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Abstract—In this paper, we apply the martingale approach to
address the mean-variance hedging problem in an incomplete
market with coefficients driven by external random environmen-
tal (risk) factors of non-Gaissian Ornstein-Uhlenbeck (NGOU)
processes. In constructing a hedging strategy and justifying it to
be the global risk-minimizing one for our market, there are two
steps involved. First, we derive a backward stochastic differential
equation (BSDE) with jumps for the mean-value process of
a given contingent claim under suitable terminal conditions
including both European call and put options as special cases.
Second, by combining the solution of the BSDE and the pure
hedging coefficient obtained via the concept of opportunity-
neutral measure, we get our optimal hedging strategy. Moreover,
both analytical and numerical examples indicate that the optimal
hedging errors obtained through the martingale approach are
slightly smaller than (but quite consistent with) the optimal
variances previously gained via the method of optimal control
under some circumstances when the contingent claim reduces to
a constant, which illustrate, to some extent, the reasonability of
the widely concerned ad hoc decision manner used in the method
of optimal control. In addition, these examples also indicate that,
although perfect hedging is impossible in an incomplete market,
the mean-variance hedging errors can be quite small in many
cases as terminal time increases.

I. Introduction

In this paper, we consider one of the major problems in
financial engineering: the mean-variance hedging of contingent
claims in an incomplete market defined on some filtered
probability space (2, F, {F;}i>0, P). The market consists of
d + 1 primitive assets: one bond with fixed interest rate and
d risky assets with price processes described by a generalized
Black-Scholes model whose coefficients depend on the market
mode (or regime caused by leverage effect, and etc.), or in
other words, these coefficients are driven by external random
risk factors of NGOU processes that are independent of the un-
derlying d-dimensional Brownian motion. Our market model
includes the Barndorff-Nielsen & Shephard (BNS) volatility
model suggested by Barndorff-Nielsen and Shephard [2] and
further studied in, such as, Benth et al. [3], Benth and Meyer-
Brandis [4], and Lindberg [20] as a special case, and closely
relates to the model considered in Delong and Kluppelberg
[11]. The volatility level in these models are allowed to
have sudden shifts in the upward direction, while decreasing
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exponentially between such shifts, and moreover, the empiri-
cal investigations on exchange rates for real market data in
Barndorff-Nielsen and Shephard [2] demonstrate that such
models fit the empirical auto-correlation and the leptokurtic
behavior of log-return data remarkably well. However, these
models induce incompleteness of the markets in the sense that
it is typically impossible to perfect replication of contingent
claims based on the bond and the d primitive risky assets.
A criterion for determining a good hedging strategy is to
minimize the mean squared hedging error over the set ©
of all reasonable trading strategy processes, i.e., to solve the
stochastic optimal control problem,

inf B [(v+ (u-D)(T) — H)?],

(1.1)

where the random variable H is the discounted payoff of
the claim, D is the discounted price process of d risky
assets, v is the initial endowment and 7T is the time horizon.
Mathematically speaking, one seeks to compute the orthogonal
projection of H — v on some space of stochastic integrals.
To solve the mean-variance hedging problem (1.1), we
explicitly construct a trading strategy and thoroughly justify
it to be the global risk-minimizing hedging strategy through
the following procedure. First, we derive a BSDE with jumps
and external random factors of NGOU type for the mean value
process of the option H and show the unique existence of solu-
tion to the BSDE under suitable terminal conditions including
both European call and put options as special cases. Second,
by combining the solution to the BSDE and the pure hedging
coefficient obtained through the concept of opportunity-neutral
measure, we get the optimal hedging strategy for our market.
The mean-variance hedging problem was initially intro-
duced by Follmer and Sondermann [13] under complete infor-
mation, who also suggested an approach for the computation
of hedging strategies in an incomplete market by extending
the martingale approach of Harrison and Kreps [16]. The basic
idea of the approach was to introduce a measure of riskiness in
terms of a conditional mean square error process where the dis-
counted price process is a square-integrable martingale and the
answer to the hedging problem is provided by the Galtchouk-
Kunita-Watanabe decomposition of the claim, and then this
concept of local-risk minimization was further extended for



