DISCONNECTED JULIA SETS AS BURIED JULIA COMPONENTS

YINGQING XTAO AND FEI YANG

ABSTRACT. Let f be a rational map whose Julia set J(f) is disconnected. It is
proved that there exists a rational map ¢ such that g has a family of buried Julia
components on which g is quasiconformally conjugate to f on J(f) if and only if
f has no parabolic basins and rotation domains. This extends the previous result
about burying connected Julia sets to the disconnected case. Moreover, the limit
behaviors of the conformal dimensions of successively burying Julia sets are also
studied.

1. INTRODUCTION

1.1. Backgrounds. For a given rational map f : C — ((AI, the Fatou set F(f) of f
is defined to be the set of points at which the family of iterates {f°"},>¢ of f forms
a normal family in the sense of Montel. A connected component of the Fatou set
is called a Fatou component. The complement of the Fatou set is called the Julia
set, which we denote by J(f). Each connected component of J(f) is called a Julia
component. An interesting and important problem in complex dynamics is to describe
the topology of the Julia sets.

A Julia component (or a point on the Julia set) is called buried if it is not on the
boundary of any Fatou component. Since the Julia set of any non-linear polynomial
coincides with the boundary of the unbounded Fatou component, the buried points
cannot, occur in polynomial Julia sets. The first example of buried Julia component
was constructed by McMullen in [McMS88], who considered the family of rational maps
which is given by

falz) =2+ 2/2", wherel>2,m >1and A € C.

McMullen proved that if 1/I+1/m < 1 and A # 0 is small enough, then the Julia set
J(fy) is a Cantor set of circles which is homeomorphic to the Cartesian product of
the standard middle third Cantor set and the unit circle. In particular, such a Julia
set contains infinitely many buried Julia components which are Jordan curves (see
also [DLUO05]). More such examples can be found in [XQY14] and [QYY15].

As a generalization of Beardon’s result [Bea91], Qiao proved that for a rational map
f of degree at least two, J(f) has buried components if and only if J(f) is disconnected
and F'(f) has no completely invariant component [Qia95]. This provides a criterion to
justify which kinds of rational maps contain buried Julia components. In particular,
some buried Julia components which are singletons can be found in cubic rational
maps. Later, some specific rational maps of degree at least 5 containing buried Julia
components which are Jordan curves or singletons were studied further (see [PT00],
[BDGROS], [GMR13] and the references therein).
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In 2015, Godillon constructed a family of cubic rational maps and proved that for
suitable parameters, the corresponding Julia sets contain a buried Julia component
which is homeomorphic to the Julia set of z — 1/(z — 1)2. In particular, it is neither
a Jordan curve nor a singleton [God15]. Godillon’s example is optimal in terms of
degree since quadratic rational maps cannot contain any buried Julia components
(see [Yin92] and [Mil93]). Later, a different method to construct more such kind of
examples appeared in [WY20].

1.2. Main results. In [McM88, Theorem 3.4], McMullen proved the following result:
if a rational map f has an invariant non-singleton Julia component Jy, then there
exists a rational map ¢ such that f : Jy — Jp is quasiconformglly conjugate to
g:J(g) — J(g), i.e., there exists a quasiconformal mapping ¢ : C — C such that
o(Jo) = J(g) and ¢ o f = go ¢ holds on Jy. This result implies that one may
extract some rational maps with connected Julia sets from the rational maps with

disconnected Julia sets. As an inverse procedure of McMullen, the following question
was asked in [WY20]:

Question 1.1. Could any connected Julia set appear as a buried Julia component
of a higher degree rational map?

The following result provides an answer to this question.

Theorem 1.2 (The connected case, [WY20]). Let f be a rational map of degree d > 2
whose Julia set J(f) # C is connected. Then there is a rational map g such that g
has a buried Julia component on which g is quasiconformally conjugate to f on J(f)
if and only if f has no parabolic basins and Siegel disks. If such g exists, then the
degree of g can be chosen such that deg(g) < 7d — 2.

The proof of Theorem is based on quasiconformal surgery and singular pertur-
bation. In order to control the degree of g as small as possible, the main perturbation
in [WY20] is made at critical values, but not at critical points, which is different from
the classical cases. One may also refer to [WZL22|] for another proof of Theorem
which avoids the use of quasiconformal surgery. Based on Theorem it is natural
to ask:

Question 1.3. Could any disconnected Julia set appear as a family of buried Julia
components of a higher degree rational map?

A periodic Fatou component is called a rotation domain if it is a Siegel disk or a
Herman ring. In this paper, we prove the following result.

Theorem A (The disconnected case). Let f be a rational map whose Julia set J(f)
is disconnected. Then there is a rational map g such that g has a family of buried
Julia components on which g is quasiconformally conjugate to f on J(f) if and only
if f has no parabolic basins and rotation domains. If such g exists, then deg(g) can
be chosen such that it is less than a number depending only on deg(f).

Theorem and Theorem [A] imply that a rational map can have buried Julia
components which are “almost” arbitrary. For example, the rational map f can have
a Cantor Julia set, can have a Cremer point and can be infinitely renormalizable.
The proof of Theorem [A] is based on successive perturbations and quasiconformal
surgery. See Figure [1| for an example, which illustrates the process of perturbations

of the cubic polynomial f(z) = 23 — %22 + % whose Julia set is disconnected.
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Figure 1: The Julia sets of
13 5, 2

Fe) =P =820 2 )= f)+ (2/3) and g(2) = 1/ (71 + pz?)

6 3 h(z)
(from the top down), where A = p = 107%. The middle and bottom Julia sets,
respectively, contain a family of semi-buried and buried components which are home-
omorphic to the top Julia set.
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Let . be the family of all rational maps with disconnected Julia sets having no
parabolic basins and rotation domains. By Theorem [A] for any f € .#, there exists
g € % having a family of buried Julia components on which g is quasiconformally
conjugate to f on J(f). Hence the following set is non-empty and actually consists
of infinite elements:

J a q.c. mapping ¢ : C — C such
Buried(f) := { g € F | that ¢(J(f)) is buried in J(g) and
wo flip =9goeliy

For each g € Buried(f), the set Buried(g) is also well-defined. Hence such process of
burying Julia sets can be repeated infinitely often.

