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Abstract In this paper, under the first-order moment condition of the infinitely
divisible distribution on Gel'fand triple, we use Riesz potential to construct
fractional Lévy random fields on Gel’fand triple by white noise approach. We
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1 Introduction

The fractional Brownian motion (FBM) introduced by Kolmogrov in 1940 and
popularized by Mandelbrot and Van Ness in 1968 [13] have been widely applied
in mathematical finance and network traffic analysis. A fractional random field
is the generalization of the fractional stochastic process in higher dimensions
which has been widely used in fluid mechanics, image processing, internet
traffic, mathematical finance, etc. (see [2]). Ahn et al. [1] and Ruiz-Medina
et al. [16] defined the fractional generalized random fields as fields on
fractional Sobolev spaces by Riesz and Bessel potential. Huang et al. [6,7]
used white noise approach to investigate the fractional Brownian sheets and
fractional stable fields. In [8], Huang et al. constructed the generalized
fractional Lévy processes as Lévy white noise functionals. Marquardt [14]
investigated the fractional Lévy processes and defined stochastic integration
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for deterministic integrands. As the generalization of fractional Lévy processes
in higher dimensions, by white noise approach, Huang et al. [9] constructed the
fractional random Lévy random fields and investigated their distribution and
sample properties.

Recently, the stochastic evolution equations driven by FBM in Hilbert
spaces have received great attentions (cf. [3,4,15,19]). If one considers a scale
of Hilbert spaces, the notion of cylindrical processes might be unnecessary.
Therefore, it is more natural to consider the fractional processes taking values
in the dual space of a countably Hilbertian nuclear space. The most suitable
framework should be Gel'fand triple. Wang et al. [21] investigated a class of
infinitely divisible distribution on Gel’fand triple by white noise approach.
By the Riemann-Liouville fractional integral, Huang et al. [10] defined the
fractional Lévy processes and noises on a Gel’'fand triple and investigated their
distribution properties. Li et al. [12] further investigated the distribution
properties of fractional Lévy processes on a Gel'fand triple restricted to the
case that the underlying Lévy processes are centered and square integrable,
and defined the stochastic integration with respect to the fractional Lévy
processes for deterministic integrands.

In this paper, with a proper restriction on the infinitely divisible
distribution on Gel'fand triple, we use Riesz potential to construct fractional
Lévy random fields on Gel’fand triple by white noise approach. We investigate
the distribution and sample properties of isotropic and anisotropic fractional
Lévy random fields, respectively.

The paper is organized as follows. In Section 2, under the first-order moment
condition of the infinitely divisible distribution on Gel’fand triple, we construct
the tempered generalized Lévy random fields on Gel’fand triple. Based on the
generalized Lévy random fields on Gel’fand triple, we use Riesz potential to
construct isotropic fractional Lévy random fields in Section 3 and use Riesz
poly-potential to construct isotropic fractional Lévy random fields in Section 4,
and investigate their distribution properties, respectively.

2 Generalized Lévy random fields on Gel’fand triple

Let E C H C E* be a real Gel'fand triple generated by (H, A), where H is
a real separable Hilbert space with norm | - |p and inner product (-,-), A is a
positive self-adjoint operator in H and 3 « > 0 such that A~ is nuclear. Define

|- |r:=1A"]o, reR,

and let E, be the completion of the domain of A" with respect to |- |,. Then
we have a scale of Hilbert spaces {E,,r € R}, and

E :=projlim{E,}, FE*:=indlim{F_,}.
r>0 r>0

E is a Fréchet nuclear space and E* is its dual. Denote by (-,-) the canonical
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bilinear form on E* x E, which is consistent with the inner product of H.
Moreover, F is densely and continuously embedded in H.

For a finite Borel measure p on E*, we will denote fi as its characteristic
functional (or Fourier transform), i.e.,

A = [ e 9dute). ¢e k.

A probability measure on E* is said to be infinitely divisible if for each
n > 1, there exists a probability measure u,, on E* such that

(&) = pm(8)", VEEE.

We recall a basic result about infinitely divisible distributions (IDD) on E*, for
more details, see Huang et al. [10] (for details about IDD on finite dimensional
spaces, see [18]).

