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Abstract

We study the homogenization of stationary compressible Navier—Stokes—Fourier system in a bounded
three dimensional domain perforated with a large number of very tiny holes. Under suitable assumptions
imposed on the smallness and distribution of the holes, we show that the homogenized limit system
remains the same in the domain without holes.
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1 Introduction

Homogenization in fluid mechanics gives rise to system of partial differential equations considered on
physical domains perforated by a large number of tiny holes (obstacles). The main concern is the asymptotic
behavior of the fluid flows when the size of the holes goes to zero and the number of the holes goes to
infinity simultaneously. The ratio between the diameter and mutual distance of these holes plays a crucial
role. Mathematically, the goal is to describe the limit behavior of the solutions to the partial differential
equations used to describe the fluid flows. With an increasing number of holes, the fluid flow approaches
an effective state governed by certain homogenized equations which are defined in homogeneous domains—
domains without holes.

For Stokes and stationary incompressible Navier-Stokes equations, Allaire [1, 2] (see also earlier results
by Tartar [23]) gave a systematic study for different sizes of holes. We recall Allaire’s result in more details
for domains in three dimensions. Consider a family of holes of diameter O(¢®), where ¢ is their mutual
distance. Allaire showed that when 1 < a < 3 (corresponding to the case of large holes), the limit fluid
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behavior is governed by the classical Darcy’s law; when a > 3 (corresponding to the case of tiny holes), the
equations do not change in the homogenization process and the limit problem is determined by the same
system of Stokes or Navier—Stokes equations; when o = 3 (corresponding to the case of critical size of holes),
the limit system includes the Brinkman’s law—a damping term is added to the original system, which looks
like a combination of the original Stokes or Navier—Stokes equations and the Darcy’s law. Related results
for the evolutionary (time-dependent) incompressible Navier—Stokes system were obtained by Mikeli¢ [20]
and, more recently, by Feireisl, Namlyeyeva and Necasova [11]. We note that the holes are assumed to be
periodically distributed in Allaire’s results, while in [11] more general distribution of holes was considered.

For the homogenization of compressible fluids, even under periodic setting of the distribution of holes,
there are no systematic results as in the incompressible case. The earlier results mainly focus on the specific
case @ = 1, meaning that the size of holes is proportional to their mutual distance. Masmoudi [19] identified
rigorously the porous medium equation and Darcy’s law as a homogenization limit for the evolutionary
barotropic compressible Navier—Stokes system in the case where the diameter of the holes is comparable to
their mutual distance. Similar results for the full Navier—Stokes—Fourier system were obtained in [14].

When a > 1, the perforated domain has three scales and the homogenization problem becomes quite
different in compressible case. Unlike the incompressible case where one works only in L? framework, for the
compressible case it is necessary to work in general LP framework. We refer to [17] for more explanations.
For the case with large holes (1 < o < 3) and the case with critical size of holes (o = 3), there are basically
no results. While for the case with small holes (av > 3), the first author and his collaborators proved
similar results as the incompressible setting and showed that the motion is not affected by the obstacles and
the limit problem coincides with the original one: in [10] and [6] for stationary compressible (isentropic)
Navier—Stokes system, in [18] for evolutionary compressible (isentropic) Navier—Stokes system.

While, according to the authors’ knowledge, there are no results in the homogenization of full
compressible Navier—Stokes—Fourier system when a # 1. In this paper, we start to work in this direction
and focus on the case of small holes a > 3 for the stationary case. The main new difficulties lie in obtaining
uniform estimates for the temperatures and building a compatible extension of the temperatures. Based on
an idea of [5] which goes back to [4], we construct an extension operator which is bounded from W12(.)
to W12(Q), and is bounded from L"(£2.) to L"(2) for all r € [1,00]. Moreover, it preserves the value in €.
and the non-negativity property of the temperature. By employing this extension operator, we proved the
uniform L3™(€).) bound for the family of temperatures as ¢ — 0.

In the sequel, we use C' to denote a positive constant independent of ¢, for which the value may differ
from line to line.

2 Problem formulation, main results

2.1 Perforated domain

We study the steady compressible Navier—Stokes—Fourier system in a domain perforated with many tiny
holes. Let € > 0 be a small number which is used to measure the mutual distance between the holes. We



assume that our domain

N(e)
Q. =\ | J T, (2.1)
n=1

where Q C R? is a bounded C?-domain and {7, ne}nNz(el) are C?-domains of the diameter comparable to £*
for some « > 1 such that there exist g, 41 and do positive for which

The = Tne+ aaTgl C Bsyea (Tn,e) C Baspea (Tne) C Bsie(Tn,e) C Bsge(Tn,e) C S (2.2)

We assume that the balls Bs,c(x, ) centred at z, . with diameter doe are pairwise disjoint and we assume

that the domains {T] ,?71}7];7:(81) are uniformly C2-domains. The former in fact gives an upper limit on the
number of the holes as N (g) ~ e~3. Note, however, that we do not assume any periodicity for the distribution
of the holes, just certain uniform behavior expressed above.

2.2 The model

We consider the steady compressible Navier—Stokes—Fourier system which describes the steady flow of
compressible heat conducting Newtonian fluid in perforated domain 2. given by (2.1) and (2.2). The purpose
is to study the homogenization of the system as ¢ — 0. The system reads

divz(ou) =0, (2.3)
divz(ou ® u) + Vp(p, ¥) — div,S(9, Vu) = of, (2.4)
div, (QEII + pu — S(9J, Vu)u + q) = of - u. (2.5)

We complete the system by the boundary conditions on 02,

u=0, (2.6)
—q-n+ LY —199) =0 (2.7)

and by prescribing the total mass
/ odx = M, > 0. (2.8)

The unknown quantities are the density o: (2. — R>g, the velocity u: Q. — R3 and the temperature ¥:
Q — R,. We are not able to conclude that the density is positive, while we can ensure that the temperature
is positive, at least for the weak solutions presented below.

Furthermore, we have to specify the constitutive relations in the equations above. We first assume that
the pressure

p(o,9) = " + 0. (2.9)

Here we require v > 2. Note that we could also consider more general pressure forms (as, e.g., in [21]).
However, our main concern is the homogenization for the system, so we will not work much on the direction



of weakening the assumptions on the pressure term. It would, moreover, technically complicate the paper.
Next, the stress tensor corresponds to the compressible Newtonian fluid

S0, Vu) = u(9) (Vu +VTu - gdivxu ]I) + v(9)divyul, (2.10)

where the viscosity coefficients are continuous functions of the temperature on R, the shear viscosity u(-)
is moreover globally Lipschitz continuous, and

Ci(1+9) < u() < Co(1+9), 0 <v() <Cy(l+9). (2.11)
The heat flux is given by the Fourier law
q(9, V) = —k(9) VY, (2.12)
where the heat conductivity is assumed to satisfy
C3(1+9™) < k(¥) < Cy(14+9™) (2.13)
for some positive m. In our case we require at least m > 2. The total energy is given as
1
E=e+ §’u|27

and the specific internal energy e fulfils the Gibbs relation

1 1
5(De +p(g,19)D(E>> = Ds(0,) (2.14)

which leads to
PO 2.15
clo0) = e+ £, (2.15)

where the undetermined function of temperature was set, for simplicity, as a linear one. The constant ¢, is
then the molar heat capacity at the constant volume. Moreover, we can view (2.14) as the definition of a
new thermodynamic potential, the specific entropy, which is given uniquely up to an additive constant. It
fulfils formally the balance of entropy

divm(98u+g> =0= S:Vu — q- Vv

0, 0, 92

Finally, the data are the external force f, the given mass M, > 0, the external temperature ¥y > 0 prescribed
on J€)., and the positive constant L.