Let (X,dx) and (Y, dy) be two metric spaces. Suppose that there exist two home-
omorphisms h: X — Y and 1 : [0,4+00) — [0, 4+00) such that

dy ((z), (=) < “’(dx@c,z))

for any distinct points z,y,z € X. Then (X,dx) and (Y,dy) are said to be qua-
sisymmetrically equivalent to each other. The conformal dimension dima(X) of a
compact set X is the infimum of the Hausdorff dimensions of all metric spaces which
are quasisymmetrically equivalent to X. The quasisymmetric geometries of the Julia
sets of rational maps, including the quasisymmetric uniformization and conformal
dimension etc, have attracted many people’s interests. For examples, see [MT10],
[HP12], [BLM16], [LMI8|, [QYZ19], [Par21], [PT21] and the references therein.

According to [HeiOI, Theorem 11.14, p.92], any compact subset X of C is qua-
sisymmetrically equivalent to ¢(X) for any quasiconformal mapping ¢ : C — C.
Hence by definition, for any given f € .%, we have

dime(J(f)) < dime(J(g)), for all g € Buried(f).

This implies that if f,41 € Buried(f,) for all n > 0, then {dimc(J(fn))}n>0 forms
an increasing sequence and it must have a limit since the conformal dimension of any
Julia set in C is at most 2. A natural question is about the limit of the sequence
{dim¢(J(fn))}n=0. We give a partial answer to this question.

Theorem B. There exist two sequence of hyperbolic rational maps (fn)n>0 and
(gn)n>0 in F satisfying fny1 € Buried(f,) and gn+1 € Buried(g,) for all n > 0
with fo = go and dimc(J(fo)) € (1,2) such that

li_)rn dime(J(fn)) =2 and lim dime(J(gn)) < 2.

n—oo

The rational maps in Theorem [B]will be chosen in Cantor circle hyperbolic compo-
nents since their dynamics can be characterized clearly and the conformal dimensions
of the corresponding Julia sets can be calculated precisely.

1.3. Sketch of the proofs. The proof of Theorem [A] is inspired by Theorem
Since the necessity part is similar, we only consider the sufficiency. Let f be a rational
map with a disconnected Julia set. We use singular perturbations and quasiconformal
surgery to obtain two rational maps h and g, such that the Julia set of h has a family
of “semi-buried” Julia components (see and g contains a family of “fully buried”
Julia components (see which are homeomorphic copies of J(f) respectively. Note
that all Fatou components of f in Theorem [I.2] are simply connected while some
attracting Fatou components of f in this paper are infinitely connected. Compared
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to Theorem there are three main differences in the proof of Theorem [A] The first
difference is: we need to use quasiconformal surgery to transfer infinitely connected
attracting Fatou components to super-attracting ones (The surgery is different from
the simply connected case, see . The second difference is: we need to consider
more complicated combinations of holomorphic coverings while showing that A has a
family of “semi-buried” Julia components and g contains a family of “fully buried”
Julia components (in Theorem we only need to consider the annulus-to-annulus
combination). The third difference is: we need to consider Cantor Julia sets and find
Julia sets of higher degree rational maps containing them as buried Julia components
and this case is quite different (see .

For Theorem [B] we first consider a hyperbolic rational map with Cantor circle
Julia set. Then we use another Cantor circle Julia set to bury the previous one, and
this process can be repeated infinitely many times. It was known that the conformal
dimension of the Cantor circle Julia sets of hyperbolic rational maps depend only
on some combinatorial information which can be calculated precisely. Theorem
will be proved by applying quasiconformal surgery and arranging the combinatorial
information on Cantor circle Julia sets suitably (see .

Notations. Let N, R and C, respectively, be the set of natural, real and complex
numbers. For a € C and r > 0, we denote D(a,r) := {z € C : |z —a|] < 7},
D, := D(0,r), T, := dD,, D := Dy and T := T;. For 0 < r < 1, we denote
A, :={z € C:r < |z[ < 1} and its conformal modulus is mod(A,) = 5= log 1.

For a Jordan curve y C C\ {oo}, we use D(7) to denote the connected component
of C \ v which does not contain co. For two disjoint connected compact subsets v;
and 7 in C which are not singletons, we use A(71,72) (or A(v2,71)) to denote the
unique annular component of C \ (M1 Una).

Acknowledgements. This work was supported by the National Natural Science
Foundation of China (grant Nos. 12071118, 12222107, 12071210).

2. ATTRACTING TO SUPER-ATTRACTING

Since singular perturbations are generally carried out at super-attracting periodic
points, this requires us to transfer the geometric attracting cycles to super-attracting
ones by quasiconformal surgery. In fact, such a surgery is well known for simply con-
nected periodic attracting Fatou components. See |[CG93, Theorem 5.1, p. 106] and
[BF14, Exercise 4.2.2, p. 168]. In this section, we show that such kind of surgery can
be performed in multiply connected attracting basins (actually infinitely connected
by [Mil06, Theorem 8.9, p. 83]).

Amap F:U — C is called quasi-reqular if it can be written as F' = G o ¢, where
¢ : U — ¢(U) is a quasiconformal mapping defined in the open set U and G : ¢(U) —
Cis holomorphic. For other equivalent characterizations of quasi-regular maps, see
[BF14, §1.6]. The following lemma is very useful when performing quasiconformal
surgery.

Lemma 2.1 ([Shi87]). Let F : C—Cbea quasi-reqular map. Suppose there exist
an open set B C C and an integer N > 0 satisfying the following two conditions:

e F(E)CE; and

e 0F/0Z =0 holds in E and on C \ F~N(E) a.e.

Then there is a quasiconformal mapping ¢ : C — C such that poFop!

18 rational.
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Lemma [2.1] was established by Shishikura although its original statement is more
general. One may refer to [Shi87, §3] or [BE14, Proposition 5.2] for more details.

Lemma 2.2. Let f be a rational map having a p-cycle of attracting Fatou components
{B; : 1 <i<p}. Then there exists a rational map g and a quasiconformal mapping

~

p:C— C such that

e o f=gop holds in a neighborhood of J(f) and J(g) = ¢(J(f)); and
o {p(B;):1< i< p}isap-cycle of super-attracting Fatou components of g.

Proof. Without loss of generality, we assume that p = 1 and B is a fixed attracting
Fatou component of f which contains the fixed point 0 with multiplier A € D\ {0}.
Let Q be the maximal linearizable domain of f in B containing 0. Then there exists
a conformal map ¢ : Q — D such that ¢(f(z)) = Ap(z) for all z € Q and I contains
at least one critical point ¢ of f. Note that f(9Q) = ¢~'(Ty) is a smooth Jordan
curve and f : Q — f(Q) is conformal. By [Pil96 Proposition 2.8], Q is a Jordan
domain and f: Q — f(Q) is a homeomorphism.