the semimartingale case by Follmer and Schweizer [14] and
Schweizer [26], [27], where the minimal martingale measure
and Follmer-Schweizer (F-S) decomposition play a central
role. As an alternative to local-risk minimization, the authors
in Pham [22] and Schweizer [29] considered the solution
in terms of global-risk minimization of the unconditional
expected squared hedging error presented in (1.1), which is
more attractive than local-risk minimization since after all one
cares about the total hedging error and not the daily profit-
loss ratios. Then the study on global-risk minimization was
further developed by Cérny and Kallsen [6], who showed that
the hedging model (1.1) admits a solution in a very general
class of arbitrage-free semimartingale markets where local-
risk minimization may fail to be well defined. The key point
of their approach is the introduction of the opportunity-neutral
measure P* that turns the dynamic asset allocation problem
into a myopic one as stated previously.

Here, we point out that, when the interest rate is a random
and unbounded process, the proper notion of admissibility for
the hedging problem has not been worked out yet (see, e.g.,
Gourieroux et al. [15], Laurent and Pham [21]). So, in Dai [7],
we turn to study the mean-variance portfolio selection problem
via the method of optimal feedback control when the random
variable H in (1.1) reduces to a constant, e.g., a prescribed
daily expected return. Under the method, we can explicitly
compute and justify optimal portfolios over an admissible
set that is large enough to cover some important classes of
strategies of practical interests such as the class of feedback
controls of Markov type (see, e.g., Fleming and Rishel [12]).
Moreover, the constructed strategy through optimal control
is relatively easy to be implemented. Nevertheless, since the
portfolio strategy is made in an ad hoc manner, a natural
question is raised: how well the optimal strategy will be? So,
in this paper, we also present both analytical and numerical
examples to show that the differences between the optimal
hedging errors obtained through the martingale approach and
the optimal variance gained via the method of optimal control
are quite small in some circumstances when the contingent
claim reduces to a constant, which answer the question to some
extent. Moreover, these examples also indicate that, although
perfect hedging is impossible in an incomplete market, the
mean-variance hedging errors can be quite small in many cases
as terminal time increases.

The rest of the paper is organized as follows. In Section II,
we formulate our financial market model. In Section III, we in-
troduce the discounted price process and admissible strategies.
In Section IV, we present our main theorem. In Section V,
we present our analytical and numerical examples to conduct
the comparisons between the martingale approach and the
method of optimal feedback control. Finally, in Section VI,
we conclude this paper with remarks.

II. The Financial Market Model

Throughout this paper, let (Q2, F, P) be a fixed complete prob-
ability space on which are defined a standard d-dimensional
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Brownian motion W = {W(¢t),t € [0,T]} with W (t)
(Wi(t), ..., Wy(t))" and h—dimensional subordinator L
{L(t),t € [0,T]} with L(t) = (L1(¢),..., Lp(t))" and cadlag
sample paths for some fixed T € [0,00) (see, e.g., Apple-
baum [1], Bertoin [5], and Sato [25] for more details about
subordinators and Lévy processes), where the prime denotes
the corresponding transpose of a matrix or a vector. Moreover,
W, L and their components are assumed to be independent
of each other. Related to the probability space, we suppose
that there is a filtration {F;},;>¢ with F, = o{W (s), L(As) :
0 <s<t}foreach t € [0,T], A = (A1,...Ap)" > 0, and
L(As) = (L1(M\18), ..., Ly (Ans))'.

