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Abstract We study the stochastic optimal admission and routing controls for a system consisting of two
paralle-server channels with zero waiting buffer capacity and multi-class customers via Markov decision
processes moving in discrete triangles. In each channd, there are two classes of customers to be served, which
are varying in their arrival rates, payments and penalty costs. The class of structured value functions is found
and justified to guarantee the existence of optimal value function and optimal admission control policy. The
policy for each class of customersis characterized by a state-dependent threshol d function that is non-increasing
in the number of the other class of customers being served in the channel and decreases at most one unit when
the number of the other class of customersincreases a unit. Between channels, some classes of customers can be
selected to be served in either of the channds according to certain routing probabilities, which are obtained by
combining the optimal value functions with simulation. Numerical and application examples are presented to
illustrate the usage and efficiency of our algorithm and optimal policy.
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1. Introduction

Parallel-server systems have become a common tool in the studies of many communication
networks, manufacturing and service systems, see, for examples, Dail and Gans et al.!”.
Motivated from some practical communication project, in this paper, we consider a system that
consists of two parallel-server channels with zero waiting buffer capacity, which differs from
widely studied parallel-server systems with infinite waiting buffer capacity (see, e.q., Harrison!®,
Bell and Williams'™). In each channel, there are two classes of customers to be served, which are
varying in their arrival rates, payments and penalty costs. Payments are random and depend on
the lengths of service times, which are different from assumptions in existing studies such as
Ormeci et a*? and Ormeci and Wal™, where constant payments are assumed. Between
channels, some classes of customers can be selected to be served in either of the channels
according to certain routing probabilities. Since the waiting buffer capacity is zero for both
channels, optimal admission and routing controls for such a system are of particular interests.
The purpose of the controller is to determine how the system should route an incoming customer
to a particular channel and whether the channel should accept or reject the customer into service
in order to maximize the expected infinite horizon discounted profit for the service provider. We
will restrict our study to Markovian control policies since the optimal policy belongs to this class
(see, e.g., Sennott!®® g Some related discussions about network optimization and control can be
found in Cheng et !, Dai and Jiang’®, Ding et a'® and Maet al'*!.

Optimal control problems for queueing systems arise in different contexts such as
Lippman™®. The unified approach developed in [10] allows one to transform a continuous time
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Markov decision process into an equivalent discrete process and to establish associated
optimality equations. Moreover, following the approach, one can investigate the structure of an
optimal control palicy by identifying a class of structured value functions that is preserved under
certain sense and find a state-dependent threshold policy that is easy to implement, see, eg.,
Benjaafar and ElHafsi®, and etc. for a number of recent applications in production and
inventory controls. However, the classes of structured value functions are varying for different
applications and they are difficult to be identified for the corresponding decision processes
moving in multi-dimensional domains. In addition, the justification of preservation of properties
for each application is complicated and involves heavy cal culation.

In this paper, firstly, we adopt the approach to study the optimal admission control problem
for the above parallel-server system in each channel. The class of structured value functions is
found to satisfy the concave and certain submodular properties and the preservation of these
properties under some policy related transformation is justified to guarantee the existence of
optimal value function and optimal admission control policy. The obtained optimal policy for
each class of customers is characterized by a state-dependent threshold function that is
non-increasing in the number of the other class of customers being served in the channel and
decreases at most one unit when the number of the other class of customers increases a unit.
Because the waiting buffer capacity is zero and there are multiple classes of customers in the
system, our Markov decision process is confined to move within a 2-dimensional discrete
triangle that is not a good shape to our study. Due to this reason, our function class is different
from those such as in [2] and the justification of the structure preservation for our problem is
particular complex along the boundary of the triangle, moreover, due to the difference of model
formulations, our admission policy and associated analysis are different from those as in [12]
and [13]. Secondly, by combining the optimal value functions in different channels with
simulation, we obtain the optimal routing parameters. Thirdly, we implement a number of
numerical examples to support our theoretical findings. From these examples, we see that our
algorithm stably converges and is efficient, and furthermore, our policy is better than some
intuitively reasonable palicy that is based on two 1-dimensional Markov decision processes and
is designed for the purpose of comparison.

The rest of the paper is organized as follows. In Section 2, we describe our model
formulation. In Section 3, we derive the optimality equations and study the characterization of
the optimal policy. Numerical examples are given in Section 4. In Section 5, we provide the
technical and lengthy proofs for three lemmas. Concluding remarks and future research are
presented in Section 6.