We choose two Jordan domains Vi, V5 in B with smooth boundaries such that
Qc Vi, Vi C Vyand Vy \ﬁ is disjoint with the critical orbits of f. Let U; be
the connected component of f~!(V;) containing €2, where i = 1,2. We conclude
that U, C Us, each connected component of OU; is a smooth Jordan curve and each
component of f~(V\ V1) is an annulus containing no critical orbits. Without loss
of generality, we assume that the boundaries of V; and Vs are sufficiently close to 92
such that Vo C U;. See Figure

Figure 2: A sketch of the surgery construction which transfers an attracting fixed
point to a super-attracting one. Some special curves and points are marked.

Without loss of generality, we assume that oo & Us. Then there exists a small
e > 0 such that g.(Uy) is a Jordan domain contained in V;, where

9e(2) = e(f(2) = f(e)) +c.
Let A be a connected component of f~*(Va\ V1) in Uy \ U;. Then A is an annulus
containing no critical orbits whose boundary components 91 A are d, A are smooth,
where 9; A is the boundary component of A contained in QU; for i = 1,2. Hence there
exists an integer d4 > 1 such that
deg(g:|o,4) = deg(flo,a) = da.
Therefore, there exists a continuous map h : A — Vy \ g-(U;) such that
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e hlg:A—Vy\ g-(U1) is a quasiconformal covering map of degree d4; and
® hlo,a = g and hlg,a = f.
For quasiconformal interpolation in annuli, we refer to [BF14] §2.3.2]. Define

f(z) ifzeC\ Uy,
F(z) =< g.(2) ifzelUy,

h(z)  otherwise.

Then F:C » Cisa quasi-regular map whose degree is deg(f).

Define E := U;. Since Vo C Uy, we have F(E) C V4 C Vo C E and 0F/0z = 0
holds in E and on C\ F~!(E) a.e. By Lemma there exists a quasiconformal map
¢ : C — C such that g := p o F oo~ ! is a rational map. Note that F(c) = g-(c) = c.
It follows that ¢(c) is a fixed super-attracting fixed point of g. Since the surgery is
performed in Fatou components, the rest statements hold. O

Remark. The proof of Lemma [2.2] is valid for any attracting Fatou component B,
no matter B is simply connected or infinitely connected. If B is simply connected,
then as mentioned before, one can use surgery to make the dynamics in B to be
unicritical. However, because of the Riemann-Hurwitz formula, one cannot pinch all
critical points into only one if B is infinitely connected.

3. BURYING BOUNDARIES OF FATOU COMPONENTS

In this section, we perform the quasiconformal surgery on a given rational map f
with disconnected Julia set to obtain a new rational map h such that the homeomor-
phic image of the Julia set J(f) is “semi-buried” by the Julia components of h. Then
we perform another quasiconformal surgery on h to obtain a rational map g such that
the homeomorphic image of J(f) is fully buried by the Julia components of g.

3.1. Basic classifications and definitions. By [Bea91l, Theorem 5.6.2], the num-
ber of Fatou components of a rational map is either 0, 1, 2 or oco. Since J(f) is
disconnected, we don’t need to consider the first case. The following result shows
that we don’t need to consider the third case either.

Lemma 3.1. Let f be a rational map whose Julia set is disconnected. Then

(a) f has either exactly one or infinitely many Fatou components;

(b) If f has infinitely many Fatou components, then it has at most one attract-
ing or parabolic basin consisting of finitely many Fatou components, and in
particular, if such a basin exists then it consists of only one Fatou component
which is completely invariant.

Proof. (a) It is sufficient to prove that if U; and Us are the only Fatou components of
f, then J(f) is connected. Iterating f twice if necessarily, we assume that U; and Us
are completely invariant. Then OU; = J(f) = OUs. Therefore, Uy and Uy are simply
connected and J(f) is connected.

(b) Suppose f has two attracting or parabolic basins consisting of finitely many
Fatou components. Iterating f finitely many times if necessary, we conclude that
f has two completely invariant Fatou components. By a similar argument to Part
(a), it follows that J(f) is connected, which is a contradiction. Hence f has at most
one attracting or parabolic basin consisting of finitely many Fatou components Uy,

-+, Up. Iterating f finitely many times if necessary, we assume that Uy, ---, U, are
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completely invariant. Similarly as above, we must have n = 1 and U; is completely
invariant under f. O

Based on Lemma (a), we consider the following two cases:
e Case [: f has infinitely many Fatou components;
e Case II: f has exactly one Fatou component which is completely invariant.

In the rest place of this section, we consider Case I and the second case will be
discussed in §4]

Let f be a rational map with disconnected Julia set which does not contain par-
abolic basins and rotation domains. Then all periodic Fatou components of f are
attracting or super-attracting. By Lemma [2.2] without loss of generality, we assume
in the following that the periodic Fatou components f are all super-attracting.

Suppose f has infinitely many Fatou components with degree d > 2. Then there
exists a p-cycle of super-attracting periodic Fatou components O = {By,--- , By} of
f such that the grand orbit of O has infinitely many components, where p > 1 and

f(BJ) = Bj+1 for 1 gj < p— 1 and f(Bp) = Bl.

According to Bottcher’s theorem (see [Mil06, Theorem 9.3]), there exist simply con-
nected domains U; C B; and conformal maps ¢; : U; — D, with r; € (0,1], where
1 < 7 < p, such that

50 fP(2) = (9;(2))™, for z € Uj,
where dy = H§:1 dj > 2, d, = deg(f|v,) = 2 and d; = deg(f|y;) = 1 are positive
integers for 1 < j < p — 1. Moreover, either U; = B; and r; = 1 for all 1 < j < p,
or OU;j is a subset of Bj; containing a critical point of f for some 1 < j < p and
0 <rj<1forall 1 <j<p. Notethat the potential function z — |¢;(2)| for z € U;
can be extended continuously to B; by

o k
Lj(2) = |¢;(/*"(2))| V%,
where k > 0 is the minimal integer such that f°%(z) € Uj;.

Definition. An equipotential curve v in Bj is a connected component of L;(z) = C
for some constant C' € (0,1). We call that v has potential L;(y) = C.

