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Abstract In this paper, under the first-order moment condition of the infinitely
divisible distribution on Gel’fand triple, we use Riesz potential to construct
fractional Lévy random fields on Gel’fand triple by white noise approach. We
investigate the distribution and sample properties of isotropic and anisotropic
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1 Introduction

The fractional Brownian motion (FBM) introduced by Kolmogrov in 1940 and
popularized by Mandelbrot and Van Ness in 1968 [13] have been widely applied
in mathematical finance and network traffic analysis. A fractional random field
is the generalization of the fractional stochastic process in higher dimensions
which has been widely used in fluid mechanics, image processing, internet
traffic, mathematical finance, etc. (see [2]). Ahn et al. [1] and Ruiz-Medina
et al. [16] defined the fractional generalized random fields as fields on
fractional Sobolev spaces by Riesz and Bessel potential. Huang et al. [6,7]
used white noise approach to investigate the fractional Brownian sheets and
fractional stable fields. In [8], Huang et al. constructed the generalized
fractional Lévy processes as Lévy white noise functionals. Marquardt [14]
investigated the fractional Lévy processes and defined stochastic integration
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for deterministic integrands. As the generalization of fractional Lévy processes
in higher dimensions, by white noise approach, Huang et al. [9] constructed the
fractional random Lévy random fields and investigated their distribution and
sample properties.

Recently, the stochastic evolution equations driven by FBM in Hilbert
spaces have received great attentions (cf. [3,4,15,19]). If one considers a scale
of Hilbert spaces, the notion of cylindrical processes might be unnecessary.
Therefore, it is more natural to consider the fractional processes taking values
in the dual space of a countably Hilbertian nuclear space. The most suitable
framework should be Gel’fand triple. Wang et al. [21] investigated a class of
infinitely divisible distribution on Gel’fand triple by white noise approach.
By the Riemann-Liouville fractional integral, Huang et al. [10] defined the
fractional Lévy processes and noises on a Gel’fand triple and investigated their
distribution properties. Lü et al. [12] further investigated the distribution
properties of fractional Lévy processes on a Gel’fand triple restricted to the
case that the underlying Lévy processes are centered and square integrable,
and defined the stochastic integration with respect to the fractional Lévy
processes for deterministic integrands.

In this paper, with a proper restriction on the infinitely divisible
distribution on Gel’fand triple, we use Riesz potential to construct fractional
Lévy random fields on Gel’fand triple by white noise approach. We investigate
the distribution and sample properties of isotropic and anisotropic fractional
Lévy random fields, respectively.

The paper is organized as follows. In Section 2, under the first-order moment
condition of the infinitely divisible distribution on Gel’fand triple, we construct
the tempered generalized Lévy random fields on Gel’fand triple. Based on the
generalized Lévy random fields on Gel’fand triple, we use Riesz potential to
construct isotropic fractional Lévy random fields in Section 3 and use Riesz
poly-potential to construct isotropic fractional Lévy random fields in Section 4,
and investigate their distribution properties, respectively.

2 Generalized Lévy random fields on Gel’fand triple

Let E ⊂ H ⊂ E∗ be a real Gel’fand triple generated by (H,A), where H is
a real separable Hilbert space with norm | · |0 and inner product (·, ·), A is a
positive self-adjoint operator in H and ∃ α > 0 such that A−α is nuclear. Define

| · |r := |Ar · |0, r ∈ R,

and let Er be the completion of the domain of Ar with respect to | · |r. Then
we have a scale of Hilbert spaces {Er, r ∈ R}, and

E := projlim
r>0

{Er}, E∗ := indlim
r>0

{E−r}.

E is a Fréchet nuclear space and E∗ is its dual. Denote by 〈·, ·〉 the canonical
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bilinear form on E∗ × E, which is consistent with the inner product of H.
Moreover, E is densely and continuously embedded in H.

For a finite Borel measure μ on E∗, we will denote μ̂ as its characteristic
functional (or Fourier transform), i.e.,

μ̂(ξ) :=
∫

E∗
ei〈x,ξ〉dμ(x), ξ ∈ E.

A probability measure on E∗ is said to be infinitely divisible if for each
n � 1, there exists a probability measure μn on E∗ such that

μ̂(ξ) = μ̂n(ξ)n, ∀ ξ ∈ E.

We recall a basic result about infinitely divisible distributions (IDD) on E∗, for
more details, see Huang et al. [10] (for details about IDD on finite dimensional
spaces, see [18]).

