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ABSTRACT

Let S and R be rings. The objective is to study the bimodule
sNg satisfying the annihilator conditions ly(rg(x)) = Sx for
all x € N. This approach will clearly show how the ring R or
the module Ny is connected to the properties of the ring S
through the annhilator condition. Specializing to the parti-
cular bimodule gRg or gnd(N)Ng, we obtain some new results
and known results as corollaries.
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INTRODUCTION

All rings are associative with identity and all modules are unitary. Let
S and R be rings. One objective is to study the bimodule Ny satisfying the
annihilator condition (I) Iy(rz(x)) = Sx for all x € N. Clearly, the ring R is
a right principally injective ring (or P-injective ring) if and only if zRgr
satisfies (I). For the detailed study of P-injective rings, we refer tol' . For
a right R-module N with S = End(Ng), sNg satisfies (I) if and only if N is
a principally quasi-injective module (due to). Thus, the above annihilator
condition naturally extends the P-injectivity of rings. An advantage of our
approach using a bimodule setting is that one can see much better how the
rings R, S and the modules gN, Ny are related to each other through the
annihilator condition. For condition (I), our main results include a bijective
correspondence between the set of simple submodules of ¢V and the set of
maximal right ideals 7 of R, a characterization of right perfectness of S
using a chain condition in Ng, and a determination of results on the
endomorphism ring End(Ng). We also investigate how to characterize the
Jacobson radical J(S) using elements of S that are annihilated by essential
submodules of Ng. Section 2 contains a characterization of V-modules
using an annihilator condition, which extends a result of Faith and Menal
on V-rings.

If M is a right R-module, we write ly,(r) = {m € M : mr = 0} for all
r€ R, rp(m)={re R:mr=0} for all m € M, 1y/(4) = Nyealy(a) for all
A C Rand rg(X) = Nyexrr(x) for all X C M. If M is a left R-module, 1z(X)
and rys(A) can be defined similarly. We use K <, N to indicate that K is an
essential submodule of N. As usual, J(N) and Soc(N) denote respectively the
Jacobson radical and the socle of the module N. J(R) stands for the
Jacobson radical of the ring R.

1. ANNIHILATOR CONDITION (I)

Let sNg be a bimodule. Then there is a canonical ring homomorphism
J.: S — End(Ng) given by A(s)(x) = sx for x € N and s € S.

Lemma 1.1. Let Ny be a bimodule and x € N. The following are equivalent.

1. lN(I'R(X)) = Sx.

2. Every R-homomorphism f: xR — Ny extends to A(s) : Ng — Ng for
some s € S.

3. If rr(x) C rr(y) where y € N, then Sy C Sx.

Proof. The verification is straightforward. O
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We say that a bimodule gN satisfies (I) if Ly(rg(x)) = Sx for all
x € N. Note that zRg has (I) if and only if R is a right P-injective ring (see')
and gnd(n,)NVr has (I) if and only if Ny is a principally quasi-injective module
(due to™™).

Theorem 1.2. Let sNg be a bimodule satisfying (1) such that Ny is faithful.
Then J(¢N) C {x € N :rg(x) <.Rr}. The equality holds if in addition sN is
cyclic.

Proof. Let x € J(gN). If rg(x) is not essential in Rg, then rz(x) NaR =0
where 0 # a € R. It follows that N =1y(0) = ly(rr(x) NaR) 2 Iy(rr(x))
+ly(a) 2 Sx +1y(a). We show that N = Sx+Iy(a). To see this, let
v € Iy(rr(x) NaR). Then, rr(xa) C rg(ya), and so Iy(rr(xa)) 2 Iy(rr(ya)).
Since gNg has (I), it follows that Sxa O Sya. Write ya = txa where ¢ € S.
Thus, y—tx €ly(a) and so y=1tx+ (y —1x) € Sx +1y(a). Therefore,
N = Sx +1y(a). Since x € J(¢N), Sx is a small submodule of ¢N. It
follows that N =1y(a), which gives a =0 since Ny is faithful. This is
a contradiction.

