LOWNESS FOR GENERICITY

LIANG YU

Abstract. We study lowness for genericity. We show that there exists no Turing degree which is low for 1-genericity and all of computably traceable degrees are low for weak 1-genericity.

1. introduction and notations

We study the lowness properties for genericity. In [9], Nitzpon introduced the definition of lowness for 1-genericity.

Definition 1.1 (Nitzpon [9]). For any n > 0,

(1) A real x is low for n-genericity if it is noncomputable and every n-generic real is n-x-generic. A Turing degree is low for n-genericity if it (only) contains a real which is low for n-genericity.

(2) A real x is low for weak n-genericity if it is noncomputable and every n-generic real is n-x-generic. A Turing degree is low for weak n-genericity if it (only) contains a real which is low for weak n-genericity.

The motivation of studying lowness for genericity is from the randomness theory. For more information, please see [1]. Obviously, every low for 1-genericity should be “very low”. Nitzpon show some properties of the degrees low for 1-genericity. But we prove that there is no such a degree. Nitzpon also conjectured that hyperimmune free degrees are the same as the degrees low for weak 1-genericity. We prove that every computably traceable degree is low for weak 1-genericity and so partially answer his conjecture.

1.1. Notation. We follow the standard notation. We list some notations below. For other terminology, we refer the reader to Jockusch [2] and Soare [10].

In this paper, a real means an element in Cantor space 2^ω. Sometimes we say sets replacing reals. The basic open sets in Cantor space are I_σ = {x ∈ 2^ω|x ∈ 2^ω and σ ≺ x}. The measure of I_σ is 2^{−|σ|} where |σ| is the length of σ. We use μ(A) to denote the measure of set A. For a

1991 Mathematics Subject Classification. 03D80.

The author is supported by postdoctoral fellowship from the New Zealand Institute for Mathematics and its Applications, NSF of China No. 10471060. 1

set S ⊆ 2^{<ω}, define V_S = {x ∈ 2^ω|∃σ ∈ S(x ≻ σ)}. A set S ⊂ 2^{<ω} is prefix free if ∀σ ∈ S∀τ ∈ S(σ ⪯ τ =⇒ σ = τ).

We use lightface a, b, c, x, y, z . . . to denote reals and boldface f, a, b, x, y, z . . . to denote Turing degrees.

Definition 1.2. A set S ⊆ 2^{<ω} is dense if for every σ ∈ 2^{<ω}, there is a finite string τ ∈ S so that τ ≻ σ.

Given a set S ⊆ 2^{<ω}, define [S] = {f ∈ 2^ω|∃^∞n(f ↾ n ∈ S)}.

Definition 1.3. Given a string σ ∈ 2^ω, a real x and a set S ⊆ 2^{<ω}.

(1) σ ⊩ x ∈ S if σ ≺ x and σ ∈ S. (2) σ ⊩ x /∈ S if σ ≺ x and ∀τ ⪰ σ(τ /∈ S).

Definition 1.4. Given reals x, y and a number n ≥ 1,

(1) x is n-y-generic if for every Σ^0_n(y) set S ⊆ 2^{<ω}, there is a string σ ≺ x so that either σ ⊩ x ∈ S or σ ⊩ x /∈ S.

(2) x is weakly n-y-generic if for every dense Σ^0_n(y) set S ⊆ 2^{<ω}, there is a string σ ≺ x so that σ ⊩ x ∈ S.

2. A genericity version of van Lambalgen theorem

In this section, we prove an interesting proposition which is a genericity version of van Lambalgen theorem [12]. The following lemma is clear.

Lemma 2.1. For any real x, numbers m, n > 0, a real y is n + m-x-generic iff y is n-x^m-generic.

We prove the following main result in this section.

Proposition 2.2. For any n ≥ 1, a real x = x_1 ⊕ x_2 is n-generic iff x_1 is n-generic and x_2 is n-x_1-generic.

Proof. Suppose x_1 is n-generic and x_2 is n-x_1-generic. Then for any Σ^0_n set S ⊆ 2^{<ω}, define T (x_1) = {τ|∃σ ≺ x_1(σ ⊕ τ ∈ S)}. Then T (x_1) is a Σ^0_n(x_1) set.