Let L +(E,E∗) be the space of continuous linear operators from E to E∗
such that

〈Qξ, ξ〉 � 0, ∀ ξ ∈ E,

and let M0 be the set of all Borel measure ν on E∗ with ν({0}) = 0 satisfying
that there exists p > 0 such that ν is supported in E−p and

∫

E∗
(|x|2−p ∧ 1)dν(x) <∞. (2.1)

Theorem 2.1 [10] Let E ⊂ H ⊂ E∗ be a real Gel’fand triple generated by
(H,A) as above. Give a ∈ E∗, Q ∈ L +(E,E∗), and ν ∈ M0. Then there exist
q > 0 and an IDD μ on E∗ such that

μ̂(ξ) = expψ(ξ),

where

ψ(ξ) = i〈a, ξ〉 − 1
2
〈Qξ, ξ〉 +

∫

E∗
[ei〈x,ξ〉 − 1 − i〈x, ξ〉1{|x|−q�1}(x)]dν(x),

∀ ξ ∈ E. (2.2)

We call (a,Q, ν) the generating triple of μ, and ν the Lévy measure.
In this paper, we assume that μ is an IDD on E∗ with Lévy measure ν

supported in E−q, and
∫

|x|−q�1
|x|−qdν(x) <∞. (2.3)

In this case, ψ(ξ) can be written as

ψ(ξ) = i〈ã, ξ〉 − 1
2
〈Qξ, ξ〉 +

∫

E∗
[ei〈x,ξ〉 − 1 − i〈x, ξ〉]dν(x), ∀ ξ ∈ E, (2.4)
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where ã is called the mean of μ satisfying

〈ã, ξ〉 = 〈a, ξ〉 +
∫

|x|−q�1
〈x, ξ〉dν(x), ∀ ξ ∈ E. (2.5)

Denote by S (Rd) the Schwartz space of rapidly decreasing C∞-functions
on R

d and by S ′(Rd) the space of tempered distributions. Then

S (Rd) ⊂ L2(Rd) ⊂ S ′(Rd)

is a Gel’fand triple (cf. [5]).
A (tempered) E∗-valued generalized random field on probability space

(Ω,F , P ) is a continuous linear map f → Ẋ(f) from S (Rd) into E∗⊗L0, where
L0 = L0(Ω,F , P ) is the space of random variables on (Ω,F , P ) equipped with
the topology of convergence in probability. Note that E and L0 are Fréchet
spaces, and E is nuclear. We have

E∗ ⊗ L0 ∼= L (E,L0)

(cf. [20]), and
Ẋ ∈ L (S (Rd),L (E,L0)),

namely, (f, ξ) 
→ 〈Ẋ(f), ξ〉 is a separately continuous bilinear map of S (Rd)×E
into L0, and hence, it is continuous, i.e.,

Ẋ ∈ B(S (Rd), E;L0) ∼= L (S ⊗ E,L0).

In other words, {Ẋ(f), f ∈ S (Rd)} is a family of E∗-valued R.V. on (Ω,F ,P )
such that

1◦ ∀ a, b ∈ R
d, f, g ∈ S (Rd), Ẋ(af + bg) = aẊ(f) + bẊ(g) a.s.;

2◦ fn → f in S (Rd) implies that ∀ ξ ∈ E, 〈Ẋ(fn), ξ〉 → 〈Ẋ(f), ξ〉
in probability. (By linearity, one may replace convergence in probability by
convergence in law and by Itô regularization lemma [11], it has a version which
is S ′ ⊗ E∗-valued R.V.)
If, moreover,

3◦ f, g ∈ S (Rd), fg = 0 implies that Ẋ(f) and Ẋ(g) are independent,
then {Ẋ(f), f ∈ S (Rd)} is called an E∗-valued (tempered) white noise.

Theorem 2.2 Assume that μ is an IDD on E∗ with characteristic exponent
given by (2.2) and Lévy measure ν satisfying (2.3). Then there exists a tempered
E∗-valued white noise {Ẋ(f), f ∈ S (Rd)} on some probability space (Ω,F ,P )
such that

E[ei〈Ẋ(f),ξ〉] = exp
{ ∫

Rd

ψ(f(s)ξ)ds
}

, ξ ∈ E, (2.6)

where ψ is given by (2.2) (or equivalently, (2.4)), s = (s1, . . . , sd) ∈ R
d. This

expression extends to f ∈ L1(Rd) ∩ L2(Rd), and

X(t) := Ẋ(1[0,t]), t = (t1, . . . , td), ti � 0, i = 1, 2, . . . , d, (2.7)
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is an E∗-valued Lévy random field.
Especially, for d = 1, X = {X(t), t � 0} is an E∗-valued Lévy process.

