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ABSTRACT

M. Lewin and Y. Vitek conjecture that every integer < [2w,]+1=[4(n®—2n+
2)] +1 is the exponent of some n X n primitive matrix. In this paper we prove that
this conjecture is true except for n = 11. The problem of determining the exponent set
E, is completely solved.

n

INTRODUCTION

An n X n nonnegative square matrix A = (a,;) is primitive if A¥> 0 for
some positive integer k. The least such k is called the exponent of A and is
denoted by y(A).

1. THE MAIN RESULT

In 1950, H. Wielandt [6] first stated the exact general upper bound for
Y(A), that is, Y(A) < W, =(n—1)2+1 for all n X n primitive matrices. In
1964, A. L. Dulmage and N. S. Mendelsohn [1] revealed the so-called gaps in
the exponent set of n X n primitive matrices. Each gap is a set S of
consecutive integers below W, such that no n X n matrix A has an exponent
in S. In 1981, M. Lewin and Y. Vitek [4] found the general method for
determining all gaps between [§W,]+1 and W,, where [x] denotes the
greatest integer < x. And they conjectured that there are no gaps below
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[3 W,]+ L. Recently, Shao Jia-Yu [5] proved that this conjecture is true for all
sufficiently large n, but is not true for n =11. In this paper we prove that:

THEOREM. Lewin and Vitek’s conjecture is true except for n=11.
Namely, there are no gaps below [1W,]+1 except for n =11.

By the proof of the Theorem, it is easy to show the foillowing:

CoroLLarYy. For n=11, 48 is the only number which does not satisfy
Lewin and Vitek’s conjecture.

By the Theorem and [4], for any definite integer n, all the gaps in the
exponent set of n X n primitive matrices are found. Then the problem of
determining the exponent set is completely solved.

2. SOME KNOWN RESULTS ABOUT y(A)

Let 7, 7,,..., 7, be a set of distinct positive integers with (1), 75,...,7,) = 1.
Then we define the Frobenius number ¢(r},1,,...,7,) to be the least integer
m such that every integer k > m can be expressed in the form k = a,r, + a,n,
+ - -+ +a,r,, where a,,a,,...,a, are nonnegative integers. A result due to
Schur shows that ¢(r, 7, ..., r,) is well defined if (r),7,,..., 1) = 1. It is well
known that

¢(r, ) =(n-1(n-1) i (r,n)=1
and
#(mn—1,3(n=1)) =¢(n,3(n—1) = (n -1 {3(n-1) -1}.
Let E,= {m€Z*|m=y(A) for some n X n primitive matrix A} and
E® = (W] +2,.... W] +1)
= {[é(n2—4n+9)],...,[§(n2—2n +4)]}.
Then we have some known results about y(A) as follows:

LEmma 1[5, §3, Lemma). E,cE,c---cE CE , C---

Lemma 2 [5, §7). 48< E(D, 48¢ E,,.
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LEMMA 3 [5, Lemma 6.1 and Theorem 6.1].

(1) Lewin and Vitek’s conjecture is true for all n<10 iff EPCE,
(n=3,5,7,9) is true.

() If Ui oE§R, S E,y, then Lewin and Vitek’s conjecture is true for
all n >12 iff EO C E,, is true for all odd numbers n > 12.

LemMa 4 [5, Theorem 4.1). Ifnzr >rn> - >r, is a set of positive
integers where (1), 1,,...,1,) =1, then

{o(r.r,..c,n )+ —1,..,6(r,n,...,n)+n+rn—n—-1} CE,.

So Lewin and Vitek’s conjecture is reduced to a number theoretical
problem, that is, for odd integer n and any integer m € E{Y, to determine
whether there are r,,r,,..., r, integers in Lemma 4 such that m € E,,.

3. PROOF OF THE MAIN THEOREM

Before proving the Theorem, we need another lemma as follows: Let
P1=3,p,=T,p;=11,p,=19,p5 =23, pg,..., p;,-..be the infinite sequence
of all prime numbers of the form 4k +3, and denote ;= {p,, p,,..., p;,-.. }-

LemMma 5. Ifp,,p, 1€ P, thenp, < 2p;, i > 2.
Proof. 1In [2, p. 491], Erdos proved that:

Sarz 9. Fiir £ > 6000 gibt es im intervall £ < p < 2¢ je eine primzahl
von der form 4k +1 und 4k +3.