Case(1). ∃τ ≺ x_2(τ ⊩ x_2 /∈ T (x_1)). Pick up such a τ. Define a Σ^0_n set T^′ = {σ|∃τ^′(σ ⊕ τ^′ ≻ x ↾ 2|τ| and σ ⊕ τ^′ ∈ S)}. Then T^′ ∩ x_1 = ∅ (Otherwise, say σ^′ ≺ x_1. Then there must a τ^′ ≻ τ so that σ^′ ⊕ τ^′ ∈ T^′ and so τ^′ ∈ T (x_1), contradiction). So there is a σ^′ ≺ x_1 so that σ^′ ⊩ x_1 /∈ T^′. Set μ = x ↾ 2|σ^′|. Then μ ⊩ x /∈ S.

Case(2). Otherwise. ∃τ ≺ x_2(τ ∈ T (x_1)). So there is a σ ≺ x_1 so that σ ⊕ τ ∈ S.

So x is n-generic.

Suppose x = x_1 ⊕x_2 is n-generic. Then it is clear that x_1 is n-generic. If x_2 is not n-x_1-generic, then there is a Σ^0_n(x_1) set S ⊆ 2^{<ω} so that ∀σ ≺ x_2(σ ⊮ x_2 ∈ S and σ ⊮ x_2 /∈ S). So there is a Σ^0_n formula Φ so that S = {σ|∃n(Φ(x_1 ↾ n, σ))}. Define T = {σ ⊕ (τ^⌢0^{(|σ|−|τ|)} )||τ| ≤ |σ| and Φ(σ, τ)}. Clearly T is Σ^0_n. Then ∀σ ⊕ τ ≺ x(σ ⊕ τ /∈ T )

(otherwise, ∃τ ≺ x_2(τ ∈ S)). But since S = {σ|∃n(Φ(x_1 ↾ n, σ))}, it is clear that ∀σ ⊕ τ ≺ x∃σ^′ ⊕ τ^′ ≻ σ ⊕ τ(σ^′ ⊕ τ^′ ∈ T ). So x is not n-generic, contradiction. □

3. Lowness for generic reals

We first give some definitions.

Definition 3.1. (1) Given a real x = {n_0 < n_1 < n_2 < ...}, define its principal function p_x(m) = n_m.

(2) A function f majorizes a real x if ∀n(f(n) > p_x(n)). (3) Given a real y, a real x is y-hyperimmune if no y-computable function f majorizes x. Particularly, we say x is hyperimmune if it is 0-hyperimmune.

(4) Given a degree y, a degree x is y-hyperimmune if it contains a y-hyperimmune real. Otherwise, it is y-hyperimmune-free. Particularly, we say x is hyperimmune-free if it is 0-hyperimmunefree.

(5) We say that a degree x is computably traceable iff there is a computable bounding function h, such that for all f ≤_T x, there is a computable array {s_n ∈ P_{<ω}(ω)|n ∈ N}, where P_{<ω}(ω) = {s ⊂ ω||s| < ∞}, such that for all n, (a) |s_n| < h(n) (b) f(n) ∈ s_n.

It is clear that every computably traceable degree is hyperimmune. By an observation of Terwijn and Zambella [11], there are 2^{ℵ0} many computably traceable degrees. But there exists a hyperimmune-free degree which is not computably traceable [11]. Actually, there is a Π^0_1 class which only contains 1-random reals, so, by hyperimmune-free base theorem [4], there is a hyperimmune-free 1-random real. It is not hard to see that no random real can be computably traceable.

For n > 1, there does exist some degrees which are low for ngenericity.

Lemma 3.2. For any n ≥ 1, every L_n degree is low for n+1-genericity.

Proof. If x^n = 0^n then for any real y, by Lemma 2.1, y is n + 1-generic ⇔ y is 1-0^n-generic ⇔ y is 1-x^n-generic ⇔ y is n + 1-x-generic. □

For n = 1, the situation is totally different. Jockusch and Shore prove the following lemma in [3].