Proof Take q > 0 such that a ∈ E−q, Q ∈ L (Eq, E−q), and ν is supported in
E−q with

∫

|x|−q>1
|x|−qdν(x) <∞.

Then

|ψ(ξ)| � |a|−q |ξ|q +
1
2
‖Q‖L(Eq ,E−q) |ξ|2q

+ |ξ|q
∫

|x|−q>1
|x|−qdν(x) +

1
2
|ξ|2q

∫

|x|−q�1
|x|2−qdν(x)

= c(1)q |ξ|q + c(2)q |ξ|2q ,

where c(1)q , c
(2)
q � 0 are constants. Hence, for f ∈ L1(Rd) ∩ L2(Rd), ξ ∈ E,

∫

Rd

|ψ(f(s)ξ)|ds � c(1)q |ξ|q ‖f‖L1 + c(2)q |ξ|2q ‖f‖2
L2 . (2.8)

Now, the right-hand side of (2.6) defines a positive-definite continuous
functionals on S (Rd) ⊗ E. By the Minlos theorem, there exists a probability
measure P on Ω ≡ S ′(Rd) ⊗ E∗ such that

∫

Ω
ei〈ω,f⊗ξ〉dP(ω) = exp

{ ∫

Rd

ψ(f(s)ξ)ds
}

. (2.9)

Define Ẋ(f, ω) ∈ E∗ via 〈Ẋ(f, ω), ξ〉 = 〈ω, f ⊗ ξ〉. Then {Ẋ(f, ω), f ∈ S (Rd)}
is a tempered E∗-valued white noise on (Ω,F , P ).

In view of (2.8), it has continuous extension to f ∈ L1(Rd)∩L2(Rd). Putting
f(s) = 1[0,t](s), we obtain an E∗-valued Lévy random fieldsX = {X(t), t ∈ R

d
+}

with
E[ei〈X(t),ξ〉] = eLeb([0,t])ψ(ξ) = e(

∏d
j=1 tj)ψ(ξ),

where Leb is the Lebesgue measure on R
d. �

Remark 1◦ For S ∈ B(Rd), define X(S) by

E[ei〈X(S),ξ〉] = eLeb(S)ψ(ξ). (2.10)

Then {X(S), S ∈ B(Rd)} is an E∗-valued Lévy random measure on R
d.

Formally, we write

Ẋ(f) =
∫

Rd

f(s)dX(s), f ∈ L1(Rd) ∩ L2(Rd).

2◦ Extending Proposition 5.1 and Corollary 5.2 of [12] to the R
d case, we

deduce that for f ∈ L1(Rd) ∩L2(Rd), ∀ ξ ∈ E, 〈Ẋ(f), ξ〉 is infinitely divisible.
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3◦ If μ is strictly α-stable (1 < α < 2) on E∗, then by [10, Theorem 3.2],
there exists a constant C > 0 such that

|ψ(ξ)| � C|ξ|αq , ∀ ξ ∈ E.

Therefore,
∫

Rd

|ψ(f(s)ξ)|ds � C|ξ|αq ‖f‖αLα . (2.11)

It follows that for f ∈ Lα(Rd), (2.6) holds and (2.7) defines an E∗-valued
α-stable Lévy random field.

3 Isotropic generalized fractional Lévy random fields on Gel’fand triple

In this section, we use the Riesz potential to define the generalized isotropic
fractional Lévy random fields on Gel’fand triple E ⊂ H ⊂ E∗. For β ∈ (0, d),
f ∈ S (Rd), the Riesz potential is defined by

Iβf(x) := cβ

∫

Rd

f(y)
|x− y|d−β dy, (3.1)

where
cβ = πd/22βΓ

(β

2

)

/

Γ
(d− β

2

)

is the Tauberian constant.
From the definition, it is easy to check that Iβ satisfies the following

properties.
(i) For α, β ∈ (0, d) and α+ β < d,

IαIβ = Iα+β . (3.2)

(ii) For translation operator τhf(x) := f(x− h) := f(x1 − h1, . . . , xd − hd),
h = (h1, . . . , hd),

τhI
β = Iβτh. (3.3)

(iii) For dilation operator Πλf(x) := f(λ · x) with λ > 0,

ΠλI
β = λβIβΠλ. (3.4)

Proposition 3.1 [17] (1) For 0 < β < d, 1 � p < d/β, ∀ f ∈ Lp(Rd), the
integral in (3.1) converges a.e.

