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Abstract Let C be a class of R-modules closed under
isomorphisms and finite direct sums. We first show that
the finite direct sum of almost C-precovers is an almost
C-precover and the direct sum of an almost C-cover and
a weak C-cover is a weak C-cover. Then the notion of
almost C-preenvelopes is introduced and studied.
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1. Introduction

Throughout this paper, R is an associative ring with identity and all modules
are unitary right R-modules. N < M, N <, M and N < M means that N is a
submodule, an essential submodule and a superfluous submodule of M, respectively.
The class C of R-modules are assumed to contain 0 and be closed under isomorphisms
and finite direct sums. General background materials can be found in [1, 2].

Recall that an R-homomorphism ¢ : M — F with F' € C is called a C-preenvelope
of a module M [3] if for any R-homomorphism f : M — F' where F' € C, there is
an R-homomorphism ¢ : F — F’ such that g¢ = f. If, furthermore, when F' = F
and f = ¢, the only such g are automorphisms of F', then ¢ is called a C-envelope of
M. If C is the class of injective modules, then we get the usual injective envelopes. If
envelopes exist, they are unique up to isomorphism. Dually we have the concepts of
C-precovers and C-covers. Recently, the notions of almost C-(pre)covers and weak C-
covers were introduced in [4] as generalizations of (pre)covers. In the present paper,

we first show that the finite direct sum of weak C-precovers is a weak C-precover and
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the direct sum of an almost C-cover and a weak C-cover is a weak C-cover. Then
the notion of almost C-preenvelopes is defined as the dual of almost C-precovers and

some properties are given.

2. Properties of almost precovers

Recall that an R-module homomorphism f : M — N is an essential monomor-
phism if f is monic and imf <, N; f is a superfluous epimorphism if f is epic and
kerf < M (see [1]).

Following [4], an R-homomorphism ¢ : X — M with X € C is called an almost
C-precover of M if for each F' € C and each R-homomorphism f : F' — M, there is
an essential submodule F' of F with F' € C, and an R-homomorphism ¢ : F' — X
such that ¢g = fi, where ¢ : F' — F is the inclusion map. It is easy to see that
¢ : X — M is an almost C-precover if and only if for each F' € C and each R-
homomorphism f : FF' — M, there is an essential monomorphism v : F — F with
E € C and an R-homomorphism g : £ — X such that pg = f.

Lemma 2.1. Consider the following pullback diagram:

B
A—B
a l g
C —f> M
where A = {(c,b)|f(c) = g(b),c € C,b € B}, a(c,b) = ¢, B(c,b) =b.
(1) If g is an essential monomorphism and f a monomorphism, then « is an
essential monomorphism.

(2) If f and g are both essential monomorphisms, then o and 3 are both essential

monomorphisms.

Proof. (1). Since g is a monomorphism, « is also a monomorphism by the property
of a pullback. So it is enough to show that « is essential. Suppose there exists
0 # N < C such that (ima) NN = 0. Since f is a monomorphism, f(N) # 0. It
follows that (img) N f(N) # 0 since g is an essential monomorphism. Hence there
exist 0 # a € N, 0 # b € B such that f(a) = g(b) # 0, and so (a,b) € A. Since
ala,b) =a, a € (ima) NN =0. So a =0, a contradiction.

(2) follows from (1). O

Recall that a class C of modules is called weakly hereditary [4] if for any 0 # M €

C, every non-zero submodule of M contains an essential submodule from C.
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It is well known that, if ¢; : X; — M;, ¢« = 1,2,...,n, are C-precovers, then
By, 1 ®X; — ®M,; is a C-precover [2]. Here we have the following

Theorem 2.2. Let C be weakly hereditary. If ¢; : X; — M;, i = 1,2,...,n, are
almost C-precovers. Then @©p; : ©X; — ©&M; is an almost C-precover.