Let £ (E, E*) be the space of continuous linear operators from E to E*
such that

(Q€,€) 20, VEEE,

and let .Z be the set of all Borel measure v on E* with v({0}) = 0 satisfying
that there exists p > 0 such that v is supported in E_, and

/ (2|2, A D)dv(z) < cc. (2.1)
-

Theorem 2.1 [10] Let E C H C E* be a real Gel’fand triple generated by
(H, A) as above. Givea € E*, Q € X (E,E*), and v € .#y. Then there exist
q >0 and an IDD p on E* such that

1(§) = expy(§),

where

WO =106 — 5 Q68 + [ 9 — 1 i, &)1,y (@)dv(o),

VEeE.  (22)

We call (a,@,v) the generating triple of p, and v the Lévy measure.
In this paper, we assume that g is an IDD on E* with Lévy measure v
supported in F_,, and

/ 2] gdv (@) < oo. (2.3)
2| —g21
In this case, 1(§) can be written as

PO =18 - 5 Q6O+ [ [0 1-ileOlve), VECE, (24)

*
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where @ is called the mean of u satisfying

(a,&) = (a,§) +/ (x,&)dv(z), VE€E. (2.5)

2| g1

Denote by .7 (R%) the Schwartz space of rapidly decreasing C'*°-functions
on R? and by .#/(R%) the space of tempered distributions. Then

Z(RY ¢ L*(RY) ¢ .7 (RY)

is a Gel'fand triple (cf. [5]).

A (tempered) E*-valued generalized random field on probability space
(Q,.Z, P) is a continuous linear map f — X (f) from .7 (R%) into E*® LY, where
LY = L°(Q, .7, P) is the space of random variables on (Q,.%, P) equipped with
the topology of convergence in probability. Note that F and L are Fréchet
spaces, and FE is nuclear. We have

E*o L'~ (B, L%
(cf. [20]), and
X e 2(FRY), £(B, L),

namely, (f,€) — (X(f),€) is a separately continuous bilinear map of .7 (R%) x E
into L%, and hence, it is continuous, i.e.,

X e B(7RY E; L% = 27 o E, LY.
In other words, {X(f), f € .7(R%)} is a family of E*-valued R.V. on (Q,.%,P)
such that
1° Va,beRY fge. P (RY), X(af +bg) =aX(f) +bX(g) as.;
2° f, — f in Z(RY) implies that ¥ & € B, (X(fa).&) — (X(f),€)
in probability. (By linearity, one may replace convergence in probability by

convergence in law and by It6 regularization lemma [11], it has a version which
is ./’ ® E*-valued R.V.)

If, moreover,

3° f,ge.Z(RY), fg=0 implies that X(f) and X(g) are independent,
then {X(f), f € .Z(RY)} is called an E*-valued (tempered) white noise.
Theorem 2.2 Assume that u is an IDD on E* with characteristic exponent
given by (2.2) and Lévy measure v satisfying (2.3). Then there exists a tempered
E*-valued white noise {X(f), f € (R%)} on some probability space (Q, . F,P)
such that

E[elX(D:4)] = eXp{ g W( f(g)g)dg}, (E€E, (2.6)

where v is given by (2.2) (or equivalently, (2.4)), 5 = (s1,...,5q4) € R% This
expression extends to f € LY(RY) N L2(RY), and

X(@) :=X(1pg), T=(t1,....ta), >0, i=12,....d, (2.7)
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is an E*-valued Lévy random field.
Especially, ford =1, X ={X(t),t > 0} is an E*-valued Lévy process.

Proof Take ¢ > 0 such that a € E_,, Q € £ (E,,E_,), and v is supported in

E_, with
/ |z|_qdv(z) < oo.
2| —g>1

Then
1
VO] < lal—g [Elg + 5 19N ez, m-) <12

1
vl [ bt S [ el avte)

lz[—¢<

= cM[¢]q + D¢,

where cgl),c((f) > 0 are constants. Hence, for f € L'(R?) N L?(R%), ¢ € E,

» [W(fB)E)NS < eV IElq 1Nl + 1€ 117 (2.8)

Now, the right-hand side of (2.6) defines a positive-definite continuous
functionals on . (Rd) ® E. By the Minlos theorem, there exists a probability
measure P on Q = .%/(R%) ® E* such that

[ éeretap) —en{ [ v}, (29)

Define X (f,w) € E* via (X(f,w),€) = (w, f ® £). Then {X(f,w), f € .7 (R}
is a tempered E*-valued white noise on (92, %, P).

In view of (2.8), it has continuous extension to f € L'(RY)NL2(R?). Putting
f(s) = 1197 (3), we obtain an E*-valued Lévy random fields X = {X(?), € R4}

with B .,
E[eiX®):6)] = eleb(0.M)4(6) — oI t)¥(©)

where Leb is the Lebesgue measure on RY. U
Remark 1° For S € #(R?), define X(S) by

E[ei(X(S),£>] — oLeb(S)¥(6) (2.10)

Then {X(S),S € A(R9)} is an E*-valued Lévy random measure on R
Formally, we write

X(f)= IRdf(E)dX(E), f e LR N L*RY).