Suppose that ¢N is also cyclic. Let x € N such that rg(x) <, Rg. To
show x € J(¢N), it suffices to prove that Sx is a small submodule of sN. Let
N = Y + Sx where Y is a submodule of ¢N. Because gN is cyclic, there exists
a cyclic submodule Sy of Y such that N=Sy+ Sx. Then
rr(N) = rr(y) Nrr(x). Since N is faithful, 0 = rg(y) Nrg(x). Because rg(x)
is essential in Rg, rg(y) = 0. Since sNg has (I), N =1y(rz(y)) =Sy C Y. So
N =Y. Thus we have proved that Sx is small in s/, and so x € J(;N).

O

Following Albu and Wisbauer,'%*% a right R-module Ny is called a
Kasch module if any simple module in ¢[N] embeds in Ng, where o[N] is the
category consisting of all N-subgenerated right R-modules. For a right R-
module Ng, we let By = {Ir C Rg: [ is a maximal right ideal of R and
R/I € 6|N]} and Jy(R) = N{Ir C Rg: I € By}. Note that Jy(R) is a two-
sided ideal of R. In fact, if F is the class of all simple right R-modules in
a[N], then Jy(R) is the reject of F in Ry (seel'!> P- 109 and 8:23))

The proof of the next lemma uses an idea of Gémez Pardo and Guil
Asensio !

Lemma 1.3. Let (N be a bimodule such that Ng is a Kasch module and
{M;:iel}is a family of maximal right ideals of R with all R/M; € a|N|.
Then there exists a subset K of I such that the family {Iy(M;) :i € K} of
submodules of sN is independent and NicfM; = NiexgM;. In particular,
R/Jn(R) is semisimple artinian if sN is also of finite uniform dimension.
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Proof. By Zorn’s lemma, there exists a subset K of I such that {ly(M;) :
i € K} is a maximal independent subset of {ly(M;) : i € I}. Thus, for any
J €L In(M;) N [Zgly(M;)] # 0. It follows that Iy(M; + NxgM;) = Iy(M;)N
Iv(NgkM;) # 0. So, M; + NgM; is a proper right ideal of R. Because M; is a
maximal right ideal of R, NgM;C M;. Thus, we proved that
NxgM; = N/ M;. If, in addition, gN has finite uniform dimension, K must be
a finite set. Our proof implies that Jy(R) must be an intersection of a finite
number of maximal right ideals of R. Thus, R/Jy(R) is semisimple
artinian. O

Theorem 1.4. Let Ny be a bimodule satisfying (1) such that Ny is a Kasch
module. Then

1. The map X+——rgr(X) gives a bijection from the set of all simple
submodules of sN onto the set By, whose inverse map is given by
I—s y(D).

. For x € N, 5(Sx) is simple if and only if (XR)y is simple.

. Soc(Ng) = Soc(gN) <.sN.

. IN(R) = rr(W) where W = Soc(Ng) = Soc(gN).

. R/JN(R) is semisimple artinian if and only if sN is of finite uniform
dimension.

L N W

Proof. (1) Let X=Sx be a simple submodule of g¢N. Clearly,
rp(X) =rg(x) # R. There exists a maximal right ideal K of R such that

rr(x) C K. Then, R/K is a factor of R/rg(x) = xR. So, K € By. Since Ng

is Kasch, R/K— N. Let xo=¢(1+K)eN. Then 0# xy € Iy(K) C
Iy(rg(x)) = Sx. The last equality is because sNg has (I). Since s(Sx) is
simple, Sx=1y(K). It follows that K Crg(ly(K))=rr(x). So,
IR (X) =K € By.

Let 7 € By. Then R/I embeds in N, and, as above, 1y(/) # 0. For any
0 # x €ly(]), rr(x) # Rand I C rr(Iy(1)) C rr(x). So I =rg(x) since [is a
maximal right ideal of R. Then Sx = Iy(rz(x)) = Iy(1). So 1y(]) is a simple
submodule of gN. Now (1) follows because ly(rz(X)) = X for any simple
submodule X of ¢N and rg(Iy(7)) = I for I € By.

(2) For x € N, by (1), s(Sx) is simple if and only if rz(x) € By if and
only if (xR) is simple.

