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(Chapter 3)
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3 Differential geometry of vector bundles

3.1 Metrics, connections and curvatures

Definition 3.1. Let E — X be a complex vector bundle of rank r over a smooth manifold X.
A smooth Hermitian metric on E is an assignment of Hermitian inner products hp(-,-) =<

-+ >, on each fiber E,, such that if £, 11 are smooth sections of E over an open set U, then
h(,n) € C=(U;C).

If U is a local triviliazation neighborhood of E via ¢y : n7'(U) — U x C’, then we
can define r smooth sections of E over U:

eo(p) = 0 (p,0,...,0,1,0...,0).

Then at any point p € U, {e,(p)},,_, is a basis of E,. We call {e,}! _, alocal frame of E over
U. Note that when E is a holomorphic bundle and (U, ¢) a holomorphic trivialization,
then these e,’s are also holomorphic sections, and we call it a holomorphic frame.

If £ is a smooth section over U, then we can write in a unique way & = &%,, with
£, € CT(U;C),a = 1,...,r. If we define the (positive definite) Hermitian matrix-valuded
smooth functions: &,z := h(e,, e), then we have

h(é,m) = h(Eeq, 1 ep) = hopé' TP .

Sometimes, we also denote the matrix-valued smooth function (/,3) by h. Hopefully this
will cause no confusion.

Notation: We shall denote the space of smooth sections of E over U by C*(U; E).
When E is a holomorphic bundle, the set of holomorphic sections over U is denoted by
I'(U;E)or OE)U).

Definition 3.2. A connection on a smooth rank r complex vector bundle over a manifold
Xisamap D : C°(X;E) —» C*(X, T*°X ® E) satisfying :

1. D is C-linear;
2. (Leibniz rule) D(f¢é) =df @&+ fDE VYV f € CO(X;C), & € C(X E).

If {e,} is a local frame, then we can define a family of local smooth 1-forms eﬁ e A (U)
satisfying:
De, = ® eg.

Sometimes we just write De, = ngﬁ for short. We call these {Qf,} “connection one-forms”.
For € = é%¢, € C*(U; E), we then have

D¢ = D(¢%e,) = (dE° + EG)e,.
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Convention: We always regard £&* as a column vector, and for ¢ we always regard the
upper index as line index and the lower index the column index.

So if we identify & with its coordinate representation with respect to the frame {e,},
then we can write D¢ = dé + 6&, or D = d + 6. Physicists always use this way to represent
a connection.

We can extend the action of D to bundle-valued differential forms. We write A*(X, E) :=
C*(X; A*T*°X ® E). Then we define D : A¥(X, E) — AM!(X, E) by

D(pé) := (dp)¢ + (-1)'p A DE,

where ¢ is a C-valued k-form and £ is a smooth section of E.

Definition 3.3. We define the curvature of D to be ® := D* : A°(X; E) — A*(X, E).

If  is a smooth function and ¢ € A°(X, E), we have

O(fé) = D(fé + fDE)
= d(df)é —df A DE+df A DE+ fD*¢
= fO(&).

Locally if we define the 2-forms @ by
BO(e,) = Oeg.
Then we have

05 = O(£%e,)
= £"0(ea)
= @gfﬁea.

From this, we conclude that ® € A%(X, End(E)).
We can also represent @ in terms of 6;:

©®’es = D(De,) = D(0e,)
=d6e, — 6" A De,
= ngeﬁ - Qg AN 9‘;63
= (d6f, + & A O))ep.

So we get
O = db; + 6 A 923/,
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or ® = d6+ 6 A6 for short. Note that our sign convention is different from Griffiths-Harris,
since they regard the upper index as the column index.

We now study the change of connection forms and curvature forms under the change
of frames.

Suppose {é,} is another local frame on U, then we can write é, = aﬁeﬂ, where (aﬁ) isa
GL(r,C)-valued smooth function on U. (When both frames are local holomorphic frames
of a holomorphic bundle, then () is a GL(r, C)-valued holomorphic function on U.) The
new connection forms and curvature forms are denoted by 8 and . We have

0é, = D, = D(dep)
=ddles + agegey
= (dd® + ijag)eﬁ.