Since the grand orbit of O = {By,--- , B,} has infinitely many components, there
exists 1 < j < p such that f~1(B;)\ Bj_1 # 0 (vesp., f~H(B1) \ B, # 0 if j = 1).
Without loss of generality, we assume that f~1(By)\ B, # 0 and 0o € f~1(B1) \ By
with f(oco) = 0, where 0 € U; C Bj is a p-periodic point. Let V; be the connected
component of f~1(B;) containing co and let m1 > 1 be the local degree of f at oo.

3.2. Holomorphic coverings I. For a Jordan curve v C C \ {oo}, we use D(7) to
denote the connected component of C \ 7 which does not contain co. The following
lemma is slightly similar to [WY20, Lemma 3.1].

Lemma 3.2 (holomorphic covering between disks I, see Figure . Let £ > 1 be an
integer satisfying ¢ > (dy + %)/(dé/@dﬁ) —1). Then there exist equipotential curves
Y1, @, B, Yp+1 C Uy with Li(y1) > Li(a) > L1(B) > Li(yp+1), equipotential curveﬂ

vo C Us and a holomorphic branched covering map F : D(a)) — C \ D(72) satisfying
the following conditions:

1pr =1, then Uy = U; and 7> is regarded as an equipotential in Uj.
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(a) F(0) =00 and F : D(a)\ {0} — C\ D(92) is a degree { covering map;

(b) F(a) = 72 and F(B) = n, where n is a real-analytic Jordan curve in Vi
separating oo from OVy such that f(@ \ D(n)) C D(vp+1); and

(c) The closed annulus A(B,v1) is disjoint with the critical grand orbits of f.

Proof. For small r € (0,71), let 71, vp+1 be the equipotential curves in Uy such that
Li(y1) = r and Li(yp+1) = r%. Note that besides the super-attracting periodic
points in O = {By, -, By}, the attracting basin of O contains at most other 2d — 3
critical orbits, where d = deg(f) > 2. According to the local dynamics of f°F near the
super-attracting point 0, there exists small r € (0,7;) such that the closed annulus
A(B,v1) is disjoint with the critical grand orbits of f, where 3 is an equipotential
curve in U satisfying

Li(B) =r% € (r®,r), where C' =1/(2d — 2).

Let a be an equipotential curve in U; such that Ly(a) = s € ('rdg,'r). Then we have
Li(m) > Li(a) > Ly(8) > Li(7p41). For 2 < j < p, we denote v, := f°U=1(y).
Then ~; is an equipotential curve in U; for all 1 < j < p. See Figure

Figure 3: In the dynamical plane of f, some curves in the definition of F': D(a) —
C\ D(~,) are marked.

Note that ¢1 : D(«) — (0, s) is the restriction of the Bottcher map. For ¢ > 1,
we define Qu(2) = 2¢/s" : D(0,5) — D. Let 11 : C\ D(72) — D be a conformal map
such that 11 (0c0) = 0. Define

Fi=y7'0Qro .

Then F : D(a) — C \ D(72) is a holomorphic branched mapping with degree /,
F(0) = oo and 0 is the unique possible critical point. Since

Quodi(B) ={z€C:|z| =r¥!/s'} c D, (3.1)

it follows that n := F(8) = ¢;'({z € C: |2| = rdgg/se}) is a real-analytic Jordan
curve separating oo from -ys.
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We need to find a sufficient condition to guarantee that 7 is contained in V; and
F(C\ D(n)) C D(yp+1). Since the degree of the restriction of f on U is dy, the map
f can be written near the origin as

F(2) = £(0) + bz + O(z1 ),

where b; # 0 is a constant depending only on f. If r > 0 is sufficiently small, then
there exists a constant C7; > 0 independent of r such that D(y2) = f(D(m)) is a
Jordan disk centered at f(0) with Euclidean radius about Cyr%. More specifically, r
can be chosen small enough such that

D(f(0),C1r®/2) € D(v2) € D(£(0),2C1r™).

Take a large R > 1 such that the round circle Tp C V; separates oo from 0OV;.
There exists a constant Co > 0 depending on C; but independent of the large R > 1
and small 7 > 0 such that the conformal modulus satisfies

mod(D\ D(¢x (Tr))) = mod(A(12, Tw) < 5 log -+ C (3.2)

where A(vg, Tg) is the annulus in C bounded by v2 and Tg. By the Koebe distor-
tion theorem (see [PomT5l, p.21] or [Dur83| p.33]), there exists a constant C5 > 1
independent of large R > 1 and small r > 0 such that

03_1"[1}2‘ < lwy] < Cslwe|,  for all wi,wy € Y1(TR).
Since 91 (Tg) is a Jordan curve in D separating 0D from 0, it follows from (3.2]) that

there exists a constant Cy > 0 independent of large R > 1 and small » > 0 such that

dy
log |w| > log% — Cy, for all w e ¥y (Tg).

In order to guarantee that n C Vi, by (3.1, it is sufficient to obtain the inequality
d§e d1
r@o r
34 < IOg f — 04. (33)
Since the local degree of f at oo is mj and f(oo) = 0, it implies that f can be
written near co as

log

f(2) =bo/2™ + 01 /2™,

where by # 0 is a constant depending only on f. In order to guarantee f ((@ \D(n)) C
D(7p+1), it is sufficient to obtain the inequality

1
log T <logr® — Cs, (3.4)

where Cs > 0 is a constant depending on f but independent of large R and small
r. Note that dy, di, mq1, £ are positive integers and s € (Tdoc,r). Since » > 0 can
be arbitrarily small (and hence R > 1 should be sufficiently large) and s can be
arbitrarily close to r, by (3.3]) and (3.4)), it is sufficient to guarantee that
rdg ! < rd d 1 < do.

- — my
p; 7 and H<r
This is equivalent to (d§ —1)¢ —d; > 7%01’ ie, > (di+ %)/(dg —1), as desired. O

Remark. If one can use a surgery to reduce the number of critical orbits in the
attracting basin of O, then the number C' € (0, 1] can be magnified and the bound
of £ can be improved. In particular, if By is simply connected, then one can choose
C =1 after performing a surgery on f. See [WY20, Lemma 3.1].
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Based on Lemma we define:
f(z) it zeC\D(m),
H(z) =4 F(z) ifz¢€ D(a),
¢(z) if z€ Ala,m),
where ¢ : A(a,71) — D(72) is a continuous map satisfying
e (: A(a,71) — D(72) is a quasi-regular and branched covering map of degree
dy + ¢; and
e (|, =fand (|, =F.
Hence H : C — C is a quasi-regular map of degree d + £. For the existence of (, i.e.,

the annulus-to-disk quasi-regular interpolation, see [PT99, Lemma 2.1] and [BF14,
Lemma 7.47].