The existence of strong (or classical) solutions to this system of PDEs under hypothesis made above is
out of reach of nowadays mathematics unless we require “smallness” of the data. We therefore work with
weak solutions which are known to exist for the above relations in the range of m’s and +’s much wider than
we need for our purpose of the homogenization study.
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2.3 Weak formulation in perforated domains

We are in position to present the weak formulation of our problem in .. Below we assume that all
functions are sufficiently regular, i.e., all integrals written down are finite.
The weak formulation of the continuity equation reads

/ ou-Vipdr =0 (2.16)
R3

for all 1 € C}(R3), where g and u are extended by zero outside of .. Moreover, we need to work with a
renormalized form of this equation

[, Moy v+ 00) = o (@)diven) da =0 (2.17)

for all ¢ € CL(R3) and all b € C*([0,0)) such that ¥’ € Cy(]0,00)), and both ¢ and u are extended by zero
outside of €2.. We remark that this restriction on b could be relaxed, see Remark 2.1 below.

The weak formulation of the momentum equation with the homogeneous Dirichlet boundary conditions
has the form

/ ( —o(u®u) : Vo —p(p,9)divye + S(¥, Vu) : ch) dz = / of - pdr (2.18)

€ €

for all ¢ € CL(Q2;R3).
The weak formulation of the total energy balance reads

—/Q (gEu+p(g,19)u—S(19,Vu)u+q) 'wdﬁ/

L(9 — do)pdS = / of -y dz (2.19)
Qe Qe

for all 1 € C*(Q.). Furthermore, we also have the entropy inequality

/QE (Sw?VB):V“_qgﬁ)zﬁdﬁfm LgowsgL/m wdSJr/Q (—q'ﬁw—@s(@,ﬁ)u-w)dx
c : : (2.20)

for all ¢ € C(Q.), non-negative.

Definition 2.1 We say that the triple (o, u, 9), 0 > 0 and ¥ > 0 a.e. in e, is a renormalized weak entropy
solution to our problem (2.3)-(2.15), if o € L7 (Qe), u € W&’2(QE;R3), ¥, 97 and log¥ € WH2(.) such
that olul?, [S(¥, Vu)u| and p(g,u)lu| € L*(Q) and the relations (2.16), (2.17), (2.18), (2.19) and (2.20)
are fulfilled with test functions specified above.

For fixed € > 0 we have the following existence result, see [21] for detailed proof.

Theorem 2.1 Let f € L®(Q;R3), ¥y € L'(02%), Yo > Ty > 0 a.e. on 80, L >0, M > 0. Let v > 3 and
m > 1. Then there exists a renormalized weak entropy solution (p, u, ¥) to our problem (2.3)-(2.15) in the
sense of Definition 2.1.



2.4 Main result

We now investigate the limit passage ¢ — 0. In what follows, we will consider a sequence of weak entropy
solutions to our problem from Theorem 2.1, denoted as (o, u., ¥.). We will show that, extending suitably the
sequence to the whole domain €, it is bounded in certain spaces (o, in L7 (Q) for some © = O(y,m) > 0,
u in Wol’Q(Q; R3) and 9. in WH2(Q)NL3™(Q)). We show that the corresponding weak limit of the extension
sequence, taking a subsequence if necessary, solves the same stationary Navier—Stokes—Fourier system in the
weak sense in §2. More precisely, our main result reads

Theorem 2.2 Let f € L°°(;R3), M. > 0 with sup, M. = My < oo, inf. M. = Mg > 0, L > 0 and let
Po > T > 0 in Q be defined so that it has finite LY-norm over arbitrary smooth two-dimensional surface with
finite surface area contained in Q for some g > 1. Let (pz, u., 9:) denote the corresponding renormalized
weak entropy solution to (2.3)—(2.15) for fized € > 0, extended suitably to the whole Q as shown in Section
3.2 below, for which in particular the extensions preserve their values in Q.. Let a > 3, m > 2 and v > 2

fulfil o > max{%?%;, 3%”:22}. Then, for e € (0,1] the solutions are uniformly bounded

|0 Lo (o) + HuaHW(}ﬂ(Q) + [[Pellwrznrsmq) < C, (2.21)

where © := min {27 -3, } and C' is independent of €. Moreover, the corresponding weak limit of the

Im—2
3Im+-2
sequence for e — 0 (or for a suitable subsequence) is a renormalized weak solution to problem (2.3)-(2.15)
n Q, i.e., it fulfils the continuity equation in the weak and remormalized sense, the mass balance and the

total energy balance in the weak sense in 2, and 0 > 0 and ¥ > 0 a.e. in €.

Note that we do not know whether the entropy inequality (2.20) is also fulfilled in the limit. This is an
interesting open question. Next, we could skip the requirement that the infimum over all total masses is
strictly positive. However, if the limit total mass would be zero, then the solution is trivial (¢ =0, v =0
with some temperature distribution) and we prefer to avoid this case. We remark that the assumption
f € L>®(2;R?) is not optimal and can be relaxed accordingly. Indeed, following the same line as the proof
for the case with f € L>°(Q;R3), it is easy to see that the following assumption will be enough:

1 1 1

f e L"(;R3), ;+6+7+—@§1.

The differences are mainly that in (3.17), in (3.4),, and in (3.9), where the norm HQ&”L%(Q ) has to be
replaced by [lo-]|xso(0.)

We give a remark concerning the renormalized equation:

Remark 2.1 By DiPerna-Lions’ transport theory (see [7, Section 11.3] and the modification in [22, Lemma
3.3]), for any p € LP(Q), B> 2, v € W01’2(Q;R3), where Q C R3 is a bounded domain of class C%', such
that

div,(pv) =0 in D'(Q),



there holds the renormalized equation
div, (b(p)v) + (pt'(p) — b(p))div,v =0, in D'(R?),
for any b € C°([0,00)) N CL((0,00)) satisfying
V(s) <Cs forse(0,1], V(s)<CsM forsel[l,00) (2.22)
with 5
C>0, XM<I, —1<)\1§§—1, (2.23)
provided p and v have been extended to be zero outside €.