Lemma 3.3 (Jockusch and Shore [3]). For any noncomputable real x and y ≥_T x ⊕ ∅^′, there is a 1-generic real g so that g ⊕ x ≡_T y.

The following theorem is somewhat surprising.

Corollary 3.4. There is no real low for 1-genericity.

Proof. For any noncomputable real x, by Lemma 3.3, there is a 1- generic real g so that g ⊕ x ≡_T x^′. So (g ⊕ x)^′ ≡_T x^{′′} >_T x^′ ≡_T g ⊕ x^′. But obviously, if g is 1-x-generic, then (g ⊕ x)^′ ≡_T g ⊕ x^′. Hence g can not be 1-x-generic. □

We turn to lowness for weak 1-genericity. Kurtz proved the following theorem.

Theorem 3.5 (Kurtz [5]). Weakly 1-generic degrees are exactly hyperimmune degrees.

So we have the following corollary.

Corollary 3.6 (Nitzpon [9]). If x is low for weak 1-genericity, then x is hyperimmune free.

Proof. Suppose x is low for weak 1-genericity. If x is not hyperimmune free, then by Theorem 3.5, there is a weakly 1-generic real g ≡_T x. So g can not be weakly 1-x-generic, contradiction. So x is hyperimmune free. □

We say a Turing degree x is low for hyperimmune degrees if every hyperimmune degree is x-hyperimmune degree. Although it is not hard to see that every hyperimmune-free degree is low for hyperimmune degrees(see [9]), it is not obvious whether there exists a degree low for weak 1-genericity. Since every noncomputable Δ^0_2 degree is hyperimmune [7], no noncomputable Δ^0_2 degree is low for weak 1-genericity. Nitzpon conjectured that the hyperimmune free degrees are the same as the degrees low for weak 1-genericity. We show that every computably traceable degree is low for weak 1-genericity and so partially answer his conjecture. We need a useful lemma.

Lemma 3.7 (Terwijn and Zambella [11]). Let h be any computable nondecreasing function with lim_n h(n) = ∞. Then if x is computably traceable, it is computably traceable with the bound h.

Theorem 3.8 (with Miller). Every computably traceable degree is low for weak 1-genericity.

Proof. Fix a computably traceable real x. By Lemma 3.7, the computable function h(n) = n is a bound. It suffices to prove that for every Σ^0_1(x) dense set S^x_e , there is a Σ^0_1 dense set T_e so that V_{Te} ⊆ V_Sx_e . Given a set S ⊆ 2^{<ω}, we say T ⊆ 2^{<ω} is dense in S if for every σ ∈ S there is a τ ∈ T so that τ ⪰ σ. Define J_n = {σ||σ| = n}. The idea is: for every n and every σ ∈ J_n, we want to uniformly computably put a finite string τ ≻ σ in T_e so that τ ⪰ μ for some μ ∈ S^x_e . To do that, by the bounding function, there are at most n many finite strings {σ_i}_{i<n} so that S^{σ i}_e is dense in J_n for every i < n. We will effectively compute a very long possible initial segment of x and force S^{σ i}_e to produce a large number of finite strings so that ⋂ i<n V_S^σ i_e contains a subinterval of I_σ for every σ ∈ J_n. If we succeed, we put these subintervals into T . We formalize our intuition by the following proof.

From now on, we fix the number e and dense set S^x_e . We use S^σ_e [t] to denote the enumeration of S^σ_e at stage t . Define functions f, g as follows:

f̂(n) = min{t|Sx↾t_e [t] is dense in J_n},

ĝ(n) = max{|σ||σ ∈ S^{x↾f̂(n)}e [f̂(n)]}.