Corollary 3.3. There exists a quasiconformal mapping @1 : C—C fixing 0, 1 and
oo such that h := @10 H o 901—1 s a rational map of degree d + £ satisfying
e h has a 2-cycle of super-attracting Fatou components containing ¢1(D(5)) U
©1(C\ D(n)) and the 2-cycle {0,00}; and
e The closed annulus p1(A(B,71)) is disjoint with the forward orbits of the crit-
ical values of h.

Proof. We define an open set Ey := D(8) U U (C\ D(n)). By Lemma H(E,) C
Ey and H is holomorphic in E; U ((C \ H?(E1)). By Lemma [2.1, there exists a
quasiconformal mapping ¢ : C->C fixing 0, 1 and oo such that h pr1o0Ho gol

a rational map of degree d 4 ¢ having a 2-cycle of super-attracting Fatou components
containing ¢1(F;) and the 2-cycle {0,00}. By Lemma [3.2fc) and the quasi-regular
interpolation ¢ in definition of H, the annulus ¢ (A(f5,v1)) is disjoint with the forward
orbits of the critical values of h. O

3.3. Semi-buried property. Let J' be a Julia component of h and W a connected
component of @\J . If J' is disjoint with the boundary of any Fatou component of / in
W, then we call that J' is semi-buried from W under h. Let ¢ be the quasiconformal
mapping introduced in Corollary and A the super-attracting basin of f containing

O={By,--,Bp}.

Proposition 3.4. Every component of ¢1(J(f)) is a Julia component of h which is
semi-buried from every component of ¢1(A) under h.

Proof. We first prove that for each component W of A and each component J, of OW,
there exist sequences of Julia components {.J; }ren and Fatou components {Uj }ren
of h in ¢1 (W) which converge to ¢;(Ji) in the Hausdorff metric. Note that

= J D @)nB =] f(D(B) N B,
k>0 k=0

where Bj is the Fatou component of f containing 0. By Lemma c), foreach k > 0
every component W of f~=*(D(«)) N By and every component Wg of f~*P(D(B)) N
Bj, are bounded by finitely many Jordan equipotential curves with the following
potentials respectively:

(L1())46  and  (Ly(8))Y%.

Let J. be a component of 9B;. For any k > 0, there exist a component Wk of
f~*(D(a)) N By and a component Wg of f~*P(D(3)) N By such that
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e Every component of Wk \Wg is an annulus whose closure is disjoint with the
critical orbit of f; L L
e J, is contained in a component X* of C\ Wk and a component X lg of C\ Wg,

where X \Xig is a component of W¥\ W¥; and

o fohP . XF \Xig — A(a, B) and M : o (XF \Xig) — ¢1(A(a, B)) are holomor-
phic covering maps between annuli.

By Lemma and Corollary ¢1(a) and ¢1(B) are contained in the Fatou set of
h while o1 (A(e, 8)) contains a Julia component .Jj of h separating ¢1(a) from ¢1(3).

Therefore, o1 (X*\ X g) contains a Julia component J}, of h separating ¢1(0XF) from
01(0X g) and

(L1(8))/% < Li(2) < (La(@))/ % for amy = € o7 (). (3.5)

This implies that the Hausdorft distance between J, and gol_l(J,’c) tends to zero as
k — oco. Equivalently, the sequence of Julia components {J}}ren of h in ¢1(By)
converges to ¢1(Jx) in the Hausdorff metric.

Note that ¢1(0X?%) is contained in the Fatou set of h for each k > 0. Let U}, be the
Fatou component of h containing ¢1(0X?%). Then by a completely similar argument
as above, {U] }ren converges to ¢1(Jy) in the Hausdorff metric. By considering the
preimages of p1(B1) under h, it follows that for each component W of A and each
component J, of OW, ¢1(J,) is semi-buried from (W) under h.

Let Jy be a Julia component of f. In the following we prove that ¢1(Jp) is a
Julia component of h. Indeed, since A = J(f), for any zp € ¢1(Jy) and any open
neighborhood U of zy, there exists z; € U and a minimal ¢ > 0 such that hoe(zl) €
©1(D(B)). Since z; will be attracted by the 2-cycle {0, 00} under h eventually while
the orbit of zg is contained in ¢1(.Jp), this implies that {h°*}cy is not equi-continuous
in U. Hence zg € v1(Jp) C J(h). On the other hand, if ¢1(Jy) is a proper subset of
a Julia component J’ of h, then there exists z € J' \ o1 (Jo) such that p;'(z) € A.
However, by this is impossible. Hence ¢1(Jy) is a Julia component of h which
is semi-buried under h from every component of 1 (.A). O

3.4. From semi-buried to buried. We have assumed that f has infinitely many
Fatou components. If each attracting basin of f has infinitely many components,
one can perform the same surgery as above in each attracting basin and Theorem
can be proved directly in this special case (this will be discussed in a moment).
However, we also needs to consider the case that some attracting basin consists of
only finite many components. By Lemma (b), we assume that f has infinitely
many Fatou components and also a completely invariant Fatou component which is
super-attracting.

Let h be the rational map obtained in Corollary [3.:3] In this section, we perform
the surgery on h to obtain a rational map g and one can see that the semi-buried
Julia component of h can be transferred to a fully buried Julia component of g.

By changing coordinates if necessary, we assume that 1 is the super-attracting fixed
point in the completely invariant Fatou component of f. By Corollary [3.3] h has a
completely invariant Fatou component B which is infinitely connected and contains
the super-attracting fixed point 1. According to Bottcher’s theorem, there exist a
simply connected domains U C B and a conformal map (;5 U — D5 with 7 € (0,1),
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such that B
¢oh(z) = (4(2))?, forzel,
where d = deg(h\ﬁ) > 2. Moreover, dU is a subset of B containing a critical point of

h. Similar to E the potentialeunction L in B and the equipotential curves in B
can be defined accordingly. Let V be the Fatou component of i containing co.

