MAXIMAL CHAINS IN THE TURING DEGREES
C. T. CHONG AND LIANG YU

Abstract. We study the problem of existence of maximal chains in the Turing degrees.
‘We show that:
1. ZF 4+ DC+ “There exists no maximal chain in the Turing degrees” is equiconsistent
with ZFC+ “There exists an inaccessible cardinal”;
2. Forall a € 2¥, (w1)*[*) = w; if and only if there exists a 117 [@] maximal chain in the
Turing degrees.
As a corollary, Z FC+ “There exists an inaccessible cardinal” is equiconsistent with ZFC+

“There is no (bold face) I:I% maximal chain of Turing degrees”.

81. Introduction. A chain in the Turing degrees is a set of reals in which
any two distinct elements are Turing comparable but not equivalent. A maximal
chain is a chain which cannot be properly extended. An antichain of Turing
degrees, by contrast, is a set of reals in which any two distinct elements are Turing
incomparable. A maximal antichain is an antichain that cannot be properly
extended. In this paper, we study maximal chains in the Turing degrees. This is
a classical topic in recursion theory which may be traced back to Sacks [13], in
which he proved the existence of a minimal upper bound for any countable set
of Turing degrees. As a consequence, assuming the Axiom of Choice AC, there
is a maximal chain of order type w;. Abraham and Shore [1] even constructed
an initial segment of the Turing degrees of order type w;. All of these results
depend heavily on AC. We are interested in the following questions:

1. Is AC necessary to show that there exists a maximal chain? Can one
construct a maximal chain without AC?
2. Is there a definable, say IT}, maximal chain?

For (1), we will prove in Section 2 that over ZF plus the Axiom of Dependent
Choice DC, “there is no maximal chain in the Turing degrees” is equiconsis-
tent with ZFC + “there exists an inaccessible cardinal”. This shows that the
existence of maximal chains is “decided” by one’s belief, over ZF + DC, in
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the existence of an inaccessible cardinal. Thus if one believes that there is no
large cardinal in L, then one would deduce the existence of a maximal chain
from ZF + DC. On the other hand, if there is no maximal chain then w; is
inaccessible in L (in fact in L[a] for any real a). For (2), the situation is more
complicated. It is not difficult to show, under ZF + DC, that there exists no X}
maximal chain in the Turing degrees. This is the best result within ZF + DC.
By Martin and Solovay’s result [9], it is consistent with ZFC' that every maximal
chain is IT1. Is it consistent with ZFC that there exists a II} maximal chain?
We show (Theorem 3.5) that there is a II} maximal chain under the assumption
of (w1)¥ = w.

We organize the paper as follows: In Section 2, we study the relation between
existence of maximal chains and large cardinals. In Section 3, we consider the
problem of the existence of definable maximal chains.

Notations. A tree T is a subset of 2<% which is downward closed. Given a
tree T, a finite string o is said to be a splitting node on T if both ¢70 and ¢"1
are in T'. The string o is said to be an n-th splitting node on 7" if 0 € T is a
splitting node and there are n — 1-many splitting nodes that are initial segments
ofo. Let T ={r €Tt =oVrt<c}and T [ n={o € T||lo] < n}. We use
[T] to denote the set of reals {z|(Vn)(z [ n € T)}. A perfect tree T is a tree in
which for each o, there is a 7 € T so that 7 > ¢ and 7 is a splitting node. Define
the n-th level of T to be

Lev,(T) = {0 ¢ Lev,_1(T)|(37)(7 € TAc < TAT is an n-th slpitting node on T)}.

For notations and definitions not given here, see [4], [8], [6],[12] and [14].

Acknowledgement. We thank the referee for a careful reading of the man-
uscript and for suggestions that improved on the original results and led to
Theorem 3.5 and Corollary 3.6. We also thank Manuel Lerman, Richard Shore
and Yue Yang for helpful discussions.