On the other hand, the left equals

éga'f;eﬁ.
So we get
ad = da + Oa,
or
6 =a'da+a'ba. 3.1

From this, we get
O=di+0n0
=d(a'da+a'0a) + (a 'da + a'0a) A (a"'da + a"'0a)
=—a'dana'da—a'dana'0a+a'dba—a 'O Ada
+a'dana'da+a'dana'Oa+a'OANda+a ' A6ba

=a '(d6 + 6 A O)a.

So we conclude
®=a"'0a. (3.2)

From this, we can construct a family of globally defined differential forms:

V=1
det(l, n 2—@) =1 +¢,(E,D)+ -+ c,(E, D),
JT

where c;(E, D) € A%*(X) is called the “k-th” Chern form of E associated to the connection
D.

In physicists’ language, a connection is a “field”, the curvature is the “strength” of the
field, and choosing a local frame is called “fixing the gauge”. The reason for these names
comes from H. Weyl’s work, rewriting Maxwell’s equations. The “vector potential” and
“scalar potential” together form the connection 1-form, and the curvature 2-form has 6
components, consisting the components of the electric field and the magnetic field.
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3.2 Chern connection on holomorphic vector bundles

In general, there is no “canonical connections” on a given vector bundle with a smooth
Hermitian metric. However, if the bundle is a holomorphic vector bundle, there is indeed
a canonical connection, called the “Chern connection’:

Theorem 3.4. On a given holomorphic vector bundle E with a smooth Hermitian metric
h, there is a unique connection D, called the “Chern connection” satisfying the following
two additional conditions:

1. (Compatibility with the metric) If £, n are two smooth sections, then we have
dh(&,n) = (D&, n) + h(&, D).
2. (Compatibility with the complex structure) If ¢ is a holomorphic section of E,
then D¢ is a E-valued (1, 0)-form.
Proof. We first prove the uniqueness part. Let {e,}_, be a local holomorphic frame, and
the connection 1-form with respect to this frame is (05) I<ap<r» Satisfying De, = eﬁe,,. By
the compatibility with complex structure, each 9§ is a smooth (1, 0)-form. Now we use the
compatibility with metric to get
dh,z = h(De,, eg) + h(e,, Deg)
On the other hand, we have dh,z = 0h,; + éhaﬁ. Comparing types, we get 0h = 6'h, so
0" = Oh-h~'. Denote h™! = (W#®), then we can rewrite this as
95 = h?ﬂahav.

Also, since h' = h, the (0, 1)-part gives the same equation. This proves the uniqueness.

For existence, we simply set locally &’ := h"Pdh,;, and define for s = fPeq:

Ds = (df* + fﬁﬁg)ea.

We need to check that this is globally well-defined. For this, if &, = ageﬁ is another
holomorphic frame on V with U NV # 0. Then a is a holomorphic matrix. We have
h = a'ha, so we have 8 := (B")"'0h' = a'da + a~'0a. Since s = f*&, = f®e,, we have
f=alf,so

e(df +0f) = ea(~a 'daa™ f + a”'df + a ' 0aa”" f + a'Oaa”"' f)

=e(df + 0f).
So D is globally defined. It is direct to check that D is compatible with both the metric
and the complex structure of the bundle. O

It is worth pointing out that the line bundle case is particularly simple: if e is a local
holomorphic frame and we set & = h(e, e) > 0. Then the connection 1-formis 6 = h~'6h =
dlog h. Then the curvature is @ = df + 6 A § = df = ddlogh = ddlog h. It is already a
globally defined closed (1, 1)-form.



3.3 Chern classes

We give a very elementary introduction to Chern-Weil theory in this section, following
Professor Weiping Zhang’s book [3].

