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4 Hodge theorem

4.1 Hodge theorem on compact Riemannian manifolds

Let (M™, g) be a compact oriented Riemannian manifold. Then we can define inner prod-
uct on the space of real differential forms: for w,n € A?(M)

(w,n) ::f(w,n)ngg.
M

The idea of Hodge theorem is to represent a de Rham cohomology class by a “best” closed
form. Since we can define norm of a differential form, a natural idea is to find a closed
form of minimal norm within its cohomology class.

To be precise, start with a closed p-form n € A?(M), we want to minimize the func-
tional:
D) = lInp + délP, € € AP (M.

We can solve this variational problem by considering the corresponding Euler-Lagrange
equation, which is an elliptic system.

Suppose 179 = 17 + dé&, achieves the minimum of ||y + dé||*, then for any & € AP~Y(M),

o + td€I” = (po + td, no + 1d€) = lnoll* + 21(no, dé) + £*||d€II”

achieves its minimum at ¢ = 0. This happens if and only if (179,dé¢) = O for any & €
AP~Y(M). We can define an operator d*, the “formal adjoint” of d, such that (o, dB) =
(d*a,p) for any o € AP(M) and 8 € AP~Y(M). Then (n,,dé) = O for any & € AP"1(M) if
and only if (d*n, &) = 0 for any & € AP~! (M), which implies d*n, = 0.

Definition 4.1. Let (M™, g) be a compact oriented Riemannian manifold. A smooth differ-
ential form w € AP(M) is called a “harmonic p-form” if dw = 0,d"w = 0.

If we define the Laplacian operator to be A, : AP(M) — AP(M), Ay := dd* + d*d, then
for any smooth p-form w € A?(M), we have

(W, Aw) = (w,dd’ ) + (w,d"dw) = ||d*w|* + |ldw]]*.
So we conclude that w € A?(M) is harmonic if and only if Ayw = 0.

To write down a precise formula for d*, we introduce Hodge’s “star”’-operator: * :
AP(M) — A" P(M). If wy, . .., w, 1s an orthonormal basis of 7; M, such that w; A- - -Aw,, =
dV, gives the positive orientation, then we define

A T
xwi, Ao Ay =657 A A

P 1,2,...m J1 jm—p'
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(Note that this implies w;; A« -+ Aw;, A*w;; A+ Aw;i, = w1 A+ Awy. ) Then we extend
* linearly. It is direct to check that this is well-defined.

Moreover, if @ = Zi1<-~~<ip Aiy...i, Wiy N Aw;, B = Zi1<~-<ip bi,...i,wiy N+ A w;,, We
have
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= (a,B)dV, =B A *a.

From the definition, it is easy to check that s+ = (=1)P™=P = (=1)P"*F on AP(M).
Also, we have

(k@ %B)dV, = xa A x % f = (=) P xa A B = B A xa = (B, a),dV, = (@, B),dV,.
So * is a point-wise isometry. Using *, we can also express d* as:
Lemma 4.2. We have d* = (=1)""*"*! x dx on AP(M).

Proof. Leta € AP(M), B € AP~'(M), then we have

f(oz, dpy,dV, = f dp A sa

M M

f d(B A *xa) + (-1)PB A d(xa)
M

(d o, pB) = (. dp)

f(_l)pﬁ A (_1)(m—17+1)(17—1) s xd(*@)
M

(= 1ympms] f (B, xd(+)),dV,
M
((_l)mp+m+1 % d % a,,B).

From this concrete formula, we have on A?(M):
Ad —dd*+d*d = (—1)mp+m+ld*d*+(_1)m(p+l)+m+1*d*d — (—l)mp+,n+ld*d*+(—1)mp+l*d*d.
We have

Ad* (_l)m(mfp)+m+ld>X< d s+ * + (_1)’71(171*[7)4’1 w d % d *

— (_l)mp+1(_1)mp+pd*d+ (_l)mp+m+l s d*d*
(—1)p+1d*d+ (_1)mp+m+l sdsdx.



And

*Ad — (_l)mp+m+1 *d*d* +(_1)mp+1 % *d*d
— (_1)mp+m+1 s d % d * +(_1)mp+1+p(m—p)d*d
(=1 s d s d x +(=1)"'d « d.

