Available online at www.sciencedirect.com

. ; DISCRETE
ScienceDirect MATHEMATICS

ELSEVIER Discrete Mathematics 309 (2009) 10841090

www.elsevier.com/locate/disc

The Ramsey number R(Cg, Kg)*

Yunqging Zhang*, Ke Min Zhang

Department of Mathematics, Nanjing University, Nanjing 210093, China

Received 27 October 2005; accepted 29 November 2007
Available online 9 January 2008

Abstract

For two given graphs G| and G;, the Ramsey number R(G 1, G7) is the smallest integer n such that for any graph G of order n,
either G contains G or the complement of G contains G;. Let Cy; denote a cycle of length m and K, a complete graph of order
n. We show that R(Cg, Kg) = 50.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

All graphs considered in this paper are simple graphs without loops. For two given graphs G and G5, the Ramsey
number R(G1, G») is the smallest integer n such that for any graph G of order n, either G contains G| or G contains
G, where G is the complement of G. The neighborhood N (v) of a vertex v is the set of vertices adjacent to v in G
and N[v] = N(v) U {v}. The maximum and minimum degree of G are denoted by A(G) and §(G), respectively. Let
Vi, Vo € V(G). We use E(V7, V,) to denote the set of the edges between V| and V5. The independence number of a
graph G is denoted by «(G). For U C V(G), we write «(U) for «(G[U]), where G[U] is the subgraph induced by U
in G. A cycle and a path of order n are denoted by C,, and P,, respectively. A clique or a complete graph of order n is
denoted by K,,. We use m K, to denote the union of m vertex disjoint K,,. Let G| and G, be two given graphs, G|+ G»>
is a graph with vertex set V. = V(G1) U V(G3) andedge set E = E(G1) U E(G2) U {uv | u € V(G1),v € V(G2)}.
A Wheel of ordern +1is W,, = K1 4+ C,, and W, is a graph obtained from W,, by deleting a spoke from W,,. A Book
B,=K,+K,isa graph of order n + 2. For notations not defined here, we follow [2].

In 1978, Erdos et al. posed the following conjecture.

Conjecture (Erdos et al. [5]). R(Cp,, Ky) = (m —1)(n— 1)+ 1 form > n > 3 and (m,n) # (3, 3).

The conjecture was confirmed for n = 3 in early works on Ramsey theory [6,8]. Yang et al. [10] proved the
conjecture for n = 4. Bollobés et al. [1] showed that the conjecture is true for n = 5. Schiermeyer [9] confirmed the
conjecture for n = 6. Recently, Cheng et al. [3,4] solved the conjecture for n = 7. All the results as above support
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that the conjecture is true. In this paper, we calculate the value of the Ramsey number R(Cg, Kg). The main result is
the following.

Theorem 1. R(Cg, Kg) = 50.
2. Some lemmas
In order to prove Theorem 1, we need the following lemmas.
Lemma 1 (/3]). Let G be a graph of order Tn — 6 (n > 7) with «(G) < 7. If G contains no Cy, then §(G) > n — 1.

Lemma 2 (/3]). Let G be a graph of order Tn — 6 (n > 7) with «(G) < 7. If G contains no C,, then G contains no
W 2.

Lemma 3 (/7]). R(B2, K7) < 34.
3. Proof of Theorem 1

Proof of Theorem 1. Let G be a graph of order 50. Suppose to the contrary that neither G contains a Cg nor G
contains a Kg. By Lemma 1, we have §(G) > 7. That is

G contains no Cg. @))
1 <a(G) <. 2)
8(G) =1. (3)

Letk € Nand 4 < k < 6. If G contains K| + P, as a subgraph, let P = vy---v and V(Pr) € N(vp).
If G contains Wy or W', let C = vy---v, Wi = {vo} + C and W = {vo} + C — {vov1}. In both cases, let
I ={0,1,...,k}and S = {v; | i € I}. If G contains K} as a subgraph, let {vy, ..., vx} be a clique. If G contains a
Bi—,letvivy € E(G) and v3, ..., vr € N(v1) N N(vy). Inboth cases,let I = {1,...,k}and S = {v; | i € [}.Inall
cases, set U = V(G) — Sand U; = Ny (v;) fori € 1.By 3), |U;| # @ fori € I.If Ui NU; # ¥ for some i, j € I,
letvipr e UiNUj. Set I’ =TU{k+1}, X = SU{vg41}, Y = V(G) — X and ¥; = Ny(v;) fori € I'.If k < 5, then
Y; # @ fori € I''If Y; # @, then for each i € I, let z; be an arbitrary vertex in ¥; and let Z; = Ny (z;).