(3) It follows from (2) that Soc(Ng) = Soc(¢N). Let W = Soc(sN).
Suppose that W N Sx = 0 where 0 # x € N. Then ¢(Sx) is not simple. By
(1), rr(x) is not a maximal right ideal. There exists a maximal right ideal 7 of
R such that rg(x) C I. Thus, I € By and ly(rg(x)) 2 Iy(Z) # 0. Then, since
sNg has (I), Sx =1y(rgr(x)), and 1y(/) is a simple submodule of N by (1).
So Iy(I) C W, contradicting the assumption that W N Sx = 0.
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(4) Clearly, WJxn(R) = Soc(Ng)Jn(R) =0. So Jy(R) Crr(W). Let
M € By. Then, by (1), Iy(M) C W. Thus, rr(In(M)) D rr(W). But, by (1),
M =rgr(Iy(M)). So M D rr(W). It follows that Jy(R) 2 rr(W).

(5) One direction is by Lemma 1.3. Let R/Jy(R) be semisimple arti-
nian. As a right R/Jy(R)-module, 1y(Jy(R)) is semisimple. Thus, Iy(/y(R))
is a semisimple right R-module. So Iy(Jy(R)) C Soc(Ng). Clearly,
Iy(Jn(R)) D Soc(Ng), and so Iy(Jy(R)) = Soc(Ng). Note that R/Jy(R) is a
finitely cogenerated right R-module and N{7/Jx(R) : I € By} = 0. So, there
exists a finite subset F of By such that N{I/Jy(R) : I € F} = 0. Thus, there
exists a finite subset {M; : i = 1,---,n} of By such that Jy(R) = N, M; and
Jn(R) # NigiM; for any 1 < j < n. Arguing as in the proof oft® Lemma 271 e
have that lN(m?:]Mj) = Z?Z]IN(MI')- ThllS, W= SOC(NR) = lN(JN(R))
= 2% ,In(M;). But, by (1), each Iy(M;) is a simple left S-module. So W is
finitely generated. By (3), sN is of finite uniform dimension. O

The next corollary follows immediately.

Corollary 1.5.0:Pror 4 1ot Np be a principally quasi-injective, Kasch
module with S =End(Ng). Then Soc(Ng) = Soc(4N) CIy(J(R)) and
Soc(¢N) <. sN.

For a right R-module Ng, it is easy to prove that the following con-
ditions are equivalent:

1. Iy(1) # 0 for every proper right ideal 7 of R.

2. 1y(1) # 0 for every maximal right ideal I of R.

3. I=rgr(Iy(0)) for every maximal right ideal I of R.
4. Every simple right R-module embeds in Ng.

Note that the condition (4) of N above is strictly stronger than the
one that Ng is a Kasch module. For instance, let R = Z and N = Z/p7Z (p is
a prime number). Then Ny is a Kasch module, but, clearly, Nz does not
satisfy the above condition (4).

Corollary 1.6. Let sNg be a bimodule satisfying (I) such that 1y(I) # 0 for
every maximal right ideal I of R. Then

1. The map X+—rgr(X) gives a bijection from the set of all simple
submodules of sN onto the set of all maximal right ideals of R, whose
inverse map is given by I—ly(I).

. For x € N, s(Sx) is simple if and only if (xR) is simple.

. Soc(Ng) = Soc(gN) <, sN.

. J(R) =rg(W) where W = Soc(Ng) = Soc(sN).

. R/J(R) is semisimple artinian if and only if sN is of finite uniform
dimension.

b N W o
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Proof. Note that, if Iy(7) # 0 for every maximal right ideal 7 of R, then By
is the set of all maximal right ideals of R and Jy(R) = J(R). U

In Corollary 1.6, the condition that 1y(/) # 0 for every maximal right
ideal I of R cannot be replaced by the one that N is Kasch. To see this, let
R=7 and N=7/pZ (p is a prime number). The bimodule Ny satisfies
(D), Ny is Kasch, J(R) = 0 and Soc(N) = N. It is easy to see that none of the
statements (1),(4) and (5) in Corollary 1.6 holds.

Note that Corollary 1.6 (1,5) extendst® Theorem 1.2 44 [4 Theorem 1.3]
respectively.

For a bimodule gNg, let Wy(S) = {r € S:ry(t) <. Ng}. Then Wx(S)
is an ideal of S. To see this, let ¢,5 € Wy(S) and u € S. Since ry(t) Nry(s) C
ry(t+5s) and ry(7) C ry(ut), it follows that 1 +s € Wy(S) and ut € Wx(S).
Since ry(f) <, Ng, {x € N:ux €ry(t)} <, Ng. Thus tue Wy(S) since
{x e N:uxery(t)} Cry(tu). So Wx(S) is an ideal of S. It is easy to see
that Wy(S) C{re S:ry(ls—st) =0,Vs € S}.