Since S^x_e is dense, both f̂, ĝ are x-computable. Since x is hyperimmunefree, there are two computable functions f, g so that for all n, f(n) ≥ f̂(n) and g(n) ≥ ĝ(n). Note for every n, S^{x↾f(n)}_e [f(n)] is dense in J_n. Define a computable function G : (N ∪ {−1}) × N → N so that for all n, G(−1, n) = n, G(0, n) = f(n) and G(m + 1, n) = f(g^{(m)}(n)) where m ∈ N. So the sequence {x ↾ G(n, n)}_n is uniformly x-computable. Since x is computably traceable with bounding function h, there is a computable sequence {R(n)}_{n∈N} with R(n) ∈ (2^{<ω})^{<ω} for every n so that for all n ∈ N, x ↾ G(n, n) ∈ R(n) and |R(n)| ≤ h(n) = n. Note S^{x↾G(m,n)} e [G(m, n)] is dense in J_{G(m−1,n)} for every m < n. We construct a c.e. dense set T so that V_T ⊆ V_Sx_e step by step.

At step 0, define T = ∅.

At step n + 1, suppose R(n) = {σ_i}_{i<n}. There are n + 1 many substeps to construct a sequence τ^i_0 ⪯ τ^i_1 ⪯ ... ⪯ τ^i_{n−1} so that {τ^i_m}_{i<2}n is dense in J_n for every m < n and τ^i_m ∈ S^{σ km ↾G(km,n)}e [G(m, n)] for every i < 2^n where k_m is the maximal number no larger than m so that S^{σ km ↾G(km,n)} e [G(k_m, n)] is dense in J_{G(km−1,n)} . Define {τ^i_{−1} }_{i<2}n = J_n. Substep m (0 ≤ m < n), check whether S^{σ m↾G(m,n)}e [G(m, n)] is dense in J_{G(m−1,n)} . If not, then it is not hard to see that σ_m ⊀ x. Define τ^i_m = τ^i_{m−1} for every i < 2^n and go to next substep. Otherwise, for every i < 2^n, find a τ^i_m ∈ S^{σ m↾G(m,n)}e [G(m, n)] so that τ^i_m ⪰ τ^i_{m−1} . By induction, there must exist such strings.

At substep n, put {τ^i_{n−1} }_{i<2}n into T .

For every n and m < n, S^{x↾G(m,n)}e [G(m, n)] is dense in J_{G(m−1,n)} . So there exists at least one substep at which we extend J_n. So T is dense in J_n. Thus T is a c.e. dense set. Obviously, by the construction, V_T ⊆ V_Sx_e . □

Acknowledgements : The author would like to thank Carl Jockusch and Joseph Miller for helpful discussions.

References

[1] R. Downey and D. Hirschfeldt, Algorithmic Randomness and Complexity. Monographs in Computer Science, Springer-Verlag, in preparation.

[2] C. Jockusch, Degrees of generic sets. Recursion theory: its generalisation and applications (Proc. Logic Colloq., Univ. Leeds, Leeds, 1979), pp. 110–139, London Math. Soc. Lecture Note Ser., 45, Cambridge Univ. Press, Cambridge-New York, 1980.

[3] C. Jockusch and R. Shore, Pseudojump operators. II. Transfinite iterations, hierarchies and minimal covers. J. Symbolic Logic 49 (1984), no. 4, 1205–1236.

[4] C. Jockusch and R. Soare, Π^0_1 classes and degrees of theories. Trans. Amer.

Math. Soc. 173 (1972), 33–56.

[5] S. Kurtz, Randomness and Genericity in the Degrees of Unsolvability, PhD Diss., University of Illinois, Urbana, 1981.

[6] P. Martin-Löf, The definition of random sequences, Information and Control, 9 (1966), 602-619.

[7] Miller, W; Martin, D. The degrees of hyperimmune sets. Z. Math. Logik Grundlagen Math. 14 1968 159–166.

[8] A.Nies. Lowness properties and randomness. To appear.

[9] D. Nitzpon, On low for. Doctoraal examens, University of Amsterdam, 2002. [10] R. Soare. Recursively Enumerable Sets and Degrees. Springer–Verlag, Heidelberg, 1987.

[11] S. Terwijn and D. Zambella, Computational randomness and lowness. J. Symbolic Logic 66 (2001), no. 3, 1199–1205.

[12] Van Lambalgen, M, Random Sequences. Ph.d. Diss. University of Amsterdam, 1987.

Department of Mathematics, National University of Singapore 2, Science Drive 2, Singapore 117543. Email: yuliang.nju@gmail.com