From Remark 2.1 and estimate (2.21) we see that the continuity equation is satisfied in the renormalized
sense with b satisfying weaker assumptions (2.22) and (2.23).

3 Uniform bounds and extension of solutions

For each fixed € > 0, Theorem 2.1 guarantees the existence of a weak solution (g, uc, ;) in the sense of
Definition 2.1; in particular go. € L7(Q¢), u. € W01’2(QE;R3), Ve, 92 and logd. € WH2(€.). However, the
norm bounds depend on ¢ in general. In this section, we will derive uniform estimates for the weak solutions
(Q&a ué‘; 198) .

3.1 A priori estimates

By virtue of the weak entropy formulation we can deduce several bounds for our solution sequence
(0e,us,7¢) in Q.. We use the weak formulation of the entropy inequality (2.20) with test function ¢ = 1

and get that (note that Zg:(? |0T,,.¢| ~ €273 and that a > 3)

_ : m 2 LY
/ (S(Q? V) : Vue (14 97|V )dﬁ/ 04s < C. (3.1)
o 0. V2 00, Ve

£

Note that the inequality above implies that

dz < C (3.2)

for arbitrary 0 < ¢ < m. Further, let us take 1) = 1 also in the total energy balance (2.19). It gives

/ wsds'gc(w/ ol de). (3.3)
00 Qe



Since m > 2, we have 1+ 9™ > 9¥2. Hence by (3.1) and (3.3) we have, due to the form of the stress tensor
and the Korn inequality,!

)

m 1
ol + 190 + I 0g 0l + 1910 o + [y <€ )

91000 < C(1+ el 5 )

The uniform bound for u. from (3.4) will be enough for us. However, we do not obtain enough uniform
bounds on g, and ¥, from (3.4). To obtain our desired uniform integrability of o., we will employ a Bogovskii
type operator. In this process as shown later in the proof of Lemma 3.3, we shall need the uniform bound
of the norm ||J;||z3m(q.). However, the bounds in (3.4), contain only the uniform bounds of |[Vic||z2q.)
and || V][9] 7 || 12(0.)- Together with (3.4), and Poincaré inequality,? by induction argument, we may derive

that the norm |[Jc||zsm(q.) is finite, controlled by the L3 norm of the density. However, we do not know
whether it is uniform with respect to ¢ — 0 because the domain €). is not uniformly Lipschitz with respect
to € = 0. We will overcome this difficulty by constructing a proper extension operator to ¥, and work in
the fixed domain 2. This will be shown in the next two subsections.

3.2 Extensions of the functions

To derive the limit equations defined in the fixed domain €2, we must extend our triple of functions to
the whole Q. For the density and the velocity we simply extend the functions by zero. After this extension
we still have

ey = ez < €0 lecllzn) = el

Note that at this moment, we do not know whether the bound ||oc|1+(q.) is uniform in € as ¢ — 0.

However, the issue with the temperature is more delicate. We start with a more general result which is
due to Conca and Dorato [5] which uses even an older idea of Cioranescu and Paulin [4]. Since we need a
slightly stronger information from their result, we present the full proof of the result.

!'Korn inequality: Let 1 < p < co. For arbitrary u € Wol’p(Rd; ]Rd) with d > 3, there holds

VU]l o gty < Ci(p, d)||Vu+ V7 < Cs(p, d)HVu 4V u— Zdivu‘

d

uHLP(]Rd) Lp(]Rd,).

?Poincaré inequality: Let 1 < p < co and Q be a bounded Lipschitz domain in R?, d > 2. For each I' C 9 with nonzero
surface measure, for arbitrary v € W'?(Q), there holds

lull oy < Ca(p,d,T, Q) (nwumm +f |u|dsx) .
r



Lemma 3.1 Let Q. be given by (2.1) and (2.2). There exists an extension operator E.: Wh2(Q.) —
Wh2(Q) such that for each ¢ € WH2(€,),

Eep(a) = p(z), =€,

IVE:pl 21, ..) < ClIVOl L2(Bysy o () \ T )

and hence ||VE:p|12) < CIVollr2(q.)- Moreover, for all 1 < g < oo,

1Bl La(t,.0) < CllpllLa(Basyea (@ne)\Tne) -

The constant C' is independent of € and n. )
Furthermore, there is an extension operator E. : W;’S(QE) — Wi’Oz(Q) such that the above properties are

also satisfied. Here W;’OQ(QE) denotes the set of nonnegative functions in WH2(8.).

Proof. We start as in the proof of [5, Lemma A.1]. We namely show the existence of the extension
operator from W12 (Basyea (2ne) \ Tne) = WH2(Bagsyea (75 )) satisfying the properties above. To this aim,
recall the assumption on the distribution of the holes in (2.2) and let ¢ € W1?(Bas, (0) \Tg,l)' We write for

x € Bas, (0)\ T,
o=Mp+1,

where My : o @dx (the mean value) and Mt = 0. Since T)); are uniformly C*-

|BQ5Q (0)\T0 1| fB250 \T
domains, then for each n, there ex1sts an extens10n operator S from Wh2(Bays, (0) \ n,l) to W12(Bays, (0))
such that for each ¢ € W12(Bas,(0) \ T2 ), there holds

Sip(x) =¢(x), = € By, (0)\ T,
159 w285, 0)) < ClY w2y, 0\10,)5 (3.5)
1S9 | L7 (85, (0)) < ClllLr(Basy o1 ,)r V1T <00,

where C' is independent of n and r. We apply S on the function ¢ in Bas, (0)\ T, 1271. Since the mean value
of 1) is zero in Bas,(0) \ T));, we get

1S9 w28y, (0)) < Cllvllwra(s,s, onte ) < ClIVEI 28,5, 0010 ,) = ClIVOI L2(Bys, 0010 ) (3.6)

We now set for x € Bags,(0) .
Sp = Mp+ Sy. (3.7)

By (3.5) and (3.6), we still keep
S(p(:l?) = So(x)v z € Bag, (0) \T
HVSSOHLQ(B%O(O)) < C’W‘PHL?(B%O(O)\TO D (3.8)

5@l a(Bas, 0)) < Cllellaimas, 10,y V1< <00,

9



where the constant C' can be taken independent of n.

We are now ready to define our desired extension operator E.. For each ¢ € W12( By ca (@ne) \ The)s
set

P(y) = (wne +%), Yy € By (0)\ Tps
Then ¢ € WH2(Bas, (0) \ T,??l). We apply the extension operator S defined through (3.7) to ¢ and obtain
S € W2(Bas,(0)). Finally we define the extension operator E. as

Buplo) i= (5) (1)

80&

Clearly E.¢ € W12(Basyea(2ne)) and E-p = ¢ in Bagyea () \ T due to the first property in (3.8). By
the second property in (3.8), we then calculate

2
/ Vo Eepl? dz = / e 72| (VyS9) (”)‘ dx
BQ§OEQ($n,E) BQ&QEO‘(Z‘TL@) €

o / 1(9,58) ()2 dy
Bas,, (0)

< e / V502 dy
B250 (0)\Tr(371

=C V2o da.
B2605a (xn,e)\Tn,s

The third property in (3.8) yields
1Bl Lat, ) < CllllLa(Bysyea (@ne\Tue)s V1< g < 00

To obtain the extension from W2(€2.) to W12(Q), we simply sum the extensions for n = 1 to N(g).