Our financial market is a multivariate Lévy-driven OU type
stochastic volatility model, which consists of d+1 assets. One
of the d+1 assets is supposed to be a risk-free account whose
price Sp(t) is subject to the ordinary differential equation
(ODE) with constant interest rate r > 0,

{

and the other d assets are stocks whose vector price process
S(t) (S1(t), ..., S4(t))" satisfies the following stochastic
differential equation (SDE) for each ¢ € [0, T,

dSo(t) = 7"50 (t)dt,

SO(O) =59 >0, 21

dS(t) = diag(S(t~)){b(Y (¢7))dt
Yo(Y(E)dWw @)},  22)

S(0)=s>0,

where the diag(v) denotes the d x d diagonal matrix whose
entries in the main diagonal are v; with ¢« € {1,...,d} for a
d-dimensional vector v = (v1, ...,v4)" and all the other entries
are zero, and Y (¢) is a Lévy-driven OU type process described
by the following SDE,

{

where A = diag(\) and yo = (y10, -.., Yro)'- Now define

b(y)
a(y)

dY () = —AY (t7)dt + dL(X\t),

Y(0) = yo, 2.3)

(bl(y)7 '~~7bd(y))/ : Rﬁ} - [(),oo)d,

(U7n’rL(y))d><d : Rf — (Oa oo)ddv

where R = (¢1,00) X ... x (cp, 00) with ¢; = y;pe 7T Then
we can introduce the following conditions for the coefficients
in (2.3)-(2.2):

C1. The functions b(y) and o(y) are continuous in y and
satisfy that, for each y € RP,

W)l < Ay + Byllyll, (2.4)

lo()oy) |l < As+ Bolyll, (2.5)
n—1 1

H(U(y)o(y)) H < Wl (2.6)

where the norm || A|| takes the largest absolute value of all
components of a vector A or all entries of a matrix A, and
A, >0,A,>0,B, >0,B, >0, b, > 0 are constants.
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C2. The derivatives for all ¢ €

.., h} are continuous in y and satisfy that, for each y € R",

0b(y) and 8(U(y)ff(y))
Oyi 9y;

{1,

‘%(y)’ < A+Bifyl, @D
3y¢

N—1
HW < A +Bolyl. @

where Ay, A,, By, and B, are some nonnegative constants.

We next impose conditions for each subordinator L; with
i € {1,..., h}, which can be represented by (see, e.g., Theorem
13.4 and Corollary 13.7 in Kallenberg [19])

Li(t) = ait +/ / ZLNZ(dS, dzi), t Z 0 (29)
0,t] Jz;>0

where N;((0,¢] x A) = > o, Ta(Li(s) — Li(s7)) de-
notes a Poisson random measure with deterministic, time-
homogeneous intensity measure v;(dz;)ds, I4(-) is the index
function over the set A, the constant a; is taken to be zero,
and v; is the Lévy measure satisfying

/ (ecz" — 1) vi(dz;) < oo
zi>0

with C' taken to be a large enough positive constant to
guarantee all of the related integrals in this paper meaningful.
Note that the condition in (2.10) is on the integrability of the
tails of the Lévy measures. Due to the total wealth in the world
is finite, the jump sizes corresponding to the subordinators
L;(t) (¢ € {1,...,h}) associated with leverage effect and
etc. should be bounded by some positive constant although
it may be extremely large. Moreover, due to the limitations
of computer hardware and softwares, all the random variables
used in a computer simulation are truncated versions of the
original ones if they are assumed to be heavy-tailed ones
(see, e.g., Dai ([7], [8], [9])). So the assumption in (2.10)
is practically meaningful in finance.

(2.10)

III. Discounted Price Process and Admissible Strategies

Let D(t) = (D1(¢),...,Dq(t)) be the corresponding d-
dimensional discounted price process, i.e., for m € {1, ...,d},
S (t) _
D (t) = 222 =7 "tS (1). 3.1)
(1) =35 ()

Moreover, let L% ([0,T], R?, P) denote the set of all R9-
valued measurable stochastic processes Z(t) adapted to
{F.,t € [0,T]} such that E [fOT ||Z(t)||2dt} < 0. Then we
have the following lemma.

Lemma 3.1: Under conditions C1, C2 and (2.10), D(-) is
a continuous {F;}-semimartingale, i.e.,

D(-) = Dy + MP(-) + BP (), (3.2)

where MP(.) and BP(-) are a {F;}-martingale and a pre-
dictable process of finite variation respectively. Moreover,
D(:) is locally in L%([0,T], R P) in the sense that there
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is a localizing sequence of stopping times {o,} with n €
N ={0,1,2,...} such that, for any n € N,

sup{E [D?(r)] : all stopping
T time satisfying 7 < 0, } < o0o.