2. Model Formulation

We consider a communication system consisting of two channels as pictured in the
following Figure 1. There are n independent and identical serversin Channel Aand N serversin

Channel A Both channels have no additional buffering capability for an incoming customer
except being served immediately. There are two classes of external arriving customers to

Channel A and the arrival stream for each class il {1,2} follows a Poisson process with rate
|.. Similarly, there are two classes of external arriving customers to Channel A and the
arrival stream for each class il {1,2} follows a Poisson process with rate |, . For each
iT {LK,m} with some giveninteger 1£ m£ 2, the arrival streams correspondingto |, and
| are split from a common Poisson process with rate b, that is, |, +I, = b, , and moreover,

it will be discussed later about how to determine the optimal valuesof |, and |, for agiven

b, according to routing decision. For each class i1 {1,2}, an arrival customer to Channel A is
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either rejected into service with penalty cost |. or accepted into service and experiences
exponentially distributed amount of service time with rate m according to some admission
control policy, where we assume that service times among different customers are independent.
Similarly, for each class i1 {1,2}, an arrival customer to Channel A is either rejected into
service with penalty cost r or accepted into service and experiences exponentially distributed
amount of service time with rate M. Furthermore, for each il {LK,n} , we suppose that
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Figure1 A communication system consisting of two channels with parallel serversis under admission and
routing controls.

For each il {1, 2}, let X, (t) denote the number of class i customers being served in
Channel A at time t, which takes values in the state space S ={0,1,K,n}, and moreover, let
X () © (X,(t), X,(t)), which takes values in the following 2-dimensional discrete triangle

I g PO u
S°i(x.%):ax£Enxl S,|:12g. @)
| i=1
Let h(X(t)) denote the payment function defined on S, which satisfies certain conditions that
will be elaborated later. Associated with Channel A, there is a fixed cost ¢ per unit of time, and
let N, (t) denotethetotal number of rejected classi customers at Channel A by timet. Then we

can write the value function (expected infinite horizon discounted profit) for a given discount
factor a ,agiveninitial state XI S and agiven admission control policy p asfollows,

V' (X)° EP 25 eth(X (t))dt - (5e‘a‘éz AN, (t) - (‘Se'a‘cdtg. @
e i=1 u

Similarly, for each i1 {1, 2}, let X (t) denote the number of class i customers being

served in Channel A at time t, which takes values in the state space S ={0,1,K,f}, and
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moreover, let X (t) = (X,(t), X,(t)), which takes values in the following 2-dimensional
discretetriangle
i 2 _ . ..
Soi(xl,xz):éXiEn,xil S,|:12§. &)
| i=1
Let h(X(t)) denote the payment function defined on S . Associated with Channel A, there
is a fixed cost T per unit of time, and let N, (t) denote the total number of rejected class i

customersat Channel A by timet. Then we can write the value function for the given discount
factor @ , agiveninitial state X| Sand agiven admission control policy P asfollows,

v (X)° EP 25 e h(X (t)dt - (5e‘a‘éz TaN, (t) - (‘Se'atédtg. (4)
X 8 o i i H

An admission control policy p (or P ) specifies at each time instant if an arrived

customer to Channel A (or Channel K) is accepted into service or is rejected, and furthermore,
we restrict our analysis to Markovian policies since the optimal policy belongs to this class (e.g.,

Sennott!*®). Our objectiveisto look for optimal policies p° and P such that
V(x| ) =maxv® (x,), vﬁ*(y,r)zrqaﬁxvﬁ(y,r) (5)
p p

where | =(1 K, ),I =(,K,[) with mi {12}, and the sets P and P of
Markov decision policies are associated with some action spaces which will be elaborated later.
Moreover, we are to find the optimal values | = and [, for agivenvector b =(b,,K,b,)
such that

V(1 )47 (R ) = max (vp*(x,l )+ (%, )) (6)
where the set L is defined to be L °{(I,[):l +I, =b,,i =LK, m}. Moreover, we
remark that the determinationsof | * and [ ~ are essentially the choices of the optimal routing
probabilities to two channels for the common Poisson input streams corresponding to the rate
vector b .

3. The Optimality Equations and Char acterization of the Optimal Policy

We first focus our discussions on Channel A. Let h” (X) be the control associated with a

Markovian policy p whenthe systemisin state x1 S. It follows from Lemma 5.1 in Section
5 that there is at most one customer arriving at the channel at a time point. Thus we take
h? (x) =h? (X) when the arrived customer belongs to classi, where h” (X) corresponds to the
admission action such that
h? (x)© : 0 if theaction isto accept the arrived classi customer into service,
' 11 if theactionisto rgject the arrived classi customer into service.