To finish the proof, we assume that the function ¢ is nonnegative. It is sufficient to modify the
construction by taking

E.¢ = max{0, E.p},
and recall that
|\VEE<P||L2(B%OE&(%,E)) < IVE@l 12(Bys o (2,0))
and
1B pll Lo (Basy oo (wne)) < 1 BepllLa(Bsy oo (wny)s V1< g < 00,
O

Remark 3.1 Indeed, in the previous lemma we can replace the L? norm of the gradient by an arbitrary LP
norm with 1 < p < 00, as well as instead of three space dimensions we can work in R?, d > 2. However, we
do not need all these generalizations in this paper.
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3.3 Uniform estimates on temperature
We apply this extension E. on 9, and we have the following result:

Lemma 3.2 The extended temperature E.9. satisfies the estimates

1EOellwr2() + | Vel oma) < C(1+ el ¢ o)) (3.9)

where C' is independent of €.

Proof. First of all, since 9. € WH2(€.) and 9. > 0 a.e. in Q., we have E.. € WhH2(Q) and E.9. >0
a.e. in 2. The point is to have uniform control of the norms in (3.9).

The extension EY, coincides with 9, near the boundary 9. Thus, by (3.4), Lemma 3.1, and Poincaré

inequality, we have
IVEY:[|12() < ClIVYell 2. < C,

| B, lz20) < C <||VE19 ||L2(Q) + /Q |E195|d5>

— (9Bl + [ 0-4as)
o0
Thus 3

1B9: oy < C+leel g )
Then the Sobolev embedding implies that

|B0liooy < ClEAlwra < OO+ llocl g o)
Since Egﬁs coincides with ¥, in ., we deduce that
”ﬁsHLG(QE) = ||E€19€||L6(Q < C(l + ||Qs||L3(Q ))

We now show that also the L3™(€Q.)-norm of 1J, satisfies the same bound. Then the result follows from
Lemma 3.1.
Denote ¢; := min{6, m}. Recall that

a

Hv 92)|| <c
12(9.)

It follows from (3.10) that

q

a 4 B
= 19ell fur ) < ClIel fur oy < C(1+ e 2%(95))'

2

i

€

L2(2)

11



Together with (3.2), we have

a
2
£

a1
<C(1 2
wi2(Q.) (1+ HQSHL%(QE)

o ).
. a
Then we apply the extension operator E from Lemma 3.1 on 9> and we have

).

a1
2

Jes)

a1
<C(1 2
<O+ el y

‘Ww(ﬂ) 0

Again by Sobolev embedding, we deduce

Q
=

Bd)

<C(1 2 .
L5(Q) — Cl+ HQEHL%(QE))

. @ a1
Since E. (¥ ) coincides with 9:* in Q., we deduce that

2

ar
oy < CUF el g )

|B)

a1

.
3 LG(QE) =

A

H196||L3q1(95) = ‘

If m > q1, we set g2 = min{18, m} and proceed as above. By induction, after finite number of steps, we
find ¢ such that g = m.
At the end, since we know that [|Jc]|pam (o) < C(1+ ”QEHL%(QE))

of EY. in Q. O

, the same holds also for the L3™-norm

3.4 Uniform bound on density

In order to estimate the density, we use the result of Diening, Feireisl and Lu (see [6, Theorem 2.3]). It
reads

Theorem 3.1 Let a family of domains 2. be defined by (2.1) and (2.2). Then there exists a family of linear
operators
Bo: LY(Q0) = Wyl R?), 1< q< oo,

such that for arbitrary f € L{(Q.) it holds

div,B.(f)=f a.e. in Qg

(3=q¢)a—3

18:(Dllyagay < U+ 5 ) f s,

where the constant C' is independent of €. Here L{(Q.) denote the set of L1(S) functions which have zero
mean value.
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In bounded Lipschitz domain the existence of Bogovskii operator is well-known (see [3], [15]). While the
operator norm depends on the Lipschitz character of the domain, and for the perforated domain 2., its
Lipschitz norm is unbounded as ¢ — 0 due to the presence of small holes. The above result gives a
Bogovskii type operator on perforated domain €2, with a precise dependency of the operator norm on . For
some ¢ and ¢, such a Bogovskii-type operator is uniformly bounded.

Using this result we may get the following estimate of the density:

Lemma 3.3 Lety > 2, m > 2 and o > max {2,7%23, 3;?:22}. Then the sequence {o.} is bounded in L7 (1,),

where

3m—2}

o-— '{2—3,
i Gt T

(3.10)

Proof. We use the version of the Bogovskii operator from Theorem 3.1 and consider the following test

function in (2.18):
1
P =B (), ()= [ Pan
€ €

where © > 0 is to be determined. Recall that

(B3—q)a—3

IVl Li(0.)CAcqll o2l Laga.y, With Acgi=14¢ @ . (3.11)

We see that A, , is independent of € provided 1 < ¢ < 3 satisfying (3 — g)a — 3 > 0. We get

1
/ ]9(95,195)95e dz :/ (p(gs,ﬁe)/ Q? dz—o:(u.®@u.) : Vo +S(9., Vu,) : V(p—gef-cp) dz. (3.12)
Q. Q. 1] Ja.

We now estimate the right hand-side of (3.12) term by term. We start with the two most restrictive terms
which give the limit on the exponent ©. First, we consider

| /Q 0-(u ® ) : Vopda| < [JuclZoqe, ol oo @ I V0l o )

1
< CAc gy lluclZo o el 1reo o 1€l o) (3.13)
< CA&#]I”uEH%G(QE)HQEHL'YJ"@(QE)||QE|’?Q1@(QE)7
where A, ,, is defined in (3.11) with ¢ = ¢;, and
1 1 1
=l (3.14)
q 3 7+06

We want to choose © as large as possible such that ¢. enjoys as high as possible uniform integrability. For
this reason, we choose O such that ¢10 = v + ©. Together with (3.14), we end up with

3(v-1) v =2
O=01:=2y-3>1 =" 3— -3=3 —-1].
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Hence, under the condition
v =2 a>1,
2y —3
we have A, 4, independent of €. Then by using (3.4), we deduce from (3.13) that

©
\/ 0-(u: @ u2) : Vopda| < - D72,
where in particular C' is independent of € and ©1 + 1 < v + 5.
Next, by virtue of Lemma 3.2, we have

S(¥e, Vue) : Vsodw’<CA om (L + [[Ue]| sm(q ))HVUEHL?(QE)”V‘PH

‘ 6m
Qe 3m=2 ()

(3.15)