Proof. 1t is enough to show the case n = 2. Suppose f : D — M; & M, is any
R-homomorphism with D € C. Let m; : My & My — M; be the canonical projection,
1 = 1,2. Since each p; : X; — M; is an almost C-precover, there exist B; <. D
with B; € C and R-homomorphisms v; : B; — X, such that the following diagram
is commutative:

y
B, ——

dh‘l

D
lﬂif

where ¢; : B; — D is the inclusion map, i = 1, 2.
Consider the following pullback diagram:

— > B

N
l”

~— D <—0O

0—— 2
0—>B1L—1>D

By Lemma 2.1, « is essential. So ;a0 = 123 : A — D is essential by [1, Exercise
5.14]. Let a € A. Note that (1 @ p2)(Vra®vaf)(a) = (91D 2)(Yra(a),eb(a)) =
(prvnala), patpaf(a)) = (mifuala), m2fraf(a)) = fuala). Thus (p1 & p2)(Yra @
193) = fria. Since C is weakly hereditary, there exists A" <. A with A" € C. So we
have the following commutative diagram:

(¢1a®wzﬁ)>\l lf
X1 @ Xy —= M, @& M,
©p1Dp2

where A : A" — A is the inclusion map. Note that ¢;a) is an essential monomor-
phism, therefore ¢ By, : X1B Xy — MiB M, is an almost C-precover, as desired. [
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Recall that an almost C-precover ¢ : G — M of a module M is called a weak
C-cover [4] if each endomorphism f of G with ¢ f = ¢ is an essential monomorphism,
and ¢ is called an almost C-cover [4] if each endomorphism f of G with ¢f = ¢ is
an automorphism of G.

It is known that if ¢; : X; — M;, i = 1,2, are C-covers, then ¢ ® ¢ : X1 B Xy —
M, & M; is a C-cover [2]. Here we have

Theorem 2.3. Let C be weakly hereditary. If ¢, : X; — M; is an almost C-cover,
w9 X9 — My is a weak C-cover, then o1 @& vy : X7 & Xo — M; & M, is a weak

C-cover.

Proof. By Theorem 2.2, o1 ® s : X1® Xo — M;® M, is an almost C-precover. Now
suppose that f is an endomorphism of X; @ X5 such that ¢1 ® @2 = (v1 ® 2)f.
We shall show that f is an essential monomorphism. Let m; : X7 & Xy — X, be
the canonical projection and ¢; : X; — X; @& X5 the canonical injection, ¢ = 1, 2.

For convenience we express the elements in X; @& X5 as columns o for z; €
T2
0
Xi,w3 € Xy, Then o1 @ g = I = fu Jiz , where fi1 = i fu,
0 o far fa

fiz = mifia, for = mafu, foo = mafie. Note that ¢1 @ w2 = (p1 @ ¢2)f means

that @1f11 = w1,01f12 = 0, wafar = 0, pafor = 2. By hypothesis, fi1 is an
automorphism of X;. Consider the matrix equation

1 0 fu fio _ fu fi2
—fafi 1 far fa 0 —forfii' fiz + foo

Since o fa1 = 0, @afar = 2, we get 0o —for fir' fra+ fa2) = @2 Hence —for f17' fra+
fa2 is an essential monomorphism by hypothesis. Now by a standard matrix argu-

ment we see that f is monic. So the proof is complete if we show that imf <,

fi fi2
X1 DX, Let g =
! ? g < 0 —faufi'fiz+ fo

0
fact, im(fi1 @ (—for fii' fra+ far)) = im( f(l]l —forfii iz + foz

Note that im(fi; @® (—fafi1" fi2 +f22)) <¢ X1 @ X, by [1, Proposition 5.20], and
so img <, X1 @ X5. Thus imf <, X; & Xo. O

). We claim that img <. X; & X5. In

) <img < X185 Xs.

3. Almost preenvelopes

In this section, the concept of almost preenvelopes is introduced as the dual of
almost precovers.



We start with the following

Definition 3.1. Let C be a class of modules.

A homomorphism ¢ : M — G with G € C is called an almost C-preenvelope of
M if for each F' € C and each homomorphism f : M — F, there are superfluous
epimorphism 7 : F' — F' with F' € C and a homomorphism ¢ : G — F' such that
gp=rf.

An almost C-preenvelope ¢ : M — G with G € C is called a weak C-envelope
if each endomorphism f of G with fyo = ¢ is a superfluous epimorphism and ¢
is called an almost C-envelope if each endomorphism f of G with fo = ¢ is an
automorphisms of G.