Lemma 3.5 (holomorphic covering between disks II, see Figure 4] ' Let m be an
integer satzsfymg m > d/(dl/@d 2) _ 1). Then there exist equipotential curves 71,
a, B, cU surrounding 1 with L('yl) > L(&) > L(B) > L(32) and a holomorphic
branched covering map H : D(a) — C \ D(%2) satisfying the following conditions:

(a) H(1) = 0o and : D(a) \ {1} = C\ D(32) is a degree m covering map;

(b) H(@) = 3, and H(B) — 7, where 7] is a real-analytic Jordan curve in V
separating oo from OV such that C \ D(7)) is contained in V; and

(¢) The closed annulus A(B,51) is disjoint with the critical grand orbits of h.

The proof of Lemma [3.5|is completely similar to Lemma [3.2] by setting 72 = h(71)
(see also [WY20, Lemma 2.1]). We omit the details.

Figure 4: In the dynamical plane of A, some curves in the definition of H: D(a) —
C \ D(72) are marked.

Based on Lemma we define:
hz) if zeC\ D),

G(z) := H(z) ifze€ 12(&),
C(z) ifze Ala,71),

where C : A(a,¥1) — D(72) is a continuous map satisfying

. 5~ : A(a,71) — D(72) is a quasi-regular and branched covering map of degree
d+m;and N
e (|5, =hand (|lg=H.
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Then G : C—Cisa quasi-regular map of degree d + £ + m. As before, the existence
of ( is also guaranteed by the annulus-to-disk quasi-regular interpolation.

Corollary 3.6. There exists a quasiconformal mapping @2 : C—C fixing 0, 1 and
oo such that g := pa0G o cpgl s a rational map of degree d + £ + m satisfying
e g has a 2-cycle of super-attracting Fatou components containing the 2-cycle
{0,00}; and
e The closed annulus p2(A(F1, B)) is disjoint with the forward orbits of the crit-
ical values of g.

Proof. Define the open set Eo := V U h(V). By Lemma G(E3) C Ey and G
is holomorphic in E» U (C\ G™2(E3)). Then the result follows by Lemmas and
3.0l [l

Based on Lemma and Corollary the following result can be proved com-
pletely similar to Proposition

Proposition 3.7. Every component of @2(8ﬁ) is a Julia component of g which is
semi-buried from p2(U) under g.

Now we can give a proof of Theorem [A]in Case I, i.e., when f has infinitely many
Fatou components.

Proof of Theorem[4] in Case I. For the necessity, i.e., if f has a parabolic basin or a
rotation domain, then one cannot find a rational map g such that g has a family of
buried Julia components on which g is quasiconformally conjugate to f on J(f). The
proof is based on the analysis of local dynamics near parabolic fixed point and the
boundary of rotation domains. For details, see [WY20, p.7307]. For the sufficiency,
suppose that f is a rational map of degree d > 2 having no parabolic basins and
rotation domains whose Julia set J(f) is disconnected.

Case I.1. We first consider the case that each attracting basin of f has infinitely
many components. By Lemma [2.2] we assume that each attracting basin is super-
attracting. Then by Lemma Corollary [3.3] and Proposition [3.4], one can perform
the same surgery in each super-attracting basin of f to obtain a quasiconformal
mapping @ : C — C and a rational map E, such that

e For each Fatou component W of f and each component J, of OW, &(Jy)
is semi-buried from @(W) under ﬁ, and in particular, every component of
?(J(f)) is a buried Julia component of h; and

o [ J(f) = J(f) is conjugate to h : (J(f)) = B(J(f)) by a restriction of

Since f has at most 2d — 3 attracting basins, it follows from Lemma that deg(ﬁ)
can be chosen such that it is less than a number depending only on d.

Case 1.2. Next we consider the case that each attracting basin of f has infinitely
many components Aq, ---, A, except a completely invariant attracting Fatou com-
ponent A By Lemma we assume that each attracting basin is super-attracting.
By Lemma Corollary [3.3] and Proposition [3.4] one can perform the same surgery
in each A1, ---, A, to obtain a quasiconformal mapping @ : C — C and a rational
map ﬁ, and then by Lemma Corollary and Proposition we perform the
surgery in @(.Z) to obtain a quasiconformal mapping ¢ : C — C and a rational map
g such that
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e For each Fatou component W of f and each component J, of W, ¢(J,)
is semi-buried from ¢(W) under g, and in particular, every component of
©(J(f)) is a buried Julia component of g; and

o f: J(f) = J(f) is conjugate to g : p(J(f)) = @(J(f)) by a restriction of

p:C—C.
Since f has at most 2d — 3 attracting basins, it follows from Lemmas [3.2] and [3.5] that
deg(g) can be chosen such that it is less than a number depending only on d. U

Remark. By changing the order of perturbations, the above Case 1.2 can be proved
in another way, i.e., one first maps the super—attractlng periodic points in A; to A and
then maps the super-attracting fixed point in A back to Aj;. Figure |1] is generated
by this idea.

4. BURYING JULIA SETS WITH ONLY ONE FATOU COMPONENT

In this section, we assume that f is a rational map of Case II, i.e., it has exactly one
Fatou component B which is completely invariant, and moreover, B is an attracting
basin whose boundary is disconnected. By Lemma without loss of generality,
we assume that B is super-attracting. We will perform a surgery on f to obtain a
rational map which is considered in the previous section.

Since J(f) = OB is disconnected, up to changing coordinates, we assume that f
has a critical point co in B whose forward orbit is infinite:

oo 0= 1.

Moreover, there exists a small Jordan disk {2; containing 1 with smooth boundary
such that

e 2 \ {1} is disjoint with the critical orbit of f; and

e Qo NQ; =0, where Q) is the component of f~!(€1) contains 0.
Then f: Qoo \ {00} = Qo \ {0} and f: Qo \ {0} — Q;\ {1} are covering maps, where
Qo is the component of f~1(£)) contains co. Moreover,

(o) N (o) = 0,  for any m # n.

Lemma 4.1 (see Figure 5)). There exist smooth Jordan curves 1, a, B in Qg \ {0}
separating 0 from 0, a Jordan curve vo in Q1 \ {1} separating 1 from 94, a Jordan
curve n in Qoo \ {00} separating oo from 00, and a conformal map F : D(a) —
C\ D(2) such that F(0) = oo and F(f) = 1.