<CA, on (1+lecll g o JIVUellr2(.) )

< CA, _om [[Vue|p2 QE( +\|Qs||®6m@ ),
m=2(Q)

where A_ _om_ is defined in the same manner as A. 4 in (3.11). We choose © such that 6m9 =406 and

3m—2

we end up with

v(3m — 2) 6m m—2
©=0 (3m +2) > b 3 3m—2)“ 3 “

We see A, _om_ is independent of € provided 37 n=2 > 1. Moreover by using (3.4) we deduce from (3.15)
3m—2
that

‘ o, e Vi) - V‘de‘<c< +lleell tes o )>- (3.16)

From (3.13)-(3.16), we see that by choosing

3m — 2
3m+ 2

© := min{O,0,} = mln{2fy 3,7

2y —3 3m —2
}>1, a>max{7 m }>3,

y—=2"m-—2

there holds

)/Q gg(u5®u5):V<pdx‘+’/QE S(0., Vo) : Vede| < C (14 o:lI9 q)) (3.17)

Further, due to the restriction © < 2y—3 we have 20 < y+©; note also that lells.) < ClIVel sz,
holds with a constant independent of € due to the zero trace of ¢ on 0€); we thus deduce

| [ et paa] < flmio lesioon Ilsny

< CHfHLOO Qg)||Q€”L5/2(QE) HV(P||L3/2(QE) (318)

1+0
< Clloel| % g

14



Finally, due to the form of the pressure,

1
/ p(0e, V) do—— Q? de < C (0:Ve + 07) dx/ Q? dx
Qe |Q€’ Qe Q.

Qe

<C

/N

19l oy o=l g, ) + ngHzma)) o<,

<c (1 el g+ nguzw) o (319)
< C (14 llo:l3 ) o=l o )

<C (14 le-l}reqq,))

for some A < 7+ ©. Here we used Lemma 3.2 and the fact v > 2. In the last inequality in (3.19) we used

the interpolation between the L' and L7+® norms to control ||oc|| (o) and ||oc|ro/q.), as we control the
p Q) Le(Qe)

€

L' norm of the density (i.e., the total mass).

Collecting the estimates in (3.17), (3.18) and (3.19), we derive from (3.12) that

||Q€||F[y;t-?®(gs) S C (1 + HQ‘E”;\/“’*’@(QE)) ’ for some 1 < A < Y + O.

This immediately implies our desired uniform bound ||gc|| -+e(q.) < C, and we completed the proof.

3.5 Summary of the uniform bounds

To summarize, by Lemma 3.2 and Lemma 3.3, together with (3.4), the sequence of weak solutions
(Q&a Ug, 195) Satisﬁes

[ucllyrei,) +lleellre o) + 1ellwrzq.) + 1VIog dell 2.y + 198 wiz.) + 19ellzomq.) < C,
0 ()

(3.20)
19l o0y + 192 1 100 < C,

where © is as in Lemma 3.3.

Starting from the solution sequence (gc,ue,¥:), we extend g, and u. to the whole domain Q by zero
extension. For the temperature ¥, we consider the extension Ev, where the extension operator E is defined
in Lemma 3.1. Then we find a sequence of extension of functions, still denoted by o, u., ¥, which coincide
with the original functions on .. Moreover, by (3.20), we have the following uniform bounds

[ucllwrz) <O locllvre) < C 10ellwrz) + [[9ellpamq) < C. (3.21)
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3.6 Trace estimates for .
The last information we need is a version of the trace theorem. Indeed, in a fixed domain, the trace of
Y. belongs to L?™(0€2.). The question is whether we can control its norm uniformly with respect to €. The
following lemma gives a quantitative estimate on each 975, ..
Lemma 3.4 Under the assumptions stated in Theorem 2.2 there holds
m 9
19l Z5m o1,y < CUIVIIEZ 1228y o 0o\ Toe) 10l T (B o oo o) F 1l T (B (oo T ))

where the constant C' is independent of € and n.

Proof. Recalling the standard proof of the trace theorem for Sobolev functions (see, e.g., [8]), one can
arrive at (by partition of unity and smooth approximation) the following inequality

/ |9:]*™dS < C ‘V(%Wg]zm)‘ dz, (3.22)
8Tn75 BQ(SOEO‘ (xn E)\ n,e

where the function ¢. is a non-negative and smooth cut-off function which equals to 1 on 97}, . and vanishes
near 0Bgs,ca(zn ), hence its gradient is bounded by Ce™®, due to the fact that the domain 75, . is close
to a ball with diameter €, uniformly with respect to €. To finish the proof, we need to estimate the right
hand-side of the inequality (3.22). We calculate

/ V(™) d
B2506a (mn,a)\Tn,E

</ Veoeljo-Pm do+ [ e | V107 da

BQ&QEO‘ (Inys)\T’ﬂ»E B2§05a (IWYE)\T’H»E
§Cs_a/ WP dz + C (V19615 ([0 da
32505‘1 (3371 e)\Tn € B260504 (xn 5) Thn,e
2
< c(/ 9. )
BQSOEO‘ (mn,s)\Tn,E

1
i C< NTh,e Vil dm) 2 </B2éoea (20, )\ Toe o dx)

B2605a (wn,f

N

This implies that

win

/ 192 dS < C( 9.3 dx)
T, Basyee (Tn,e)\Tn,e

+C V9|2 dx+C/ |0 3™ da,
Basgea (tn,e)\Tn e Bosgea (#n,e)\Tn e

16
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which leads to the desired inequality.
O
A direct corollary from Lemma 3.4 is the following trace estimate on the whole boundary of the holes. We
will see that this estimate is not uniformly bounded as ¢ — 0. However, we obtain an explicit dependency
on €. This will be needed later when passing to the limit in the total energy balance.

Corollary 3.1 Under the assumptions stated in Theorem 2.2 there holds

9. | < Ce .

L2m( N:(i)aTn,s)

Proof. By Lemma 3.4 (by (3.23) specifically), we have
N(e)
2m _ 2m
L, 10205 = 32 /am 9.2 ds

<C /
Z Basgea (Tn,e)\Tn,e
+C Z /
B

2
9.2 da:) ;

V[0 %|? d:):—I—CZ/ 19:>™ da
B

26pe™ xne \ n,e 2605‘3‘ Tn,e \Tn,s

N(e) 5 N(e) 5
<C / 9. [3™ d 1
7;1 ( 326050‘ (xn,e)\Tn,s : ) ,r;
+0/ \Vh%ﬁ\zdxw/ [0 da
Q- Q.
< Ce !,

where we used the uniform boundedness of ||V|9.| || r2(@.) and [[9:[|psmq,). Our desired result follows
immediately.
a

4 Limit passage

To conclude, we need to show that, up to a remainder which goes to zero when € — 0, the functions fulfil
the weak formulations of the continuity, momentum and energy equations in the whole 2. This will be the
goal of the following two subsections (for the continuity equations there is nothing to do). To show that the
weak limits of the sequences form in fact a weak solution to the steady compressible Navier—Stokes—Fourier
system we will have to show the strong convergence of the density sequence. This is, however, nowadays
standard in the mathematical fluid mechanics of compressible fluids. Last but not least, we have to check
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that the limit of the temperatures is in fact positive a.e. in ) since the extensions could become zero on a

nontrivial set, however, this set is contained in U,]L(gl) T}, - which is a set whose measure is of order 0(53(0‘*1))

when € — 0.
First of all, from the uniform bound in (3.21), up to a selection of subsequences, we have the following
convergence results:
u. — u weakly in W01’2(Q;]R3), u. — u strongly in L"(Q;R?), for all 1 < r < 6,
0. — o weakly in L7T9(Q), (4.1)
¥. — O weakly in WH2(Q), 9. — ¥ strongly in L"(Q), for all 1 < r < 3m.

