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Singular perturbation and dimension

Singular perturbation and McMullen maps

Consider a singular perturbation of the unicritical polynomials
A
H(z) =29+ —5» Where p>2,g>2, A € C\{0}.
z

fa :C — C is called the McMullen family, since McMullen studied this family
first in 1988.
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Singular perturbation and McMullen maps

Consider a singular perturbation of the unicritical polynomials
A
H(z) =29+ —5» Where p>2,g>2, A € C\{0}.
z

fa :C — C is called the McMullen family, since McMullen studied this family
first in 1988.

Some basic properties (and definitions):
@ 0 and oo are critical points, 3 (0) = oo = f;(e0);
@ Let T, and Bj be the Fatou components containing 0 and oo respectively;
@ free critical points: @; = p*{’/memj/(”*q), where 0 <j < p+gq;
@ The dynamics of f; depends on the one of the free critical orbits.
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Singular perturbation and dimension

Escape Trichotomy Theorem

Theorem (Devaney, Look and Uminsky, 2005)

Suppose that the free critical points of f, are attracted by oo. Then one and only
one of the following three cases happens:

Q f)(w;) € By, for some j, then J) is a Cantor set;
o
(=]

@ Cantor set: compact, perfect and totally disconnected
o
o
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one of the following three cases happens:

Q f)(w;) € By, for some j, then J) is a Cantor set;
@ f(wj) € T, # B, for some j, then J, is a Cantor set of circles;
Q f¥(wj) € T) # By, for some j and k > 2, then J; is a Sierpinski carpet.

Moreover, if the orbit of w; is bounded, then J(f;) is connected.

@ Cantor set: compact, perfect and totally disconnected
@ Cantor circles: Cantor set x unit circle

@ Sierpinski carpet: compact, connected, locally connected, has empty
interior, and the complementary domains are bounded by pairwise disjoint
simple closed curves
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lar perturbation and dimension

Parameter plane of

fii(z)=23+1/28
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Singular perturbation and dimension

Question:

What the values of the Hausdorff dimensions of these three kinds of Julia sets?

Cantor set Cantor circles Sierpinski carpet
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Singular perturbation and dimension

Question:

What the values of the Hausdorff dimensions of these three kinds of Julia sets?

For hyperbolic cases:

0<dimy <2 1<dimy <2 1<dimy<?2

Cantor set Cantor circles Sierpinski carpet
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Main result

Main result

Theorem (Y., Qiu-Ren-Y., Fu-Y., 2018)
We have

@ dimy(Cantor Julia sets) can take any value in (0,2];
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Theorem (Y., Qiu-Ren-Y., Fu-Y., 2018)
We have
@ dimy(Cantor Julia sets) can take any value in (0,2];
@ dimy(Cantor circle Julia sets) can take any value in (1,2);
@ dimpy(Sierpinski carpet Julia sets) can take any value in (1,2].

Moreover, there exist Sierpinski carpet Julia sets with positive area, and Sierpinski
carpet Julia sets with zero area but with Hausdorff dimension two.

Remark: these results are sharp.

Except: We don't know the existence of Cantor Julia sets with positive area.
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Cantor Julia sets

Cantor Julia sets

Some facts:

@ Garber (1978) and Stallard (1994): dimy(J(f)) > 0, where f is a non-constant,
non-linear meromorphic function.
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@ Bodart and Zinsmeister (1996): limc_,dimy(J(z%+¢)) = 0.

@ Shishikura (1998): sup.cc\pdimp(J(2%+¢)) = 2.

@ Ruelle (1982): dimy(J(f)) depends real-analytically on hyperbolic rat. maps.
@ dimy(hyperbolic Cantor Julia sets) can take any value in (0,2).

Theorem (Y., 2018)

There exist cubic polynomials whose Julia sets are Cantor sets having Hausdorff
dimension two.

Remark: such Cantor Julia sets have zero area.
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Cantor Julia sets

Shishikura's criterion

Theorem (Shishikura, 1998)

Suppose that a rational map fy of degree d > 2 has a parabolic fixed point zy with
multiplier €2™P/4 (p, 9 €Z, (p,q) =1) and that the immediate parabolic basin of zy
contains only one critical point of fy. Then for any € >0 and b > 0, there exist a
neighborhood 4 of fy in the space of rational maps of degree d, a neighborhood V' of
zg in C, positive integers N1 and Ny such that if f € 4, and if f has a fixed point in V
with multiplier e2™% where .

1
a;+ Pyl

with integers a; > N1, a > No and e C,0<Ref <1,

qou=p*

ImB| < b, then

dimp(J(F)) > 2 —¢.

lT [N S ¢I

11 1 1 1 1
Ni T Ni+1 T Ni+2 Ni+2 Ni+1 Ny

o —

Figure: The domain of a, where p=0 and g=1.
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Cantor Julia sets

Branner-Hubbard's characterization on cubic poly.

P.p(z)=2z3—-3a%z+b

Figure: The space £ T({) for some § > 1. The set Z1({) C £ (¢) has been drawn
and zoomed in several times. The copies of the Mandelbrot set and some decorations
of the point components of 27 ({) can be seen clearly.
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Cantor Julia sets

Branner-Hubbard's characterization on cubic poly.