Proof. Let 2 be a smooth Jordan curve in 2 separating 1 from 9€;. Let v be the
component of f~1(73) in Qp. Let a and B be two smooth Jordan curves in D(v)
such that « separates 0 from 4, and 3 separates 0 from «. Let F : D(a) — C\ D(72)
be a conformal map such that F'(0) = co. Then n = F(f3) is a smooth Jordan curve
separating oo from ~s. In fact, we can choose § sufficiently close to 0 such that 7 is
a Jordan curve in Q. O

Based on Lemma similar to §3.2| we define:

f(2) 1f26(C\E( 1),
H(z):=< F(z) ifze€ D(a),
C(z) if z € A(a,m),

where ¢ : A(a,71) — D(72) is a continuous map satisfying
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Figure 5: In the dynamical plane of f, some curves in the definition of F': D(a) —
C\ D(v2) are marked.

e (: A(a,71) — D(72) is a quasi-regular and branched covering map of degree
deg(flo) + 1, where deg(f|o) is the local degree of f at 0; and
e (|, =fand(la=F.
Then H:C - Cis a quasi-regular map of degree d 4+ 1. As before, the existence of
(¢ is also guaranteed by the annulus-to-disk quasi-regular interpolation.

Corollary 4.2. There exists a quasiconformal mapping ¢ : C—C fixing 0, 1 and oo
such that h := @ o H o o' is a rational map of degree d + 1 satisfying

e h has a 2-cycle of super-attracting points {0,000} whose attracting basin con-
sists of infinitely many Fatou components; and
e Fach component of p(J(f)) is a Julia component of h.

Proof. Let zy be the super-attracting fixed point in B. There exists a small Jordan
disk Uy containing zo such that f(Ug) C Uy and Uy is disjoint with ;. We define an
open set
E = U f(D(y2)) U Up.
n=0

By Lemma u, H(E) C E and H is holomorphic in EU ((@ \ H71(E)). By Lemma
there exists a quasiconformal mapping ¢ : C—C fixing 0, 1 and oo such that
h := @ o H o ™! is rational map of degree d + 1 having a 2-cycle of super-attracting
points {0, co}.

Let By and B, be the Fatou components of h containing 0 and co respectively.
Then By C ¢(D(a)) and By C (o). Denote X := (J,0 [ "(0). Then X
consists of infinitely many disjoint Jordan disks and each component of ¢(X) contains
a Fatou component which is the preimage of By. This implies that attracting basin
of {0,000} consists of infinitely many Fatou components.

For any Julia component Jy of f and any neighborhood U of ¢(Jp), there exists
z € U whose forward orbit is attracted by the super-attracting fixed point ¢(zg) of
h. This implies that ¢(Jp) is contained in the Julia set of h. Note that J(h) C
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o(J(f))Uep(X). Let J' be the Julia component of h containing ¢(.Jy). Then we have
J" = p(Jp), i.e., each component of ¢(J(f)) is a Julia component of h. O

Proof of Theorem [4] in Case II. We only consider the sufficiency. Suppose that f
is a rational map of degree d > 2 having exactly one Fatou component B which
is completely invariant, and moreover, B is an attracting basin whose boundary is
disconnected. By Corollary we obtain a rational map h of degree d + 1 and a
quasiconformal mapping ¢ : C — C such that

e Every component of ¢(J(f)) is a Julia component of h;

o f:J(f) = J(f) is conjugate to h : p(J(f)) = @(J(f)) by the restriction of
p; and

e h has infinitely many Fatou components.

Therefore, one can perform the same surgery in the previous section to h and obtain
a rational map g and a quasiconformal mapping @ : C — C such that

o f:J(f) — J(f) is conjugate to g : @(J(f)) = @(J(f)) by the restriction of
@; and
e o(J(f)) are buried Julia components of g.
Since h has degree d + 1, it follows that the degree of g can be chosen such that it is
less than a number depending only on d. O

Remark. If f has exactly one Fatou component which is completely invariant and
J(f) has a non-singleton component, then one can also use the same method as in
[WY20, §5] to prove Theorem [Al However, if J(f) is a Cantor set, then the method
there cannot work.

5. PROOF oF THEOREM [B]

In this section, we study the conformal dimension of Cantor circle Julia sets and
prove Theorem

5.1. Geometries of Cantor circle Julia sets. The dynamics of rational maps
with Cantor circle Julia sets has been studied extensively. See [McMSS|, [HP12],
[QYY15], [QY21] and the references therein. In this subsection we recall all possible
combinations of the rational maps whose Julia sets are Cantor circles. For details,
see [QYY15] and [QY21].

Let f be a hyperbolic rational map of degree d > 2 whose Julia set is a Cantor
set of circles. Note that the complement of any Cantor circle Julia set (i.e., the
Fatou set) consists of two simply connected components and countably many nested
doubly connected components. Without of loss generality, we assume that the two
simply connected Fatou components of f, denoted by Dy and D, contain 0 and oo

respectively.
Note that all the doubly connected Fatou components of f are iterated to Dy or
Do eventually. For n > 2, let Dy, ---, D,_1 be the annular components such that

f Y (Do U Dyo) = Dy U Do U U?;ll D;, where {D;}1<;<n—1 are labeled such that D;
separates D from D;» for all 0 < 7/ < i <’ <n—1. Let A; be the annulus between
D;_1 and D;, where 1 <7 <n—1 and A,, the annulus between D,,_1 and D,,. Then
f71(A) = UL, A;, where A = C\ (Do UDs). See Figure @

Note that f|4, : A; — A is a covering map and we suppose that deg(f|a, : 4 —
A) = d;, where 1 < @ < n. Then deg(f|p, : Di — Do or Ds,) = d; + dit1, where
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Figure 6: The structure of the Cantor circle Julia sets on the Riemann sphere.

1 < i< n—1. Moreover, deg(f|p,) = di and deg(f|p..) = d,. The map f belongs
to one of the following three types.

Type I f(Dy) = Do, f(Ds) = Do and n > 2 is even. Moreover,

n/2 (n—2)/2
fH(Dy) = U Doi—1 and f~'(Dso) = Dy U Do U U Dy;.
i=1 =1
Type II: f(Dy) = Dy, f(Ds) = Do and n > 3 is odd. Moreover,
(n—1)/2 (n—1)/2
f_l(Do) = DO U U Do; and f_l(Doo) =Dy U U Doy;_1.
i=1 =1
Type III: f(Dy) = Do, f(Doo) = Do and n > 3 is odd. Moreover,
(n—1)/2 (n—1)/2
f1 (Do) = Do U U Dai—1 and f (Do) = Do U U Doy;.
i=1 i=1

Note that f=*(A) = JI_, 4; and each A; is essentially contained in A. It follows
from Grotzsch’s module inequality that

n n 1
Zdi:d and Zdj <1 (5.1)
=1 =1
It is easy to check that for n > 2, (5.1)) has a solution if and only if d > 5.

