Remark on the definition of pesudoconvexity:

We shall prove that the definition is independent of the choice of defining functions for C?
domains. Let r, 7’ be two defining function near a boundary point zg € 912, then r,7’ € C? and
r’ = rh for some C' function h. Since r < 0 if and only if 7’ < 0, we know that h > 0 inside (.
On the other hand,

dT"aQ = h’agdﬂag.

Since both dr’ and dr are non-vanishing on 0f2, we conclude that h is non-zero on 9. By
continuity, h is positive in a neighborhood of zj.
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In particular

/
87,21-(20) = h(Zo)afzi(Zo)- (1)
This implies that the linear space T,,0Q := {¢ € C"| 3., 2 52 (20)§; = 0} is independent of the
choice of 7.

Note that h(%f’i is differentiable, and
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Moreover, rgh is in fact also differentiable at zg:
o; (T?%) (20) = Alcljlgo T%T(ZO T Amﬂ)@ . (20 + Azj) = aTjj(Zo)af%(zo),

so we conclude that
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02007 (20) = h(%)m(%) + afzi(zo)afgj(zo) + 87@-@0)87,»(%)'

For any ¢ € T.,,052, we have
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20)&i&j = h(z0) Ly (20, ).

Since h(zp) > 0, the positivity of the Levi form on T.,012 is independent of the choice of r.