So we get *A; = Ay = . Similarly,
dA; = (1" d s« d * d,
Agd = (—1)"PO e gy d s d = (=1 d s« d « d = dAy.

Example 4.3. In case of (R", gg,.), we can define d* by the same formula, then we still
have (¢,dn) = (d*&,n) when one of them has compact support. Then we have

d* ( Z ﬁl,_.ipdx,-l/\---/\dx,-,,)

I<ij<-<ip<m

- i Y fdd>

1<ij<<ip<m

— (_l)mp+m+1 *( Z Z 11 ip dXz A *dx” ‘/\dxip)

1<iy<-<ip<m i€liy,...,

P Of; ~
— (_1)mp+m+1 Z Z g)lc 2 (= 1)(17 D(m—p)+k— ldx A Adx, A ---/\dxip
ik

I<ij<-<ip<m k=1

Z aﬁlmip k ~
= > > (DA A N A A,

1<iy<-<ip<m k=1 %

From this we get

dd (> figdx A Adx,)

1<iy<-<ip<m

P 821‘ ;
Z fl""’dx,l/\ - Adx;

2 ;
1<iy <<ip<m k=1 ox;
P 62
iy...dp k -
+ Z Z E (- l)dx,/\dxil/\---/\dx,'k/\---/\dxl-p,
I<iy<-<ip<m k=1 i¢{iy,....ip} xl" Xi



and

d*d ( Z Jirapdxiy A-oe A dxip)

1<ij<-<ip<m

(Y Z Ji. l”dx,/\dxll < Adx;)

I<iy<--<ip<m igliy,..., ip}

- Z Z —82(;(:'2“[" dxi, A--- Ndx;,

1<iy <o <ip<m i@if oonip)
- > Z fu. " (~1kdx; Adxi, A Adxy A Ada .
6xlk6xl !
1<ij<-- <ip<m i¢lit,..., ip} k=1
So we have
azﬁl...ip
Ad( Z filmipdx,'l A A dxip) = — Z (Z P 5 )dxl-l VANERIAN dxip.
1<iy<-+<i,<m 1<iy<-<ip<m i xi

The main result is that harmonic forms exists in each cohomology class:

Theorem 4.4 (Hodge). Let (M™, g) be a compact oriented Riemannian manifold. Then
each de Rham cohomology class has a unique harmonic representative, so we have a
linear isomorphism

HP(M) := {w € AP(M) | Aqw = 0} = H),(M;R), p=0,....m

Moreover, HP(M) is always a finite dimensional vector space,' and we have a linear
operator G : AP(M) — AP(M) such that for any w € AP(M), if we denote its orthogonal
projection to HP (M) by wy, then we have the decomposition:

w=wy+AGw = wy, +d(d"Gw) + d*(dGw).
In fact, we have a orthogonal direct sum decomposition AP(M) = HP(M)® Im d & Im d*.

Remark 4.5. G is usually called the “Green operator”. It is constructed in the follow-
ing way: suppose the eigenvalues of A; on AP(M) are 0 = 19 < 41 < A < .... The
corresponding eigenspaces are HP(M) and E\, E,, . ... Then we define Glurary = 0 and
GlEi = /llldE

i

Proof of parts of the results: Uniqueness: Suppose w; and w, are both harmonic p-forms
and w, = w; + dn for some € AP~ (M). Then
(dn,dn) = (w2 — wy,dn) = (d"(w2 = wy), 1) = 0.

"We can prove directly that H R(M;R) is a finite dimensional vector space via the Mayer-Vietoris argu-
ment as in Bott-Tu’s book.




So we necessarily have dn = 0 and w, = w;.

HP(M), Im d,Im d* are orthogonal to each other: Let w, € HP(M), & € AP*'(M),n €
AP~Y (M), then

(wp, d°8) = (dwy,,§) =0
(wp,dn) = (d*wp,m) =0
(d°¢,dn) = (& ddn) =0.

Rough idea about existence: One can show that A, is a 2nd order elliptic operator, and we
have a “basic estimate” of the form

ol < C(Aw + w,w) = C(lwl + ldwl” + lld*w]P).