§2. Chains and large cardinals. We use I to denote the statement “there
exists an inaccessible cardinal’ and NMT to denote “there exists no mazimal
chain in the Turing degrees’. In this section, we prove that ZF + DC + NMT
is equiconsistent with ZFC + 1.

A set A of reals is said to be an antichain if for all z,y € A, x # y implies z|ry.
The following result is essentially due to Sacks [13] which will play a critical role
in this and later sections.

LEMMA 2.1. (ZF + DC') For each perfect tree T, there is a perfect tree S C T
so that [S] is an antichain.

PROPOSITION 2.2. Assume Con(ZFC +I). Then Con(ZF + DC + NMT)
holds.
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PROOF. By Solovay’s theorem [17], assuming Con(ZFC + I), ZF + DC is
consistent with the statement: “FEvery uncountable set contains a perfect subset”.
Now every maximal chain is uncountable and, by Lemma 2.1, does not contain
a perfect set. Hence ZF + DC' is consistent with the statement “There is no
maximal chain in the Turing degrees”. B

PROPOSITION 2.3. If Con(ZF + DC + NMT), then Con(ZFC +1).

PROOF. By Solovay’s result [16], it suffices to prove that

ZF + DC + NMT + (Vx € 2°)(wil < w)).

To show this, assume that there is a real x so that wfm = wi. Then since
2¢ N L[z] has a well-ordering in L[z] of order type wlL[I], it is straightforward to
obtain a maximal chain A C L[z] N2 in L[z] of size (Nl)L[’”]. Since wlL[w] = w1,

|A] = N1. Let A = {za}a<w, -

If A is not a maximal chain in V' (the real world), then take a witness z ¢ A
which is comparable with all of the reals in A. So there is an a < w; so that
z <1 24. Then z € L[z] since A C L[z]. So A is not a maximal chain in L[z], a
contradiction. -

Note that the proofs above also show that ZFC + I is equiconsistent with
ZF 4+ DC+ “Every chain of the Turing degrees is countable”.

83. The existence of definable maximal chains. In this section, we study
the existence of definable maximal chains of Turing degrees.

PROPOSITION 3.1. (ZF + DC) There is no 1 mazimal chain in the Turing
degrees.

PROOF. If A is a maximal X ] chain in the Turing degrees, then A must have
a perfect subset since A is uncountable. By Lemma 2.1, A will then contain a
pair of T-incomparable reals, which contradicts the fact that A is chain. B

Assuming M A+ -CH + (w1)* = wy, by Martin-Solovay’s result that each set
of reals with size at most Ny is IT] [9], one sees that each maximal chain in the
Turing degrees is a ITi-set. The question then is whether there is a I1} maximal
chain. We give a positive answer assuming (w1)* = w;.

Recall that a real x is a minimal cover of a countable set A of reals if (i) z is
an upper bound of every real in A, and (ii) no y <t « is an upper bound of A.
Sacks [13] showed that every countable collection of Turing degrees has a minimal
cover. The next lemma implies that a minimal cover exists with arbitrarily high
double jump.

LEMMA 3.2. (ZF) Assume A is a countable set of reals and x is a real. There
is a minimal cover z of A so that 2" >1 x.
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PRrROOF. We fix an effective enumeration of partial recursive oracle functions
{(I)e}e<w~

Let {pn}n<o be a recursive 1-1 enumeration of prime numbers. Allowing
ambiguity, we will also use p, to denote the prime number which codes the
string 0. Given a recursive oracle function ®, we use ®¥ = T to express the
following:

1. ®Y is total,

2. (Vn)(®¥(n) = [1seLew, () Po)-

Define L, (T) to be the leftmost n + 1-th splitting node and R,,(T") to be the
rightmost n + 1-th splitting node.

For each finite string o*, real z and perfect tree T C 2<% with ¢* € T,
define 7 (o*,z,T) to be a perfect tree so that 7 (c*,x,T) is the intersection of a
sequence of perfect trees T;, given as follows:

To=T°".