2° Extending Proposition 5.1 and Corollary 5.2 of [12] to the R? case, we
deduce that for f € LY(RY) N L2(RY), V &€ € B, (X(f),£) is infinitely divisible.
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3° If p is strictly a-stable (1 < a < 2) on E*, then by [10, Theorem 3.2],
there exists a constant C' > 0 such that

WO < Clee. Ve,
Therefore,

» [D(f(E)E)Ids < CE[G 1 fIITa- (2.11)

It follows that for f € L®(R%), (2.6) holds and (2.7) defines an E*-valued
a-stable Lévy random field.

3 Isotropic generalized fractional Lévy random fields on Gel’fand triple

In this section, we use the Riesz potential to define the generalized isotropic
fractional Lévy random fields on Gel’fand triple £ C H C E*. For g € (0,d),
f € .7(R9), the Riesz potential is defined by

I°f(z) = CB/ ﬂdy (3.1)

ra [T —gl4=0

where
o= Qi)

is the Tauberian constant.
From the definition, it is easy to check that I? satisfies the following
properties.

(i) For a, 8 € (0,d) and a + 3 < d,
7% = 1970, (3.2)

B (ii) For translation operator 77 f(Z) := f(T — h) := f(x1—h1,..., 24 — hq),
R=(h,... ha),
TEIB = IBTE. (33)

(iii) For dilation operator IIy f(T) := f(A-T) with A > 0,
1,17 = \°I1°10,,. (3.4)

Proposition 3.1 [17] (1) For0<pB<d, 1<p<d/B3, ¥ f € LP(R?), the
integral in (3.1) converges a.e.

(2) I are bounded from LP(R?) to LY(R?) if and only if 1 < p < d/B and
1_8

1_1_5

¢ p d

Proposition 3.2 [9] For 0 < 8 < min(d/2,1), the operator I%: .7 (R%) —
LY (RY) N L2(R?) is continuous.
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Take Q = .7'(R?) ® E* and P defined by (2.9). Since for 0 < 8 <
min(d/2,1), the operator I?: .#(RY) — LY(R?) N L?(RY) is continuous, it
defines a probability measure Pz on €2 by

[ éese9arso) =ew{ [ vt s@eas} (35)

By the Ito regularization lemma, we obtain a measurable map Tj3: 2 — €2 such
that
(Tpw, f @ &) = (W, I°f @ &), P-as.

Therefore, Pg =P o TB_ is the image measure of P induced by the map Tjs.

Theorem 3.3 Let {X(f),f € Z(R%)} be a tempered E*-valued white noise
defined in Theorem 2.2. Then, for 0 < f < min(d/2,1),

XO(f)=XI°f), feSRY, (3.6)

is a tempered E*-valued generalized random field. We refer it as the generalized
fractional Lévy random field.

Proof By (2.6), we have

B0 —exp{ [ wlrt s}, 57)

Using estimation (2.8), we get
W 1@)1ds < dVlela 177l + <216 1713

Since I?: . (R%) — LY(R%) N L?(R?) is continuous, f — XP(f) is a continuous
map from .7 (R%) into E* ® L°(Q,.%,P). O

Proposition 3.4 Suppose that 0 < < d/2, v is supported in E_, satisfying

/|:c| . |$|2_qd1/(x) < o0
>

(denoted by v € M5), a =0, and the characteristic exponent of p is given by

v = —3(@6.8 + [ 1609~ 1 -i(w, (o). 3

*

Let {Xﬁ(f), fe. 2R} be an E*-valued random field defined in Theorem 3.3.
Then XP(f) is an IDD on E* with characteristic exponent

vhe) = [ o reeas
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= (3,6 - 5 (@560 + [ 9 —1-ifwOlvf(a). Ve P, (39)

i =a [ NEE=0. Qf=IrsIke,
vi(B) = /Rd/ 1p((I°f)(3)x)dv(z)ds, Y B e B(EY).