We first define a trace map tr : A%(X, EndE) — AK(X). For a EndE-valued form
n € AX(X, EndE), the trace of 7 is the k-form tr(57) obtained by tracing out the EndE
factor. Locally, we can write 1 as a matrix of k-forms, and tr(n) is just the trace of this
matrix. Or equivalently, we can write 7 as ) ; w; ® A; with w; a family of k-forms and A; a
family of local sections of EndE, and then tr(n) = ., tr(A)w;.

Another tool we shall use is the (super)-commutator, defined by [w ® A,n ® B] :=
(w A1) ®[A, B], where w, n are locally defined forms and A, B are local sections of EndE.
It is easy to see that

[wW®A,7® B] = WA A B — (=1)78@destDpp A A,

The appearance of the extra factor (—1)9¢@¢s ig the reason why sometimes it is called
a “super”’-commutator. We sometimes extend the definition: we define for the connection
Dand w®A: [D,w®Als := D(w ® As) — (=1)?€“ ¢ ® A A Ds.

We state two useful lemmas, whose proofs are left as exercises.
Lemma 3.5. If D is another connection on E, then D — D € A'(X, EndE).
Lemma 3.6. If P, Q are both EndE-valued differential forms, then tr[P, Q] = 0.

The first nontrivial lemma is:
Lemma 3.7 (Bianchi identity). We have [D, O =0, forany k € N.
Proof. Simply note that ® = D?, so [D, ®] = [D, D*] = 0. O
Exercise: Check that under local frames [D, ®] = 0 means d® = O, 9].

The next lemma is one of our key tool:
Lemma 3.8. For A € A*(X, EndE), we have

dtr(A) = tr[D, A].

Proof. First note that the left hand side is obviously independent of the connection. For
the right hand side, if we use another connection D, by Lemma3.5 and Lemma3.6, we have
tr[D,A] = tr[D — D, A] + tr[D, A] = tr[D, A]. So the right hand side is also independent
of the connection.
So we can in fact choose a trivial connection locally to carry out the computation: Let
Dy = d be a trivial connection on E|; — U, then
[Do, Als = Dy(As) — (=1)¥DA A Dys

= d(AP f")eg — (=1)"¥ VAP A dfey

= dAP fey.
Hence tr[Dy, A] = d tr(A). O



For any formal power series in one variable f(x) = ap + a1x + ..., we define f(Q) :=
ag+a®+---+q,0" € A*(X).

Theorem 3.9 (Chern-Weil). For f as above, we have:
1. dtrf(®)=0;

2. If D is another connection with curvature @, there is a differential form n € A*(X)
such that tr f(©) — tr f(©) = dn.

So the cohomology class of tr f(0®) is independent of the connection. We call it the “char-
acteristic class” of E associated to f, and tr f(0O) the corresponding “characteristic form”
of E associated to f and D.

Example 3.10. Since det(I, + 2£”1®) = exp (tr log(1, + g(a)). So c,(E, D) € A¥(X) are
all closed forms, whose cohomology classes are all independent of D. These are called
“Chern classes”. For example we have

V-1

T

c\(E,D) = tr®, ¢ (E,D) = #(rr(@% - (tr@)z).

Proof of Theorem 3.9: For the first conclusion, by Lemma3.8, we have

d trf(®) = tr[D, f(©)]
- Z atr[D, O = 0,
k

where we used Lemma3.7 in the last step.
For the second one, we choose a family of connections D, := tD + (1 — t)D. Then

. dD, -
D, := dtf =D -D e A'(X,EndE),
and 40, dD dD dD
O, =— =—2p +D— =[D,, — = [D,,D,].
t dl dl l‘+ tdt [ t dt] [ t t]

So we have (by Lemma3.6, we can change the positions of ® and ©)

d .

prud f(©) = tr(®.f(©,))
= tr([D;, D,11(©,))
Bi@chi

=" tr[D,, D.f'(©))]
=d tr(D,f'(®))).