Tht1 = {7|30 € Lev,(T,,) (T 2 0)} U Spt1 C T, where S,,41 is defined as:

Case(1) : z(n) = 0. o € S,11 if and only if there exists 7 € Lev,11(T,) so that
o =7 and 7 = Ly (T}) for some v which is an n-th splitting node of T},.

Case(2) :x(n) = 1. 0 € Sp41 if and only if there exists 7 € Levy41(T},) so that
o > 1 and 7 = R;(T}) for some v which is an n-th splitting node of T),.

Define
T(c*,2,T) ﬂT

In other words, 7 (¢*,x,T) is a subtree Whlch7 roughly speaking, codes z(n) at
a 2n-th splitting node of 77" . Note that T(o*,2,T)®T >1 x. Moreover, suppose
for some recursive oracle function ®, we have ®¥ = T for all y € [T]. Then
there is a recursive oracle function ¥ such that U¥ = z for all y € 7 (o*, 2, T).
Furthermore, given an index of the oracle function ®, an index of the oracle
function ¥ may be effectively obtained from o*. In other words, there is a
recursive function f such that @?(U*) =g foraly € [T(c* x,T)]. Since ®¥ =T
forall y € [T(0*,2,T)] C [T) and x @ T >1 T(0c*,z,T), there is a recursive
function g so that ®Y ooy =T ,T) for all y € [T (o*,2,T)].

We give a sketch of the idea behind the construction of z. To obtain a minimal
cover of a countable set A = {x;},<.,, one makes appropriate modifications of the
construction of a minimal degree (see [8]). To make the minimal degree relatively
high (i.e. to make it compute a given x through jumps), one needs to code the
indices of the perfect trees in the course of the construction ([15] is a good source
where this idea is made precise). Were the construction uniform, one could use
the Recursion Theorem to code the index of the next perfect tree being defined
during the step by step construction. This technique could be applied to code x
and x; into z for each i < w. However, to achieve minimality, the construction
is non-uniform (one needs to decide whether the next tree will be an “e-splitting
tree” or a “full tree”, which in general is a “double jump” question). Although it
is highly non-uniform, the construction does become uniform once it is decided
which situation one is in (see Substep 3 of the construction below). This is the
reason for using z” to “get up” to =.

We now turn to the construction.
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Fix a real z and an enumeration {z;};c, of A. Suppose the recursive oracle
functional @ satisfies ®f = 2<¢ for all reals y. We construct a sequence of
perfect trees step by step. At step n, we construct a perfect tree T,, <1 @B;<n;
and a finite string o, so that T,, | |on| = {7|7 <X on}, |on| > n and there is a

recursive oracle functional ®., so that for each y € [T,,], @

Y =T,

€

Construction
At step 0, define Ty = 2<% and o = 0.
At step n + 1, there are three substeps:

Substep 1

Substep 2

Substep 3

oding z). For each k: z(n) = 0, define o = R(T,*"™); oth-
Codi F h ko If 0, define %, o = Ry(Ta*"™)); oth

k
. Ry (T, Tn
erwise, define o, o = Ly(TF* ™)) Define T,y105 = Ti"°. Hence

there is a recursive oracle functional ®;, such that for each y € T}, 11,0.x,
@f’k = Th41,0,k- Note that the function £ — i is recursive. It fol-
lows from the Recursion Theorem that there is a number kg such that

k
<I>i.’k0 =@} forallye [Tﬁ"&m]. Fix this ko and define 69, = 023_170, and
Tnt1,0 = Thnt1,0,k0-
(Coding ). For each k: Define T, 4111 = T(Rl(Tf_ﬁgg"“’O)), Ty Tht10)-
By the discussion above, there are recursive functions f, g so that @?(k) =
x,, and (I)z(k) = Tht1,1% for all y € [Ty,41,1.5]. By the Recursion Theorem,
there is a k; such that @Zl = @g(kl) = Tpi1,1k for all y € [Ty,

Ly (Trt1,0)
Define On+1,1 = Rl(Tn—i-ll,O ) and Tn+1,1 = Tn+1,1,k1-

(Forcing a minimal cover). This is the only place where z” is used.