Thus the action space can be taken as { 0, 1} that isindependent of state variable x. Let

2

geal;+nm=sup | (xh(x). 7

i=1 (xh ()N S {01}
where h(X) isanactionand | (x,h (X)) isthe rate of changing of the system when it isin
state x. Then by the studies in Lippman'’?, we can transform the continuous time decision
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process into an equivalent discrete time decision process. Moreover, define V' (X) © va (x)
and without loss of generality, supposethat a +g =1, then we have the following lemma.
Lemma3.1Foreach XI S, thefollowing optimality equation holds
V() =TV (x) )
where the operator T is defined as follows,

3 & 2 ® ¢ 0,.0
Tv(x) = (h(x)- )+ | Tv(x) + mca xv(x- §)+ch- a X V(X)+,
i=1 ei=1 8 =1 @ 1]
e is the 2-dimensional unit vector whose ith component takes value one and al other
components take values 0, and furthermore,

Fmax{v(x+€),v(x)- 1} if& " x<n,
Tv(X) © | e s
TV(X)' l if a % =N
The proof of this lemma can be found in Section 5. To characterize the optimal policy, for each
il {12}, wedefine

0]

Dv(x) ° v(x+e)- v(X). (D
Next, suppose that v(x) is a function satisfying the following conditions, that is, for each fixed
i1{L2 anda jI {12,

DDv(x) °© Dv(x+e)- Dv(x)£0, (10
D,Dv(x) °© Dv(x+e)-DV(X)E0 foranyj?i, (1D
D,DVv(x) ° Dv(x+g)- Dv(x+e)£0 foranyj?ti. (12)

Remark 3.1 Condition (10) indicates that D.Vis non-increasing in the component x; or
equivalently v is concave in x;; Condition (11) states that v is submodular in the direction of g
and g ; We call that v is submodular in the direction of e and e-g under condition (12) since
this condition is equivalent to Dv(x+¢ - €)- DV(X)£0 for 0< xI S. When

o 2

a i X; =N- 1, the concavity property of v in terms of x; is always true since there are only

two points involved; When one dimensional problem is concerned, the only required condition is
the concavity.

The following examples are given to show the existence of the class of functions that satisfy
conditions (10)-(12).

Example 3.1 V(X) = é iZ:l f (x) for xI S,where f (x)isaconcave function of x; for
each i1 {1,2} . For examples, (1) v(X) is linear in x, that is, V(X) = é izzlri)g where . >0isa
constant for each i; (2) V(X) = é izzl(ai - b.g,(x))where @, and b, are positive constants,
gi(x) is convex in x;, eg., g, (X)=€" for some constant r; > 0, or g (x)=(x - r)?and
€tc.

Example 3.2 Let v be a concave function on R and define f (X) °© é ;xi . Notice that f

is an affine mapping from R?to R (see, e.g., page 23 of Hiriart-Urruty and Lemarechal'®). Then
it is easy to check that v(f(x)) satisfies condition (12). Moreover, the conditions (10) and (11) are
reduced to the only concavity condition (10) and this property can be easily shown by the similar
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method used in Proposition 2.1.4 in page 88 of [9].

Here we remark that more such examples can be constructed, for example, by applying
Proposition 2.1.7 in page 88 of [9]. So, basing on the above discussions, we can introduce the
following set of functions

A ° {v(x) : v(x) satisfies the conditions (10) - (12),xI S}. (13)
If associated with the value function of a policy, the conditions (10)-(12) imply some particular
properties for that policy. Concretely, for each il {1,2} and each x| S with

A

é;xi £n-1, let % =(X;,]* i), moreover let X fixed and X vary, then for each
vi A, wecan define

a(x)° max{x :Dv(x)+I. >0} . (14
From (14), we seethat & (X ) dependsonly on X aslongasvand |; is given. In the sequel,
we also use a(x) to denote & (%) for convenience. Then we have the following lemma.

Lemma3.21f vl A,then X £a(X) ifandonlyif Dv(x)+I >0.

Proof. If X £&8(%), then by the definition of a(X) in (14), we have that
DV(X)+l, >0. Conversdly, let x=(x,%)] S satisfying DV(x)+|, >0 (here we take
i =1 without loss of generality). Due to the concavity property (10) of v, we have that
Dv(x9+I. 3 Dv(x)+]. >0with x¢=(x¢X)and XC£ X . Then by the definition given in
(14), wecan concludethat X £a(%X). O

Remark 3.2 Lemma 3.2 implies that the admission control associated with a policy p
that has value function VT A can be described with 2-dimensional switching surfaces. More
specifically, the policy can be expressed by state-dependent thresholds a(x) for all 11 {1,2}
such that it is optimal to accept a class i customer into service if X £ @ (X) (which means that

accepting one is to get the bigger profit than rejecting one) and otherwise to reject. A
Lemma 3.3 For a fixed il {1, 2}, a jl {12 (j*i), a vl A and a x| Swith