(For general elliptic operator, this kind of estimates still hold, known as “Garding’s in-
equality”.) We consider the quadratic form on W'2(M, A?T*M):

D(é‘:’ 77) = (é‘:’ 77) + (df’ dﬂ) + (d*é:’ d*ﬂ)

Garding’s inequality implies that D(w) is an equivalent norm on W'2(M, A?T*M). Given
n € LA(M,APT*M), ¢ — (&,1) is abounded linear functional on A?(M) C W'-2(M, APT*M):

& ml < NIl NIl < lmll - lEllwr2 < € VD(E, £).

This extends to a bounded linear functional on W'*(M, A?T*M), and we can use Riesz
representation theorem to get a unique ¢ € W'2(M, APT*M) such that for all £ € AP(M):

(fa 77) = Z)(fa ‘10)

Using this to define a linear map 7'(17) := ¢. Itis a bounded linear operator from L>(M, A?T* M)
to W'2(M, APT*M). Tts composition with the compact embedding W!? — L? (also
denoted by T) gives us a compact self-adjoint operator on L>(M, APT*M). Intuitively,
T =(id + Ay~

By spectrum theorem and elliptic regularity, we have a Hilbert space direct sum de-
composition L>(M,APT*M) = ®)_,En, where each E, is a finite dimensional space of
smooth p-forms, satisfying Ty = p,,p, V¢ € E,,, withpy =1 > p; > p,... and p,, — 0.
Then E, = HP(M) and for ¢ € E,,, we have Ayp = (pim - l)cp =: e, A, /0. O



4.2 The Hermitian case

Now let X" be a n-dimensional compact complex manifold, with almost complex structure
J and Hermitian metric g. As before, we define w, := V-13,;;g;5dz; A dz;. Itis a real
(1, I)-form. A direct computation shows that we always have

n

(l)g
dVy, = —.
n!
In fact, we can choose coordinates around a given point p such that at p, {ﬂi, i}’? T
x;? Oy;i,j=1

an orthonormal basis with z; = x; + V—1y,; the complex coordinate function. > Then
at p the left equals dx; A dy; A --- A dx, A dy, while on the other hand, we have at p:

w, = LY dz; Adz; = ¥, dx; A dy; and hence 22 = dx; Ady, A -+ Adx, Ady, = dV,.

Exercise:Show that under local coordinates, we have

n

w
n—(‘g = det(glj_)( V—l)ndZI A\ dZI VANREEIAN dZn A dZn

In this case, we also extend Hodge’s star operator complex linearly to complex differ-
ential forms. Then we also have #* = (=1)?®"P) = (—=1)” on A”(X) and

a A #B ={a,B)cdV,.

On the space of smooth complex differential forms, the correct Hermitian inner product
should be

(a,B) ::fa/\*[i.
X

Lemma 4.6. The = operator maps AP4(X) to A" " P(X).

Proof. We compute at a given point x, and we choose complex coordinates such that
gii(x) = %6,-]». Then dx,,dy,...,dx,,dy, is a positively oriented orthonormal basis of
T:*X. For multi-index I = (i, . . .,u,), we shall write

dzy:=dzy N+ Ndz,,, dxp:=dx, N ANdx,,,
Also for multi-index M, we define
wy = Hyepdz, A dz, = (=2 V—l)‘Mll'Iﬂedeﬂ A dyy.

A direct computation shows that for mutually disjoint increasing multi-indices A, B, M,
we have
#(dza N dZg Nwy) = y(a,b,m)dzs N dZg A wyr,

2What we need to do is to use a complex linear coordinate transformation such that g,,(a% s (%I p) = %6,~ -
i <j
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where a = |A|,b = |Bl,m = M|, M" = (1,2,,...,n) — (AU BU M), and y(a,b,m) is a
non-vanishing constant. In fact, one can show that

y(a,b,m) = (N=1)*(=1) 7 +(=2 V=17,

where k = a + b + 2m is the total degree.