Case(1) : There exists 0 € Ty4+1,1 and a number i, so that for all m > i,,

71,72 = 0, {71, T2} C Thny1 /\<I>;1+1(m) ! /\(I);QJA(m) ! :>(I)7T11+1(m) =
T2

2i1(m). Choose the least such o € T, 111 (in the sense of the coding
of strings). Define S = T)7,, ;. For each k, define Sy = GRA(SRE) By

the Recursion Theorem again, there is a ko so that @Zz = SRl(SLkz(S))
for all y € [SRl(SLkz(S))]. Define 0,41 = Rl(SLk2(S)) and T, =
Son+1,

Ly (Tpi11)
Rl(Tn+k1,1 +1,1))

Case(2) : Otherwise. For each k, define Sy = T, ;| . Then we can

Sk-recursively find a sub-perfect tree Py of Sy such that for all y € [Py],

®Y is total and for all 79,71 € Py, if 79|71, then there must be some 4

so that for all reals zop > 79 and z; > 7, ®2°(i) |# ®Z' (i) |. By the

Recursion Theorem, there is a ky such that ®} = Py, for all y € [Py,].
Lo (Tn+1,1)

Let Tn+1 = sz and Op+1 = Rl(Tn+171 ) € Tn+1.
Let en41 = k3. Then @Y =T, forall y € [Tht1]-

This completes the construction at step n + 1.
Note that by induction on n, T, 11 <1 Sicnt1;-

Finally, let z = J,, on.

By the usual arguments (see [8]), one can show that z is a minimal cover of A
since Tp41 <T @i<cnr1x; for each n. We show that 2"’ >1 x. We prove this by
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using induction on n to show that z(n) may be z”-uniformly computed. To do
this, we show that the index e, is uniformly computed from z”.
At step n + 1, by inductive hypothesis, we can z”-recursively find e,. By

the construction, we have ®J = T, for all y € [T,,]. We can z-recursively
find an initial segment of z which is R; (TnLkO(T")) or Ll(Tfk"(Tn)) for some kg.

In the first case, x(n) = 0. In the second case, x(n) = 1. Note that ®f is
the perfect tree in Substep 1 of the construction. We can z-recursively find k;
so that Rl((ézo)L’“l(@io)) =< z. Then @} = T(R1((<I)ZO)L’“1(¢20)),xn,(I)zO) =
Thy1,1- We use 2" to decide which case @} is in. In case (1), we z"-recursively

find the least o € 7,411 with the required property. Let S = T, ;. Then

= gRi(s™=) g ent1 = ko and

we z-recursively find the ko so that &7

Ty = SR8

Rl(Tf_tﬁflT"+l'l)) = 2. Then by the construction, e, 41 = kg and Tj,41 = @f,.
Thus z” >1 z and the proof of Lemma 3.2 is complete. -

= ®f,. In Case (2), we z-recursively find the ks so that

Remark. We conjecture that 2" may be replaced by 2z’ in Lemma 3.2.

COROLLARY 3.3. (ZF+DC) Assume that A is a countable set of reals. There
18 a real x so that for each y >t x, there is a minimal cover z of A so that
2 =71 y.

PROOF. Assume A is a countable set of reals. Fix an enumeration {x;}; of A.
The set

B = {y|(32)(z is a minimal cover of A A 2" =1 y)}
= {y|(Fe)(Vi)(V5)[(PY is total A (®Y)" = y A z; <7 PY A
(@7 is total A (Vk)(zp <1 ®7¢) = @Y <1 &7°)]}

is a Borel set. By Lemma 3.2, for each real x, there is areal y € B so that y > x.
By Borel determinacy (Martin [10]), there is a real x so that {yly >r 2} C B.