The above lemma will be proved elsewhere due to its length.
Instead, we let L(D) denote the set of D-integrable and
predictable processes in the sense of Definition 6.17 in page
207 of Jacod and Shiryaev [18]. Further, let u;(t) denote the
number of shares invested in stock ¢ € {1, ...,d} at time ¢ and
define u(t) = (ui(t),...,uq(t))’, then we have the following
definitions concerning admissible strategies.

Definition 3.1: A R%-valued trading strategy u is called
simple if it is a linear combination of strategies ZI(;, r,
where 71 < 79 are stopping times dominated by o, for
some n € N and Z is a bounded F,, -measurable random
variable. Moreover, the set of all such simple trading strategies
is denoted by ©(D).

Definition 3.2: A trading strategy u € L(D) is called
admissible if there is a sequence {u™,n € N} of simple
strategies such that: (u™ - D) (t) — (u - D)(t) in probability
as n — oo for any ¢ € [0,T], and (u™ - D) (T) — (u- D)(T)
in L?(P) as n — oo. Moreover, the set of all such admissible
strategies is denoted by ©(D).

IV. Optimal Hedging and Main Theorem

Before stating our main theorem, we introduce more notations
for convenience.

First, let £(N) = {E(N)(t),t € [0,T]} be the stochastic
exponential for a univariant continuous semimartingale N =
{N(t),t € [0,T]} (see, e.g., pages 84-85 of Protter [24]) with

1
e —en N - FNNO) @)
where [+, -] denote the quadratic variation process of N
Second, for each y € R?, define
Bly) = (bi(y) =75 baly) — 1), (4.2)
ply) = B(y)’ (o)1 By). (4.3)
P(ty) = {e J; ”‘Y“”ds] >0, (4.4)
o@t) = P(LY(1), @5)
a(t) = (diag(D(t)))~! (4.6)
(c(YE NV (7)) BLY (),
Z(t) = ()S(an DO 0,=00), @)

where diag(D(t)) denotes the diagonal matrix with diagonal
entries given by D;(t) for i € {1, ...,d}.

Third, let L% , ([0, 7], R% P) denote the set of all R’-
valued predictable processes (see, e.g., Definition 5.2 in page
21 of Ikeda and Watanabe [17]) and let L2([0,T], R",P)



be the set of all R"-valued predictable processes Z(t,z) =

(Z1(t,2), ..., Zn(t,2))" satisfying
Z/ />0 (L, 2) Vi(dzi)dtl < 00
and define
Z(t) = ZZ(Z)) 4.8)
) d
B(Y()) = Y ((BOE) (e(r(7)  “9

U(Y(f))')*l))j 5 (Y (£7)).(4.10)

Moreover, for a cadlag process V € L%([0,T], R, P), pre-
dictable processes V = (4, ..., V) € L% ([0 ,T), R4, P) and
V=W,V € L2([0,T], R", P), deﬁne

g (t7 V), V),V (), Y(t—)) @.11)

d
—~ Z%(t)BAY(t‘))
h

+Z/Z>O(f/(t S)F(t,z) Z(t) + V()

i=1

(F(t,2)Z(t)) )/\ vi(dzi).

Fourth, corresponding to Definition 3.16 in Cé&rny and
Kallsen [6], we introduce the following definition.

Definition 4.1: A probability measure P* ~ P is called
opportunity-neutral probability measure if it is defined in terms
of the density process

o(t)

E[0o] £(BX

P* oy
Zm = 0

4.12)

for each ¢ € [0,T], where BX (¢ fo

Fifth, let L. (Q, R%, P) for a posmve 1nteger v denote the
set of all R%-valued, Fr-measurable random variables e R
satisfying E [||£||?] < oo. Then we can impose the following
condition on the option H.

Assumption 4.1: H € L3 (Q,R,P) and there exists a
sequence of random varlables H. € L% (R, P) sat-
isfying H,, — H in L? as n — oo and HTW( ) = Hw)
for all w € {w,mn(w) > T}, where {7,} is a sequence of
nondecreasing {F; }-stopping times satisfying 7,, — oo a.s. as
n — 0.