So we conclude that tr £(®) — tr f(©) = d fol tr(D.f'(©,))d. O



3.4 Hermitian metrics and Kihler metrics

Let X be a complex manifold of dimension n. We denote the canonical almost complex
structure by J. A Riemannian metric g on X is called “Hermitian”, if g is J-invariant, 1.e.

g(Ju,Jv) = g(u,v), Vu,ve T;RX, Vxe X

As before, we extend g to T°X as a complex bilinear form. For simplicity, we also denote
this bilinear form by g. Then we have

g(Tl,O’ TI,O) — 0 — g(TO’l, TO,I)

and (Z, W) := g(Z, W) defines an Hermitian metric on the rank n holomorphic vector bun-
dle T'°X. Conversely, any Hermitian metric on 7'°X determines uniquely a J-invariant
Riemannian metric on X.

For an Hermitian metric g on (X, J), we define the associated Kéhler form w, by

w,(u,v) := g(Ju,v).
It is direct to check that w, is a real 2-form on X.

Definition 3.11. An Hermitian metric g on X is called a Kdhler metric, if dw, = 0. Its
cohomology class in HjR(X) is call the “Kdhler class” of g. If a (compact) complex
manifold admits a Kdhler metric, we call it a “Kdhler manifold”

Locally, if (z, ..., z,) is a holomorphic coordinate system, then g is determined by
L 8 0 9,
gl] L (9 a_

since g;; = g7 = 0. Then we have
= V—lg,-jdzi AN de,
where Einstein’s summation convention is always used. Now we have
0 =dw, = V-1dg;;dz; A dz;

0g; — 087
= V-1 0_de/\le/\de —1%6[&/\(12[/\6121
<l

0gi;  0Ogi
= V-1 —”——’d Adz; A dz;
ZZ 07, 5zl < AN A2 <

J o ok<i

+ \/_ZZ 6g” —6g” dz A dZ; A dz,.

07 0z j
So being Kéhler mean that g;; have the additional symmetries:

dgii Oz Ogi  Oes
U P YY)
0z 0z 07, (9Zj
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Example 3.12. The Euclidean metric g = }i_,(dx; ® dx; + dy; ® dy;) is a Kdihler metric,
since we have

V=1 <&
(Ug = T Zdzi A dz,
i=1

To give more examples, note that to define a Kihler metrics, it suffices to define its
associated Kihler form, since we have g(u,v) = g(Ju, Jv) = w,(u, Jv). So sometimes we
will also say “Let w, be a Kdhler metric...”

Example 3.13. Let X = B(1) c C" be the unit ball in C". We define a Kdhler metric:

w, := V=100 1log

1—z>
This is called the “complex hyperbolic metric”.

Example 3.14. Let X = CP" with homogeneous coordinates [Zy,...,7Z,], we define a
Kdihler metric:
V-1

o 1= ——0010g(1Zof? + - -+ +1Z,P).
2w

It is easy to check that this is well-defined. It is called the “Fubini-Study metric”.

w

Not every compact complex manifold is Kéhler, since, for example, HﬁR(X) must be
non-trivial'. So Calabi-Eckman manifolds are never Kihler. However, we have the fol-
lowing:

Lemma 3.15. If X is Kdhler and Y is a complex analytic submanifold of X, then Y is also
Kdihler.

Proof. (Outline) Let g be a Kéhler metric on X and ¢ : ¥ — X be the embedding map,
then ¢*g is a Kihler metric on Y and the associated Kéhler form is just ¢*w,. O

By this lemma, all projective algebraic manifolds are Kéhler.

In Riemannian geometry, normal coordinates are very useful in tensor calculations.
The next lemma shows that being Kihler is both necessary and sufficient for the existence
of complex analogue of normal coordinates.

Lemma 3.16. For an Hermitian metric g on X, the follows two properties are equivalent:
(1) gis Kdhler,

(2) For any point p € X, there are local holomorphic coordinates (z1, ... ,z,) such that
zi(p) = 0, gi5(p) = 6;j and dg;;(p) = 0.

'If not, w, will be exact, so fx wy = 0 by Stokes theorem. But this is impossible since fx wy > 0.