To show the main result, we first construct a I} maximal chain in the Turing
degrees under the assumption V = L.

The proof of the following lemma depends heavily on the results of Boolos and
Putnam [3]. Call a set E C w X w an arithmetical copy of a structure (S, €) if
there is a 1-1 function f : S — w so that for all z,y € S, x € y if and only if
(f(z), f(y)) € E. In ([3]) it is proved that if (La41 \ Lo) N2% # () then there
is an arithmetical copy F, € Lot1 of (Lo, €) so that any @ € (Lat1 \ Lo) N2¥
is arithmetical in E, (i.e. E, is a master code for « in the sense of Jensen [7]).
Moreover, each z € L,N2% is one-one reducible to F,. Since F, C w X w, it may
be viewed as a real. Note that for each constructibly countable 3, there is an
a > 3 such that (Lat1\ La)N2¥ # 0. We will be considering sets A C a X w. It
will be convenient to identify A with an a-sequence {A,|y < a} of reals, where

A’Y = {(’y,n)\(v,n) € A}
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THEOREM 3.4. Assume V = L. There is a IIi mazimal chain in the Turing
degrees of order type w.

PROOF. By the Gandy-Spector theorem, a set A of reals is I11 if and only if
there is a Yg-formula ¢ such that

yeAe (Fre Lyly) (Lo ly] E oz, y)),

where w{ is the least ordinal o bigger than w so that L,[y] is admissible (see
Theorem 3.1 Chapter IV [2]).

Our proof combines Corollary 3.3 and van Engelen et al’s argument [5]. Based
on the paper [5], Miller [11] provided a general machinery to construct a I} set
satisfying some particular properties. However, the presentation is sketchy and
incomplete. We give a detailed argument here where it pertains to the theorem
at hand.

Assuming V' = L, we define a function I on wy x {J,,, P(a X w) as follows:

For each o < w1, A C a X w, we define F(«, A) to be the real y such that
there exists a lexicographically least triple (8, F, eq) (where the ordering on the
second coordinate is <j,) satisfying the following properties :

1. There is a function h € Lg which maps w onto a, and (Lg11\ Lg) N2 # 0;
2. E € Lgy is an arithmetical copy of (Lg, €) with the properties mentioned
before the statement of Theorem 3.4;

3. y is a minimal cover of the set of reals {zg | B < aAVn(zg(n) = A(G,n))};

4. y"” =1 FE and finally

5. Y= <I>eb; .

We show that F is a total function.

For each («a, A), we show that there exists a y such that F(a,A) = y. It
suffices to show that (0, E, eg) exists. Then by the fact that the lexicographical
order is a well ordering, there must be a least one and this will yield the y needed
to define F'(a, A). Fix a real = for A as in Corollary 3.3, the base of a cone of
Turing degrees that are double jumps of minimal covers of A. Since V = L,
there is a § > « such that « € Lg, (Lg4+1 \ Lg) N2 # 0 and there is a function
ho mapping w onto a. By the discussion above, there is an arithmetical copy
E C wxwin Lg4q such that £ >1 2. By Corollary 3.3 and the choice of x, there
is a minimal cover y of A so that v’ =1 F and y = <I>fo for some eg. Obviously,
Lgy1 € Lyv[y]. By the absoluteness of <y, it is easy to see that F(a, A4) is
defined. Note that F'(«, A) depends essentially on A since A is a sequence of
reals of length a.

Moreover, for such A’s one can verify using the absoluteness of <y, that there
is a X formula ¢(a, A, z,y) such that

Fla,A) =y & L wn[Ay] F F23h(p(a, A, z,y)Ah is a function from w onto a).
1

Thus we can perform transfinite induction on countable ordinals to construct
a maximal chain of Turing degrees of order type wi. But care has to be exercised
here since in general sets constructed this way are ¥; over L, , i.e. £3 and not
necessarily I17.
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Define G(«) = y if and only if
a<w{ AIf(fe(2) NS € Lylyl A fl@) =y A

VBB < a= f(B) = F(B,{(v,n)ln € f(v) Ny < B}))).