P.p(z)=2z3—-3a%z+b
- The critical point +a escapes faster
¢ € C\D is the Bdttcher coordinate of the co-critical point —2a

Figure: The space £ T({) for some § > 1. The set Z1({) C £ (¢) has been drawn
and zoomed in several times. The copies of the Mandelbrot set and some decorations

of the point components of 27 ({) can be seen clearly.
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Cantor circle Julia sets

Cantor circle Julia sets

Some facts:

© Qiu-Y.-Yin (2015): All cantor circle Julia sets are hyperbolic or parabolic.
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@ Zdunik (1990):
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Cantor circle Julia sets

Cantor circle Julia sets

Some facts:
© Qiu-Y.-Yin (2015): All cantor circle Julia sets are hyperbolic or parabolic.
@ Urbanski (1994), Yin (2000): dimy(geom. finite Julia sets) < 2.
© dimy(Cantor circle Julia sets) can take any value very close to 2.
@ Zdunik (1990):
dimy(Julia set (non-circle or interval) with a non-degenerate continua) > 1.

@ Haissinsky-Pilgrim (2012): The lower bound o of dimy(Cantor circle Julia sets) is
determined by the combinatorics.

n 1\« n 1
Yy (?> =1, where } — <1, and « is the conformal dimension
i=1 i i=14i
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Cantor circle Julia sets

Theorem (Qiu-Y., 2018)
Let 77 be a hyperbolic component containing a rational map fy whose Julia set

J(fy) is a Cantor set of circles. Then

fien;fdimH(J(f)) =dimc(J(fh)) and feujp;dimH(J(f)) =2.
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Cantor circle Julia sets

Theorem (Qiu-Y., 2018)

Let 77 be a hyperbolic component containing a rational map fy whose Julia set
J(fy) is a Cantor set of circles. Then

fien;fdimH(J(f)) =dimc(J(fh)) and feujp;dimH(J(f)) =2.

Theorem (Qiu-Ren-Y., 2018)
Let fy(z) =z9+A/zP, where 1/p+1/q < 1. Then

lim dlmH(J(fl)) = 1+ap,q,
A—0

where 0, o = o0 € (0,1) is the unique positive root of p~*+q~% = 1.

Moreover, if p=qg > 3 then

, log2 22P+1og(2p) , 12 2(1-2)
— < .
dimn(J(5)~ (1+ 252 )| < 27 BECRl 3 o2 -3
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Cantor circle Julia sets

The proof idea

e

Ingredients in the proof:
@ Decompose the dynamics of f; to an IFS;
@ Koebe's distortion theorem on the estimation of contraction factors;
© Falconer’s criterion on the Hausdorff dimension of the attractor of the IFS;

@ Put the calculation on the logarithm plane.
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Sierpinski carpet Julia sets

Sierpinski carpet Julia sets

Some known results:
@ Zdunik (1990): dimpy(Sierpinski carpet Julia set) > 1.
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Sierpinski carpet Julia sets

Some known results:
@ Zdunik (1990): dimpy(Sierpinski carpet Julia set) > 1.

@ Barariski-Wardal (2015): For f) ,(z) = zP + /2P with p > 2, there exists A = 1(p)
such that J(f; ;) is a Sierpinski carpet, and limp e dimy(J(f; 5)) =1.

© Buff-Chéritat (2012), Avila-Lyubich (2015): There exist quadratic Julia sets with
positive area.

@ Qiu-Wang-Yin (2012): There exists renormalizable parameters A's such that the
Julia sets of f(z) = zP + A /zP with p > 3 are Sierpinski carpets.
Theorem (Fu-Y., 2018)

Let S be a Sierpinski carpet hyperbolic component (actually holds for the hyperbolic
Julia sets with a simply connected attracting basin). Then

sup dimy(J(f)) =2.
fex
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Sierpinski carpet Julia sets

Sierpinski carpet Julia sets

Theorem (Y.-Yin, 2018, a refinement of Shishikura's result)

There exist non-renormalizable quadratic polynomials whose periodic points are
all repelling and whose Julia sets have Hausdorff dimension two. Moreover, such
parameters are dense on the boundary of the Mandelbrot set.
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Theorem (Y.-Yin, 2018, a refinement of Shishikura's result)

There exist non-renormalizable quadratic polynomials whose periodic points are
all repelling and whose Julia sets have Hausdorff dimension two. Moreover, such
parameters are dense on the boundary of the Mandelbrot set.

Lyubich, Shishikura (1991): such Julia sets have zero area.
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Sierpinski carpet Julia sets

Sierpinski carpet Julia sets

Theorem (Y.-Yin, 2018, a refinement of Shishikura's result)

There exist non-renormalizable quadratic polynomials whose periodic points are
all repelling and whose Julia sets have Hausdorff dimension two. Moreover, such
parameters are dense on the boundary of the Mandelbrot set.

Lyubich, Shishikura (1991): such Julia sets have zero area.

Theorem (Fu-Y., 2018)

There exist Sierpinski carpet Julia sets with zero area but with Hausdorff
dimension two.
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Related topics

Related topics

One may consider the Lebesgue area and the Hausdorff dimension of some special
Julia sets (or subsets):

@ degenerated Sierpinski carpets;
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THANK YOU FOR YOUR ATTENTION !
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