(2) Iβ are bounded from Lp(Rd) to Lq(Rd) if and only if 1 < p < d/β and
1
q = 1

p − β
d .

Proposition 3.2 [9] For 0 < β < min(d/2, 1), the operator Iβ : S (Rd) →
L1(Rd) ∩ L2(Rd) is continuous.
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Take Ω ≡ S ′(Rd) ⊗ E∗ and P defined by (2.9). Since for 0 < β <
min(d/2, 1), the operator Iβ : S (Rd) → L1(Rd) ∩ L2(Rd) is continuous, it
defines a probability measure Pβ on Ω by

∫

Ω
ei〈ω,f⊗ξ〉dPβ(ω) = exp

{∫

Rd

ψ(Iβf(s)ξ)ds
}

. (3.5)

By the Itô regularization lemma, we obtain a measurable map Tβ : Ω → Ω such
that

〈Tβω, f ⊗ ξ〉 = 〈ω, Iβf ⊗ ξ〉, P-a.s.

Therefore, Pβ = P ◦ T−1
β is the image measure of P induced by the map Tβ.

Theorem 3.3 Let {Ẋ(f), f ∈ S (Rd)} be a tempered E∗-valued white noise
defined in Theorem 2.2. Then, for 0 < β < min(d/2, 1),

Ẋβ(f) := Ẋ(Iβf), f ∈ S (Rd), (3.6)

is a tempered E∗-valued generalized random field. We refer it as the generalized
fractional Lévy random field.

Proof By (2.6), we have

E[ei〈Ẋβ(f),ξ〉] = exp
{ ∫

Rd

ψ(Iβf(s)ξ)ds
}

. (3.7)

Using estimation (2.8), we get
∫

Rd

|ψ(Iβf(s)ξ)|ds � c(1)q |ξ|q ‖Iβf‖L1 + c(2)q |ξ|2q ‖Iβf‖2
L2 .

Since Iβ : S (Rd) → L1(Rd)∩L2(Rd) is continuous, f 
→ Ẋβ(f) is a continuous
map from S (Rd) into E∗ ⊗ L0(Ω,F ,P ). �
Proposition 3.4 Suppose that 0 < β < d/2, ν is supported in E−q satisfying

∫

|x|−q�1
|x|2−qdν(x) <∞

(denoted by ν ∈ M2), ã = 0, and the characteristic exponent of μ is given by

ψ(ξ) = −1
2
〈Qξ, ξ〉 +

∫

E∗
[ei〈x,ξ〉 − 1 − i〈x, ξ〉]dν(x). (3.8)

Let {Ẋβ(f), f ∈ S (Rd)} be an E∗-valued random field defined in Theorem 3.3.
Then Ẋβ(f) is an IDD on E∗ with characteristic exponent

ψfβ(ξ) =
∫

Rd

ψ(Iβf(s)ξ)ds



500 Xuebin LÜ et al.

= i〈ãfβ, ξ〉 −
1
2
〈Qfβξ, ξ〉 +

∫

E∗
[ei〈x,ξ〉 − 1 − i〈x, ξ〉]dνfβ (x), ∀ ξ ∈ E, (3.9)

where

ãfβ = ã

∫

Rd

(Iβf)(s)ds = 0, Qfβ = ‖Iβf‖2
L2Q,

νfβ (B) =
∫

Rd

∫

E∗
1B((Iβf)(s)x)dν(x)ds, ∀ B ∈ B(E∗).

