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Abstract

We consider the homogenization problem of the compressible Navier-Stokes equations in a
bounded three dimensional domain perforated with very tiny holes. As the number of holes
increases to infinity, we show that, if the size of the holes is small enough, the homogenized
equations are the same as the compressible Navier—Stokes equations in the homogeneous
domain—domain without holes. This coincides with the previous studies for the Stokes equations
and the stationary Navier—Stokes equations. It is the first result of this kind in the instationary
barotropic compressible setting. The main technical novelty is the study of the Bogovskii
operator in non-Lipschitz domains.

Keywords: Homogenization; Navier—Stokes equations; perforated domains; Bogovskii opera-
tor.

1 Introduction

In practice, there comes up the study of fluid flows in domains distributed with a large number of
holes that represent solid obstacles. It is suitable, for instance, to model polluted underground water
or oil development. The fluid flows passes between the small obstacles or in the holes in between.
Such domains are usually called perforated domains and a typical example is the so-called porous
media. The perforation parameters, which are mainly the size of holes and the mutual distance of
the holes in the perforated domain under consideration, play a determinant role in these problems.
We refer to [22] for a number of real world applications.

Homogenization problems in fluid mechanics represent the study of the asymptotic behavior
of fluid flows in perforated domains as the number of holes (obstacles) goes to infinity and the
size of holes (obstacles) goes to zero simultaneously. The mathematical concern is the asymptotic
behavior of the solutions to equations describing fluid flows with respect to perforation parameters.
With an increasing number of holes within the domain of the fluid, the fluid flow approaches an
effective state governed by certain homogenized equations in the full domain.

With different physical backgrounds, the mathematical equations governing the fluid flows are
different. There are typically Stokes equations, Navier—Stokes equations or Euler equations. There
also include equations describing non—Newtonian fluid flows, such as p—Stokes equations, Oldroyd—
B models, and many others. Accordingly, the mathematical study of homogenization problems in
fluid mechanics includes the homogenization for various fluid models. We refer to [24, 2, 3] for
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Stokes equations, [20] for incompressible Navier-Stokes equations, [19] for compressible Navier—
Stokes equations and [13] for the complete compressible Navier—Stokes—Fourier equations. We also
refer to the book [15] for other models, such as two phase models and non-Newtonian fluid models.

In this paper, we study the homogenization problem for the compressible Navier—Stokes
equations. We consider a bounded three dimensional domain perforated with tiny holes, where
the diameters of the holes are taken to be of size O(¢®) with e > 1, and the minimal mutual
distances between the holes are of size O(¢). In this work we will provide a size parameter ag > 1
to be specified later on in Theorem 1.6, such that for a > « a homogenization sequence of solutions
converges to the solution of the compressible Navier—Stokes system in the non-perforated domain.
This means that if the size of the holes is small enough, then in the homogenization limit they shall
not be seen anymore. This is a known phenomenon: analogous results for stationary incompressible
or compressible fluids have been shown and will be discussed below in more detail. However, we
would like to emphasize that up to our knowledge, this result is the first one in this direction for
unsteady compressible fluids.

Let us introduce the setting in more detail. Let Q@ C R? be a C? bounded domain and
{T: k}kex. C Q2 be a family of closed sets (named holes or solid obstacles) satisfying

T&k = Tek + e*Ty C B(xe’k7 (5()8&) - B(:L’ak, (51€a) - B($E7k, 528) C B(a:s,k, 536) C Q, (1.1)

where for each k, T), C R? is a simply connected bounded domain of class C?, where the C? constant
is assumed to be uniformly bounded in k. With B(z,r) we denote the open ball centered at x with
radius r in R3. Here we assume that &y, 81, do, 03 are positive fixed constants independent of ¢, such
that dp < 01 and d2 < d3. Moreover, we suppose that the balls (control volumes) { B(x¢ i, 03¢) ke k.
are pairwise disjoint. The corresponding e-dependent perforated domain is then defined as

Qe =0\ | J Top (1.2)
keK.

By the distribution of holes assumed above, the number of holes in €. satisfy

Q
K| < Cu, for some C' independent of . 1.3
23

We consider the following Navier—Stokes equations in the space-time cylinder (0,7) x €.:

Oro + divy(ou) = 0, (1.4)
O(ou) + divy(pu ® u) + Vyp(p) = divyS(Veu) + of, (1.5)
2
S(Vzu) = p <qu +Viu— 3divxu]1> + ndivgul, >0, n > 0. (1.6)

Here, ¢ is the fluid density, u is the velocity field, p = p(g) denotes the pressure, S = S(V,u)
stands for the Newtonian viscous stress tensor with u, n the viscosity coefficients, f is the external
force function satisfying ||f[| e ((0,m)xqms) < 00. We remark that this condition on the external
force f is not optimal and can be improved. However, this improvement does not influence our
argument in an essential manner, so we keep this restriction.

We impose the no-slip boundary condition

u=0 on (0,T) x 09, (1.7)



and impose the standard technical hypothesis imposed on the pressure in order to ensure the
existence of global-in-time weak solutions to the primitive Navier—Stokes system:
(o)

p € C[0,00) N C(0,00), p(0) =0, p'(0) >0 for o > 0, liﬁ\m ——1 = Poo > 0 (1.8)
0—00 @

with v > 1 for which the value range that we can handle is given precisely later in Theorem 1.6.

In the sequel, for a function f defined in €2, the notation f or E(f) stands for the zero-extension
of f in R3: 3 3
f=f inQ., f=0 inR3\Q..

1.1 Known results

We introduce some known results concerning the homogenization problems in the framework of
fluid mechanics.

For the case @ = 1, meaning that the size of holes is proportional to their mutual distance,
Tartar [24] recovered the Darcy law from the homogenization of the Stokes equations.

In [2, 3], Allaire gave a systematic study for the homogenization problems of the Stokes equations
and stationary incompressible Navier—Stokes equations. He showed that the homogenization process
crucially depends on the perforation parameters of the domain. Specifically, in three dimensions,
Allaire showed that when « < 3 corresponding to large holes, the behavior of the limit fluid is
governed by the classical Darcy’s law, as shown by Tartar in [24] for the case & = 1; when o > 3
corresponding to small holes, the equations do not change in the homogenization process and the
limit homogenized system is the same system as the orginal Stokes or Navier—Stokes equations
in homogeneous domain—domain without holes; when o = 3 corresponding to the critical size of
holes, in the limit it yields Brinkman’s law which is a combination of Darcy’s law and the original
equations.

Later on, in the case o = 1, the results have been extended to the incompressible instationary
Navier—Stokes equations by Mikeli¢ [20], to the compressible Navier—Stokes system by Masmoudi
[19], and to the complete Navier—-Stokes—Fourier system in [13]. In all the aforementioned cases,
the homogenization limit gives rise to Darcy’s law.

Recently, the case o > 3 was considered in [10, 7] for the stationary compressible Navier—Stokes
equation. If in addition v > 2 satisfies % > 1, it was shown that the limit homogenized
equations remain unchanged. This coincides with the results obtained by Allaire [2, 3] for Stokes
equations.

Up to our knowledge, the result in this paper is the first analytical result in the study of
homogenization for the instationary compressible Navier—Stokes equations when the perforation
parameter o # 1.

1.2 Difficulties

In this section, we illustrate some difficulties in the study of homogenization problems for
compressible Navier—Stokes equations. In particular, we point out the main new difficulties
compared to the previous study [10, 7] concerning stationary compressible Navier—Stokes equations.

1.2.1 A review of difficulties in the compressible fluid setting

In our setting with very small holes, the result is formally similar as for incompressible equations
obtained by Allaire [2, 3], where the limit equations remain unchanged. However, the techniques for



compressible system are rather different. The main difference lies within the pressure term, where
in compressible setting, the pressure is generally a nonlinear function of the density. To obtain the
same pressure form in the limit, one needs to show strong convergence of the density. While in the
incompressible case, the equations are usually treated in divergence free spaces (testing by functions
that are divergence free or applying the Helmholtz decomposition operator), and the pressure is
reconstructed through the equation by using Necas’ theorem on negative Sobolev norms.

For compressible Navier-Stokes equations, a priori we only have L°°(0,7T;L'(£2.)) uniform
estimate for the pressure p(p), that is only L' bound with respect to the spatial variables. However,
a uniform bounded family in L' is not weakly pre-compact in L'. It was observed in the study
of compressible Navier—Stokes equations in [16, 9, 12] that one can improve the integrability by
employing some kind of divergence inverse operator. For equations in bounded domains, the so-
called Bogovskii operator, which is the famous inverse operator of div, to trace free functions [4, 5],
was applied in [12] to obtain the higher integrability of p(0). However, the operator norm of the
classical Bogovskii operator depends on the Lipschitz character of the domain which is perforated
in our case. We refer to [14, Chapter 3] for a construction, as well as a norm estimate, of the
Bogovskii operator in Lipschitz domains and star-shaped domains.