Lemma 1.7. Let sNg be a bimodule satisfying (I).

1. J(S) C Wy(S) = {te S:ry(ls— st) = 0,¥s € S}.
2. If s¢ Wx(S), then the inclusion xy(s) C ry(s — sts) is proper for some
tes.

Proof. (1) Assume that ¢ € S such that ry(ls —st) =0 for all s € S. Let
ry(f) N xR =0 for some x € N. Then rg(tx) C rg(x), and so x = stx for
some s € S by Lemma 1.1. Hence x € ry(ls — sz) = 0. This shows that
ry(t) <, Ng, ie., t € Wy(S). Therefore Wy(S)={r€ S:ry(ls—st) =0,
Vs € S}, and hence J(S) C Wy(S).

(2) If s¢ Wx(S), then ry(s)NxR=0 where 0+#x¢& N. Thus
rr(x) = rg(sx), and so Sx = Iy(rz(x)) = Iy(rr(sx)) = S(sx). Write x = tsx
where ¢t € S. Then (s — sts)x = 0. Thus ry(s) C ry(s — sts) is proper. O

Proposition 1.8. Let sNg be a bimodule satisfying1s(xy (1)) = St forallt € S.

Then Wx(S) C J(S). If sNg also satisfies (I), then Wy(S) = J(S).

Proof. We have Wy(S)C{re S:ry(ls—st)=0forallse S} CJ(S)

since, if ry(ls—st)=0forallse S, S=15(0) =ls(ry(ls — s1)) = S(ls —

st) for all s € S. The second statement then follows from Lemma 1.7(1).
O

Lemma 1.9. Let sNg be a bimodule such that sN is faithful and, for any
sequence {sy,82,...} C S, the chain ry(s;) C ry(s2s1) C - - - terminates. Then

1. Wy(S) is right T-nilpotent.
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2. S/Wn(S) contains no infinite set of nonzero pairwise orthogonal
idempotents.

Proof. (1) For s;€ Wn(S), i=1,2,..., ry(s1) Cry(szs;) C---. Thus
rn(sy -+ 51) = rn(Syp18, -+ -s1) for some n > 0. Hence ry(s,41) N (sy---51)
N =0. Since s,11 € Wy(S), ry(sy+1) is essential in Ng. It follows that
(sy-+-s1)N =0. Thus, since ¢N is faithful, s, ---s; = 0. So Wy(S) is right
T-nilpotent.

(2) Since Wy(S) is right T-nilpotent, orthogonal sets of idempotents of
S/Wy(S) can be lifted to orthogonal sets of idempotents of S. Suppose (2)
does not hold. Then, S/Wy(S) contains an infinite set {#;} of nonzero
pairwise orthogonal idempotents, where 17 = t; € S and #;¢; = 0 for i # j. Let
Si = IS — (tl + e+ t,f), i= 1,2, s Then, for all i, Sit1 = Si — Siliv18,
Siv1tisn =0, and sit;1 =t #0. It follows that s;(z;.1N) = t;,1N and
Si+1(li+1N) = 0. Since gN is faithful, l,‘+1N7é 0. Hence l'N(S,‘) C rN(Si+l) is

proper for all i. Let b; = 15— ¢;, then s;, =b;b;_1---by, i=1,2,.... Thus
there is the following strictly ascending chain ry(b;) C ry(baby) C
ry(bsbyby) C ---. This is a contradiction. |

Theorem 1.10. Let sNg be a bimodule satisfying (1) such that sN is faithful.
The following are equivalent:

1. S is a right perfect ring.
2. For any sequence {s1,s2,...} C S, the chain ry(s;) Cry(sas1) C -+ -
terminates.

Proof. (1)= (2).Lets; € S,i=1,2,....Since S'is right perfect, R satisfies
DCC on principal left ideals. So the chain Ss; O Ssps1 D .-+ terminates.
Thus there exists # > 0 such that S(s,---s1) = S(syr18,---s1) = ---. It fol-
lows that ry(s, - 51) = rn(Sps18n - 81) = - - -

(2) = (1). Note that, for any s € S and 7 € S, if s — sfs is a regular
element of S/Wy(S), then so is 5. So, by (2) and Lemma 1.7(2), S/ Wy(S) is
von Neumann regular by an argument similar to that in the proof of.*:
Theorem 341 gy [ emmas 1.7 and 1.9, J(S) = Wy(S) is right T-nilpotent. Thus,
S/J(S) is semisimple artinian because of Lemma 1.9(2). Therefore S is right
perfect. O

Lemma 1.11.  Let sNg be a bimodule such that sN is faithful and Ny satisfies
ACC on {ry(A) : A C S}. Then Wx(S) is nilpotent.