Proof (3.9) is directly followed by (2.4) and (3.7). Since f ∈ S (Rd), it is
easy to see that afβ ∈ E∗, Qfβ ∈ L +(E,E∗). Thus, it suffices to verify that νfβ
is a Lévy measure on E∗. Since ν is a Lévy measure supported in E−q, and
f ∈ S (Rd), we know that νfβ is supported in E−q, and

∫

E∗
(|x|2−q ∧ 1)dνfβ (x) �

∫

E∗
|x|2−qdνfβ(x)

=
∫

Rd

∫

E∗
|(Iβf)(s)x|2−qdν(x)ds

= ‖Iβf‖2
L2

∫

E∗
|x|2−qdν(x)

< ∞,

that is, νfβ is a Lévy measure on E∗. Hence, Ẋβ(f) is an IDD on E∗. �
Corollary 3.5 If 0 < β < d/2, ν ∈ M2, ã = 0, and the characteristic
exponent of μ is given by (3.8), then for any f ∈ S (Rd), ξ, η ∈ E, we have

E[〈Ẋβ(f), ξ〉] = 0,

E[〈Ẋβ(f), ξ〉〈Ẋβ(g), η〉] = (Iβf, Iβg)L2

{

〈Qξ, η〉 +
∫

E∗
〈x, ξ〉〈x, η〉dν(x)

}

=
{

〈Qξ, η〉 +
∫

E∗
〈x, ξ〉〈x, η〉dν(x)

}

×
∫

Rd

|t|−2β
̂f(t)ĝ(t)dt,

where ̂f is the Fourier transform of f.

Proof By Proposition 3.4, ãfβ = 0, and hence,

E[〈Ẋβ(f), ξ〉] = 0, ∀ ξ ∈ E.

From the proof of Proposition 3.4, νfβ ∈ M2, and by (3.7), we have

E[〈Ẋβ(f), ξ〉2] = − d2

du2
E[eiu〈Ẋβ(f),ξ〉]|u=0
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= − d2

du2

{

exp
{∫

Rd

ψ(Iβf(s)uξ)ds
}}

∣

∣

∣

u=0

= ‖Iβf‖L2

{

〈Qξ, ξ〉 +
∫

E∗
〈x, ξ〉2dν(x)

}

=
{

〈Qξ, ξ〉 +
∫

E∗
〈x, ξ〉2dν(x)

}∫

Rd

|t|−2β
̂f(t)2dt.

By polarization, we get the desired result. �
Definition 3.6 Let {Ẋ(f), f ∈ S (Rd)} be a tempered generalized E∗-valued
random field defined in Theorem 2.2. Then

Xβ(t) := Ẋ(Iβ1[0,t]), t = (t1, . . . , td), tk � 0, k = 1, 2, . . . , d,

is called β-fractional Lévy random field whenever the right-hand side makes
sense.

Note that Iβ1[0,t] ∈ L2(Rd) but Iβ1[0,t]∈L1(Rd). Then Xβ(t) does not make
sense in general. However, it is well defined in the following two important
cases.
Case 1 0 < β < d/2, ν ∈ M2, ã = 0, and the characteristic exponent of μ is
given by

ψ(ξ) = −1
2
〈Qξ, ξ〉 +

∫

E∗
[ei〈x,ξ〉 − 1 − i〈x, ξ〉]dν(x).

Therefore, ∃ q > 0, cq > 0 such that

∫

Rd

|ψ(f(s)ξ)|ds � cq|ξ|2q ‖f‖2
L2 .

Taking p = 2d/(d + 2β), since Iβ ∈ L (Lp(Rd), L2(Rd)), we have Iβ1[0,t] ∈
L2(Rd).
Case 2 1 < α < 2, 0 < β < (1 − 1

α)d, μ is α-stable. By (2.11), we have

∫

Rd

|ψ(f(s)ξ)|ds � C|ξ|αq ‖f‖αLα .

Taking p = dα/(d + αβ) ∈ (1, 2), Iβ ∈ L (Lp(Rd), Lα(Rd)), we have Iβ1[0,t] ∈
Lα(Rd).

Now, we investigate the distribution and sample properties of fractional
generalized random field by regarding it as a functional of tempered generalized
white noise.

Proposition 3.7 The E∗-valued generalized fractional Lévy random field
{Ẋβ(f), f ∈ S (Rd)} is stationary, i.e., ∀ h ∈ R

d, ∀ f ∈ S (Rd), Ẋβ(f) =d

Ẋβ(τhf).
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Proof Since for translation operator τh, we have τhI
β = Iβτh. It follows from

(3.7) and the invariance of Lebesgue measure by translation that

E[exp{i〈Xβ(τhf), ξ〉}] = exp
{∫

Rd

ψ(Iβτhf(s)ξ)ds
}

= exp
{∫

Rd

ψ(τhI
βf(s)ξ)ds

}

= exp
{∫

Rd

ψ(Iβf(s− h)ξ)ds
}

= exp
{∫

Rd

ψ(Iβf(s)ξ)ds
}

= E[exp{i〈Ẋβ(f), ξ〉}],
which means that

Ẋβ(f) =d Ẋβ(τhf), ∀ h � 0, ∀ f ∈ S (Rd). �

When the fractional random field {Xβ(t), t ∈ R
d
+} is well defined, the

stationariness of its increments can be directly deduced by Proposition 3.7.