If we write p = a + m,q = b + m, then all (p, g)-form is locally a linear combination
of forms of the type dzs A dZg A wy. Since dzy A dZg Awyy is a (a+ m',b + m') =
(a+n—-a-b-m,b+n—a—b—m) = (n—q,n—p)-form, we get xA74(X) c A" ¢"P(X). O

As in _the real case, we consider the Hermitian inner product on A”%(X), and define an
operator d* by ) )
(& 0n) = (0°,m),  VE € APU(X),n € API(X).

Then we get

Gen = f 5E A+
X

(6,5n)=(577,§)=fénA*§=f5ﬁA*§
X X

[[on )= ot naee = o [ gaace
X X

- f@(*f) AT =— f xQ(*E) A *1].
X X

So we get:
Lemma 4.7. On AP4(X), we always have 9* = — * 0x.

Exercise: Show that on the space of complex valued p-forms A”(X), we have d* = — = dx.
We define the 0-Laplacian Aj : AP4(X) — AP4(X) by
Ag = 00" + 0"0.

We look for d-closed form of minimal norm within a given Dolbeault cohomology
class. Suppose & € AP4(X) is such a d-closed form, then for any € AP4"(X), the
quadratic function of 7 € R:

1€ + ton|* = (€ + tOn, & + tdn) = ||E|* + 2tRe(&, On) + £]|0n|*

takes its minimum at 1 = 0. We get Re(&,0n) = 0 for all n € A7"'(X). Using ||€ +
tV=10n|]* instead, we get Im(£,dn) = 0 for all n € AP7(X). So we get (¢,0n) =
(0%¢,m) = 0 for all n € A7971(X). This implies §*¢ = 0.



Definition 4.8._If w € AP(X) satisfies 0w = 0 and 0*w = 0 (equivalently, Azw = 0), then
w is called a “0-harmonic (p, q)-form”.

The counterpart of Hodge theorem for Dolbeault cohomology is the following:

Theorem 4.9 (Hodge). Let (X", J,g) be a compact Hermitian manifold. Then each Dol-
beault cohomology class has a unique 0-harmonic representative, so we have a complex
linear isomorphism

HP(X) = {w € AP(X) | Ajw = 0} = H(X),  p.q=0,...,n.

Moreover, HP4(X) is always a finite dimensional complex vector space, and we have a
complex linear operator G : AP4(X) — AP4(X) such that for any w € AP4(X), if we denote
its orthogonal projection to HP1(X) by wy, then we have the decomposition:

w = wy + AGw = wy, + 00" Gw) + 0" (0Gw).

In fact, we have an orthogonal direct sum decomposition AP4(X) = HPI(X)®Im 0dIm 5"

Generalization: Assume also that we have a holomorphic vector bundle E — X of rank
r, with Hermitian metric 2. X is compact. We define an Hermitian inner product on
C*(X,A"1(X)® E) by

(s,0):= f(s,t)g,thg,
X

where the pointwise Hermitian inner product ¢, ), is induced from the Hermitian metric
g on X and bundle metric 4 on E. We can define a é—operator on A?4(X, E), which we
shall write 9 : AP4(X,E) — AP9*(X, E). We can also define a formal adjoint operator
9% : APU(X, E) — AP4Y(X, E) by requiring that

(s,0pt) = (Oys5,1), YseAPUX,E),t € AP (X, E).

Then we define A;, := 325,5 + 5155’;: : APY(X,E) —» APY(X,E), and HPY(X,E) :=
K er(AgEI AP4(X, E)). The elements of H”4(X, E) are called “E-valued harmonic (p, g)-forms”.
In this case, we also have:

Theorem 4.10. Let (X", J, g) be a compact Hermitian manifold. E — X be a holomor-
phic vector bundle of rank r, with Hermitian metric h. Then each cohomology class in
Hg’q(X, E) has a unique harmonic representative, so we have a complex linear isomor-
phism
HP(X, E) = Hg’q(X, E), p,g=0,...,n

Moreover, H?4(X, E) is always a finite dimensional complex vector space, and we have a
complex linear operator Gg : AP4(X, E) — AP4(X, E) such that for any w € AP4(X, E), if
we denote its orthogonal projection to HP(X, E) by wy, then we have the decomposition:

w=wy+ AgEGEa) = wy + 5E((7)*EGEw) + 3*E(EEGE0-))

In fact, we have an orthogonal direct sum decomposition AP1(X, E) = HP4(X, EY®Im 05
Im B*E.