4.1 Limit passage in the energy equation

We now want to show that for the extended solution (g, ue, ), the energy balance in €2 is satisfied up
to a small remainder which goes to zero as € — 0. Moreover, we show that passing with € — 0, we get the
weak formulation of the total energy balance in 2 for the limit functions (o, u,v). Here we, however, need
to show the strong convergence of the sequence of densities which is not obvious, but nowadays standard.
This is postponed to the last section.

Recall that u. = 0 on Q \ .. We then can rewrite the weak formulation of the total energy balance as
follows:

1
- /Q (Qa (e(Q57 19&) + i‘ua‘Q)ua + p(Q57 195)115 - S(ﬁaa vua)ua - H(ﬂs)Vﬂa) : Vl/J dx
+/ LY. — 99)ypdS —/ o.f - u.p do
o0 Q
= / Ii(ﬁg)Vﬂg -Viydxr — / L(ﬁe — 190)770 ds
Q\Qs U»r]:]:(el)aT"’E
=L+

for each ¢ € C1(Q2). Let us show that both integrals on the right hand-side disappear when ¢ — 0. By
Holder’s inequality, we have, as € — 0,

1
L] < OVl (14 192 [T on oI VPl 2000012 Q]8> 0.

Using Corollary 3.1 and the fact that the sequence ||Jo| £a(a0.) is bounded with respect to ¢ for some ¢ > 1,
together with the fact that o > 3 and m > 2, we have

N(e) 2m—1 N(e) g-1
2m
12| < COWEHLM(UL‘?BTW)’ U o7 + H%”LQ(uﬂ?aTn,a)‘ U o7 )
n=1 n=1

2m—1 _3)9=1
< O o350 4 0 a=%

(2m—1)(2a—3)—1 _3ya=1
< Ce 2m 1o 0, ase—0.
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Hence, passing to the limit on the left hand-side, recalling that u. — u strongly in L"(Q;R3) with all
1 <r <6 and Y. — ¢ strongly in L"(Q2) with all 1 < r < 3m, we get (recall that as a > 37;”__22, we know
(2m—1)2a—3) > 1)

S | -
- / ((Qe(g, 9)+ o5 u*)u+ plo. T)u— S0, Vuju - ﬁ(ﬁ)w) Ve da + / L(9 — 9oy dS = / of -uy da,
Q onN Q
(4.2)
where we used the notation g(g) being a weak limit of g(g.) in some suitable L"(2) space. To conclude that
we get the total energy balance for the limit functions we need to show that the sequence of densities o
converges in fact strongly to o at least in L'(£2). This will be the aim of the last subsection.

We finish this subsection by the following result.
Lemma 4.1 The limit temperature ¥ is positive a.e. in €.

Proof. We first apply the extension operator E. constructed in Lemma 3.1 on the sequence log 9..> By
the uniform bounds on ||V log ¥.[12(q,) obtained in (3.20) and Lemma 3.1, we have

IVE:(log ¥e)|12(0) < C[|VIog Ve[ 12(0.) < C.

By the uniform bounds on [[9c|[11 a0,y + 92| 11(a0.) obtained in (3.20), using the inequality |logt| <
C(t+t1), we see that

/ |E5(10g195)\dS:/ |log 9.|dS < C/ 9.dS+C [ v'dS<C.
o0 oN onN onN

Then applying Poincaré inequality yields that
| E:(log Ue) || 2y < C <HVE5 log Ve |l p2(q) + /{m | Ee logz95|d5> <C.

We thus have that the sequence E.(log4.) is bounded in W12(£2) and in particular, up to a subsequence,
E.(log¥.) — z in L"(Q) for all 1 <r < 6 and a.e. in . In particular, z > —oo a.e. in .
Next, we take a specific sequence of ; — 0 such that ¢; < % for all [ € N. Note that the three-dimensional

Lebesgue measure
N(F;l

| U The| <

and since a > 2, the series y ;2 ZS(Q%U is convergent. Let us denote for Iy € N

l3o¢ 1)’

oo N(er)

Dy, =|J | Tha

l:l() n=1

3Recall that in ©\ Q. in general log E.(9.) # E.(log¥.).
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Then for any ¢ > 0 there exists lp € N such that the three-dimensional Lebesgue measure of D, is smaller
than 4.

Let us assume that the limit temperature constructed in (4.1) is zero on a set of positive three-dimensional
Lebesgue measure, say of measure dp > 0. We take [y corresponding to dp/2 from the above construction,
where we chose a subsequence from € — 0 such that g; < % with [ > ly. Since we know that our sequence
of temperatures Esﬁsl converges strongly in L(Q2) for any ¢ < 3m and a.e. in €, it also converges a.e. in
Q\ Dy,. Hence we know that log(E.9.) converges strongly in LI(Q\ D;,) for some ¢ > 1 and a.e. in Q\ Dy,
to log ¥, e.g., by virtue of Vitali’s convergence theorem. But then also Inv = z > —oco a.e. in 2\ Dy,. This
means that the limit temperature 9 could be zero at most on D;, together with a set of measure zero. Thus
1Y cannot be zero on a set of measure dg which leads to a contradiction. O

4.2 Limit passage in the continuity and the momentum equation

First, recall that the continuity equation is satisfied in the weak and renormalized sense (2.16) and (2.17)
for all ¢ € C}(RY) with b € C°([0,00)) N C*((0,00)) satisfying (2.22) and (2.23). Passing with ¢ — 0 and
applying (4.1) yields

div,(ou) =0 holds in D'(R?) (4.3)

and

div, (b(o)u) + (ob'(0) — b(e))div;u =0 holds in D'(R?),

where we used the common notation g(u) denoting the weak limit of g(u,) for a nonlinear function g.
Moreover, by (4.1), (4.3) and Remark 2.1, we have (recall that v > 2)

div, (b(0)u) + (0b'(0) — b(e))dive,u =0, holds in D'(R?), (4.4)

for any b € CY(]0,00)) N C*((0, 0)) satisfying (2.22) and (2.23).