Theorem 4.1: Under conditions C1, C2, (2.10), and As-
sumption 4.1, the optimal hedging strategy ¢ € (D) for
(1.1) is given by

o(t) = &(t) — V(t™))alt)

where V(t) is given by the unique {F%}-adapted solution

(v+ (™) — (4.13)

(V,V,V) of the BSDE
Vit) = H

Ni(\ids, dz;)

with N;(\dt,dz;) = N;(Aidz;, dt) — \jvi(dz;)dt and g given
by (4.11). Furthermore, the pure hedge coefficient ¢ is given
by
x -1 x
0= ("' m) (") (4.15)

where * corresponds to P* and

() = diag(D(t)) (a(Y(t))o(Y(t7))) (4.16)
diag(D(t)),
Vi) = (ZD1 o (Y(E)Vi(t), ..., (4.17)

/
ZDd oai(Y(t7))Vi(t )) .
Finally, W is the unique solution of the following SDE

w(t) = ((€—-

The proof of Theorem 4.1 will be provided elsewhere due
to its length.

Example 4.1: Under conditions C1, C2 and (2.10), the
following options satisfy Assumption 4.1: The discounted
European call option, i.e., for some m € {1,....d}, H =
e "(S(T) — C.)*; The discounted European put option,
ie., for some m € {1,...d}, H = e "1(Ce — S,,(T))*
where C, > 0 is the exercise price.

(v~ V_)a) - D)(t) — (T - (a- D))(t). (4.18)

V. Numerical Examples and Comparisons

In this section, the interest rate r in (2.1) is taken to be zero
and the financial market is supposed to be self-financing so
that X(¢) = v + (v - D)(¢). Then it follows from (18) in
Theorem 3.1 of Dai [7] that the terminal variance under the
optimal policy stated in (15) of Theorem 3.1 of Dai [7] is
given by

* P (07 y())

M) = —55
1-P (07 yO)

Moreover, it follows from Theorem 4.1 in the current paper

and Theorem 4.12 in Cérny and Kallsen [6] that the hedging
error under the optimal policy in (4.13) is given by

Var(X (p—v)°. (5.1

Herr = P(0,10) (p — v)°>. (5.2)
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In the following numerical examples, we compute the differ-
ences between the optimal terminal variances in (5.1) and the
optimal hedging errors in (5.2), i.e.,

Error = Var(X*(T))— Herr (5.3)
(PO.W)
= PO Y
> 0.

The observation in the inequality of (5.3) is intuitively correct
since the optimal strategy in (4.13) is taken over a general
strategy set given in Definition 3.2 and the optimal strategy in
(15) of Theorem 3.1 of Dai [7] is taken in an ad-hoc manner.
However, the Errors are quite small as shown in the following
numerical examples.

Example 5.1: In this example, we assume that the financial
market is presented by the well-known Black-Scholes model

dD(t) = D(t)(adt + BdB(t))

where o and (3 are some constants. From the simulated
numerical results shown in Figures 1 and 2, we can see
that the absolute error between the optimal variance based
on the policy in (15) of Theorem 3.1 of Dai [7] and the
optimal hedging error based on the strategy in (4.13) tends to
zero when the terminal time increases. The convergence rate
heavily depends on the volatility 8. When g is relatively large,
the difference needs more time to reach zero. However, if the
millisecond is used to denote the time unit in a supercomputer
based trading system, the required time for the convergence is
still practical meaningful.

2000

variance

1000

Optimal Variance Curve in Time

error

Optimal Hedging Error Curve in Time
00

2000

1000

>~

3 3.5 4

0

w

3.5

time x10* time x10*
Absolute Error Optimal Hedging Error Curve in Mean
0.02 60
0.015
40 /
2 o.01 2 y
o o g
20
0.005 i
0 0
3 3.5 4 1 1.5 2 25 3

£S

Terminal Mean 4

time x 10

x10

Fig. 1. The errors based on Black-Scholes model with r = 0, v =
10000, p = 30000, T' = 40000, o« = 2, B = 100.

