,

0y P(t,+he;) — Da, P(t, )
h

— 0p, 02, P(t,-) weakly in L?(Q;R4*9),

for i,j=1,...,d, and for a.e. t€(0,Ty,]. Consequently,

P(t,-+ he;) —P(t,-)
h

— 0y, P(t,") weakly in W12(Q;RI*4),

for j=1,...,d, and for a.e. t€(0,T,,], and therefore

P(t, ) +hej) 7P(ta )
h

— 0y, P(2,°) strongly in L"(Q;R4*4),

for j=1,...,d, and for a.e. t€(0,7,,], where r€[1,00) when d=2 and r€[1,6) when
d=3; also, xq, , —1, strongly in L*(Q2), as h—0, for all s€[l,00). Thus we deduce,
with r=s=4, that

P(t, -+ he;) —P(t,-
XQ,W ( o+ e}jl) ( ’ ) —>8zj]P)(t,') StrOngly in LZ(Q;Rdxd)’

for j=1,...,d, and for a.e. t€(0,T,,], as h—0. Hence, as h— 0,

P(tv | +hej) —P(t,~) . Xos (P(t7'+h€j)>_l — Xos (P(t,~))_1
Xﬂh,,j(') h . h

= (02,P) 1 (0, Xos (P(,)) ™) weakly in L'(Q), j=1,....d, for ae. t€(0,T,,].
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Hence, by passing to the limit in (C.5), we have that

%||a$jtr(10gX03(P(tﬂ')))H%Z(Q) S_/Q(afrjp(tﬂx)):(8IjX03(P(t7x))_1)dma

for j=1,...,d, and for a.e. t€(0,T,,]. Finally, by summing over j=1,...,d, we deduce
that

1 _
E ||vl‘tr(10gX03 (P(t7)))||%2(ﬂ) < —/ﬂ VlP(tvx) :: vaUg, (P(tvx)) 1d$

for a.e. t€(0,Ty,]. That completes the proof of Lemma 7.1. O