é izzlxi <n-1, wehave

18(X),
a(x+€)° |
Ta(9-1.
Proof. Without loss of generality, wetakei = 1. Thenlet X =(x,a (X+g,)) . Dueto the

submodular property (11) of v in the direction of & and g and the definition of & (X + ej) , we
have that
D.v(¥) 2 Div(%+ej) >-| (15

Thus, by (15) and the definition of & (%) , we can conclude that
a(x+e)=3(k+e)£a(%)=a(x).
Secondly, if a(x) = O, it is obvious that a(x+g)>a(x)-1. If a(x)31, we take
%:(Xi,ai(x)),then by using %- € toreplacex in condition (12), we have
Dv(X- g +e)2 Dv(X)>-1,.
Hence we have
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a()-1=a(X)-1£a(x+e)=3(x+e).
Therefore it follows from the above discussions that the lemmaistrue. [
The following lemma shows that T defined in Theorem 3.1 preserves the properties of v and
hence preserves the switching surface structure of the associated control palicy.
Lemma3.41f h,vi A, then Tvl A, wherethe operator T is defined in Proposition 3.1
and

Iv(x+g) if & % <nx£a(X),
| éz

2% <N >3 (x),
%v(x)- L it &% =n

The lengthy proof of the above lemma will be given in Section 5. Instead, we present our main
result asfollows.

Theorem 3.1 There is a unique optimal value function V' which belongs to A if hi A.

Consequently, the optimal policy is a threshold admission control policy with state-dependent
thresholds for each class. Specifically, the policy has the following properties.

1. For each X =(X;, ] * i), there is a corresponding threshold a (%) such that it is

TV V- |y if

optimal to accept aclassi customer into serviceif x £a (%) and toreject otherwise.
2. The threshold & (%) is non-increasing in each of the variables X (J* i) with
a(x)-1£a (x+ e)t a (X) where one can use the same explanation in (14) for a (X).
Proof. It follows from Lemma 3.4, Theorem 5.1 of Porteus’” and Theorem 6.10.4 of
Puterman®® that v’ = lim, oy T™I A and it is the unique solution of v = Tv, where T"

refers to m compositions of operator T. Therefore, V' satisfies conditions (10)-(12). Hence the
remain results of the theorem follow from Lemmas 3.2 and 3.3. [

4. Numerical Examples

In this section, we use numerical examples to illustrate the usage and efficiency of our
optimal threshold policy. Firstly, we present several examples with different payment functions
to show the dynamic evolving of the optimal thresholds in terms of the number of the other class
of customers in a channdl. Secondly, we conduct the numerical comparison between our optimal
value function and another intuitively reasonable one to exhibit the optimality of our policy.
Thirdly, we obtain optimal routing parameters by integrating our optimal policy with simulation.
Fourthly, we extend our system to a more general one where different classes of customers may
have different service rates and we show that our optimal policy is still reasonably good by a
numerical example. All of the numerical results given here are obtained by solving the dynamic
programs iteratively and the value iteration algorithm is run enough times in order that at least
four-digit accuracy is achieved for each problem instance.

Example 4.1 Here we take the payment function h(x) to be a linear function of x, that is,
for some constants g; and gz, h(X) = gux; +02%. The corresponding numerical results about the
evolving of thresholds are described in Figure 2 and Figure 3.
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Figure2 Optimal thresholdswithn=19, @ =0.1, | ,=0.15, | ,=0.25, M=0.5/19, I, = 200, |, = 400,
¢ =1000, g; = 1000 and g, = 2000.
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Figure3 Optimal thresholdswithn=19, @ =0.1, | ,=0.03, | ,=0.37, M=0.5/19, I, = 200, |, = 400,
¢ =1000, g; = 1000 and g, = 2000.

Example 4.2 For some constant ¢, we take the payment function
h(x) = q(2500- 6(x, - 4)*- 10(x, - 11)*) . The corresponding numerical results about the
evolving of thresholds are shown in Figure 4.
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Example 4.3 For some constants ¢, p. and p;, we take the payment function
h(x)=q(2- € ™% - € ™) . The corresponding numerical results about the evolving of

thresholds are displayed in Figure 5.

optimal threshold a2(x1) (or a1(x2))
a

f 1 1 1 L L L L
L] 2 4 <] B 0 12 14

initiad number of dass one [or beo) custamers x1 {or 22}

16

= al

a2

20

Figure5 Optimd thresholdswithn=19, & =0.1,1 ,=015, | ,=0.25, M=0.5/19, I, = 200, I, = 400,

¢ =1000, g = 2000, p; =0.1 and p,=0.3.