It can be shown that the Lipschitz norm of the perforated domain €. is at least of order 1/¢
which is unbounded as € — 0. Thus by employing the classical Bogovskil operator one cannot get
uniform higher integrability of p(p).

However, for any fixed ¢ > 0, the existence theory of finite energy weak solutions to the
compressible Navier—Stokes equations is well developed for the case v > 3/2. To be able to pass to
the limit € — 0, we have to establish uniform pressure estimates despite the fact that the domains
we consider are not uniform Lipschitz.

Since the higher integrability of the pressure is a key step to prove the convergence with € — 0,
we introduce the respective stationary technique of [10] in more detail as an introduction to the
problems that we have to handle in the instationary case. The method is based on finding a
convenient inverse of the div, operator for non Lipschitz domains. In [10] it was considered the
case 7 > 3 which guarantees the L? integrability of the pressure. Indeed, there holds

0 e LP0D(Qy), if 3/2 <y <3 o€ LP(), ify > 3. (1.9)

The construction of an inverse of div, is done by employing an Restriction operator R :
W, (4 R?) — Wy (Q:;R?), that was introduced by Allaire [2]. For any f € L2(€.) which is
the set of L?(€).) functions with zero mean value, the authors first considered its zero-extension
E(f) := f in Q and then employ the classical Bogovskii operator B : L2(Q) — W01’2(Q) on the
unperforated domain €2 and find that the operator defined as

B.:=R.oBoE : L3() = W2 (0 R%) (1.10)
satisfies
B.(f) e Wo?(Q), diveB-(f)=f in Q.. (1.11)

Observe that the operator norm of B, relies on € only through the operator norm of R. from

I/VO1 ’Z(Q; R3) to VVO1 ’2((25; R3). By Allaire’s construction, the operator norm of R, (partially) depends

on the uniform estimates of a Stokes system in a ball with a shrinking hole. Let By = B(0, 1) be the

unit ball and 7' C By be a model obstacle in the fluid which is assumed to be a simply connected C?

domain. In accordance to the construction in [2], the operator norm of R. depends on ¢ partially
1,2 ..

through the W’ estimate

IVollz2g\eo-1m) + llall Lz \eo-17) < Cc N9l L2(By\com17) (1.12)

4



of the following Dirichlet problem of the Stokes equations
—Av+ Vg =divyg, diveo =0 in =By \e* T, v=0 ondB U 'aT. (1.13)

Due to the L? framework, which represents the natural existence framework for the Stokes operator,
the constant C; in (1.12) is 1 and hence independent of e. Furthermore, under the condition « > 3,
it can be shown that the operator norm of 5. defined in (1.10) is independent of . This implies
the uniform L? estimate of the pressure.

However, the condition v > 3 is crucially needed in [10] in order to obtain L? integrability of
the pressure. If 3/2 < v < 3, the so far known results give only L3—1) integrability for the density

o0 which means Ly integrability for the pressure p(p), even in the standard case of unperforated
domains. Clearly w =3- % € (1,2) if vy € (3/2,3).

Hence, to consider value range v < 3, inspired by the construction (1.10) in [10], a natural
thinking is to employ this construction of Bogovskii operator and generalize it to the Ljj(£2:) and
I/VO1 " (3 R3) framework for general r. It means a generalization of the restriction operator R. to
an operator from WOI’T(Q;R?’) — WOLT(QE; R3). It was shown in [18]) that this generalization can
be done in a rather direct way by observing the well-posedness in VVO1 (R, 1 < r < oo of
(1.13). The issue is that the operator norm of R. : W&’T(Q;R?’) — Wol’T(QE;]R3) depends on the
WOI’T estimate:

IVllorBpea—11) + lall znB\ea—17) < Ce |9l (By\co-11), (1.14)

for v a solution to (1.13). However, for r # 2 the constant C. depends on the Lipschitz character
of the domain Bj \ €277 and is not uniform in € when a > 1. For the well-posedness result and
estimates, we refer to [6] for details and the proof. It was the main motivation of the study in
[18] (see also [17] for the respective result for the Laplace operator), where it was shown that the
estimate constant C. in (1.14) is uniformly bounded in ¢ for the range 3/2 < r < 3. This allows us
to construct a Bogovskii operator that is uniformly bounded from L{(€2.) — I/VO1 T(Q;R3) for any
r € (3/2,3) by using the same construction as (1.10) in [10].

Observe that the restriction r € (3/2,3) corresponds to (3 - %)/ € (3/2,3). This indicates that
the exist/ence frame for the stationary compressible setting can be extended to v > 2 such that
(3 -2) >3/

A new line of approach was developed to study the case v < 3. Indeed, exactly for v > 2 it was
shown in [7] that an explicit construction of Bogovskil type operator can be achieved. Compared to
[18], the construction in [7] is more straightforward and works for a larger range of r. This builds
the fundament of the Bogovskii operator constructed in this article. For that reason the growth
restriction on the pressure in this work is analogous to the restriction v > 2 in the stationary case.
See Remark 1.7 for more details.

1.2.2 New difficulties and a technical theorem

In this paper, we turn to consider instationary compressible Navier—Stokes equations. We will see
that our main result obtained in this paper is formally the same as for the stationary case; the
techniques are rather different and there arise new difficulties.

The first difficulty comes from the even lower integrability of the pressure. When v > 3/2, the

5_ 1
so far best integrability of the pressure one can obtain is p(g) € L3 7 (see [12, 9]), where the range
of the integrability component is % — % € (1, %) This is much worse than in the stationary setting,
and this is the deep reason that we have to impose the severe restriction v > 6 in Theorem 1.6: to



make sure that 5/3 —1/v > 3/2. More explanations on the restriction on v related to the hole-size
a are given in Remark 1.7.

Technically, the main new difficulty is the absence of uniform estimates for the restricted
Bogovskii operator B, in negative Sobolev spaces. Indeed, due to the instationary setting, to obtain
higher integrability of the pressure by using the Bogovskii operator, one needs to handle terms of
the form B.(div,(¢’u)) which comes from the term B.(9;(¢?)) via the renormalized continuity
equation. Here 6 is an exponent in the range (0, %7 —1]. This enforces us to find uniform estimates
of the following type

1B(diveg) | 1r(a.ks) < Cllgllr o rs),  for any g € L™(Q2:;R?), g-n =0 on 99, (1.15)

with a constant C independent of ¢.
If we would like to employ the construction of B, in [18] and to obtain such an estimate (1.15),
one would need to obtain uniform estimates for very weak solutions to (1.13):

vl e (B\eo17) + gllw—1r(B\co—11) < Cllgllw -1 (B \co17), (1.16)

with constant independent of . This is unknown according to the authors’ knowledge and we think
that the estimate is not valid for any r > 3/2.

Our approach is different to the approach in [10] and more general, following the idea of [7]. It
is possible due to a further and new refinement to the plethora of results related to the Bogovkii
operator. Namely uniform estimates in negative spaces for so called John domains. John domain is
a typical known generalization of Lipschitz domain on which the Bogovskii type operator can also
be constructed. We refer to [1, 8] for the definition of John domains and the construction of such
Bogovskii operators. As pointed out in [8], a bounded domain is a John domain if and only if it
satisfies the emanating chain condition (see [8, Definition 3.5, Remark 3.7]). Since this emanating
chain condition will be involved in the proof of Theorem 1.1, for the sake of readers, we represent
it below:

Definition (emanating chain condition) Let © C R? be a bounded domain and let oy, 09 > 1.
Then we say that €2 satisfies the emanating chain condition with constants o1, o9 if there exists a
covering W = {W;}2, of Q consisting of open cubes (or balls) such that:

e We have o W; C Q for all ¢ and Z;.io Xoyw; < 02X on Re.
e For every W; € W, there exists a chain of (pairwise different) W; o, Wi 1, -+, Wj ,, from W
such that W; g = W;, ,W; n,, = Wo, and W i, C 02W; 1, for every 0 < ky < ko < mj.

Moreover, W, N W; k41, 0 < k < my, contains a ball B;j such that W; , "W, 11 C 028, k.
The chain W; o, W; 1, , W; , is called chain emanating from W;. The number m; is called
the length of this chain.

e The set {i : W; N K # ()} is finite for every compact subset K C .

The family W is called the chain-covering of €. The cube Wj is called the central cube (or
ball), since every chain ends in W.