Proof (3.9) is directly followed by (2.4) and (3.7). Since f € .#(R%), it is
easy to see that aé € kB, Qsﬁ € LT (E, E*). Thus, it suffices to verify that I/g

is a Lévy measure on E*. Since v is a Lévy measure supported in E_,, and

f € .7R%), we know that Vﬁ is supported in E_,, and
[ GeB A < [ ek v

/Rd/ (17 f)(5)z|? (dv(z)ds
S LAY ERE

< 00,

that is, I/g is a Lévy measure on E*. Hence, X?(f) is an IDD on E*. O

Corollary 3.5 If0 < 8 < d/2, v € Mo, a = 0, and the characteristic
exponent of u is given by (3.8), then for any f € Z(R?), &,m € E, we have

E[(X7(f),6)] =0,
B, )] = (1. Po){ @€ + [ @8 nave)}
~{@en+ [ @owawe)
o
£~28 T\ o PR

< [ B F@ama,
where f is the Fourier transform of f.
Proof By Proposition 3.4, Zig = 0, and hence,

E[(X?(f),6)] =0, VEEE.

From the proof of Proposition 3.4, Vg € Mo, and by (3.7), we have

2
BIXP(£), 6] = — oy B 0] g
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- - oo [ v seneas} ]
=15 1e{ 108 + [ 0o}
~{eo+ [ wera) [ - ier

By polarization, we get the desired result. (|

Definition 3.6 Let {X(f), f € (R%)} be a tempered generalized F*-valued
random field defined in Theorem 2.2. Then

XO() = X(I"1g), T=(t,...,ta), >0, k=12,..4d

is called @-fractional Lévy random field whenever the right-hand side makes
sense.

Note that Iﬁl[oﬂ € L*(R%) but Iﬁl[o7t]§L1(Rd). Then X#(t) does not make
sense in general. However, it is well defined in the following two important
cases.

Case 1l 0< (<d/2, ve . a=0,and the characteristic exponent of y is
given by

vO = —5(@6. 8+ [ [0~ 1 -i(w, ldv(a).

*

Therefore, 3¢ > 0, ¢, > 0 such that

» [ (f(E)E)Ids < cqlé]7 1 F1I72-

Taking p = 2d/(d + 20), since I’ € Z(LP(RY), L?(R%)), we have Iﬁl[o’ﬂ €
L*(RY).
Case2 l<a<2 0<f<(1-1)d, uisa-stable. By (2.11), we have

[ @ < el 113

Taking p = da/(d + af) € (1,2), I? € L(LP(RY), L*(R?)), we have Iﬁl[oﬂ €
L*(RY).

Now, we investigate the distribution and sample properties of fractional
generalized random field by regarding it as a functional of tempered generalized
white noise.

Proposition 3.7 The E*-valued generalized fractional Lévy random field
{XP(f), f € L (RN} is stationary, i.e., V h € RY, V f € S (RY), XO(f) =1
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Proof Since for translation operator 7, we have 71 B8 77, It follows from
(3.7) and the invariance of Lebesgue measure by translation that

Blexp (i (X (). ) = exp{ [ ot mef )5}
— e { [ v rwe)as
= ew{ [ (71~ Was)

- e { [ v s@eas)
— Elexpli(X7(),6)}],

which means that

XP(f) =t XP(myf), Yh=0,V fe S RY. 0

When the fractional random field {X?(7),7 € R%} is well defined, the
stationariness of its increments can be directly deduced by Proposition 3.7.

Proposition 3.8 The E*-valued generalized fractional Lévy random field
(XB(f), f € SR} is isotropic, i.e., for all rotations and reflections
operator A on the Euclidean space RY,

XO(f) =t XP(Af), fe SR,

Proof We check that, for all rotations and reflections operator A on the
Euclidean space R%, AI® = I8 A. Since the Lebesgue measure is invariant under
rotations and reflections, we can easily get the assertion by the similar proof of
Proposition 3.7. U

Proposition 3.9 Suppose that 1 < a < 2, 0 < < (1 — é)d, and p is
a-stable. Then the E*-valued generalized [(B-fractional a-stable Lévy random
field X8 = {Xg(f), f € .ZRY} is self-similar with Hurst parameter H = ﬁ—i—g,
i.€.,

MIXIIf) = XE(f)-
On the other hand, if the E*-valued generalized (3-fractional random field X° =
{XP(t), t = 0} is H- self-similar, then X is HT_B-stable.

Proof For dilation operator A > 0, we have
IL 17 = N 1°10,.

Then to prove
d . .
N X = XE(f),
it suffices to observe that V £ € E,
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Bl (005 X200 = e [ o @]
= e { [ v mr i)

- exp{ /]R d W(Iﬁf@@s)dg}
—ew{ [ v s@eas)

= Elexp{i{XJ (/). &)}].

Similarly, if X7 is self-similar with Hurst parameter H, then V A > 0, A\(¢) =
Y(AT=PE), which means that X is HL_B—stable. O

In general, the generalized S-fractional Lévy random field X = {XP(f), f €
(R} is self-similar if and only if X is stable.