Example 4.4 Inthis example, firstly, we take the payment function h(x) = qix; + gpx, for
some constants g; and g, and use our algorithm to obtain the val ues of the optimal val ue function
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defined in (8) at all possible initial states. Secondly, we separate the servers into two groups,
each is assigned to serve only for a particular customer class. Then we use two 1-dimensional
Markov decision processes on a finite set to generate a 2-dimensional optimal value function.
Concretely, suppose that there are b number of servers assigned for class one customers and (n—
b) number of servers assigned for class two customers. Then the iteration algorithms for the
associated 1-dimensional Markov decision processes are given by

T 060 = (100 6+ T00) +100% 05 D+ (0= 1))
T06) = (106~ &+ TR 00) + M0 (6 - D+ (- b )v,06)

where g, =1, +bm and g, =1,+(n-b)m, h(x)=qgx and h,(x,)=0,X, for some
constants g; and g, ¢, = cb/n and ¢, = ¢ —C¢;, moreover,
iv(x+1) if x <b,x £a,
T11V1(X1):.:.V1(X1)' l, if X <b,x >a,
1)~ 1, if x =b,
iVv,(%+D if x,<n-Db,x £a,
Tzzvz(xz) :%Vz(xz)' I, if X, <b,x, >a,
{Vz(xz)' Iz if X, =n- b
and a8 =max{x :Dv/(x)+l >0 with Dv(x)=V,(x +1D- v (x) fori=1,2 Thenwe
can obtain the value differences V (X,%,)- (V(X)+V,(X,)) for O£x £b and

O£ X, £n- b. In our numerical implementation, for any b1 {0,1,K,n}, the corresponding
value differences are positive and see for one particular example given in Figure 6 where
b=3.
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Figure6 Comparison of value functionswithn=19,b=3,a =01, ,=0.15, | ,=0.25 mM=0519, 1,
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=200, |, = 400, ¢ = 1000, g, = 1000, g, = 2000.

Example 4.5 In thisexample, we consider two channels A and A. Notethat all notations
related to Channd A will be put a bar above the corresponding notations for Channel A. The
payment functions h(x) and H(Y) are taken to be linear in terms of x and X respectively, i.e,
h(x) = g +,X, and h(X)=GX +0,X, for some constants gy, ¢, Gand T,. Basingon
the iterative algorithm given in Proposition 3.1 for Markov decision process, we add one more
simulation step to obtain the optimal routing parameters| , and| ; that satisfy| , +I, =0.3 and

solve the optimization problem (6). In the simulation, we take |, =0.3(/N) for

i =0,LK, N. Firstly, we handle the case that Channel A is configured exactly the same as
Channd A with n = N= 6. Due to the symmetry property, the optimal routing parameters
should coincide for the initial states (i,2,2,2) and (2,2,i,2) with i =0,1, K4, which are shown
in Figure 7 and Figure 8. In Figure 8, we see some difference between optimal parameters at
points (1, 2, 2, 2) and (2, 2, 1, 2). This phenomenon can be interpreted as follows: when N takes

odd number (for example N =49), |, can never take the real optimal value 0.15, and moreover,

due to the fact that, | , +1, = 0.3, the difference appears. Secondly, we handle the asymmetry

case with n = 7 and N = 5. The associated numerical results about the optimal routing
parameters are givenin Figure 9.
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Figure 7 Optimal routing parameters with n = 6, & = 0.1, | ;= 0151, = 0.25, m= 0.5/19,
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Figure 9 Optimal routing parameters with n = 7, & = 0.1, | ;= 015, = 0.25, m= 0.5/19,
I, = 200, I, = 400, ¢ = 1000, gy = 1000, g, = 2000; N=5, & =0.1,1,=0.15,1 ,=0.25 M=05/19, |, = 200,

|,=400, T=1000, T =1000, T,=2000, N = 49.
Example 4.6 In this example, we extend the iterative algorithm presented in Proposition
3.1 to allow different service rates m(i = 1,2) for different customer classes. Concretely, the
new algorithm can be designed as follows,
g g e g
Tv(x) = (h(x)- c)+a | Tv(x) +a mxv(x- a)+8nma><{mm} - d mX
i=1 i=1 i=1
where the threshold policy related to Tiv(x) for i = 1,2 is the same as the one given in

()
4]
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Proposition 3.4. In our numerical implementation, we see that the new algorithm still converges
and the limiting thresholds keep the properties as stated in Theorem 3.1, see for an example,

numerical results in Figure 10 where h(x) =q(2- € ™% - € »®) for some constants g, p;
and p,. Moreover, let V' (X, X,) denote the limiting value function of our new algorithm. Then
as in Example 4.4, we can obtain the value differences V' (X,X,)- (V, (X)+V,(X,)) for
OEx £b and OE£X,£n-Db, and for any bl {0,LK,n} , the corresponding value
differences are positive as shown, for a particular example, in Figure 11. From these numerical
results, we reach a reasonable conjecture that the limiting value function V' (X) is also an
optimal value function in certain function class.