It is more complicated to deduce a modified momentum system in homogeneous domain 2, due to the
choice of test functions: the original momentum equations are satisfied in €. and one should choose C}(€.)
test function, while our target equations are defined in 2 and one should choose C}(2) test functions. We
will employ the argument in [6] and prove the following lemma:

Lemma 4.2 Under the assumptions in Theorem 2.2, there holds
div(geue ® ue) + Vp(o:, 9:) — divS(9., Vu,) = o.f +r., in D'(Q), (4.5)
where the distribution r. is small in the following sense:

5
[(re, ) (). p(0) | < Ce™ (HVSOHL%HO(Q) + llellLr ), (4.6)

for all ¢ € C (S R3), where © is given by (3.10), 6y > 0 is chosen such that (4.11) or (4.16) is satisfied,
1 <71 < o0 is determined by (4.8) and 01 > 0 is defined in (4.18) later on.
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Proof.  From the assumptions on the holes in (2.2), we can find a sequence of smooth functions
g: € C*°(Q) such that

N(e) N(e)
0<9-<1, g-=0o0n U The, ge=1inQ\ U Baspea(wen),  Vgellpo) < Ce™.
n=1 n=1

Then for each 1 < r < oo, there holds

3(a—1) 3(a—1)

11 =gellr <Ce 7+, [IVglproy<Ce = % (4.7)

Let ¢ € C°(Q;R3). Then pg. € C°(Q;R?) is a good test function for the momentum equations (2.4)
in €. Direct calculation gives

/Q <gg(u6 ®@u;) : Vo + p(oe, ¥e) divp — S(¥e, Vu,) : Vo + o f - (p) dz

/ (Qs(ue ®ue) : V(pge) +p(oe,Ve) div(pge) — S(Je, Vue) : V(pge) + oef - (9096)) dz + I,

€

Ie,

where I, := Z?:l I . with:

B [ (o6 0u): (1-0)Ve - olw o w): (Vo 0) do
I, :/Q(p 0, V<) (1 — ge)divep — p(oz, Ve )Vgs«p) dz,

Is. :/Q( S(¥e, V) : (1 — go)Vep + S(¥e, V) : (Vgg®(p)> de,
L. /Q 0.f (1 g.)p do.

For I; . we estimate

Il < Cllecllprro@lluclZoy (11 = 9o) Vel sover  +[[Vge @] e )
L20v+©)-3(Q) 0)—

<C (I = gelloma HWH 2o )+HV95H A0 )HQOHLn(g)),

where .
1 3(y+9) )‘ 2(y+0©) -3
0<d<l, 1<r<oo, — — 7 4 WL
0 <o ot <2(v+@)—3 0 3(y + ©)
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By virtue of (4.7), we have

3(a—1) . 30+0) s -t
1= gellzn) <Ce ™y Vol sp4e) ;< c 1)<2(”+@)*3+ 0) . (4.9)
L26+8)=37°0 ()
By the definition of © in Theorem 2.2 (or in Lemma 3.3), we will calculate the sign of the power to ¢ in
(4.9) for two cases.
The first case is

3m — 2
O = mi {2 _3, }:2 ~3
e "3m+ 2 7
Then
3v+0) \ ! 3y —3\"" ay—2a —2v+3
a—1) [T )y =3(a—1 —a= >0, 4.10
(o )<2(7+@)—3 a=3la-1{5—=3 “ B (4.10)
where we used the condition
o> ma {27—3 3m—2}>2’y—3
X
y—2"m—-2) 7 -2
which implies
ay—2a—2v+3>0.
Then by (4.9) and (4.10), we can choose dy > 0 small enough such that
3(y+0) !
la—1)| m————=+4 —a=: h1(dy) > 0. 4.11
@1 (o050 h) o il (411

We finally obtain in this case

5
el <Ce 1(HV<PHL3V*§+50(Q) +llellzr@):

2v—

where

01 1= min{?’(a_l),hl(éo)} >0

1
with dp > 0 chosen such that (4.11) is satisfied and 1 < 1 < oo is determined by (4.8).

The second case is

@:min{27—3,7§;1+§}:y§”ml+;. (4.12)
Then
3vy+0) \! 4ym — (3m + 2)
3(a—1) (2(7‘1‘@)—3) —a=3(a-1) 6 -«
a(2ym —3m — 2) — 4dym + 3m + 2
N 2myy
=: ha(a).
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Since v > 2,m > 2, then
_2’ym—3m—2>m—2>

hy(a) = 0,

2my 2myy

which means that A is strictly increasing in «. Moreover,

3m—2\  (m+2)y—(3m+2)
h2(m—2) y(m —2) '

Recalling in this case (4.12), we have

3m — 2 3m — 2
9y 3> s 2y — >3
T =T T3y T
m+ 2 3m + 2
> 1 ey >
T3mt2 = T

By (4.14) and (4.15), we obtain in case (4.12) that

-2
h2(3m )20.
m— 2

Hence, by (4.13) we deduce

-1
ha(a) = 3(a— 1) (2(3<7+@)> —a>0

v+0O)-3
for all 27y—3 3m—2y _ 3m—2
a>max{ 7= , m- }> m .
Yy—=2 m-—2)" m-=2

Then we can repeat the argument for the first case and choose §y > 0 small enough such that

3(v+©)

~1
3(a—1) (m + 50) — = hs(dp) > 0.

We finally have

16| < 0561(HV<PHL2 o) + llellzr @),

3(v+
26+0)-3 70 @)

where

01 = min{?’(oinl_l),hg(éo)} >0

with dp > 0 is chosen such that (4.16) is satisfied and 1 < r; < oo is determined by (4.8).

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

The estimates for other I; . are similar and the results are the same (or even better). Thus we may write

Lol + Iael + 11l < O (Il scsor 0 +lelln)):
L2(v+©)=3 O(Q)

v
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Summing up the estimates in (4.17) and (4.19) implies (4.6). This completes the proof of Lemma 4.2.
O

By (4.1) and Lemma 4.2, passing ¢ — 0 in (4.5) gives

div(ou ® u) + Vp(o,9) — divS(d, Vu) = of, in D'(Q). (4.20)

To complete the proof of Theorem 2.2, we see from (4.2) and (4.20) that it suffices to show

oe(o, ) = oe(0,9), p(o,V) = p(e,7). (4.21)

Recall the formula of e and p in (2.15) and (2.9), and recall the strong convergence of . in (4.1). Thus,
to show (4.21), it is sufficient to prove the strong convergence of g.. This is the main purpose of the next
subsection.