We are able to prove that the very same Bogovskil operator constructed in [8] actually is
bounded in negative Sobolev spaces as well. Since we believe this result is of independent interest
we state the theorem here as a technical tool for further use.



Theorem 1.1. Let Q2 be a bounded John-domain. In particular let it satisfy the emanating chain
condition. Let é’%(ﬂ) be the space of smooth and compactly supported functions with zero mean
values in Q. Then for any 1 < g < oo there exists a linear operator B : C25(Q2) — C2(Q;R?) such
that:

If f € LYUQ) with [, f dz =0, there holds

divo(B(f) = f in Q. [B()lyis@zs < Cllfllzom (1.17)

for some constant C dependent only on the emanating chain constants.
If fe (W (9Q)NLy(2)* ={g € (W' (Q)" : (g9,1) = 0}, then

(B(f),NVo)=(f.¢) for ¢ € Wl’rl(Q)a 1B zrurs) < CHfH(WLT’(Q))*' (1.18)
Observe, that (1.17) was shown in [8]. The second bound (1.17) is shown in section 2 below.

Remark 1.2. Let Q be a John-domain, then we find for f € LI(Q;R3) with f-n =0 on 0Q in the
weak sense, that divy(B(div, f)) = divy f. More explicit

(B(divef), V6) = (J,V6) for 6 € WH(@),  |Bdive)|zaams) < Clflaazsy (119)

This is due to the fact that f € LI(;R3) and f-n = 0 in the weak sense implies div,f € {g €
(WE(Q))* = (g,1) = 0}

Below we will use the theorem to construct a restriction operator which is able to control the
weak time derivative of the density. As a consequence, a higher integrability of the density can be
deduced.

1.3 Weak solutions

Definition 1.3 (Finite energy weak solution). We say that (p,u) is a finite energy weak solution
of the Navier-Stokes equations (1.4)-(1.6) supplemented with the boundary condition (1.7), the
assumption on pressure (1.8), and the following initial conditions

2
Q(Oa ) =00 € LV(Qe)a u(Ov ) =up € Lﬁ(QESR:;)a (120)
in the space-time cylinder (0,T) x Q¢ if:

e There holds:
0>0ae. in (0,T) X Qey, 0 € Cyeax(0,T; L7(22)),

2
01 € Cuyearc(0, T3 LA71 (02 R3)), u € L0, T; W2 (25 R?)).
e For any 0 <7 <T and any test function ¢ € C°([0,T] x Q¢):
| [ lovmet ouVae) dodt= [ otrdetn) do- [ a0 de 2
0 JQ. Qe Qe
e For any 0 <7 <T and any test function o € C([0,T] x Q;R3):

/ / [ou-Oip + ou®@u: Vo + p(o)diveyp] da dt (1.22)
0 e

- / / S(Vau) : Voy — ofp da dt + / ou(r, ) - o(r,) dz - / gouo - (0, ) da.
0 Qe

£ QE



e The energy inequality

1 T 1
/QE [§g|u]2+P(Q)] (1) dx+/0 /QE S(Vzu) : Vyude dt < /Q [§Q0‘u0|2+P(go)]dx (1.23)

£

holds for a.a. T € (0,T), where we have set P(o) := o [} % dz.
e Moreover, a finite energy weak solution (o,u) is said to be a renormalized weak solution if
Ab(0) + diva (b(o)u) + (b'(0)o — b(0))divau = 0 in D'((0,T) x R?), (1.24)
for any b € C1([0,00)). In (1.24) (p,u) are extended to be zero outside ..
We give some remark concerning the definition and the existence of finite energy weak solutions.

Remark 1.4. The integrability for the initial data in (1.20) is imposed such that the initial energy
on the right-hand side of (1.23) is bounded.

Remark 1.5. For any fiexzed € > 0, it can be shown by the theory developed by Lions [16] and
Feireisl-Novontny-Petzeltovd [9] that the Navier—Stokes equations (1.4)-(1.6) admit a global-in-time
finite energy weak solution (o, ) for any finite energy initial data and pressure satisfying (1.8) with
~v > 3/2. Moreover, such solutions are also renormalized in the sense of (1.24).

1.4 Main results

Our main result is the following:

Theorem 1.6. Let (g-,uc)o<e<1 be a family of finite energy weak solutions for the no-slip
compressible Navier—Stokes equations (1.4)-(1.7) in (0,T) x Q. under the pressure condition (1.8)
with v > 6 in the sense of Definition 1.3 with initial data satisfying

00, = e w0 =voe, sup (lenclirion + ool =D (129

and the strong convergence for the zero extensions as € — 0:
2
00, — 0o strongly in L7(), g — ug strongly in LW%(Q;R?’).
Then there holds the uniform estimates for the solution family:

2w (loelleorianay + 10l 5 o 1y ) + el 202 0mey) < C(D) <00, (1.26)

where C(D) depends only on D. This implies, up to a substraction of a subsequence, that
0: — 0 weakly-*in L®(0,T; L()), . — u weakly in L*(0,T; W, (2); R?). (1.27)
If the growth parameter ~y in (1.8) and size parameter « of the holes in (1.1) satisfy

v—6
2y -3

ca >3, (1.28)

then the couple (p,u) is the finite energy weak solution to (1.4)-(1.7) in Q with initial data

0(0,-) =00, u(0,-) = uy.



We give some remarks on the technical condition (1.28).

Remark 1.7. This condition is needed due to the capacity estimate of the holes and the low
integrability of the pressure p(o:). By (1.8) and (1.26), we have the uniform bound for the pressure:

[Zesll (1.29)

5.1 <
L3 7((0,T)xQe) —

To extend the Navier—Stokes equations (in particular the momentum equation) from spatial
domain Q. to Q, an idea is to find a family of functions {g:}e>0 vanishing on the holes and
converges to 1 in some Sobolev space WH4(Q) with q determined by the integrability of the pressure,
and then to decompose any test function o € C°((0,T) x ;R?) as

©=gep+ (1 —go)ep. (1.30)

Then g- can be treated as a test function for the momentum equation (1.5) in . provided all the
terms in (1.22) make sense, where some condition on the largeness of q shall be needed. For the
terms related to the part (1 — ge)p, we show that they are small and converge to zero.
Firstly, such a function family {g:}e>o0 exists provided the following condition satisfied (see
Lemma 2.1):
(3—qa—3>0. (1.31)

The quantity on the left-hand side of (1.31) is determined by the uniform q-capacity assumptions
of the union of all the holes:

Cap, ( |J Tex) < D Cap, (Tep) < Ce 279, (1.32)
keKe keK.

We recall that the q-capacity of a set D C R? is defined as
Cap,(D) := inf{/ IVfl9dz: fe WHRY, D c {f > 1}}.
R4

In (1.32), the following property is used: let B(0,r) C R? be a ball with radius r € (0,1), then
Cap,(B(0,7)) < Cri=4,  for some C indepedent of r.

In the weak formulation of the momentum equations, by testing g-, there arises the term

/ / (6.0 - Vae da dt.
0 Q

To make sure the above term makes sense, due to (1.29), it is necessary to impose the condition
5 1\ 1

( - > +-<1. (1.33)
37 q

The condition (1.28) is sufficient and also necessary to make sure that there exists a positive q such
that conditions (1.31) and (1.33) are satisfied. We also remark that condition (1.33) implies

1 1 1
—+-+-<1 1.34
Y3 g (1:34)
-1
for any v > 3/2 because (% - %) > %—}—% <= (27 —3)2 > 0 which is always true. This is needed

later in the proof of Proposition 3./.



2 Model test functions and the Bogovskii operator

In this section, we introduce two basic tools that will be needed in our proof of the main theorem.

2.1 Test functions vanishing on the holes
We introduce the following Lemma:

Lemma 2.1. For any 1 < r < 3 such that (3 —r)a — 3 > 0, there exists a family of functions
{ge}es0 C Wl’T(Q) such that

ge=0 on U Tek, ge—1 in wir(Q). (2.1)
keK,
Moreover, there holds the estimate for some C' independent of €:
lge = Ulwrr) < Ce?, o:=((3—r)a—3)/r (2.2)
Proof of Lemma 2.1. By (1.1), there exists g. € C*°(R?) such that
g =0 on U Ter, g-=1on ( U B(ze i, 60e)), Vel poo sy < Ce™.
keK. keK.

Recall that the counting measure of K, satisfies (1.3). Then direct calculation gives
lge = 1 pr(qy < CeB®37 | Vge|| i) < CeBr3/r = Ce?.

Such g. fulfill the request in Lemma 2.1.