cptimal thrasnald a2{x1] [oF &0y
=
@

a— . - r 1 g |
o 2 4 -] a8 0 1z 14 15 1] I
il bl oy of lass one i b Guslomers 21 o x2|

Figure 10 Optimal thresholdswithn =19, & =0.1, | ,=0.151, =025 mM=0.319, mM,=0.5/19,
I =200, I, =400, ¢ = 1000, g = 2000, p; =0.1 and p, = 0.3.

vabe ferences of (D) waiuz differences ai (1]

1 1
10000 r D
| = b
7000
50
0o
4000
P 5000
o 4000
£ 5 " 15 0 e £ w5 o
vabe diferenoes ot (2.0 walus differsnces al (3|
7500 - Q11— -
oo | 10000 .
g E500 000
B ’
& AOOE -5 )
&
5.
500 T
2
H:- 5000 w A
4500 L0601 L
4000 4000
e 5 10 15 20 e 5 0o 15 )

nitial numbor of ﬂl:ﬂs T 5u;|'.'l-':ﬂ'5-
Figure 11: Comparison of value functions withn =19, b=3, @ =0.1, |,=0151, =025 m=
0.3/19, M,=0.5/19, I; =200, I, =400, ¢ = 1000, g; = 1000, g, = 2000.
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5. Justifications of Some Previously Given Lemmas

5.1 Lemma 5.1 and Its Proof
Lemma 51 Let A(¥ for each il {1,2} be a Poisson process with ratel ; and let

. (3} denote the process satisfying that | (t) =1if there is an arrival of classi customer at the
timepointtand 1.(t) =0 otherwise. Moreover, let | (3 ° é iZ:lIi(>) , then
P{I(t)>1 for all tT [0,¥)}=0. (16)
. o 2 .
Proof. Define At)° @, A(t) for each t3 O, then the superposed process A(J is

still a Poisson process with rate | = é iZ:ll .. Thus, due to the independent increment property

and by using the Poisson distribution, we have
P{I1(t) >0 £ P{A{t+Dt)- At) >1 =o(Dt).
Let Dt® O,we havethat, for each t1 [0,¥),
P{I1(t)>1 =0. (17)
Notice that [0,¥) is an uncountable set, therefore we take a sequence of time points as
O<t <t, <L <t <L saisfying t ® ¥ when m® ¥ , then the associated sequence of

sets {I(t)>1foraltl [0,t ]} decreases to the set {I(t)>1forallti [0,¥)} as
M® ¥ . Moreover, for each ty, let the =2—qptm for positive integers p and q that satisfy

g=0,1,K,2".Then it follows from the right continuous property of | (¥ and equation (17)
that

P{I(t) >1for al tT [0,¥)}
m P{1(t) >1for al tT [O,t_]}

=lim
me ¥

=lim P}G{I(tpq)ﬂ}

¥ fpa i;
£1§®m¥é P{I(t2) >3
=0.

Hence we complete the proof of the lemma. [

Remark 5.1 One can employ the same idea to prove that almost surely along any path,
there is at most one customer who finishes service at a time point in [0,¥) since the service
time distributions are assumed to be exponential.

5.2 Proof of Lemma 3.1

The proof of the lemma is the eval uation of equations (1) and (2) in Lippman™®. First, we
calculate the following expected a -discounted reward earned during one transition when
starting from state x and choosing action a(x) through formula (2) in [10]. Following equation (3)
and its expalnations in [10], we substitute g given in equation (7) into equation (2) in [10].
Then we have
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r,(x,a(x)) = Q[Q Qe ad((h(x)- ot ,t/x,a(x), xfyuge g‘dt}dqtf(xtw X, a(x))

= (h(x) - C)Q[Q Nettdt U ge gt}dqﬂ(xtvx a(x))

=(h()- Qi Qéae — e ge gtdtgdqftvax ,a(x))

(18)

,9€ %dt

= (h(x) - c)Q8 L0

=g (00~ 9

=h(x)- c
Next, notice that associated with a class i customer’s arrival, the transition probability

q(x¥ x,a(x)) appeared in equation (3) of [10] is |, /I, , and associated with a class i
customer’s departure, the probability is xm /1, ... Therefore, by substituting g in equation
(7), the above equation (18) and equation (3) in [10] into equation (1) in [10], we can conclude
that the lemmaistrue. [