Proof. (2) = (1): For any given point p, we choose the coordinate in (2), then since first
order derivatives of g;; at p vanish, we will have dw,(p) = 0. This implies dw, = 0, i.e., g
is Kéhler.

(1) = (2): Suppose g is Kihler. Given any point p € X, we can ﬁrst choose local

holomorphic coordinates (wy, ..., w,) such that w;(p) = 0 and g(:% By B )(p) = 0;;. We

want to find holomorphic coordinate transformation of the form w; = z; + a, %22, with
aijk = Qikj such that
w, = V=1(6;; + O(|z1*))dz; A dZ;.
Direct computation shows that
wy = V=1(83; + gi7.(0)wy. + 51000y + O(wl))dw; A div;
=N —1(5ij + &iix(0)zx + gi7,(0)Z; + O(|Z|2))(d2i + QipgZpdzy) A (dZj + GjuZ,dZ;)
= V—l(éijdzi AN de + Zzi,jzldzi AN de + ajkideZi AN de
+ (817402 + g7(0)2)dz; A dz; + O(1z)).

So the condition we need is a; + g;5,(0) = 0 and a@;;; + g;77(0) = 0. So we simply take

g i
aji; = — / (0)

The Kihler condition makes sure that this is well-deﬁned. O

Remark 3.17. We shall call such a holomorphic coordinate system a “Kdhler normal
coordinate system”.

Recall that for a connection V on a vector bundle E, we can define the covariant deriva-
tive of a section s with respect to a tangent vector v € T, X by setting V,s := Vs(v). If e, 1s
a local frame of E, then we have Ve, = wﬁeﬁ, and V,e, = w’g(v)eﬁ. Another good feature
of the Kihler condition is that if we complexify the usual Levi-Civita connection, we will
automatically get the Chern connection on 7'°X.

Proposition 3.18. Let (X, J,g) be a Kdihler manifold. Then the complexification of the
Levi-Civita connection restricts to the Chern connection on T'°X.

Proof. We also denote the complexified Levi-Civita connection by V. Recall that V is
characterized as the only connection on T*X that is both torsion free and compatible with
g. For short, we write 0; := a% and 95 := %. By definition, we can assume V,,0; := Fﬁ.‘jé‘k +
Ff} j('),;, V3.0 := l"éfjc')k + Fg‘j('),;. Since V is a real operator, we also have V.05 := ﬁ(’),; + F’? ﬁk,
V5,07 = F;Fja,; + r;?jak. Since V is torsion free, we have Fk = F’j‘l, Fk = F’J‘l, and Ff‘ = 1""

F;‘j = F’Jil,. Now we use the metric compatibility:

0 = 0;8(0k, 0;) = 8(V,0k, 01) + (0, V5,01
Flkglq + I_‘?lg/a?a

10



Exchange i and k, we get 0 = T g, + I'7,g;z, and hence I'! g;s = T g15. So
Th8i = T8 = Tigi = Tigug-
This implies F?kglq = 0 and hence F?k = (. This means
Vod; =T,  V40;=T' 0. (3.3)
On the other hand,

9i8(0k, 9p) = §(V5,0k, 9p) + 8(9k, V,07)
= FZ{gl,; + F%gk[].
By Kiéhler condition, the last quantity also equals
08(0;, 07) = Tg 1 + T gig
1

) Ik
g1z = 0 and hence I'! = 0. This also implies I'] = 0. So we get

sowe getI'; giz = F?igl_cq- But the sum of these two quantity equals 9;8(9;, dx) = 0, we get

V5,07 =0 =Vy,0;, (3.4)
and also
0igu = T80
equivalently,
_ 8g_
re =gt =t 3.5
Y 0z j (3-5)
This is precisely the formula for the Chern connection. |

For curvature, we also extend the curvature tensor C-linearly to the complexified tan-
gent bundle. Then this curvature tensor automatically satisfies the Bianchi identities. The
Kihler condition also implies that the curvature tensor has more symmetries, and hence
has much simpler formula. We leave this to later sections. Here we only add one warming
exercise:

Exercise: Let (E£,V) be a vector bundle with connection. We define for u,v € I'(TX)
and s € I'(E), R(u,v)s := (V,V, = V,V, = V,,1)s. Show that R(u,v)s = Q(u,v)s, where
Q e T(A’T*X ® End(E)) is the curvature form of V.