2.2 The Bogovskil operator
The aim of this section is to prove the following proposition:

Proposition 2.2. Let Q. defined as in (1.1)-(1.2) with a > 1, then for any 1 < q < oo, there exists
a linear operator Bs : L4(Q:) — Wol’q(QE;R3) such that for any f € L9(§.) with st fdx =0,
there holds

diveBe(f) = f in Qe | Be(f)llyraqmsy < OO+ G090 £l (2.3)

for some constant C' independent of €.
For any r > 3/2, the linear operator B. can be extended as a linear operator from {div,g : g €
L"(Q:R3),g-n =0 on 00} to L™(Q;R3) satisfying

1B (divag) || 1 (0.:r2) < CllgllLr . rs), (2.4)
for all some constant C' independent of €.

The existence of an operator such that the first equation in (2.3) is satisfied is classical, known
as Bogovskil operator. The key point of this lemma is to give an estimate for the operator norm,
in particular, to show the dependency on €.

The analytical tool to be able to get estimates uniformly in ¢ is Theorem 1.1. So we prove
Theorem 1.1 first and then prove Proposition 2.2.

Actually, Theorem 1.1 is an extension of [8, Theorem 5.2]. The strategy is biased on the
following technical theorem [8, Theorem 4.2]. For the sake of clarity, we summarize the parts of
the theorem that we will use in our argument in the following lemma
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Lemma 2.3 (Decomposition Theorem). Let Q@ C R™ be a bounded domain satisfying the emanating
chain condition, i.e. Definition 1.2.2. Then there exists an at most countable family of linear
operators T; : CZ(2) — C23(Wi) such that for all g € (1,00) the following properties are satisfied:

(i) The operators have a bounded extension T; : L{(Q2) — LE(W;).
(i) For all f € L{(Q) we have f =", .nTif-

(i) For all f € L{(Q) we have || f|ra) < e 2o 1Tifllnaqwy,) < c2llfllpay, with constant cy, ¢
just depending on the constants of Definition 1.2.2.

(i) For f € C2(R2) the set {i € N: T;f # 0} is finite.

Proof of Theorem 1.1. The first statement (1.17) has been shown in [8, Theorem 5.2]. For us it is
left to show that the same operator also satisfies (1.18).
We start by using the fact that compactly supported functions are dense in

{f € (WH(Q)" : (f,1) =0}

Indeed, as can be seen in [11, Lemma 10.4] there exists w € L"(2), such that

(f, &) :_/Qw-qudx, and |lwllzr) = £l @)

We approximate (using the density of test functions in Lebesgue spaces) with functions ws €
C°(Q;R?), such that ws — w in L"(2) and [Jws]| ) < 2[|fll w1 (y)+- By partial integration we
find divyws € CZH(€).
This allows us to apply the decomposition theorem [8, Theorem 4.2]. That is for the chain
covering W introduced in Definition 1.2.2, we have the family of linear operators T; : CZ5(€2) —
co(Wi), for all W; € W. By the definition of the reference paper we find that B(div,ws) =
ZWLEW B;T;div,ws, which is well defined due to the calculations above. Observe, that B; is the
standard Bogovskij operator on the cube W;. Since, T;div,ws € é’%(WZ) we find by [11, Theorem
10.11], Lemma 2.3 and by the finite intersection property of the W;, that

1Bdivaws||7r ) < C Y | BidiveTws||7r) < C Y | Tiws|ro.ms)
Wiew Wiew

< CHw5|’2T(Q;R3 < CHf” (WL (Q)*)"

Moreover, again by Lemma 2.3 as well as the properties of B;, we find

div,Bws = Z div, B;Tiws = Z Tiws = wg. (2.5)
W;,ew W;,ew

This implies the desired properties for smooth functions. Since the related bounds are uniform
in &, the operator B can be extended accordingly to {f € (W' (Q))* : (,f,1) = 0} by letting
0 —0. O]

Proof of Proposition 2.2. Let f € L1().) with fﬂa f dz = 0, we consider the extension function
f = E(f) defined as

f=finQ, f=0mQ\Q.= ] T (2.6)
keK.

11



Then by employing the classical Bogovsii’s operator, there exists u = B( f ) € VVO1 9(Q; R?) such that
diveu=Fin @ and [ullysagze < Clfle = Clfll,) (27)

for some constant ¢ depends only on €2 and gq.
In each ball B(z., d3¢), we introduce two cut-off functions xj and ¢y, such that:

Xk € C2(B(we . 03¢)), Xk =1 on B(wey, 62¢), |Vaxs| < Ce™;
bk € C°(B(xek, 01€%)), ¢ =1 on B(x.k, 00e®), |Vadi| < Ce™ .

We denote
Da,k = B(-ra,kn 536) \ B(xaka 525)a Es,k = B(xa,ka 535) \ Ts,k- (2'9)

We then define two localizations of uw near the holes:

bi(u) = xi (u — (u)p, ) € Wy (B(2ep, 03¢)), Br(u) := dnlu)p,, € Wy '(Blaep, 616%)), (2.10)

1
(up,, = / u dx.
" |D€7k| Ds,k

Since the E.j are uniform John domains, the following corollary follows immediately by
Theorem 1.1 and (1.19).

Corollary 2.4. For any 1 < q < 0o, there exists a linear operator Bg, , : L(E.x) — Wol’q(E&k; R3)
such that for any f € L{(E. )

diVxBEg,k(f) = f, ||BEa,k(f)||W01’q(E€7k;R3) < CHfHLq(EE,k)a (211)

for some constant C' independent of €.
For any g € LY(E. 1; R3) with g-n =0 on OE.x, we find

(Bg. . (diveg), Vo) = (g, V) for all ¢ € CF(E. ).

Moreover,
1BE. ,, (diveg)| La(e. r3) < CligllLa(E. ,r3), (2.12)

for some constant C' independent of €.

We now define the restriction operator in the following way:

Re(u):=u— Y (be(w) + Br(u) — Be,, (diva(br(u) + Bi(u))) - (2.13)

keK.

We first check that R.(u) is well defined. Since by, 8x € WH9(E. ) to this end, it is sufficient to
show that

/ div, (bg + Bx) dx = 0. (2.14)
Ea,k

Indeed, on one hand, by the zero trace (2.10), we have

/ divy (bg + Br) dz = 0. (2.15)
B(xe k,03¢)
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On the other hand, by (2.6)-(2.10), we have
divy (b + Br) = xxdiveu + Vexe - (v — (u)p, ;) + Vaor - (u)p,,, =0, on Ty (2.16)

Equations (2.15) and (2.16) imply (2.14). Hence, we can apply Corollary 2.4 on each member and
(2.13) is well defined. Moreover, applying Poincaré inequality gives

/\VR |qu<c/ Vul?de +C Z/ Xl Val? 4+ [ — (uhp, 7V x| da
kek, J Blen0se)
+C Z / ‘v$¢k|q’<u>Ds,k|qu
kek. Y B@ek016%)

<C/|Vu|qd:1:+02/ ”\qd +C Y [u)p, ,|UB (w616
keK. keK.

< C/ |Vul!dz + C Z / |[Vul?dz + C Z |(u 7k|qa(3"ﬁ°‘ dz
keK, keK.

<C/ |Vul?dx + C Z/ lu|? dg eB~Da—3
keK.

<C(1+ 5(3_Q)a_3)‘|u||wl,q(g)-

We claim that the operator B. defined in the following way fulfills the desired properties in
Proposition 2.2:

B-(f) = Re(u) = Re(B(f)) = Re 0 Bo E(f).
By the definition of R.(u) in (2.13) and the property of w in (2.7), we have

R-(u) € Wy (R,  divyRe(u) = divyu=f in Q.
Moreover, for any = € T, for some k € K., we have by using (2.8) and (2.9) that

R (u)(x) = u(z) — xp(2) (u(z) — (u)p,, ) — ¢r(2)(u)p,, = 0.

Thus,
R.(u) € Wy (2;R?),  divyR.(u) = f in Q..

Now we prove the second part of Proposition 2.2. Let 7 > 3/2 and g € L"(Q.;R?) with g-n = 0
on 9. Let u := B(div,g) € L"(2;R?) with B be the standard Bogovskii operator in (2. Moreover,
there holds

ullrrs) < CligllLr . r3)s (2.17)

where the constant C' only depends on r and the Lipschitz character of the domain €.