4 Anisotropic generalized fractional Lévy random fields on Gel’fand triple

In this section, we extend the isotropic generalized fractional Lévy random fields
to the anisotropic case by virtue of Riesz poly-potential.
Let

B= (1, ) 0<ﬁk<§ F=12..d
d
fey(]Rd), H (Bk) COS—

The fractional power (—A)_B/ 2 of the Laplace operator is known as the Riesz
poly-potential:

Bem . L f(3)ds d
1= /Rd S e TE, (4.1)

where

d
E=s"7 =TItk — sl T=(t1,. ta), 5=(51,-.,5a)-
k=1

Theorem 4.1 [17] The poly-potential operator I° is bounded from LP to L1
withD = (p1,...,pd), = (q1,-..,q4) if and only if

Pk

1
o= k=19, 4, 4.2
B =1 — Brpk (42)

1 <pp <
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where LY is the Banach space of functions with mized norm

Pd

= { [ {{ [ [1stenmapan] P} =10 )

< 0. (4.3)

The following property related to Riesz poly-potential plays a key role in
the construction of anisotropic generalized fractional Lévy random fields.

Proposition 4.2 [9] For 3= (B1,...,084), 0 < Bp < 1/2, k=1,...,d, the
operator 1°: .7 (R%) — LY(R?) N L2(RY) is continuous.

The construction of anisotropic generalized fractional Lévy random fields
is similar to the isotropic case. Take Q = ./(R%) ® E*, and P is defined by

(2.9). Since for B=B,...,04), 0 < Bp <1/2, k =1,...,d, the operator
I8 Z(RY) — LY(RY) N L2(RY) is continuous, it defines a probability measure

PE on §2 by

@ TEO AP (w) = ex B F(3)6)d5 . .
[ éeretarso) e [ vt s} (4.4

By the It6 regularization lemma, we obtain a measurable map T5: Q — Q such
that B
(Tgw, f &) = (w,I°f®€), P-as.

Therefore, PB =Po Tﬁ_ is the image measure of P induced by the map TB'

Theorem 4.3 Let {X(f),f € ,Ef(Rd)} be a tempered E*-valued white noise
defined in Theorem 2.2. Then, for 3 = (B1,...,04), 0 < Br < 1/2, k=1,...,d,

XP(f) = X(I°f), fe S (RY, (4.5)

is a tempered E*-valued generalized random field. We refer it as the generalized
anisotropic fractional Lévy random field.

Proof Based on Proposition 4.2, the proof is similar to that of Theorem 3.3,
we omit it here. O

The real-valued anisotropic Brownian sheets and stable fields have been
studied by Huang et al. [6,7], and the real-valued anisotropic Lévy random field
have been studied by Huang and Li [9], all of these processes are not Euclidean
invariant.

Suppose that p is a-stable, 1 < a <2, 0 < G <1 — é, k=1,2,...,d. By
(2.11), we have

[ @1 < el 113
Taking

_ - 1 8 Pmdy 7a/md
M= € (1, 5}), 1% € 2(LP(RY), L(RY)),
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we have [ El[oﬂ € L%(R%). Hence, the anisotropic a-stable 3 fractional Lévy
random field o
X5() = X(I°1q), TeRY, (4.6)
is well defined.

If we define the increments as

AggX =X(t1,... .t Zth, iy tq)
—i—Zth,..., Siyee-y S j,...,td)—|-"'+(—1)dX(81,...,8d), (47)
1<j

then X5 5 has stationary increments.
Proposition 4.4 Suppose that 1 < a <2, 0 < G < 1— = k=12,...,d, p

s a-stable, Xg_ is the anisotropic a-stable 3 fractional Lévy mndom ﬁeld defined
by . Then X5 is self-similar with Hurst parameter

1 1
= (/31+_7"'7/8d+_)7
a a
that is, for any @ = (ay,...,aq) € R,

XB(ao?) =t a X0(1),

where
d
aol:=(aity,...,aqty), a* H JH
7j=1
Proof For any a = (ay,...,aq) € ]R‘Jir, we have
Iﬁ(a of)= a—ﬁ(a o IBf),
where

@o f)(#) = f(artr, ..., aqtq).
Then to prove
X2 (ao®) =1 alT XD (1),
taking f = 1y, 7, it suffices to observe that V § € E,

Blexp(i(a” X0 1.6 = exp{ [ v Plac s}

— e { [ o A p@ones)

— exp{/ <Haj> (I° ) aos)g)ds}
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_ exp{ Rdwﬁf(@)g)olg}
= Elexp{i(X7(f),)}].
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