5.3 Proof of Lemma 3.4
Step One.  We prove the concave property (10) for Tv(x). In doing so, we first show that

DTV(X)£0 foral i,jl {12}, (19)
As amatter of fact, for j =i, we have
DDVv(x+e)£0 if S x <n-2,%x<a(x)-1

L-(Dv(x+€)+1,)<0 if S2x <n-2,x =a(x)-1
iDV(x+€)+L £0 if SLx <n-2x=3a(X)

DDTV(X)°® { DDV(X) £0 if SZ,x <n- 2, >a(x)
I-(DVv(x+g)+1)<0 if SLx =n-2x£3(x)-1
iDV(x+€)+, £0  if S2x =n-2,x =3(x)
fDDV(X) £0 if S%,x =n-2,x >a(Xx).

Then, it follows from Lemma 33 tha a(x)-1£a(x+e)E£a(x) and
a(x+e)-1Ea(x+2e)La(x+e). Thus for j*i,wehave
iDDv(x+q)£0 if S x <n-2,x£a(x)-2
D,v(x+g)- (Dv(x+e)+l)<0 if SLx <n-2x=a(x)-1,
a(x+e)=a(x)- lor
a(x+e)=a(x),
a(x+2g)=a(x)- 2

J'J
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iDDV(x+g)£0 if SZx <n-2,x=a(x)-1
: a(x+e)=a(x)- lor
i a(x+e)=a(x),
: a(x+2e)=3a(x+e)
iD;Dv(x+e)+(Dv(x+e)+)E0 if SLx <n-2x =a(x),
.; a,(x+)=3(9)- 1
iD;DV(x+€)- (Dv(x+e)+l) <0 if SLx <n-2x=a(x),
! a(x+e)=a(x),
: a(x+2e)=a(x+e)-1
D,D,Tv(x)° { D;Dv(x+€)£0 if S2x <n-2x =a(x),
: a(x)=a(x+e)=a(x+2e)
DD V(X)£0 if SZx <n- 2% >a/(x),

J'J

D,v(x+e)- (DVv(x+e)+l)<0

I D;D,v(x+e)+(DVv(x+g)+l)<0

|DD

=

v(x+€)- (Dv(x+e)+],)<0

D DV(X£0
Step Two.  We prove submodular property (11) for Tv(X) by showing the following claim,

As a matter of fact,

N

D,DTv(x) =DD;TV(X)£0 for j*i

D,Dv(x+g)£0

:" (DiV(X"'Q)'Hi) <0

;
: D,Dv(x+g)£0

D,DTV(x)° {DV(x+e)+], £0

DTV()° |

i
i
i DJ

DV(xX)£0

f- (Dv(x+e)+l)<0

IDV(x+e)+l £0

a(x)® a(x+e)s a(x+2e)

if S x =n-2,x £a(x)-1

if SLx =n-2,x =a(x),
ai(X+ej):a1'(X)' 1

if SLx =n-2,x =a(x),
a(x)=a(x+e)

if SLx =n-2,% >a(x).

(20)

if &2, % <n- 2,x <a(x)- 2
ifa7 x<n-2x=a(x-1
a(x+g)=a(x)-1
ifaZ x <n-2x=a(x)-1
a(x+e)=a(x)
if&Zx <n-2x =a(x),
a(x+e)=a(x)-1
if &% x <n-2,x =4(x),
a(x+e)=a(x)
if &L x <n-2,%x>a(x)
ifaZ x=n-2x£a(x)-1
ifal x =n-2x=a(x),
a(x+€)=3(x)- 1
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io if&Zx=n-2x=a(x)
DDTV()® | a(x+e)=a(x)
ID.DV(x) £0, if &%, x =n- 2,x >a/(x).

Step Three. We prove properly (12) for Tv(x). Wefirstly show the following claim,

DTv(X)EO for it j.

IJ
As a matter of fact, we have

iD,DVv(x+g)£0 ifé’lz_l)q <n- 2,x £a(x)- 2
:0 if&aZ, x <n-2x £a(x)-1,
i a(x+e)=a(x-1
L-(Dv(x+g+e)+1)<0 if&% x<n-2x=3(x-1
'|' a(x+e)=a(x)

Z:ﬁ D,DV(X) £0 if 82,x <n- 2,x =a (),
i a(x+e)=g(x)-1
:DV(x+e)+l £0 ifal,x <n-2,x=a(x)
i a(x+e)=a(x
a2

D,DTV(X)° { ID;DV(X) £0 _ﬁiﬂx<n-2x>awx
I0 ifa_x=n-2x£a(x)- 2
ro if &L, x =n-2x=a(x-1
: a(x+g)=a(x)-1
0 if &2, x =n-2,x =a(x)-1,
: a(x+e)=a(x
iD;DV(X) £0 if &2, % =n- 2,x =a(x)
: a(x+te)=a(x-1
iDV(x+e)+I, £0 if 42, x =n- 2,x =a(x),
! a(x+e)=a(x)
D,DV(X) £0 if &2, x =n- 2,x >a(x).