We assume div,g € L?(€2.) for some ¢ > 1. This ensures, together with the assumption g-n =0
on 012, that u € Wol’q(Q; R3), then R.(u) € Wol’q(QE; R3) is well defined where R. is the restriction
operator constructed by (2.13). Our goal is to show the following uniform estimates

| Re(u) | r0oir3) < CligllLr oo ir3)s (2.18)

for some constant C' independent of ¢ and ||div,g| za(q.)-
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y (2.10) and (2.8), we have

/ |bg (w)|" dz < / lu—(u)p, . |"de < C |u|" da,
Q B(zc ;,03¢) ’ B(xc k,03¢)

/ ()" da < / (w)p, , | dz < Ce3@D / o da,
Q B(xs,k7615a) 7 B(xs,k:‘si’»g)

where we used the fact [(u)p_,[" < (Ju|")p, -
Direct calculation gives, using the fact that div,g = div,u, that

(2.19)

divy (b (u) + Br(u)) = xpdiveu + Vex - (u = (w)p, ;) + Vagy - <u>D£7,c
= xkdivag + Vaxi - (u —(u)p, ;) + Vadi - (w)p, ,
= dive(xx8) — Vaxk - 8+ Vaxx - (u = (w)p.,) + Vadi - (u)p.
= divy (xx8) + dive(xk(u — 8)) + diva ((éx — xk)(W)D, ;)

(2.20)

We will estimate the operator Bg, , on each three divergences separately. Observing
Xx8 = 0 on 0B(x.k,03¢), xk& -n=0on dTy,
and applying Corollary 2.4 implies
1Bk, ,, (dive(xk8)| - (B, 1r3) < ClIXk8llLr (B 1ir3) < CllgllLr (&, r3)- (2.21)

For the other two terms we will use the W14-bounds of the operator Bg, ,. We find by the
support properties of y, ¢ and the fact div,u = div,g that

/ divy(xx(u — g)) dx = / divy(xx(uw —g))dr =0,
E. i

B(xs,k’535)

| divalon— o )de = [ diva((6n =), ) doe =0
E. i B(zc k,03¢)

Since r > 3/2, we let 7 > 1 such that 1/7 = 1/r +1/3. Then applying Corollary 2.4, together with
the Sobolev embedding inequality, implies

185 (Ve - (8 = )|, ) < ClBr (T - (8 = W)yt i, o

< COlVaxk - (8 = W)llr(e.,) < CllVaxullre e, o re) (18l 2r (&, vy + lullLr e, r2)),
1BE. « (Va(dr — Xk) - (w)D. )| Lr (B ir3)

< C(HVxXka(EE,k;Rf%) + Hvxd)k||L3(EE,k;R3))HUHLT(EE,;C;]R% < C||UHLT(D57,€;R3)-

(2.22)

Summarizing (2.19)(2.22), using (2.17) and the fact [|[Vaxel sz rv3) T Vadrll L3 s. r3) < C,
we obtain
[ Re(W)|7r .3y < CUl8lI7r 0o rey + [ullir@irs)) < Cligllzr . rs)-
for some constant C' independent of € and ||div,g| za(q.). This implies our desired estimate (2.18).
Since this estimate constant C is independent of ||div,g|[zq(q), by a density argument we can

eliminate the assumption div,g € L4(Q2). The proof is completed.
0
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3 Proof of Theorem 1.6

3.1 Uniform bounds

By the uniform bounds of the initial data in (1.25) and the energy inequality (1.23), together with
the pressure property (1.8), Korn’s inequality and Poincaré inequality, we have

{0e }e>0 uniformly bounded in L>(0,T; L7(2)), (3.1)
{6.]0:*}c>0 uniformly bounded in L>(0,T; L*(Q2)), (3.2)
{1} >0 uniformly bounded in L*(0,T; W&’Q(Q;R?’)). (3.3)

Then up to a substraction of subsequence, we derive the weak limit

0. — o weakly-* in L=(0,T; L7(Q)), . — u weakly in L3(0,T; W,*(2); R®).

3.2 Improved integrability on the density

In this subsection, we will show the following improved uniform integrability of the density:
{8-}e0 uniformly bounded in L3 ~1((0,T) x ). (3.4)
This is equivalent to following integrability on the pressure:
{p(6-)}es0 uniformly bounded in L5 ((0,T) x £). (3.5)

We recall that, for any fixed € > 0, the result o, € L%_l((o, T) x Q) is known, see for instance

Theorem 7.7 in [21]. However, the estimate for ||oz| 5v_, shown in [21] is not uniform in
L3 1((0,1)%x9)

€. Indeed, it depends on the Lipschitz norm of the spatial domain, which is the perforated domain
Q. in our setting. Our task in this section is to show such an estimate is uniform in €.
The idea (as in [12, 21]) is to test the the momentum equation by functions of the form

o(t,x) = ¥(t)Be (95 — <9§>), b€ C((0,7)), (o) := ‘le‘ i of dz, >0,  (3.6)

where B, is the Bogovskii operator given in Proposition 2.2. To prove (3.4), a nature choice is
60 = 2v/3 — 1 in (3.6), but due to the restriction (3/2 < ¢ < 2) on the uniform bound of B,
there arise terms that cannot be controlled by the known uniform estimates in (3.1)—(3.3). We will
improve the integrability of g. step by step by taking # from smaller number /2 to our desired
number 27v/3 — 1.

The following two lemmas are needed:

Lemma 3.1. Under the assumption in Theorem 1.1, the extension functions o, Q. satisfy
O40- + divy(g-0.) =0, in D'((0,T) x R3). (3.7)

Lemma 3.2. Let 2 < 3 < oo and ¢ € LP(0,T;L) (R%), 0 > 0 ae. in (0,T) x R, u €
L?(0,T; VVi)f (R3;R?)). Suppose that

dro + divy(ou) =0, in D'((0,T) x R?).
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Then for any b € C°([0,00)) N CL((0,00)) such that
V(s) < Cs™0 forse (0,1], b(s)<CsM fors e [l,00),
with ¢ >0, Ag <1, \; < g — 1, there holds the following renormalized equation
Ab(0) + divy (b(o)u) + (V' (0)o — b(o))divyu = 0 in D'((0,T) x R?).

The proof of Lemma 3.1 is the same as Proposition 3.3 and the proof is postponed. For the
proof of Lemma 3.2, we refer to Lemma 6.9 in [21]

By the estimate (3.1) with v > 6 and the estimate (3.3), we apply the above two lemmas to
obtain

Ob(0:) + divy (b(8)0:) + (V' (8:)8: — b(8:))div,t = 0 in D'((0,T) x R?), (3.8)
for any b as in Lemma 3.2; in particular, we can take b(s) = s with 0 < 6 < 3.
We first use the function (3.6) with 6 := v/2 as a test function in (1.22). Thus, by uniform
estimate (3.1) and Proposition 2.2, we have for any r € (1, 2] that
0 0 0 0 3
|1B(0” — (0 >)HLoo(o,T;W01»T(Q€;R3)) < Cll(e” — (o >)HL°°(0,T;LT(QE)) < CHQHLOO(QT;L’V(QE)) <C. (3.9)

Then direct calculation gives

T 6
/0 [ wiopled dra =31,

J=1

where

T T
I = / /Q wp(gg)(gg dedt, I := —/ /Q O (t)oeue - BE(Qg — <Q§>) dx dt,
0 e 0 e
T T
I3 = / Yo:u: @ U : Vxl’j’g(gg — <Q§>) drdt, Iy := / PS(Veue) : VxBE(Qg — <Q§>) dx dt,
0 JQ. 0 JQe

T T
gk—/ Q¢&%IM&£—M£DMm,%>/ | eel - Be(oc — (ef) dodr.
0 ; 0 e

We estimate using the choice § = /2 and Hélder’s inequality

Bl <O sup [((0) | e o) do < Clecl Py pniay < ©
€10, e

By the fact % + % + % < 1, by using estimate (3.9) and Holder’s inequality, we can obtain

B. (o~ (D)) | <c

[I2] < Clloellne 0,72 el L2 0,715 (02, ) ‘ L 0T L5 (60)

Again by the fact v > 6 and %—1— % —l—% < 1, together with estimate (3.9) and Hélder’s inequality,
we obtain

5] < Clloel oo rao@an elFao ooy [ VeBe (o = 1eD) |, mraiay <
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Similarly, for I, we have

0 0
4] < Vel razany [ Vo8 (e = @)]], ooy
< Ol eqorir2 o)) < Cllollfoe o 10700y < C-

The most challenging term is the term which involves the weak time derivative. To estimate this
term we had to introduce the theory for Bogovskii type operator on negative spaces for perforated
domains, namely the second part of Proposition 2.2, for which the proof needs the theory for
Bogovskii type operator on negative spaces for John domains, namely Theorem 1.1. First we may
use Lemma 3.2 with § = ~ to obtain