4.3 Applications

Theorem 4.11 (Poincaré duality for de Rham cohomology). Let M™ be a compact ori-
ented differentiable manifold. Then

HgR(M, R) = H?R_I’(M, R).
In particular, b,(M) = b,,_,(M).

Proof. Since * commutes with A;, and #* = +1, we conclude that * induces a linear iso-
morphism between H?(M) and H™ P(M). Then the result follows from Hodge theorem.
O

Theorem 4.12 (Kodaira-Serre duality). Let E — X be a holomorphic vector bundle over
a compact complex manifold X of complex dimension n. Then we have a conjugate-linear
isomorphism

o H'(X,Q(E)) = H"™" (X, Q" P(E")).

Proof. (Sketch) We introduce a conjugate-linear operator *g, constructing from * : A?9 —
A""%""P and the conjugate-linear isomorphism 7 : £ — E* via bundle metric 4. To make
everything conjugate-linear, we also define * : AP9(X) — A" P"74(X) by #(n) := *;. Then
gt API(X, E) — A"P"4(X, E™) is defined by

¥ (M ® ) 1= *(1) ® 7(s).

Then we have 5*E = —%p. 0 O o % and hence *plg, = Np,. *E-
By Hodge theorem, we have

H'(X,Q"(E)) = H)' (X, E),  H'/(X,Q"(E") = H; """ (X, E").

Then % induces a conjugate-linear map o : H'(X, Q?(E)) — H" (X, Q" P(E")), and the
Kodaira-Serre duality follows from the fact ¥z o % = 1. O
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4.4 The Kahler case

Now we assume (X", J, g) is a compact Kéhler manifold. Then we will have a better
understanding of harmonic forms and Dolbeault cohomology. We shall begin by exploring
the relation between A, and Aj.

4.4.1 Hodge identities for Kihler metrics
We introduce some operators that will be useful in our discussion:
d° = V-1(0 - 0).

Here my notation is the same as Wells, but differs from Griffiths-Harris by a factor 4.
Then dd° = V=10 + )@ — 8) = 2V-189. We define the “Lefschetz operator” L :
AP4(X) — APTLatL(X) by:

L) := w, A =: Ln.

Its adjoint will be denoted by A : AP*14*1(X) — AP4(X). We have
(& L) = (A& ), V€€ APTHH(X),n € API(X).

The basic equality in the Kéhler case is:
Lemma 4.13. On A”4(X), we have [A, 0] = V=16~

Given this, since L is a real operator, so is A, and we have

[A, ] = - V-15".
Combining these two identities, we further get
[A,d] =-d”, [Ad]=4d".

Proof of Lemma 4.13 . We first prove the identity in C". Let w = g >.idz; A dz; be the
standard Kihler form on C". Let A2?(C") be the space of smooth (p, g)-forms on C" with
compact support. Then L : A?4(C") — AP*™MN(Cm), Ly := w A .

To derive a formula for A = L*, we introduce operators ey, €, by

ex(n) :=dz. ANn, en):=dz An.

Their adjoints are denoted by i; and i respectively. Recall that ||dz;|[> = ||dx||> +||dy|]* = 2,

so we conclude that iy = 2¢ s where ¢ i is the “interior product” operator, defined by
2k 2k

L%n = 77(6%, ...y ). Similarly, I = ZL%. It is easy to check that
ey + ey = 2, ;kék + ék;k =2.

11



And for k # |,
e+ e, =0, ékil + ;lék =0.

We also define the degree-preserving linear maps dy, 9y by

O D mides A dzy) = g—gdz, Adz,,
1,J 1,J

5k( ; nidz A dZJ) r= a_deZI A dzZy.

Note that d; and d; commute with e, &; and hence also iy, ix. Also an “integration by part”
trick gives us the relation 9; = -0, (9 —0k.
Now we can express all the operators we care by ey, €y, iy, iy and Jy, O:

0= Z@kek = Z ekak, 5 = Zékék = Z ékgk.
k k k
Taking adjoints, we get
- Z ékik = Z l'kgk, 5* = — Z kak = - Z fk(?k.
k k k k

Also

So we can compute

AN = ——— lkzkébe,—

V_l =< . V—
T Z [lklkel
k.l

= - Z 6klklkek + Z allklkel

k#l

We compute the last two summands seperately.