C is said to be weakly homomorphically closed if for any A € C and any epimor-
phism A — B, there exists C' < B such that B/C € C.

Theorem 3.2. Let C be a weakly homomorphically closed class of modules and the

following diagram

F—F

A
¥

M—G

a pushout diagram. If ¢ is an almost C-preenvelope and 7 : G — N a superfluous
epimorphism with N € C, then 7 is an almost C-preenvelope.

Proof. Let H € C and o : M — H be an R-homomorphism. Since ¢ is an almost
C-preenvelope, there exist a superfluous epimorphism 3 : H — L with L € C and an
R-homomorphism v : F* — L such that y¢ = B(af) = (Ba)f. So by the property of
a pushout, there exists ¢ : G — L such that the following diagram is commutative:

F—s

o]

MLG 7
H?L

Thus ¢y = Ba.
Let K = L/¢(kerm), p: L — K be the canonical map. Since 7 is a superfluous

epimorphism, ¢(ker 7) < L. Hence p is a superfluous epimorphism. Let 6 : N — K
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be the induced homomorphism. Then we have the following commutative diagram:
L——=K
o s
G—N
Since C is weakly homomorphically closed, there exists a superfluous epimorphism
f: K — E with £ € C. Thus we get the following commutative diagram:

0pg3
H—~F

T T%

M —N
Y

Note that OpS is a superfluous epimorphism by [1, Exercises 5.14]. So 7 is an
almost C-preenvelope. O

Corollary 3.3. Let C be a weakly homomorphically closed class of modules. Then
every module has an almost C-preenvelope if and only if every flat module has an
almost C-preenvelope.

Proof. One direction is obvious. Now suppose every flat module has an almost C-
preenvelope. Let M be any R-module. By [5], M has a flat cover o : F(M) — M.
It follows that F'(M) has an almost C-preenvelope ¢ : F(M) — L by hypothesis.
Consider the following pushout diagram:

¢
FM) —— L
|,
P
M —N
Note that « is epic, so is 3. Since C is weakly homomorphically closed, there is

a superfluous epimorphism 7 : N — H with H € C. Thus 7 is an almost C-
preenvelope by Theorem 3.2. O

Lemma 3.4. Consider the following pushout diagram:

B8
A—— B
al g
C—f>M
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where M = (C'® B)/{(a(a), =f(a))| a € A}, f(c) = (¢,0), g(b) = (0,b).
(1) If v is a superfluous epimorphism and ( an epimorphism, then ¢ is a super-
fluous epimorphism.
(2) If o and 3 are both superfluous epimorphisms, then f and g are both super-
fluous epimorphisms.

Proof. (1). Since « is an epimorphism, ¢ is also an epimorphism by the property of
a pushout. So it is enough to show that g is superfluous. Let kerg + N = B with
N < B. We first claim that kera + 87'(N) = A. In fact, let a € A. Then there
exist © € kerg, y € N such that f(a) = x + y. Since [ is epic, there exists s € A
such that 3(s) = y. Note that gf(a) = g(z) + g(y) = g5(s), and so gfB(a — s) = 0.
Thus fa(a—s) = gB(a—s) =0, that is, (a(a — s),0) = 0. Hence there exists t € A
such that a(a—s) = a(t) and 0 = —3(t). Note that a—s—t € kera, s+t € 371(N)
and so a = (a —s—t)+ (s +1t) € kera+ 71(N), therefore kera + 371 (N) = A. Tt
follows that 371(N) = A since « is superfluous. Thus N = B, as required.

(2) follows from (1). O

We omit the proofs of the following two results which are dual to those of Theorems
2.2 and 2.3 using Lemma 3.4 in place of Lemma 2.1.

Theorem 3.5. Let C be weakly homomorphically closed. If ¢; : M; — G;, i =
1,2,...,n, are almost C-preenvelopes, then ©y; : &M; — ®G; is an almost C-
preenvelope.

Theorem 3.6. Let C be weakly homomorphically closed. If ¢; : M} — G; is an
almost C-envelope, g : My — G5 is a weak C-envelope, then ¢ @ @y : My & My —
G1 @ G5 is a weak C-envelope.
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