O (0”) + divy (o”u) + (0 — 1)0”)div,u=01in D'((0,T) x R?), 6 := %

Then, direct calculation gives

I5—/ / Poeu, - B dlvm(ggu5)> dz dt

+ (0 — 1)/0 A po-u. - Be (diivxus - (ggdivxu5>> dz dt (3.10)
=:I; + Ig. E
By estimates (3.1)—(3.3) and the fact v > 6, we have
llo=vellr2(0,m;23(0.)) < ll0ellzoe 0,1 n8 (o)) el 20,8 (0)) < Cs
el e o 7p % 0y = IVEEll= 21200 Ve | Lo 07220000 < € (341
This implies, by interpolation, that
1 2
llocvell Lo (o,7:22(02.)) < ||Q€u5||22(07T;L3(QE))||Q€u5||zoo(07T;L¥(ﬂs)) <C. (3.12)
We apply Proposition 2.2 to get
11 < Clleculsomazay [[Be (4 (299 g gy, < NNt rinany (519

< Cllucll 205 el 3o r3 0 < ClIVauellrzor. 2ol s o.r.m3(9.))-

For Ig, by Proposition 2.2 and Sobolev embedding, together with (3.11) and (3.12), we have

e (diivxus - <diivzu6>)‘

18| < Cllocuel Lo o,7:02(0.)) L8 0Tz

3.14
L oW 8 (0.) (3:14)

B (diivxuE — (diiku5>>’

< CHQ dlvxugH

0TL5(Q ) < CHlea:uaHL2(0,T;L2(QE))HQEHLB(O,T;LB(Qg))-

Thus, by (3.13) and (3.14), we obtain

I| < ||+ |Ig] < C| o 4 C
551 < 1B+ 18| < Cllefllsorann = Clledl g oo
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Finally, for Ig, it is direct to obtain
0
(6| < [l0cl Lo (0,120 )) 02| oo (0,7522(00)) < C

Hence, summing up above estimates for I;, 1 < j < 8, by passing ¢» — 1 in L*°((0,7T")), we have

ol
// p(0.)o2 xdt<C’+CHQEH2
] P or¥ @)

Thus, by assumption on pressure in (1.8), we obtain
X
[ 0cll 237 <C+C/ / (0)02 xdt<C+CHQsll2
7 (0T5L 7 () c 7 0mL 7 (@)
This implies
3
{0¢}e>0 uniformly bounded in L%((O T) x Q) (3.15)

Next, based on estimates obtained above in (3.15), we choose a bigger value 6 =
to obtained our desired estimates (3.4)—(3.5). To this end, we estimate all [; with § := 3 —

For Iy, estimate (3.1) and Holder’s inequality implies
r/ plo=(t) do| < Cllecll oo ety < C-

1] < C sup (o2t
te[0,77]
For Iy, by Proposition 2.2, estimates (3.1), (3.3), (3.15) and Sobolev embedding, we have

o /.0
a(ee <@e>)Hm,T;m»
2
< Clleell foo 0,117 (002))-

[ 12| <Cll oz Loo (0,7:07 (20)) 0] L2 0,7:26 (02, )

(gﬁ — <@§>) HLOO(U,T;W(}g(QE))

For I3, by the fact v > 6, = 22 — 1 and 1 —|— —|— 2 =1, we obtain by using Proposition 2.2

and Holder’s inequality
13| <cuge||LooomQ plelFaorizsieon [ VoBe (o = @), oy

<C| QeHLoo(o,T;m(Qs))‘

For Iy, by (3.3) and (3.15), and the fact 20 < 37 for 6 = 5L — 1, we obtain
<t (e

< COlldllz20,r:02(00)) < Clleel o200,y < C

For Ig, it is direct to obtain
0
16| < |0zl Lo 0,722 (00)) 02l 20,7522 (02.)) < C

Now we estimate 5 which is the most difficult one. By estimates in (3.15), we use Lemma 3.2

with 8 = 3v/2 to obtain
)o”)divyu =0 in D'((0,T) x R?),

d4(%) + div, (0’u) + {C,
18



We then split I5 = I7 + I3 the same way as (3.10):

T
I; .= / / Yoeue - Be (divx (ggu6)> dx dt,
0 Qe
T
Iy = (0 — 1)/ Yoeue - Be (ggdivxus — <ggdivxu5>) dx dt.
0o Ja.

We first estimate g.u.. By the fact

-1 -1
1 10y
(o)) et (20l
3 2 3 27 1076

and Holder’s inequality, we have

HQSUEHLN?G (O,T;L 10577_6(95)) - H\/EE\/EEUEHLIO%_G (QT;L%VDG(QE))
. (3.16)
< H\/EEHLLY;G (0,T;L10§_6(95)> H\/EsUEHLm(O,T;LZ(QE)) =0 ”QE‘L‘E%‘“’( 7 ;L‘E%S(QEO '
Similarly, by the fact
5y ) Lo 543 5y N1 5415
3 2 10v-6 \3 6 6(5y—3)
and Holder’s inequality, we have
. < _ 5y .
HQeUaHL%o%_S@ (o,T;LGEEill? (m)) < lleell srzs (QT;L 2 3(95)) [aell 20,7250,
(3.17)

<C _ - .
< Cllell 5z (O’T;sts 3(95))

By (3.16), (3.17), and interpolations between Lebesgue spaces, we have, for any o € [0, 1] and 71, o
such that

1 3 5y+3 1 5y 5y + 15
—=(1- —=(1- 3.18
m 0T s T 0 e a>107—6+a6(5fy—3)’ (3.18)
there holds
(ta)
lesucllinomrrs ooy < © HQEHLSQ%S (07T§L54’73;3(Q6)) |
By choosing o = £ in (3.18), we have
1 4+3 1 13y+3
ri1 10y —6" ry  6(5y—3)
This implies
3
u _ _ <’ 5. _ .
| 0e €HL13136 <0,T;L6{gz+g) (Qs)> HQsHsts 3 (0,T;L573 3(95)) (3.19)

For I, by (3.19) and the fact

1 2y-3 9y—9 1 2y—3 17y—21 2
S+ = . =+ = <=
2 5y—3 10y—-6" 6 5y—-3 6(5y—3) 3




and
v+3 9fy—9_1 13v+3 17y —21

107—6 10y—6 = 6(6y—3) " 6(57—-3)

we can apply Proposition 2.2 to obtain

g (divx(egus)) ‘

[I7] < C |loeuc]| 1076( 6(5v—3) >
L5 (0L T (0.)

107—6 6(57—3)
L7979 (0,T;L 17721 (Q,)

0
0:U¢

<C HquEH 1076 ( 6(5v—3) ) ’
L7 (0L TS (0,)

10y—6 6(57—3)
L 99—9 U,T;Lw (Qa)

o

3
< Clleell® s =
L

Lng <0TL?—3(Q ) ||us||L2(0,T;L6(Qs))

<O,T;L#(QE)) ‘
53 <O,T;L#(QE)) < OHQEH

It is left to estimate Ig. Since § = %t — 1 and

1 2y—-3  9y-9
5y—3 10y —6’

N

2y _
3

<C| sH5

‘ o

7 (0,T)x9.)

Hoélder’s inequality implies

Thus, by Proposition 2.2 and Sobolev embedding, we have

- (ggdivmué« — (diivxu5>>’

diivz u,

. < ||di - < .
L0 omxan) S [divauc| 22 (0,1)x0.) ||QEHL3_§((OT) o) Cllo-|l° L5 (0.1 xe)

107—6 6(57—3)
L7979 | 0,7;L T 21 (Q,)

(,gadlvmu6 — <Q£dlvxu5 )H Loy—6 11076 (3.20)
L95=9 <O,T;WO 97=9 (Q€)>

= C‘ ey < Cllecll” 53

L970 (0,T)x0Q) — L75 ((0,T)%x0)

By estimates (3.20) and (3.19), we obtain

B. (diivgguE — <ggdiv$u5>>’

o dlvxus

107—6 6(57—3) ||Qau6|| 107—6 6(5v—3)
L9 (0,1;L 1721 (Q,) L3 (0,11 1373 ()

lw

2y
3

H96H5 < CHQ&H -
3 ((O,T)XQE)

Hence, summing up above estimates for I;, 1 < j < 8, by passing ¢» — 1 in L>°((0,7")), we have

Ulho

< CHQEHG 57

((0 T)xQ ((0 T)xQ:)

M

2y
3

‘ o

T 2y
/ / p(0:)0s dxdt<C+CHQsll
0 e

Y (0)x90)
Thus, by assumption on pressure in (1.8), we have

2y

Hggu s <C+C/ / plo:)os da:dt<C+CHQ6||
(OT) xQe)

M)

2y _
3

| o

2 ((01)x€)

This implies our desired uniform estimates in (3.4) and (3.5).
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3.3 Equations in homogeneous domains

In this section, we derive the equations in g, ut. in ((0,7) x Q).