Since Lv[y| is admissible, G is ¥1-definable. In other words, G(a) =y if and
only if there is a function f:a+ 1 — 2% with f € L,y [y] such that

Loylyl = ((F)(V8 < a)(Fz € s)p(B,{(7,n)|n € fF(Y)Ay < B} 2, f(8))Af(a) = v.

Define the range of G to be T. Then y € T if and only if there exists an
ordinal a < wy and a function f:a+1— 2¢ with f € L,v[y] such that

Loslyl = ((3)(V8 < a)(3z € s)o(B,{(v,n)In € f(V)Ay < B}, 2, f(B))Afla) = y.
So T is II3.

All that remains is to show that G is a well-defined total function on w;. This
can be done using the same argument as that for showing the recursion theorem
over admissible structures (see Barwise [2]). The only difficult part is to argue,
as was done earlier, that the function f defined above exists. We leave this to
the reader.

Thus T is a chain of order type wi. To see that it is a maximal chain, let x
be a real which is T-comparable with all members of T'. Select the least o such
that G(a) > . Then x >t G(8) for all § < a. Since G(«) is a minimal cover
of {G(B)|B < a}, we have G(a) =t x. Thus T is a [} maximal chain. —|

We arrive at the following characterization:

THEOREM 3.5. Assume ZF + DC. The following statements are equivalent:
1. (wl)L = Wi,

2. There exists a II} mazimal chain in the Turing degrees.

3. There exists a 11} uncountable chain in the Turing degrees.

PROOF. (1)== (2): Suppose (w1)l' = w;. Fix the I} set T as in Theorem
3.4. Since the statement “T" is a chain” is II} and L |= T is a chain, T is a
chain in the real world V. Since T is uncountable in L and (w;)l = wy, T is
uncountable. Thus if z is a real so that {x} UT is a chain, then = < y for some
y € T so that € L. Since L | T is a maximal chain, T is a maximal chain in
V.

(2) = (3): This is Obvious.

(3) = (1): Suppose T is a [T} uncountable chain in the Turing degrees. By
Lemma 2.1, T is a thin set. Solovay [16] proved that if T is a thin I} set, then
T CL,and ("Y' =TNL=T. Thus T C L, . Since T is uncountable,
(w1)l = w. =

Now Theorem 3.5 may be relativized to any real a. To do this one first observes
that an analog of the Boolos-Putnam theorem [3] on arithmetic copies holds, so
that if Loy1[a]\ Lafa] # 0, then there is an E, € Lyt1[a] N2¢7¢ in which every
real in Ly41[a] is a-arithmetical (i.e. arithmetical in E, & a). This provides the
setting for establishing a relativized version of Theorem 3.4, namely if V' = L|a],
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then there is a I1}[a] maximal chain in the Turing degrees of order type w;. With

this, one derives a relativized version of Theorem 3.5, where wf is replaced by

wileland TI! by 11} [a]. This leads to the following corollary showing that bold

face TI} maximal chains play a critical role in the existence problem of maximal
chains, and gives an answer to the second question posed at the beginning of
this paper.

COROLLARY 3.6. The following statements are equiconsistent:
(1) ZFC + I;
(2) ZF + DC + “There exists no 11 maximal chain in the Turing degrees”.
(3) ZF + AC + “There exists no 1} maximal chain in the Turing degrees”.

PROOF. (1)=> (2). Assume that ZF'C'+1I is consistent. Then by Proposition
2.2, ZF + DC + “There exists no IT{maximal chain in the Turing degrees” is
consistent.

(2) = (1). Assume that ZF + DC + “There exists no II1 maximal chain in
the Turing degrees” is consistent. By the observation above on relativizing The-

orem 3.5, the existence of a I} [a] maximal chain of Turing degrees is equivalent

to wlL[a] = wy. Thus if there is no II1 maximal chain in the Turing degrees, then

wf[a] < wy for all reals a. This implies that ZFC + I is consistent.