Hence when p, > 6000, we have p,,; < 2p,. On the other hand, when
p; < 6000, it is easy to check by the table of prime numbers in [3] that we
have a sequence of the prime numbers of the form 4k + 3 as follows:

7,11,19,31,59,107,211,419,827,1627,3251,6491 (A)
For any p, < 6000, there exist two consecutive numbers p and p’ in (A) with

p < p; <p’, thus we have p < p, < p’<2p < 2p;. Clearly p,,, <p’. So p,,,
< 2p;. This completes the proof of the lemma. u
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LemMA 6. If n>43 and n # 50,61,72,83,94,105, then there exists a
prime p (depending on n) satisfying the following properties:

pEP,, (B1)
(p—1)(p+3) =19, (B2)
i(p—D(p+5)<n-3, (B3)
n#3(p+1) (mod p). (B4)

Proof. First, suppose n > 273. Let p,, , , be the least prime in #; \ {3,7}
such that n # L(p,,,+1) (mnod p,, ). Take p = p, ;. Then (B1), (B2), (B4)
follow easily from the choice of p. For (B3) we consider two cases:

Case1:h<5. Inthiscase p=p, ;< ps=23I Sop+2<33<vd4n—3

AAE 2 h41=x pg — 2220 TL [ I VITo 2.

Hence (3) follows.
Case 2: h> 5. Note that n = {(p;, +1) (mod p,) for all i = 3,4,..., h, so

n=1(psp,---p,+1) (mod p,) forall i=3.4,...,h.
But pg, p,,..., p, are distinet primes, so

n=5(psps- - pp+1) (mod pyp, - -~ py,)

Hence n > 3(psp,--- pp+1). Namely, 4n—3> 2p;p,--- p, —1. On the
other hand, for h > 5, by Lemma 5 we have

2
(Pher+2) <4Ph 1 <32pppp_ 1 <2pspy - — L.

Hence we have (p,,,; +2)% < 4n — 3. So (3) follows.

If 43 < n < 273, evidently, when n > 43 and n # 11k +6, we can take 11
instead of p of (B); when n > 108 and n # 19k + 10, we can take 19 instead
of p of (B). It is easy to check that for any n (43 < n < 273) except for
50,61,72,83,94,103, there always exists one of {11,19} which satisfies (B).
So the Lemma follows. [ |

LeEmMMma 7.

(1) Ifnisodd > 3, then we have {(n* — 2n +1), {(n* - 2n +3)} CE,.

() Ifnisodd > 5, then we have {1(n®—4n+3),...,L(n*>—3n +4))
CE,.
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Proof. (1): Let {r, 1,1} ={n,n—1,3(n—1)}; thus ¢(n,n—1,3(n
—1)) = {(n® — 4n +3). Hence we have {3(n*—2n+1),3(n*—2n+3)} C
E, by Lemma 4.

(2): Let {r,n}={n—24%n-1)}; thus we have {i(n®’—4n+
3),...,3(n* —3n +4)} C E, by Lemma 4. [ |

Lemma 8. If n > 13, then we have:

(1) Ifn =1 (mod 4), then E® C E, iff {1(n®— 2n — 3), 1(n® — 20 — 1)}
CE,.

(@) If n =3 (mod 4), then EQ) C E_ iff {max[1(n®— 2n —19),1(n* - 3n
+6)],...,(n*—2n—1)} CE,.

Proof. (1): (4(n+1),n—3)=1, since n=1 (mod 4). Let r=n-3
and 7, =1(n +1); then we have {{(n®*—3n—4),...,4(n*—2n-5)}CE,
by Lemma 4. So (1) is true by Lemma 7.

2): (3(n+3),n—5)=1, since n=3 (mod 4). Let ,=n—35 and
1, = 1(n — 3); then we have {1(n®*—3n—18),...,2(n*—2n—-21)} CE, by
Lemma 4. So (2) is true by Lemma 7. [ |

Lemma 9. If n is odd, n> 43, and n+61,83,105, then we have
EWCE,.