Proposition 3.8 The E∗-valued generalized fractional Lévy random field
{Ẋβ(f), f ∈ S (Rd)} is isotropic, i.e., for all rotations and reflections
operator A on the Euclidean space R

d,

Ẋβ(f) =d Ẋβ(Af), f ∈ S (Rd).

Proof We check that, for all rotations and reflections operator A on the
Euclidean space R

d, AIβ = IβA. Since the Lebesgue measure is invariant under
rotations and reflections, we can easily get the assertion by the similar proof of
Proposition 3.7. �
Proposition 3.9 Suppose that 1 < α < 2, 0 < β < (1 − 1

α)d, and μ is
α-stable. Then the E∗-valued generalized β-fractional α-stable Lévy random
field Ẋβ

α = {Xβ
α(f), f ∈ S (Rd)} is self-similar with Hurst parameter H = β+ d

α ,
i.e.,

λHẊβ
α(Πλf) =d Ẋβ

α(f).

On the other hand, if the E∗-valued generalized β-fractional random field Xβ =
{Xβ(t), t � 0} is H- self-similar, then X is H−β

d -stable.

Proof For dilation operator λ > 0, we have

ΠλI
β = λβIβΠλ.

Then to prove
λβ+ d

α Ẋβ
α(Πλf) =d Ẋβ

α(f),

it suffices to observe that ∀ ξ ∈ E,
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E[exp{i〈λβ+ d
α Ẋβ

α(Πλf), ξ〉}] = exp
{ ∫

Rd

ψ(λβ+ d
α IβΠλf(s)ξ)ds

}

= exp
{ ∫

Rd

ψ(λd/αΠλI
βf(s)ξ)ds

}

= exp
{ ∫

Rd

λdψ(Iβf(λs)ξ)ds
}

= exp
{ ∫

Rd

ψ(Iβf(s)ξ)ds
}

= E[exp{i〈Ẋβ
α (f), ξ〉}].

Similarly, if Xβ is self-similar with Hurst parameter H, then ∀ λ > 0, λψ(ξ) =
ψ(λH−βξ), which means that X is d

H−β -stable. �

In general, the generalized β-fractional Lévy random field Ẋβ = {Xβ(f), f ∈
S (Rd)} is self-similar if and only if X is stable.

4 Anisotropic generalized fractional Lévy random fields on Gel’fand triple

In this section, we extend the isotropic generalized fractional Lévy random fields
to the anisotropic case by virtue of Riesz poly-potential.

Let
β = (β1, . . . , βd), 0 < βk <

1
2
, k = 1, 2, . . . , d,

f ∈ S (Rd), γd(β) = 2d
d

∏

k=1

Γ(βk) cos
βkπ

2
.

The fractional power (−Δ)−β/2 of the Laplace operator is known as the Riesz
poly-potential:

Iβf(t) :=
1

γd(β)

∫

Rd

f(s)ds
|t− s|1−β , f ∈ S (Rd), (4.1)

where

|t− s|1−β =
d

∏

k=1

|tk − sk|1−βk , t = (t1, . . . , td), s = (s1, . . . , sd).

Theorem 4.1 [17] The poly-potential operator Iβ is bounded from Lp to Lq

with p = (p1, . . . , pd), q = (q1, . . . , qd) if and only if

1 < pk <
1
βk
, qk =

pk
1 − βkpk

, k = 1, 2, . . . , d, (4.2)
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where Lq is the Banach space of functions with mixed norm

‖f‖p =
{∫

R

{

· · ·
{ ∫

R

[ ∫

R

|f(s1, . . . , sd)|p1ds1
]

p2
p1

ds2

}
p3
p2 · · ·

}
pd

pd−1
dsd

} 1
pd

<∞. (4.3)

The following property related to Riesz poly-potential plays a key role in
the construction of anisotropic generalized fractional Lévy random fields.

Proposition 4.2 [9] For β = (β1, . . . , βd), 0 < βk < 1/2, k = 1, . . . , d, the
operator Iβ : S (Rd) → L1(Rd) ∩ L2(Rd) is continuous.