Example 5.2: In this example, we suppose that the financial
market is described by the well-known BNS model

dD(t) = D(t)((a + BY (t7))dt + /Y (t-)dB(t))

where « and [ are some constants. Moreover, due to the
remarks to the condition in (2.10) and due to the discussions
in Dai [8], we assume that the driving subordinator L(\-)
with A = 1 to the SDE in (2.3) is a compound Poisson
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Optimal Variance Curve in Time

Optimal Hedging Error Curve in Time
00

\ I\
® 2000 2000
AN e |
§ 5 AN
> 1000 1000 \
\\,\ —
0 — Q —
300 350 400 300 350 400
time time
Absolute Error Optimal Hedging Error Curve in Mean
0.015 60
\
0.011\ 40
<] \ <]
5 \ 5
0.005 \\ 20
0 — 0
300 350 400 1 1.5 2 25
time Terminal Mean 4

x 10

Fig. 2. The errors based on Black-Scholes model with g 10,

r =0, v = 10000, p = 30000, T" = 400, o = 2, § = 10.

process whose interarrival times are exponentially distributed
with mean 1/p and whose jump sizes are also exponentially
distributed with mean 1/u;. From the simulated results in
Figure 3, we can see that the similar explanation presented
in Example 5.1 is also true for the current example, where
0 appeared in Figure 3 is the length of equally divided
subintervals of [0,7T]. Moreover, from the simulated results,
we also can see that, although perfect hedging is impossible
in an incomplete market, the mean-variance hedging errors
can be quite small in many cases as terminal time increases.
In addition, based on the solution to (2.3), we present a sample
path of Y(¢7) in Figure 4 to provide some insight about the
stationarity and evolving of the volatility process.

Optimal Curve Optimal Curve

variance
hedging error

1 15
time x10*
x107° Absolute Error

15
time x10*
x 10 Curve in Mean

8
5
6
4 2
8 2
5 84
2 =
£2
a
o
0 0
1 15 2 1 15 2 25 3
time x10* Terminal Mean x10*

Fig. 3.  The errors based on BNS model with yo = 10, r = O,
v = 10000, p = 30000, T = 200, § = 0.01, « = 0.5, § = 0.02,
n = 10, H1 = 8.

VI. Conclusion

In this paper, we apply the martingale approach to address the
mean-variance hedging problem in an incomplete market with
coefficients driven by external random environmental (risk)



A Sample Path of Volatility

15 T T T

volatility

0.5 1
time 4
A Sample Path of Volatility

volatility

.
1.996
time 4

.
1.994

Fig. 4. The volatility process for BNS model with yg = 10, » = 0,
v = 1000, T" = 200, 6 = 0.01, . = 0.5, and p, = 8.

factors of NGOU processes. Both analytical and numerical
examples indicate that the optimal hedging errors obtained
through the martingale approach are slightly smaller than (but
quite consistent with) the optimal variances previously gained
via the method of optimal control under some circumstances
when the contingent claim reduces to a constant, which illus-
trate, to some extent, the reasonability of the widely concerned
ad hoc decision manner used in the method of optimal control.
Moreover, these examples also indicate that, although perfect
hedging is impossible in an incomplete market, the mean-
variance hedging errors can be quite small in many cases as
terminal time increases. In constructing a mean-variance hedg-
ing strategy and justifying it to be the global risk-minimizing
one for our market, there are two steps involved. First, we
derive a BSDE with jumps for the mean-value process of
a given contingent claim under suitable terminal conditions
including both European call and put options as special cases.
Second, by combining the solution of the BSDE and the pure
hedging coefficient obtained via the concept of opportunity-
neutral measure, we get our optimal hedging strategy. Here we
remark that, due to the discussions in Pigorsch and Stelzer [23]
and references therein, our discussion in this paper can be
extended to the cases that the external risk factors in (2.3) are
correlated in certain manners. For the simplicity of notation,
we keep the presentation of the paper in the current way.
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