Proof. By Lemma 1.9(1), Wx(S) is right T-nilpotent. Then it is easy to
show that Wy(S) is nilpotent by a standard argument. O

The next corollary follows from Theorem 1.10 and Lemma 1.11.
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Corollary 1.12. Let sNg be a bimodule satisfying (1) such that sN is faithful
and Ny satisfies ACC on {rn(A) : A C S}. Then S is semiprimary.

For a module N, a submodule X of Ny is called a kernel submodule if
X = ker(f) for some /'€ End(Ng), and X is called an annihilator submodule if
X = Npeaker(f) for some A C End(Ng). Part 2 of the next corollary extends
a result of Fisher and Harada-Ishii that the endomorphism ring of a noe-
therian QI-module is semiprimary (seel! Theorem L1l 5 q [14. Theorem 1]y

Corollary 1.13. Let Ngr be a principally quasi-injective module and
S = End(NR)

1. If Ng satisfies ACC on kernel submodules, then S is right perfect.
2. If Ny satisfies ACC on annihilator submodules, then S is semi-
primary.

It was proved int”> Ther™l that if R is right P-injective and has ACC
on annihilator right ideals, then R is left artinian. But we do not know if the
ring S in Corollary 1.13(2) is left artinian.

2. V-MODULES AND ANNIHILATOR CONDITIONS

In this section, the V-modules are characterized using an annihilator
condition, extending a result of Faith and Menal. All modules in this section
are right R-modules.

Given two R-modules M and N, consider Homg(N, M), a left
End(M)-module. For a subset K of N and a subset X of Homg(N, M), put
An(K) ={f:f€ Homg(N,M) and f(K)=0} and Ke(X)=n{ker(g)
tg € X}

Definition 2.1. 4 module N is said to be M-annular if, for every submodule K
of N, K = Ke(An(K)).

It can easily be proved that, for a submodule K of N, K = Ke(An(K)) if
and only if N/K is cogenerated by M. Therefore, N is M-annular if and only
if every factor of N is cogenerated by M.

Example 2.2.

1. R is Rg-annular if and only if every right ideal of R is a right
annihilator. In this case, the ring R is called right dual.

2. Rpis M-annular if and only if 7 = rg(/)(I)) for every right ideal I.
This condition was termed by Faith-Menal'” as saying that M
satisfies the double annihilator condition with respect to right
ideals.
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A module My is called a V-module if every submodule of M is an
intersection of maximal submodules, or equivalently, every simple R-
module is M-injective. When Ry is a V-module, we call R a right V-ring. It
was proved in'” that R is a right V-ring if and only if R is M-annular for
some semisimple module M, and that in this case M is a cogenerator in
Mod-R. They further show that if R is right noetherian and right dual (i.e.,
Ris a right Johns ring by!"”) then R/J(R) is a right V-ring. These results can
be extended as follows.

Lemma 2.3. Let K be a submodule of Nr. Then K is an intersection of
maximal submodules of Ny if and only if Ke(An(K)) = K for some semisimple
module M.

Proof. ‘<’. By assumption, K = Ke(A4n(K)) = Nker(g) : g € An(K)}. For
g € An(K), K C ker(g) and N/ker(g) — M. Thus, N/ker(g) is semisimple.
Then ker(g) is an intersection of maximal submodules of N. Because
K = Ke(An(K)) = N{ker(g) : g € An(K)}, it follows that K is an intersection
of maximal submodules of N.