Definition (Combinations of Cantor circles). Let € be the collection of all the com-
binations with the form C = (k;dy,--- ,d,), where k € {I,ILIII} is the type, the
array of positive integers (dy,--- ,dy) satisfies (5.1)), and

. even if kK =1,
n>=2is
odd if kK =11 or III.

For a hyperbolic rational map f with Cantor circle Julia set, there exists at least
one combinatorial data C(f) = (k;dy, -+ ,d,) € € corresponding to f. Moreover,
each combination C = (k;dy,- - ,dy) € € can be realized by a hyperbolic rational
map [QYY15] (see also [HP12]). Let H¢ be the set of all hyperbolic rational maps
whose Julia sets are Cantor circles. The following result was proved in [QY21, §5.1].

Lemma 5.1. If f € H¢ has the combination C = (k;dy,--- ,d,) € €, then the
conformal dimension of J(f) is

dime(J(f)) =1+ agy - d,»
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where o = oy, ... 4, € (0,1) is the unique positive root of

i=1
5.2. Buried Cantor circle Julia sets. Let f be a hyperbolic rational map of degree
d > 5 whose Julia set is a Cantor set of circles. It is easy to see that a Julia component
Jo of f is buried if and only if Jy is not a preimage of 3Dy and 0D4,. The following
result implies that one may extract subsystem of Cantor circles from the rational
maps with “big” Cantor circles.

Lemma 5.2. If f € H¢ has the combination C = (k;dy, -+ ,dy) € €, where n > 4,
then there exists g € He with the combination C' = (k';dy,---,d),) € €, where
2 <m < n—1, and a quasiconformal mapping ¢ : C — C such that o(J(g)) are buried
Julia components of f and g : J(g) — J(g) is conjugate to f : ¢(J(g)) = ¢(J(g)) by
the restriction of ¢. In particular, g can be chosen such that

o Ifk=1,then C' = (I;dp—1, - ,ds);

o If k=11, then C' = (IlL;dy, -+ ,dp—1); and

o Ifk =111, then C' = (I;dg, - -+ ,dp—1).
Proof. To clarify the construction, we only prove the case that x = II since the rest
cases are completely similar. Let vy be a smooth Jordan curve in Dy separating 0

from 0Dy and let 7o be a smooth Jordan curve in D, separating oo from 0D.
There exist two holomorphic branched covering maps

Fy:DyUA; - C\D(1s) and Fu: Do U A, — D(7p)

satisfying the following conditions:

e Fy(0) = o0 and Fy : Do U A1\ {0} = C\ D(7s0) is a degree dy covering map;
o Fio(oo) =0and Fy : Do UA, \ {00} — D(79)\ {0} is a degree d,,_; covering

map.
We define:
f(z)  ifz€C\(DyUAUDIUD, 1 UA, UDy),
G(Z) — Fo(z) if z€ DyU Ay,

Fyo(z) ifz€ Dy UA,,
¢(2) if € Dy UDy_1,

where ¢ : D1 = A(0Dwo,Voo) and ¢ : Dy1 — A(70,0Dp) are annulus-to-annulus
quasi-regular interpolations of degrees do and d,,_1 respectively, such that G : C—C
is a quasi-regular map of degree ds + - - - + dj,—1.

We define an open set £ := Do U A1 U Dy U A,. Then G(E) C E and G is

holomorphic in E U (@ \ G~Y(F)). By Lemma there exists a quasiconformal

mapping ¢ : C — C fixing 0, 1 and oo such that g := ¢ 0o G o ! is a rational map

of degree dy + - - - + d,,—1 having a 2-cycle of super-attracting points {0, co}.
According to the surgery construction, by a similar argument to [WY20), Propo-
sition 6.5, the Julia set of g is a Cantor set of circles and g has the combina-
tion ¢’ = (II;dg, -+ ,dn—1). Moreover, ¢(J(g)) are Julia components of f and
g:J(g) — J(g) is conjugate to f : ¢(J(g)) — ¢(J(g)) by the restriction of ¢ = p~ 1.
Finally, ¢(J(g)) are buried Julia components of f since the forward orbit of ¢(.J(g))
under f is disjoint with 9Dy U D. 0
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Remark. Lemma [5.2| can be seen as an inverse surgery procedure of burying Julia
sets in §3] and §4. Moreover, by using a similar surgery as above, the rational map g
can be chosen such that if C = (III;dy,--- ,d,) € €, where n > 3 is odd, then g € H¢
has the combination C' = (I;dy, -+ ,dy—1) € €; If C = (I;dy,--- ,dy,) € €, where
n >4 is even, then g € H¢ has the combination ¢’ = (Ill;dy, -+ ,d,—1) € €.

Proof of Theorem[B, Let fy be a hyperbolic rational map whose Julia set is a Cantor
set of circles with the combination Cyp = (I;3,3) € ¥. Such fp can be chosen as
fo(z) = 23 + )\/23, where X # 0 is small enough (see [McMS88] and [DLU05]). For
n > 1, we define a sequence of combinations as following

Cn = (Ldn’ 7d173737d17'“ 7d”)’

21 Zn: =
3 i '

Let f, be a hyperbolic rational map whose Julia set is a Cantor set of circles
with the combination C,, where n > 1. The existence of such f,,’s are guaranteed
by [HPI12] (see also [QYY15| for specific examples). By Lemma there exists a
sequence of quasiconformal mappings (¢, : C — @)n20 such that ¢, (J(f,)) are buried
Julia components of f,+1 and f,, : J(fn) = J(fn) is conjugate to fr11 : on(J(fn)) —
&n(J(frn)) by the restriction of ¢,,. By Lemma for n > 0, the conformal dimension

of J(fn) is

where

dime(J(fn)) = 1+ an,
where ay, € (0,1) is the unique positive root of

In particular dimeo(J(fo)) = 1+ log2/log 3.
If we choose the sequence (dy)n>1 such that it grows to oo very fast, then there
exists a constant sy < 1 such that «a,, < sg for all n > 1. Indeed, one can choose

d, =9" and sg=log(v3+1)/log3.

If we choose the sequence (d,,),>1 such that it grows to oo suitably, then one can
obtain that lim,,_,~ a;,, = 1. Indeed, one can choose

d, = 3" forall n > 1.

The proof is complete. O
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