We secondly show that

D,Tv(x) £0fori? j.

jl

Asamatter of fact, D;D;Tv(x)°

.' D,Dv(x+g)£0 if &2, x <n-2,x £a(x)- 2

LD“DJV(X)+D”- DVv(X)£0 if ai:1><i <n-2,x=a(x)-1

1 ai(X+ej):ai(X)_11
0 a(x+2e)=a(x+e)-1

(21)

(22)
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I

1D, Dv(x+g)+(DV(x+g +&)+|,) £0if A% X <n- 2% =3(x)- 1

i

|

1D, D.v(x+8)£0
DVv(X)EO

:
D;D;
!
|
!
: D,D,v(x) £0

i D;Dv(X)- (Dv(x+g)+1)<0

i

|
|
|
|
|
|
|
I Dijv(x+q)£0
|

|

|
:

i D,DV(X)£0

: D;Dv(x) +D;DV(X) £0
iD;iDV(X)£0

i
£D;DV(X) - (DV(x+€)+1,) <0

I

|
%DjiDjv(x) £0

Step Four. Let

a(x+e)=a(x)-1
a(x+2e)=a(x+e)
ifalx<n-2x=a(x-1
a(x+e)=a(x)
3(x+2e)=3(x+e)-1
if a2, x <n- 2,x =a(x),
ai(X+ej):ai(X' 1)’
3(x+2e)=3(x+e)-1
if &2, x <n- 2,x =a(x),
a(x+e)=a(x)-1
a;(x+2¢)=a(x+e)
if a2, x <n- 2,x =a(x),
a(x+e)=a(x),
ai(X+2ej):ai(X+ej)- 1
if &2, x <n- 2,x =a(x),
a(x+e)=a(x),
ai(X+2ej):ai(X+ej)- 1
if &% x <n-2,x>a(x
if &2, % =n-2,x £a(x)-1
if &2, x =n- 2,x =a(x),
g(x+e)=a(x)-1
if &2 % =n-2,x =a(x),
a(x+e)=a(x)
if &2, x =n- 2,x >a(X).

f(X) = & xv(x- §)+(n- & X)V(X) (23)

i=1

i=1

Then we have the claim that f(x) satisfies (10)-(12) for é izzlxi £n- 2. Firstly, we show that
(10) is satisfied. As a matter of fact, for i, j1 {12},

D,D, f (%)

= é_‘ D, D, (xVv(x- €;))+nD;D,v(x) - é: D;D; (% V(X))

(24)

:(XiDijV(X' Q)+XijDjV(X- ej))"'(n' % - Xj - 2)DijV(X) (fOI‘ it J)

£ 0.
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Secondly, we show that (11) is satisfied. Asa matter of fact, for j, ki {1, 2} and j? k,

D.D, f (x)
= & DD (xv(x- €)) +ND;DV(X)- & D;D,(xv(x)) 5

(xD;Dv(x- g)+x,D,DV(x- g))+(n- % - X, - 2)D,D,V(x)
£ 0.

Thirdly, we show that (12) is satisfied. Asa matter of fact, for j, ki {1,2} and j* Kk,
D, D, f(x)

2 2

a DD, (XV(x- ei))"'nDjijV(X)' a DD, (xVv(x))

i=1 i=1

(%D Dv(x- &) +x,D;D,v(x- €))+(n- X - X; - 2)D;,D;v(X)

£ 0.

Finaly, by steps one to four and by the fact that h(x) satisfies conditions (10)-(12), we
know that Tv(x) satisfies conditions (10)-(12). Therefore we complete the proof of the lemma.
O

(26)

6. Concluding Remarks and Future Research

In this paper, we studied the stochastic optimal admission and routing controls for a system
consisting of two parallel-server channels with zero waiting buffer capacity and multi-class
customers via Markov decision processes moving in discrete triangles. Our findings can possibly
be extended to more general cases in two directions. Firstly, in the current paper, the classes of
customers are classified according to the arrival rates, payments and penalty costs. We
conjecture that our results should be true when the service rates for different classes are also
different. This conjecture is partially justified by the numerical implementation summarized in
Example 4.6. Secondly, when there are more than two classes of customers who are served in
each channel, the corresponding Markov decision processes move in high-dimensional discrete
trihedrons. The research to find the suitable class of structured value functions that is preserved
under certain sense is also interesting.
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