Let (X, J, g) be a Kihler manifold. We know from Proposition 3.18 that the connection
of g has very special properties. We now explore its implication for the curvature.

Lemma 3.19. For a Kdihler manifold (X, J, g), we always have VJ = 0.
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Proof. For any given point p € X, we compute using Kédhler normal coordinates in Lemma
3.16. Now in complex coordinates, J has constant coefficients, this implies VJ vanishes
at p. Since p is arbitrary, we have VJ = 0. O

By definition, this implies that V(JX) = JVX, so for the curvature R(X,Y) = VyxVy —
VyVx — Vixy}, we have R(X,Y)JZ = JR(X,Y)Z. Also, by symmetry of curvature tensor,
we have

(RUX,JY)Z,W) =(R(Z,W)JX,JY) =(R(Z,W)X,Y) =(R(X,Y)Z,W).
Since W is arbitrary, we also have R(JX, JY)Z = R(X, Y)Z. Moreover, we have:
Proposition 3.20 We C-linearly extend the curvature tensor of the Kdhler metric g, then
(R(0;,0),-) = 0 =(R(0;,05)-, ), and the only essentially non-trivial term is
52&7 + g 98z agpj.
02,07 0z 0%

In particular, besides Bianchi identities, we have an extra symmetry: Ry = Ry; = Ry
The Ricci curvature Rc is also J-invariant, and the 2-form Ric(wg) = Rc(J-,") is called
the Ricci form, and we have Ric(w,) = V—1R;3dz; A dZ;, with

2

07,07

Rizir := (R(0;, 07)0, 0) = —

R;; = Rc(0;, 05) = lkR,-;k,- = - log det(g,3).

Proof. We compute by definition:
Rizi = (VY5 = ViV)ok, &) = —~(VT%8,), )

ag kq

= ~O8, = 018" 5 )8y

2

- 0 8ig
=gV ——g,u+

07;07;

— (9 8kl + (}S%%
02:0z; dz; 0z

qs tpagSt agkq
0z; 0z

The first conclusion follows by Kéhler metric’s special symmetry.
For Ricci curvature, we choose a local orthonormal frame {e }2” to compute:

2n 2n
Re(JX,JY) = Z(R(JX, een JY) = Z(JR(JX, e)es, J2Y)

i=1 i=1

2n 2n
== D (RUX,e)Je, Y) = = > (RUPX, JeJei, Y)
i=1 i=1
2n

= Z(R(X, JeJe, Y) = Re(X, Y),

i=1
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since {Je;}2", is also an orthonormal frame. As the computation for w,, we easily get the
formula
Ric(a)g) = V—llele' A dzj

Finally, we calculate R;;: Choose a local orthonormal frame of the form {e,, Je,};_, at
one point, and write Z, := e, — V—1Je,. Then we have

R = Re(9:,07) = ) (R(Disea)ew, D) + ) (R, Jea)Jear 07)
= D [(R@:, ea)ea, 07y + N=1 ) (R(8;, Jew)ea, 37)

= > (R@, Za)ew 07)
1 - -1 -

= 5 D (RO Z)ew 35) T‘/_ D (R@:,Z) eq, 07)
1 -

= 5 D (R01.2,)2.:,0)).

On the other hand, we have Z, = d,d, and 9, = b Z,, with a’;bﬁ = &°, so at the given
point, we have
26(1B = g(ZmZ,B) = aﬁa}';gﬂv,

which implies that g% = 1@a?, and so

1
2
1—v H Tk Tk
Rij = 58,04 Rin; = § R = 8" Rija
x 98u Lk an 98k 081 _ 0 _gl_kaikl_)
ﬁziazj 0z; 0Zj 0z azj
2

82,02 j

=-g

log det(gpg)-
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