Proof. Let ry=n—3i(p+1) and 1,=§[n+ §(p —1)], where p is the
prime number satisfying the properties (B) in Lemma 6. By (B1), p = 3 (mod
4), so 1, is an integer, since n is odd. By (B3), p < 1(2n — 1), so r, > r,. Also
we have that either (r,n)=p or (r,r,)=1, since 2r,—r,=p. But if
(r,, ) =p, then r,=n—4(p+1)=0 (mod p). So n=j(p+1) (mod p);
this contradicts (B4). Hence (7, ) = 1. Now we use Lemma 4 to get

‘25(7'1’72)+’1_1=é{"2"2"’“%(1"1)(7’4’3)} <j(n*—2n-19)
by (B2);
o(rnm)+n+n—n—1={n?—2n+3+[n—-3-L(p-1)(p +5)]}

>4(n*-2n+3)
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by (B3). And
{3(n*-2n-19),...,4(n*-2n+3)} CE,.
Hence we get the lemma by Lemma 8. ]

Lemma 10. Ifn=2k+1 (k=1,2,...,20),61,83,105, then EV CE, if
n+11; and E{) \ (48} C E,,.

Proof. We divide the proof into five steps:

(1) By Lemmas 7 and 8, for proving this Lemma, it is enough to prove
that

E®CE,,

where E is as shown in Table 1.

@) Let n=n-2, p,=4(n+1). f n#5 (mod 6) and n=2k+1>7,
then (r,,7,) =1. Since (r,— 1)r, = 4(n®—2n — 3) and (1, — 21, + n =L(n®
—n—4), we have {i(n®—2n-3), {(n*—2n—1)})CE, by Lemma 4.
Also, for proving E® C E,,, it is enough to prove that E® C E,, where E®

TABLE 1

n EQ® n E®
7 17 29 390,391
9 30,31 31 440,441, ...,449
11 47,49 33 510,511

13 70,71 35 568,569, ...,577
15 93,94,...,97 37 646,647

17 126,127 39 712,713,...,721
19 155,156, ...,161 41 798,799
21 198,199 61 1798,1799
23 233,234,...,241 83 3352,3353,...,3361
25 286,287 105 5406, 5407

27 328,329,...,337
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is as follows:

n E® n E®

11 47,49 29 390,391

15 93,94,95 31 440,441,...,447

17 126,127 35 568,569,...,577

19 155,156,...,159 39 712,713,...,719

23 233,234,...,241 41 798,799

27 328,329,...,335 83 3352,3353,...,3361

(3) Let y=n—4, 1,=%(n+3). If n #11 (mod 14) and n = 2k +1> 13,
then (r,,7,) = 1. Since (r, — 1)r, = 1(n® — 2n — 15) and (r, — 2)1, + n = 4(n®
—n —18), we have {{(n*—2n—15),...,4(n* —n—18)} CE, by Lemma
4. Also, for proving E® C E,, it is enough to prove that E®) C E,, where
E® is as follows:

n E® n E®

11 47,49 35 568,569

23 233 39 712,713,...,719
27 328,329 83 3352,3353

31 440,441

(4) Let ,=n—6, r,=3(n+5). If n#17 (mod 22) and n =2k +1>19,
then (r),7,) = L. Since (r; — 1), = 1(n* — 2n — 35) and (r, — 2)r, + n = 4(n®
— n — 40), we have {1(n®—2n — 35),...,4(n®> — n — 40)} CE, by Lemma
4. Also, for proving E® C E_, it is enough to prove that EQ C E, where
E® is as follows:

n E® n E®
11 47,49 83 3352,3353
39 712,713,...,719

(5) For convenience, we use the symbol (n; 1y, 1 (r; — D)1y, (1, — 2)1, +
n). From (11; 11, 4; 40, 47), (11; 8, 7; 49, 49), (39; 29, 25; 700, 714), (39; 32,
23; 713, 729), and (83; 72, 47; 3352, 3361), we have E C E, by Lemma 4.
This completes the proof of the lemma. ]

Now, we are ready to prove the Theorem.

Proof of the Theorem. From (12; 11, 4; 40, 48) we have 48 € E,,. Hence
UZ_oER,, C E,, by Lemmas 1, 3(1), and 10. Therefore by Lemmas 2, 3, 9,
and 10, the proof of the main Theorem is completed. [ |
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