3.3.1 Continuity equation

For the continuity equation, we have the following Proposition:

Proposition 3.3. Under the assumption in Theorem 1.1, the extension functions 0., 0. satisfy
O10- + divy(g-0:) =0, in D'((0,T) x R3). (3.21)

Proof of Proposition 3.3. It is sufficient to prove

T

/ / 0:01) + 0.1, - Vaip dedt = 0, for any ¢ € C°((0,T) x R?).

0 Q

Let {¢n}n>1 C C°(£2:) such that 0 < ¢, < 1, |Va¢y,| < 4n and
¢n =1 on {z | dist(z,09.) >n"'}, ¢, =0on {z | dist(z, 09;) < (2n)_1}.

Then

T T
| et gt v anar = |7 [ 0.0i060) + oo 9awn) daat

. (3.22)
+/ /Q Qaat'l/}(l - ¢n) + o:u; - v;ﬂ/’(l - ¢n) — OeUg - wvm(bn dxdt.
0 e
By the estimates obtained in (3.1)-(3.3) and Sobolev embedding, we have
T
h_>m / / Qaatw(l - ¢n) + 0euc - vzw(l - ¢n) dzdt =0,
n o 0 -
where we used the fact
1—¢, — 0in LI(,), for any 1 < g < oo, as n — oo.
By virtue of (3.3), we have
dist(z,99.) " tu. € L2((0,T) x Q).
Then by (3.1) and the fact
dist(z, 0Q:)Vyo, — 0 in LY(Q.), for any 1 < ¢ < 0o, as n — oo
we have
T
lim / / o:u; - YV, dxdt = 0.
n—oo 0 QE
We complete the proof by passing n — oo in (3.22)
O
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3.3.2 Momentum equation

By Remark 1.7, the condition (1.28) implies that there exists 5/2 < ¢ < 3 such that (1.31), (1.33)
and (1.34) are all satisfied. We now prove the following proposition

Proposition 3.4. Under the assumption in Theorem 1.1, there holds the equation
On(0e1e) + divy (-0 @ Be) + Vop(8e) = divaS(Votie) + 28 + Fe,  in D'((0,7) x 4 R?), (3.23)
where F. € D'((0,T) x ;R3) satisfies
[(Fz, 0)] < Ce? (100l 20,12 (83)) + Vol iro.r:1305r9) + [@lLro.mor@rs)) » (3.24)

for any ¢ € C((0,T) x ;R?) and some constant C, some 1 < r < 0o, with o := (3—q)a—3 > 0.
Here q € (5/2,3) satisfying (1.31), (1.33) and (1.34), C and r are independent of .

Proof of Proposition 3.4. Let ¢ € C°((0,T) x ©;R3) be any test function. It is sufficient to show:

T
I¢ . = / /Qésﬁgat(p 4 00 @ Ue : Vo +p(ée)diV9:(P - S(Va:ﬁa) : Ve + of - ¢ dxdt
0
< C &7 (10l 20,12 um3y) + [Vapliro,1:03(r9)) + 1€l 0,1 Lr(sm3y)) » for some 7 < oo,

The condition (1.31) makes sure that we can apply Lemma 2.1 to find {gc}e>0 C Wol’q(Q) such
that (2.1) and (2.2) are satisfied; the conditions (1.33) as well as (1.34) make sure all the terms
appeared in the following equation make sense:

T
I° = / /Q 0:U:04(gep) + 0:u: @ ue : Vi(ge) + p(0:)dive(g:p)
o Ja.

5 5
—S(Vate) : Vialge) + 0f - (gep) dadt + Y [ = I,
j=1 j=1

where

S

Ili

éaﬁs<1 - 96)81%0 d:):dt,

~

Iy : : (1= 9e)Vep — 0:0: @ Ue : (Vyg: ® @) dadt

=}
=1}
()
&
s
()

€

P(0e)(1 — ge)divey — p(0:)Vage - ¢ dadt,

N

IS
li
B
<
8
o
™

:) : (1= ge)Vap +S(Vete) 1 (Vage @ ) dadt,

!

0:-f(1 — go) dadt.

o
I

&

i
%%h%c\
S— S— 55— 55— 5—

We now estimate I; one by one. By (2.2) in Lemma 2.1 and Sobolev embedding, we have

o1 11
Hgg_lHLq* ch y Ezg—g (325)
We further observe that the condition (1.28) is sufficient to make the inequality (1.33) and
(1.34) be strict. Precisely, under condition (1.28), there exists 5/2 < ¢ < 3 such that (1.31) and

the following two inequalities are satisfied:

5 1\ ' 1 1 1 1
s _ = +-<1, “4+-4+-<1 3.26
(3 v) q v 3 q (3.26)
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In the rest of this proof, we use a simpler notation LIL" to denote spaces L?(0,7; L"(2)) or
L0, T; L" (S R3)) or L(0,T; L™ (£ RY)).
We now consider I;. By (3.25) and (3.26), there holds

1 1 1 1
T4+ =< 3.27
7+6+q* 5 (3.27)

By the uniform estimates in (3.1)-(3.4) and Hélder’s inequality, we obtain
I <@l oo prlltell oo 1 = gell o |0l 222 < C €7][Oepl| L2 L2-
For Iy, by (3.25) and (3.26), using Sobolev embedding and Holder inequality, we have
{6:|8:|*} >0 uniformly bounded in L®L' N L'L35,
By interpolation and the inequalities in (3.26) and (3.27), we have
{6:|0:*}e>0 uniformly bounded in L9 L%

for some 1 < ¢; < oo and 1 < g2 < 37/(3 + ) satisfying
1 1 1 1 2
—+-<1, —+ =<z
@2 q @ g 3
Then Holder’s inequality implies
I < Ollgel8cl?| o paz 11 = gell o Vol i 15 + Clloe[0e || Lo 192 |1 = gellwrall @l i 272
< Ce%(IVaellprips + llellripr),

where
1 1 1 1 1
—=1-—>0, —=1-——-->0.
1 q1 T2 q2 q

For I3, by (3.4), similar argument as the estimate for I gives

I3 < Cllp(oe)
< Ce?([IVapllrrsrra + |l¢llrspre ),

3-1,5-2 11 = gellpa Vallraprs + Cllp(@)ll 5-1 5-2 111 = gellwrall@llrs 176

||L3 YL3 7N 37 v],3

where

Similarly, we have for I, we have

1 1 1 1 1 1 1 1 1
I < Ceo(| v . W)y — =l s S-S
4= E(H fBSOHL2L7+”90HL2L8)7 I 2 q* 3+10’ rs 2 q 10
Finally for I5 :
1 1 1 2 1 2
Iy < Ce° gy —imle—— s> s 2
5 < Ce|lpllarro ro PR 5 6 5

We thus complete the proof by taking
r:=max{r; | 1 <j <9} € (1,00).

23



3.4 Passing to the limit

We need to show the weak convergence of the nonlinear terms in the sense of contribution:
0:U: — ou, Q.U.®U. — ou®u, p(o:)— p(o).

3.4.1 Time derivative estimates and weak limits

We would like to prove
éaﬁa — ou, éaﬁe & ﬁg — ou ®u

in the sense of distribution. A key point is that we can obtain some uniform estimate for 9;0 and
0¢(on) by Proposition 3.3 and Proposition 3.4 we just proved. This allows us to use the Aubin-Lions
type argument to prove the weak limit of the product is the product of the weak limits.

By Proposition 3.3 and the uniform estimates (3.1)-(3.3), we have
{48:} 0 uniformly bounded in L2(0, T; W~ 555 (D). (3.28)
By Aubin-Lions type argument (see for example [23]), or directly using Lemma 5.1 in [16], we have
o:u: — ou in D'((0,T) x Q). (3.29)
By (3.1) and (3.2), there holds
{(0:0¢) }e>0 uniformly bounded in L*(0, T L%(Q;R?’)),
together with (3.28), we have

O — 0 In Cw([O,T];LW(Q;R?’)), OsUz — ou in Cw([ovT];L%(Q;RS))'

By Proposition 3.4 and the uniform estimates (3.1)-(3.3), have

OcUe = (éeﬁa)(l) + 50(@5{15)(2)7 (330)

where
{8,(3-11.)M Y e~ uniformly bounded in L'(0,T; W5 (; R?)), (3.31)
{(8-9.)P} .~ uniformly bounded in L2((0,T) x Q; R?). (3.32)

By observing
{(0c10¢) }e>0 uniformly bounded in LQ(O,T;L‘D‘%(Q;R:S)) c L*((0,T) x 4 R?),
we have
=~ (1) . . 2 .3
g e 3 ) I : .
{(0s0)"" }e>0 uniformly bounded in L“((0,7") x £;R”) (3.33)

By (3.31) and (3.33), together with Aubin-Lions type argument (or using directly Lemma 5.1 in
[16]), we have
(éeﬁé)(l) ® 0. = (6-u)V®@u in D'((0,T) x Q).