‘=’. Let {M;} be a complete set of non-isomorphic simple modules in
o[N] and M = @&M,. Since K is an intersection of maximal submodules of N,
it follows that N/K — ILX; with each X; € ¢[N] a simple module. Therefore,
there exists an embedding /: N/K— M’ for an index set I. Let p:
N — N/K be the natural homomorphism and =, : M/ — M be the
canonical projection onto the oth-component. Then {f, = {piolop:
a € I} C An(K). Thus, K C Ke(A4An(K)) C Ke({f,}). But, it is clear that
Ke({fy}) C K. So, K = Ke(An(K)). O

Theorem 2.4. 1. A module N is a V-module if and only if N is M-annular for
some semisimple module M.

2. If N is M-annular for a semisimple module M then M is a cogenerator
in a[N)].

3. If N is M-annular and 1y;(J(R)) = Soc(M), then N/NJ(R) is a V-
module.

Proof. (1) By Lemma 2.3.

(2). By (1), N is a V-module and thus every simple module is N-
injective. Hence the N-injective hull of any simple module X € o[N] is itself.
By Wisbauer,!1%!7-12: P-143] we only need to show that M contains a copy of X
for each simple module X € o[N]. For a simple module X € g[N], X — N/A4
for some A C N by[”’ 231 Since N is M-annular, N/A — M for some index
set 1. It follows that X — M’ so X — M.
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(3). We first show that, if X is a submodule of N such that, for any g €
Hom(N, M) with g(X) = 0, g(N) C Soc(M), then N/X is a V-module. To see
this, let Y be a submodule of N containing X. By the assumptions, we have
N{ker(g) : g € Hom(N, Soc(M)),g(Y) =0} = n{ker(g) : g € Hom(N, M),
g(Y)=0} =Y. Therefore, N{ker(g):g € Hom(N/X,Soc(M)),g(Y/X)=
0} = [Nn{ker(f) : f € Hom(N,Soc(M)),f(Y) =0}]/X = Y/X. This shows
that N/X is Soc(M)-annular. By (1), N/X is a V-module.

Now let g € Hom(N, M) with g(NJ(R)) =0. Thus, g(N)J(R) =0,
implying g(N) Cly(J(R)) = Soc(M). Asseen above, N/NJ(R)isa VV-module.

From Anderson-Fuller,['!:1517and 15181 g / y(RY is semisimple if and only
if Soc(M) = 1y (J(R)) for every right R-module M, and in this case, J(M) =
MJ(R) for every right R-module M. The following is immediate.

Corollary 2.5. Suppose R is semilocal. If N is M-annular, then N/J(N) is a
V-module.

Part 2 of the next Corollary extends a result in'”.

Corollary 2.6. Let R be a right dual ring satisfying ACC on essential right
ideals.

1. Soc(Rg) =1r(J(R)) = rr(J(R)) is an essential right ideal of R.
2. R/J(R) is a right V-ring.

Proof. (1) Let Z, = Z(Rg) be the right singular ideal of R, J = J(R) and
S, = Soc(Rg). For convenience, we shall abbreviate 1z(X) and rg(X) to 1(X)
and r(X) respectively for a subset X of R. Byl'® Theorem 291 " yiq nilpotent. Then
1(J) is essential in Ry as argued in Johns.!") Since R has ACC on essential right
ideals, R/S, is a right noetherian ring by.[20: Cor-291 gyl17. Lemma 18.3] © 77 g
nilpotent. So Z, C J. Define 1""!(J) = 1(1"(J)) for n > 1. Following Johns’
arguments,l'”  we have 12(J) CZ.,CJ and this implies that
1(J) CP(J) CP(J) C ---. Note that this is a chain of essential right ideals.
Since R satisfies ACC on essential right ideals, there exists an m > 0 such that
1"(J) = I"*2(J). Taking right annihilators (m + 1)-times, we have r(J) = 1(J).
Finally, arguing as the proof ofi'® Lsmma 4l e have that r(J) C S, C1(J).
(2) By (1) and Theorem 2.4(3), (R/J)g is a V-module. Thus, R/J is a
right V-ring. O

CONCLUSION

Let S and R be rings. The paper studies the bimodule N satisfying
the annihilator condition ly(rg(x)) = Sx for all x € N. This approach
clearly shows how the ring R or the module Ny is connected to the



Downloaded By: [Nanjing University] At: 02:17 23 March 2007

ANNIHILATOR CONDITIONS 2319

properties of the ring S through the annihilator condition. Specializing to
the particular bimodule gRg or End(Ng)Ng, we obtain some new results
and known results as corollaries.
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