(3) = (2). Obvious.

(1)= (3). Assume that ZFC + I is consistent. Then ZFC + “w; is inac-
cessible in L” is consistent (by Levy collapse). So there is a ZFC model M so
that

M EVr e 29w < wy).

By the relativized version of Theorem 3.5, there is no II} maximal chain in the
Turing degrees in M. -

REFERENCES

[1] Urt ABRAHAM and RICHARD A. SHORE, Initial segments of the degrees of size N1, Israel
J. Math., vol. 53 (1986), no. 1, pp. 1-51.

[2] JoN BARWISE, Admissible sets and structures, Springer-Verlag, Berlin, 1975.

[3] GEORGE BooLos and HILARY PUTNAM, Degrees of unsolvability of constructible sets of
integers, J. Symbolic Logic, vol. 33 (1968), pp. 497-513.

[4] KertH J. DEVLIN, Constructibility, Perspectives in Mathematical Logic, Springer-
Verlag, Berlin, 1984.

[5] Fons vAN ENGELEN, ARNOLD W. MILLER, and JOHN STEEL, Rigid Borel sets and better
quasi-order theory, Logic and combinatorics (arcata, calif., 1985), Contemp. Math., vol. 65,
Amer. Math. Soc., Providence, RI, 1987, pp. 199-222.

[6] THOMAS JECH, Set theory, Springer Monographs in Mathematics, Springer-Verlag,
Berlin, 2003.

[7] R. BJORN JENSEN, The fine structure of the constructible hierarchy, Ann. Math. Logic,
vol. 4 (1972), pp. 229-308; erratum, ibid. 4 (1972), 443.

[8] MANUEL LERMAN, Degrees of unsolvability, Perspectives in Mathematical Logic,
Springer-Verlag, Berlin, 1983, Local and global theory.

[9] D. A. MARTIN and R. M. SoLOVAY, Internal Cohen extensions, Ann. Math. Logic,
vol. 2 (1970), no. 2, pp. 143-178.



10 C. T. CHONG AND LIANG YU

[10] DONALD A. MARTIN, Borel determinacy, Ann. of Math. (2), vol. 102 (1975), no. 2,
pp. 363-371.

[11] ARNOLD W. MILLER, Infinite combinatorics and definability, Ann. Pure Appl. Logic,
vol. 41 (1989), no. 2, pp. 179-203.

[12] Y1AaNNIS N. MOSCHOVAKIS, Descriptive set theory, Studies in Logic and the Founda-
tions of Mathematics, vol. 100, North-Holland Publishing Co., Amsterdam, 1980.

[13] GERALD E. SACKS, Degrees of unsolvability, Princeton University Press, Princeton,
N.J., 1963.

(14] , Higher recursion theory, Perspectives in Mathematical Logic, Springer-
Verlag, Berlin, 1990.

[15] STEPHEN G. SIMPSON, Minimal covers and hyperdegrees, Trans. Amer. Math. Soc.,
vol. 209 (1975), pp. 45-64.

[16] ROBERT M. SOLOVAY, On the cardinality of E% sets of reals, Foundations of math-
ematics (symposium commemorating kurt godel, columbus, ohio, 1966), Springer, New
York, 1969, pp. 58-73.

[17] , A model of set-theory in which every set of reals is Lebesgue measurable, Ann.
of Math. (2), vol. 92 (1970), pp. 1-56.

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE
NATIONAL UNIVERSITY OF SINGAPORE
LOWER KENT RIDGE ROAD
SINGAPORE 117543
E-mail: chongct@math.nus.eud.sg

INSTITUTE OF MATHEMATICAL SCIENCE
NANJING UNIVERSITY
NANJING, JIANGSU PROVINCE 210093
P.R. OF CHINA
E-mail: yuliang.nju@gmail.com