V_l = .
——2 g Oklrirex
k

V-1 . .
5 Z Okir(2 — exiy)
%

- \/—_12 aklk - T Z akeklklk
k k

V-1 _
- — Z Okexliy,
T
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and

\ _1 = . \J _1 = . \J _1 = .
—T Z 8llklk€1 = T Z allkellk = —T Z 8l€]lklk.

k#l kil Kl

So we get

_ V-1 - V-1 - -
A0 = N-10" — —— Z akekikik - Z 6[€1ikik = V=190" + dA.
2 2
k k#l
For the general compact Kéhler case, one can use Kihler normal coordinates to reduce

the computations to our C" case. The key point is that only first order derivatives are
involved. =

4.4.2 Hodge decomposition for compact Kihler manifolds

A direct consequence of Hodge identities is that A; commutes with both L and A: Since
w, 18 closed, we have dL(n) = d(w, A1) = w, A dn, so [L,d] = 0. Taking adjoints, we get
[A,d"] = 0. So using [A,d] = —d“*, we get

AA; = Add*+d'd) =[N, dld" +dAd" + d*Ad
= =dd"+dd"'A + d'[A,d] + d"dA
= =dd" —d"'d” + AgA = AyA.
Taking adjoints, we also get [L, A;] = 0.

Besides A; and Aj, we can similarly define Ay. For compact Kihler manifolds, we
have the following:

Proposition 4.14. In the Kdhler case, we always have Az = Ay = %Ad.

Proof. Used = 8+ 0 and d* = 8" + 0" to compute:

Ag dd* +d*d = (0 + 9)(0" + 0*) + (0" + 0")( + I)
(00" + 0°0) + (90" + 3*0) + DO + D" + 30 + 3*9

Ag + Ay + (00" + 0°0) + (00" + 070).

We need to prove:
e 00" + "0 = 0, 00" + 3*0 = 0 (these two identities are equivalent by conjugation);

L A() = A;;.

13



To prove 99* + 00 = 0, we use the Hodge identity [A, 0] = V-19":

V=108 + 5°9) I[N, 8] + [A, 8]0
OND — O’ + ANO* — ONO

= 0.

Now we compute Ay and Aj separately, both using Hodge identities:

—V=1A; = 9[A,d] +[A, D)0
= OAD — OOA + AIO — OND.

V=1A; = 8[A,0] +[A, 1
= OAO — 0N + NOO — ONO
= O0AO+ 00A — AJD — OND
= V-1A,.

From the above computations, we conclude that A; = Ay + Az = 2Ay = 2A;. O
From this we conclude that A, : A?9(X) — AP4(X), and

H™(X,C) N API(X) = H(X).

Since H/(X,C) = @p+q:r(7-{5+q(X, C)OAP"?(X)) = @p+q:,7-(§’q(X). Also note that 7—(5"’(X) =
7’(; ?(X). Applying Hodge theorem for compact Hermitian manifolds, we get:

Theorem 4.15 (Hodge decomposition for compact Kihler manifolds). Let (X", J, g) be a
compact Kdhler manifold, then we have isomorphisms

Hy(X,C) = EBp+q:,H§’q(X) = @pig-rHI(X,QP), r=0,1,...,2n,
and
Hg’q(X) = Hg’p(X).
In particular, we have
b, = Z RPa. pPa = paP.
p+q=r

For example, we always have
HIO(X) = HX, Q),

since any (p, 0)-form is 0*-closed and it is 0-closed if and only if it is holomorphic. Then
we conclude that any holomorphic p-form on a compact Kdhler manifold is also d-closed
and even d-harmonic.

Exercise: Show that any holomorphic 1-form on a compact complex surface (not neces-
sarily Kihler) is always d-closed. (Kodaira)

14



Corollary 4.16. The odd Betti number by, of a compact Kdihler manifold X" is always
even.