By (3.29), (3.30), (3.32), the weak limit satisfies




Finally, by observing
6”\\(.(_35{15)(2) @ Ue| 10y xRS xRy < Ce7 =0, as € — 0,

we obtain
0-0-®1U:. - pu®u in D((0,T) x Q). (3.34)

Thus, by passing € — 0 in (3.21) and (3.23), we obtain the equations in (g, u):

dro + divy(ou) =0, in D'((0,T) x R?), (3.35)

d(ou) + divy(ou ® u) + Vup(o) = div,S(V,u) + of, in D'((0,T) x Q;R3). (3.36)

Here in (3.36), p(0) denotes the weak convergence of p(9-). Moreover, by Lemma 3.2, there holds
Ab(0) + divy (b(o)u) + (V' (0)o — b(p))divyu =0 in D'((0,T) x R?), (3.37)

for any b fulfilling properties stated in Lemma 3.2.

3.4.2 Strong convergence of the density

The next step is to show
p(0) = p(o), (3.38)

which is a consequence of the strong convergence g. — ¢ a.e. in (0,7) x Q.

As in the existence theory of weak solutions for compressible Navier—Stokes equations, the strong
convergence for the density approximate solution family is a tricky part. P.-L. Lions [16] introduced
the so-called effective viscous flux which enjoys an additional compactness, and this property plays
a crucial role in the existence theory of weak solutions for the compressible Navier—Stokes equations.
This is the following lemma:

Lemma 3.5. Up to a substraction of subsequence, there holds for any ¥ € C°(Q) and any ¢ €
Ceo((0,7)):

iy [ [ o00(e) (st — (2 + mpaivan.) o arat
= [ [ ot (50 - 2 + o) ¢ arat.

Proof of Lemma 3.5. The proof of Lemma 3.5 is quite tedious but nowadays well understood. In
this proof, the notations V and A are all associated with spatial variable x.

The main idea is to employ the following test functions in the weak formulations of momentum
equations:

PYVAT 5., ppVAT g, (3.39)
where A~! is the Fourier multiplier on R? with symbol —ﬁ. In (3.39), 0. and p are treated as

functions in R?® with respect to spatial variable, where there holds g. = o = 0 on Q°.
Notice that
VVA™ = (Rij), <ij<3
are the classical Riesz operators. We refer to Section 1.3.7.2 in [21] for the concepts of Fourier
multiplier and Riesz operators. We recall the classical property for Riesz operators: for any f €
LY(R3), 1 <1 < o0:
IVVA™ fllpr@sroy < ClIFllLrgs)- (3.40)
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By embedding theorems in homogeneous Sobolev spaces (see Theorem 1.55 and Theorem 1.57 in
[21] or Theorem 10.25 and Theorem 10.26 in [11]), we have for any f € L"(R?) with supp f C Q:

VA flle gy < Ol o =~ — 5 1 <7 <3, )
HVA_lfHL’“*(R3;R3) < Clfllzr sy, for any r* < oo,if r > 3.
Then by the uniform estimate for g. and its weak limit ¢ in (3.1) and (1.27), we have
IVVA™ G| Lo (0,150 (o)) + IVVA ol oo (0,107 (sm0)) < C- (3.42)
Moreover, under the restriction v > 6, we have for any r € (1, 00):
IVA™ Ge|| oo (0,132 i)y + IVAT ol oo 0,7507(m3)) < C- (3.43)
By equations (3.21) and (3.35), there holds in D'((0,T) x R3):
O (VAT15.) = VA 9,6.) = —VA N (div,(d-0.)),

8, (VA" ) = VA~ (8,0) = —~VA~}(div,(ou)). (3.44)

Then, by uniform estimates in (3.3) and the results in (3.40)—(3.41), we have from (3.44) that

@

|6: (VA5 )HL2(0TL6 5 ) < Cllgell o 0,730 () 18ell 120 w22 3y < Cs

Il (VA )H DTL  @R)) < Clloll oo (0,707 (02)) ||uHL2(0,T;W01’2(Q;R3)) <C.

(3.45)

By (3.42)-(3.45) and Aubin-Lions-Simon Theorem (see [23]), we have that the family
{VA~15.}.~0 is strongly precompact in L°°(0,T; L"(€;R3)) for any » € (1,00). Thus, up to a
substraction of a subsequence,

VA~ '5. — VA o strongly in Cy([0,T); L"(Q; R?)) for any r € (1, 00). (3.46)
For the residual term F; in (3.23), by (3.24), (3.42), (3.43) and (3.45), we have
(e, g VAT 0| < Ce” (3.47)

which goes to zero as ¢ — 0. Here we used the fact 67/(6 + ) > 3 > 2 under restriction v > 6.

Now we take ¢p)VA~1(1q5.) as a test functions in the weak formulation of (3.23) and pass
e — 0. Then we take ¢y VA~ (1gp) as a test functions in the weak formulation of (3.36). By
comparing the results of theses two operations, through long but straightforward calculations,
using the convergence results in (3.46) and (3.47), we finally obtain

= ig%/ / ot < + n)dlvxu5> 0c dxdt
/ / oY < ket U)dlku> o dzdt (3.48)

T
= lim d)/wégﬁéﬁgRi,j(@E) dxdt—/ ¢/¢guiujni,j(g) dx dt.
Q 0 Q

e—0 0

The last quantity in (3.48) is indeed zero. This follows by a div-curl type lemma, see [12, Section
3.4].
O]
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Now we are ready to show the strong convergence of {g.}.~0. First of all, we have (%7 — 1) —

(y+1) =% —2> 0. Then by (3.4) and (3.5), we have

p(6:)0: — p(o)o weakly in (5= )/(VH)((O,T) x Q)).
Taking b(s) = slog s in the renormalized equations (3.8) and (3.37) implies
(e log 8e) + divy ((8e log 8:)8.) + d=div,@. = 0, in D'((0,T) x R?)).

: : o 5 (3.49)
d¢(0log o) + divy((olog 0)u) + edivyu = 0, in D'((0,T) x R?)).
Passing ¢ — 0 in the first equation of (3.49) gives
9 (olog o) + div, ((0log )u) + ediv,u =0, in D'((0,T) x R?)). (3.50)

Then, by using a test function sequence {¢y(t)}n C C°(0,T) which convergence to 1 strongly in
L%*(0,T) in the weak formulation of (3.49), and (3.50), we can obtain for a.e. 7 € (0, T]:

/ (glogg — olog Q) (1,-)dx + / / (.Qdivzu — Qdiqu) dz dt = 0. (3.51)
Q 0o Ja

For any ¢ (x) € C°(Q2) and any ¢(t) € C’OO(O,T) with 7 € (0,77, there holds

gg/ /¢w( +nmwﬂk>@d$&
/ / mz)( L +17)Qd1v;pu> ddt.

This gives, by using Lemma 3.5,

/ / o0 (221 — odivyu) dedt = (2 / / o0 (D2 - P(0) dodt,

This implies, by choosing test function sequences that converges to 1 strongly in some proper spaces,

/ / odivyu — gdlvxu) dedt = (— —|— / / ) dz dt.

Together with (3.51), we obtain

/Q(Qlogg—glog@)( Yz + (2 // )da:dt—O (3.52)

Since the function s — slog s is convex in [0, 00), there holds,
ologo > plogo, a.e. in (0,7) x Q.

Since p(s) is strictly increasing in [0, 00), there holds (see Theorem 10.19 in [11]):

p(0)o > p(o)o, ae. in (0,T) x Q.
Thus, by (3.52), necessarily, there holds

ologo = plogo, p(o)o=plo)e, ae. in(0,T)x 1,
which implies the strong convergence
0: — 0 a.e. in (0,7) x Q.

This implies the convergence of the pressure term as in (3.38).
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3.5

End of the proof

By the convergence results we obtained in Section 3.4, we have shown that the limit (o, u) is a weak
solution to the compressible Navier—Stokes equations in the sense of Definition 1.3 in homogeneous
domain €, if the energy inequality is satisfied. Indeed, by the strong convergence of the density
shown in (3.53), together with (3.29) and (3.34), the energy inequality can be obtained directly by
passing € — 0 in the energy equality for (gz,u.). This completes the proof of Theorem 1.6.
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