The construction of anisotropic generalized fractional Lévy random fields
is similar to the isotropic case. Take Ω ≡ S ′(Rd) ⊗ E∗, and P is defined by
(2.9). Since for β = (β1, . . . , βd), 0 < βk < 1/2, k = 1, . . . , d, the operator
Iβ : S (Rd) → L1(Rd) ∩ L2(Rd) is continuous, it defines a probability measure
Pβ on Ω by

∫

Ω
ei〈ω,f⊗ξ〉dPβ(ω) = exp

{∫

Rd

ψ(Iβf(s)ξ)ds
}

. (4.4)

By the Itô regularization lemma, we obtain a measurable map Tβ : Ω → Ω such
that

〈Tβω, f ⊗ ξ〉 = 〈ω, Iβf ⊗ ξ〉, P-a.s.

Therefore, Pβ = P ◦ T−1
β

is the image measure of P induced by the map Tβ.

Theorem 4.3 Let {Ẋ(f), f ∈ S (Rd)} be a tempered E∗-valued white noise
defined in Theorem 2.2. Then, for β = (β1, . . . , βd), 0 < βk < 1/2, k = 1, . . . , d,

Ẋβ(f) := Ẋ(Iβf), f ∈ S (Rd), (4.5)

is a tempered E∗-valued generalized random field. We refer it as the generalized
anisotropic fractional Lévy random field.

Proof Based on Proposition 4.2, the proof is similar to that of Theorem 3.3,
we omit it here. �

The real-valued anisotropic Brownian sheets and stable fields have been
studied by Huang et al. [6,7], and the real-valued anisotropic Lévy random field
have been studied by Huang and Li [9], all of these processes are not Euclidean
invariant.

Suppose that μ is α-stable, 1 < α < 2, 0 < βk < 1 − 1
α , k = 1, 2, . . . , d. By

(2.11), we have
∫

Rd

|ψ(f(s)ξ)|ds � C|ξ|αq ‖f‖αLα .

Taking

pk =
α

1 + αβk
∈

(

1,
1
βk

)

, Iβ ∈ L (Lp(Rd), Lα(Rd)),
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we have Iβ1[0,t] ∈ Lα(Rd). Hence, the anisotropic α-stable β fractional Lévy
random field

Xβ
α(t) := Ẋ(Iβ1[0,t]), t ∈ R

d, (4.6)

is well defined.
If we define the increments as

Δ[s,t]X = X(t1, . . . , td) −
d

∑

i=1

X(t1, . . . , si, . . . , td)

+
∑

i<j

X(t1, . . . , si, . . . , sj , . . . , td) + · · · + (−1)dX(s1, . . . , sd), (4.7)

then Xβ
α has stationary increments.

Proposition 4.4 Suppose that 1 < α < 2, 0 < βk < 1− 1
α , k = 1, 2, . . . , d, μ

is α-stable, Xβ
α is the anisotropic α-stable β fractional Lévy random field defined

by μ. Then Xβ
α is self-similar with Hurst parameter

H =
(

β1 +
1
α
, . . . , βd +

1
α

)

,

that is, for any a = (a1, . . . , ad) ∈ R
d
+,

Xβ
α(a ◦ t) =d aHXβ

α(t),

where

a ◦ t := (a1t1, . . . , adtd), aH :=
d

∏

j=1

a
Hj

j .

Proof For any a = (a1, . . . , ad) ∈ R
d
+, we have

Iβ(a ◦ f) = a−β(a ◦ Iβf),

where
(a ◦ f)(t) := f(a1t1, . . . , adtd).

Then to prove
Xβ
α(a ◦ t) =d aHXβ

α(t),

taking f = 1[0,t], it suffices to observe that ∀ ξ ∈ E,

E[exp{i〈aHẊβ
α(a ◦ f), ξ〉}] = exp

{∫

Rd

ψ(aHIβ(a ◦ f)(s)ξ)ds
}

= exp
{∫

Rd

ψ(aH−β(Iβf)(a ◦ s)ξ)ds
}

= exp
{∫

Rd

( d
∏

j=1

aj

)

ψ((Iβf)(a ◦ s)ξ)ds
}
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= exp
{∫

Rd

ψ(Iβf(s)ξ)ds
}

= E[exp{i〈Ẋβ
α(f), ξ〉}].
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