Proof. We have

by = h?1

0<p.q<n,p+q=2k+1

_ Z KP4 4 Z B4

p<q.p+q=2k+1 p>q,p+q=2k+1
= E hp’q + E hq’p
p<q,p+q=2k+1 p>q,p+q=2k+1

2 Z WP4=0 mod 2.

p<q,p+q=2k+1
O

As a concrete application, let’s compute the cohomologies of CP": The topological
structure is rather simple: we have CP" = Uy U {zp = 0}, with Uy = C" and {zp = 0} =
CP™!. So we can construct CP" in the following way: start with a point (a “0-cell”), glue
a C! (a “2-cell”) to get CP!, then glue a C? (a “4-cell”) to get CP?, ....... So the cellular
cohomologies of CP" are:

H**\(CP",Z) =0, H*CP.Z)=Z,k=0,...,n.

Now wrs is a Kihler forms on CP". Since wk = L*1 and A,L = LA, each wh is

a harmonic (k, k)-form. So we conclude that #/”? > 1,p = 0,...,n. On the other hand,
1 = by, > P, we must have b,, = h?P. Also, h”? = 0 when p + g is odd. So the only
non-zero Dolbeault cohomologies of CP" are Hg’p (X) = C,p =0,...,n. In particular,

there are no non-zero holomorphic forms on CP".

For another application, we state the so called “00-lemma”, which is very useful in
Kéhler geometry:

Lemma 4.17. If n is any d-closed (p, q)-form on a compact Kdhler manifold X", and n is
d- or 8- or 0-exact, then .

n = 0dy
for some (p — 1,q — 1)-formy. When p = q and n is real, then we can take y = V—1£ for
areal (p—1,q— 1)-form&.

Proof. Recall that in the Kéhler case we have A; = 2A5 = 2A, they share the same kernel:
harmonic forms. Since 7 is d- or d- or d-exact, its harmonic projection must be zero. So
we have

n = A;Gan = 00"Gan.
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Here we use the fact that @ commutes with G; and that dy = 0 = 0 = 0.
Now we look at the form 0*Gjn, it is also orthogonal to harmonic forms. Also since
Gy = G5, we have 00°G3n = —0"0Gyn = —0"Gy0n = 0. Then we can use Hodge decom-
position for Ay:
0'Gsn = AyGy0"Gan = 00" G0*Gan.
So we get
N = 000°Gyd"Gan = 00( — 9°Gad*Gan) = 06( - 6°9"G2n)-
O

The most often used case is about (1, 1)-class. Let w and @ be two Ké_ihler forms on X
such that [w] = [@] € HjR(X ). Then & — w is a d—exact form, so by the d9-lemma, we can
find a smooth function ¢ € C*(X;R) such that

@ =w+ V-100¢.

¢ is unique up to a constant. On the other hand, if ¢ € C*(X;R) satisfies w+ V—190¢ > 0,
then it defines a Kihler metric with the same Kéhler class. So we conclude that the space
of Kéhler metrics within the same cohomology class [w] is isomorphic to

{p € C*(X:R) | w + V=180 > O} [R.

One of the most important problem in Kéhler geometry is the existence of canonical met-
rics in a given Kihler class. Through the d0-lemma, we can reduce the problem to a
(usually non-linear) partial differential equation for ¢. This is the starting point of using
non-linear PDEs to solve problems in Kéhler geometry.

Remark 4.18. If we further introduce the operator h : A*(X) — A*(X) by h = Zi’;o(n —
DI, , then we will have

[A,L]=h, [hA]=2A, [hL]=-2L.

Recall the 3-dimensional complex Lie algebra sl,, generated by
1 0 01 00
o= ) x= o) = (o)

[H,X] =2X, [HY]=-2Y, [X,Y]=H.

SoHw— h,X— A Y Lgives a representation of sl, on H*(X,C). Using elementary
representation theory, we can get a finer decomposition result, due to S. Lefschetz.

They satisfy

References

[1] Phillip Griffiths and Joseph Harris, Principles of Algebraic Geometry, John Wiley & Sons, Inc., 1978.

[2] R.O. Wells, Differential analysis on complex manifolds, 2nd edition, Springer, 1980.

16