4.3 Strong convergence of the density

In the theory of weak solutions of compressible Navier—Stokes equations, the strong convergence of
the density is the main issue: the density has no uniform derivative estimates. While, this is nowadays

well understood and the starting key point is the compactness of the so called effective viscous flux (see
[16, 9, 22]):

Lemma 4.3 Under the assumptions in Theorem 2.2, up to a subsequence, there holds for any 1 € C2°(f2),

lim [ ¢ (p(gg,ﬁa) — (4H(195) + V(z?a))divug> 0 dx = /ﬂw <p(g,19)— <4,u7(1% + V(l?))divu) odx. (4.22)

e—0 [¢) 3 3

Proof. The proof of Lemma 4.3 is quite tedious but nowadays well understood. The main idea is to employ
the following test functions:

WVA Y 1g0.), ¥VA (1go),

where ¢ € C2°() and A~! is the Fourier multiplier on R? with symbol —|¢|~2. We refer to Section 1.3.7.2
in [22] or Section 10.16 in [12] for more on Fourier multipliers and Riesz operators used here. We observe
that

(VOVIA™ = (Rij)i<ij<s

are the classical Riesz operators (sometimes also called double Riesz operator). Then for any f € L"(R3), 1 <
r < 00:

(Ve V)A_l(f)||L’“(R3) < C(r) 1 f | orms3)-
By the embedding theorem in homogeneous Sobolev spaces (see Theorem 1.55 and Theorem 1.57 in [22] or
Theorem 10.25 and Theorem 10.26 in [12]), we have for any f € L"(R?), supp f C

_ 1 1 1 .
IVAT (Nl @sy < Clflr@sy = = STy if1<r<s,

,r.*

HVA_l(f)HLr*(Rs) < C ||f||LT'(R3) for any rt < OO,lf r > 3.
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Recall the fact that
v+ 0 >3, (4.23)

due to v > 2 and © > 1 by the definition of © in (3.10). Then by the uniform estimate for g. and ¢ in
(3.21) and (4.1), we have for any 1 < r < oo:

[V AT (1goe) |- ) + [V A (1g0) | r@) < C,
IV (¥VA™ (100:)) | 1r+e @) + IV (¥VAT (100)) [ r+e () < C.

Again by (4.23), we have

(4.24)

3(y+0) 3(v+0O)
2v+0) =3 2(v+0)-(v+9O)

=3<~v+0.
Thus, we can choose dyg > 0 in Lemma 4.2 small such that

3(v+0)
0> ———— 71 _+§.
L _2(7+®)—3+0

Hence, by (4.6) and (4.24), we have

[(re, ¥ VAT (100:))pr () Do)
<Ce (HV (vVAT (1a0e)) [l rre(a.) + ||¢VA—1(1995)HLT1(Q)>

< Ce™,

which goes to zero as € — 0 due to ;1 > 0.

Now we choose VA ~1(1gp.) as a test functions in the weak formulation of equation (4.5) and pass
e — 0. Then we choose Y'VA™(1gp) as a test functions in the weak formulation of (4.20). By comparing
the results of these two operations above and using the convergence results in (4.1), through long but
straightforward calculations, we obtain that

I:= t11_1)]% sz (p(gg,ﬁg) — <4'ug98) + V(ﬁg)>divxu6> 0-dx — /91/1 (p(g,ﬁ) — (4/13(19) + V(Q?))divxu> odx

3 3

—tim Y [ oalulvRij(100)do = 32 [ w100 do
,j=1 1,j=1

(4.25)

On the other hand, choosing 1odiv,A™!(1-u.) as a test function in the weak formulation (2.16) with

Y = 1adiv,A~1(ou) as a test function in the weak formulation of (4.4) implies

3 3
Z /anuf;Rivj(wggug)dx—O, Z /quiRivj(wguj)dw—O. (4.26)

i,j=1 i,j=1
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Plugging (4.26) into (4.25) yields

I = lim Z / Qe U ¢R ,](IQQE) 1 z]("b@a )) dz

e—0
i,j=1

_ Z / Quﬂq/,R”(lQQ) — 199731]@@“])) dz.

1,j=1

We introduce the following lemma, which is a variant of the Div-Curl lemma. We refer to [13, Lemma
3.4] for its proof.

Lemma 4.4 Let 1 < p,q < oo satisfy
1 1 1
—=—-+-<1
P 4q

<

Suppose
u. —u  weakly in LP(R?’;R?’), ve > v weakly in Lq(R3), as e — 0.

Then for any 1 <1i,j < 3:

Mw

3
(WlR;;(ve) — ve Ry j(ul)) — Z WR;;(v) —vR;j(w!))  weakly in L"(R®), i=1,2,3.
7j=1 7j=1

Now, by the strong convergence of the velocity in (4.1) and Lemma 4.4, our desired result (4.22) follows
immediately. O

We rewrite (4.22) into the form

— = 4p(d —_ — 4p(
/ P <Q7+1 + 0?0 — ('U?E) + V(ﬁ)) gdivu) dz = / Y (Q"Y + 0¥ — <,u?§) + V(ﬁ))divu) odx.
Q Q
Recall that all terms are integrable in higher power than 1, therefore the limits exist. This implies that

u(9)

_ e, -
m+1+9219—( il )+ (ﬁ))gdivu:geﬂJrQQt?—( 3

3 + V(’l9)) odivu

a.e. in © and also

oL o2 07 + 02
fﬁiﬁ — odivu = f%iﬂ — odivu (4.27)
Mg( ) + () #:g ) + (V)

a.e. in 2. Note that due to our assumptions on the viscosity coefficients, all terms are integrable over €.

Before formulating the last lemma, we recall one standard result (for the proof see [12, Theorem 10.19)])
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Lemma 4.5 Let (P,G) € C(R) x C(R) be a couple of non-decreasing functions. Assume that o, € L'(Q)
is a sequence such that

P(on) = P(0),
G(on) — G(0), in L'().
P(on)G(0n) = P(0)G(0)
i) Then
P(o) G(o) < P(0)G(0)
a.e. in €.

i) If, in addition,
G(z) =z, P eC(R),P non-decreasing

and

(where we have denoted by o = G(p)), then

We now have

Lemma 4.6 It holds o7t = 0790 a.e. in Q. Whence o. — o strongly in L' () and thus also in L7 (),
1<r<~y+06.

Proof.  We follow the approach from [21], the second last limit passage ¢ — 0 from Section 4. First,
using Remark 2.1, we apply the renormalized continuity equation for the limit continuity equation with the
function b(p) = plog p and the test function identically equal one in €. This leads to

/ odivudz = 0.
Q

Similarly, using the same for the problem for £ > 0 and then passing € — 0 gives

/ odivudz = 0.
Q

Therefore we may integrate (4.27) over 2 to get

0+ 0% 007 + 0%
o B2 4+ () o 2 4+ ()

We now apply Lemma 4.5 and see that

*<e? and g0 < Tt
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a.e. in . Since ¥ > 0 a.e. in Q (see Lemma 4.1), we conclude that ¢7+1 = pp7 a.e. in Q which implies that

07 =07 a.. in,

again by Lemma 4.5. Therefore, up to the choice of a subsequence, o. — ¢ in L7(2), thus also a.e. in

and in L"(Q2), 1 <r <+ O. This finishes the proof of Theorem 2.2. O
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