Let [ be anindex set, A; C V(G) fori € I,and I} = {i1, iz, ...,ix} € I. Wesay that A;,, ..., A;, have Property
A if

AiNA;j =0 foriely, jelandj #i,
and E(A;,Aj) =0 fori,jeiandi # j.
We say that 4;, ..., A; have Property B if

ANA;j=0 and E(A;,Aj)=0 fori,jelandi#j,

and o (U A,-) = Za(A,-) > 8.

iel iel

These notations will be used throughout the proof of Theorem 1.
In order to prove Theorem 1, we need the following claims.

Claim 1. G contains no K| + Ps.

Proof. Suppose, to the contrary, that G contains Ky + Ps. By (1), wehave Uy NU3z = UsNUs =Pand U; NU; =0
fori =1,6,j€land j #1i.

If U N Us # (. By (1), we have vjvg, v3v7 € E(G). By (3), Y; # @ fori =1, 3,6,7. By (1), we have Y1, Y3, Y,
and Y7 have Property A, thus |Z;| > 6 and «(Z;) > 2 fori = 1,3, 6,7 by Lemma 2. By (1), Z;, Z3, Zs, and Z7 have
Property B, a contradiction. Hence U, N Us = .

If Uy N Us # @. By Lemma 2, vivg, viv; € E(G). By (3), Y1,Ys,Y7 # @. If Yo = @, then N[v;] = X. By
(1), vsve € E(G), which implies that Y3 # @. It is clear that Yy, Y3, Y, and Y7 have Property A, thus |Z;| > 6 and
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a(Z;) = 2fori =1,3,6,7 by Lemma 2. By (1), Z1, Z3, Zs, and Z7 have Property B, a contradiction. Now we can
assume that Y, # . Since Uy N Us = @, we have Yo NYs = B. If Yo N Yy = B and Y, N Yy = @, then Y7, V>, Ys,
and Y7 have Property A by (1), thus |Z;| > 6 and «(Z;) > 2 fori = 1,2, 6,7 by Lemma 2. By (1), Z1, Z», Z¢, and
Z7 have Property B, a contradiction. Now we assume that Y, N Yo # @ or Yo N Y4 #£ 0, say vg € Yo N Yg or Y2 N V4.
Let X' = X U{vg}and Y’ = V(G) — X". Set Y/ = Ny/(v;), z; € Y/ and Ny/(z}) = Z. for 0 < i < 8. By (1),
{v1, v6, v7, vg} is an independent set. Thus ¥/ # @ fori = 1,6,7,8. By (1), Y|, ¥{, Y7, and Yg have Property A, thus
|Z]| > 6 and a(Z]) > 2 fori = 1,6,7,8 by Lemma 2. By (1), Z{, Z¢, Z}, and Zg have Property B, a contradiction.
Thus Up N Us = @. By symmetry, Uy N Uy = 0.

IfUs NUs # @. By (1), vav7,vivs € E(G). By 3), Y; # @ fori = 1,2,6,7. By (1), Yy, Y2, Y, and Y7 have
Property A, so |Z;| > 6 and «(Z;) > 2 fori = 1,2,6,7. Thus Z;, Z>, Z¢, and Z7 have Property B, a contradiction.
So Uz N Us = (. By symmetry, U N Us = .

By the argument above, Uy, U, Us, and Ug have Property A. For eachi = 1, 2, 5, 6, let u; be an arbitrary vertex
in U; and let V; = Ny (u;). Then |V;| > 6 and o(V;) > 2 foreachi = 1,2,5,6. By (1), V1, V2, V5, and Vg have
Property B, a contradiction. W

Claim 2. G contains no We.

Proof. Suppose, to the contrary, that G contains a W . By (1), Uy, Uy, Us, and Us have Property A. For each
i =0,1,3,5, let u; be any vertex in U; and let V; = Ny(u;). Then |V;| > 6. By Lemma 2, «(V;) > 2 for
i=0,1,3,5 By (1), Wy, V1, V3, and V5 have Property B, a contradiction. W

Claim 3. G contains no Ws.

Proof. Suppose, to the contrary, that G contains a Ws. By Claim 1, Uy N U; = ¥ for 1 < i < 5. By Claim 2,
UNU, =U,NU;s =U3NU =UsNUs =UsNU = 0. U NU3 # @, then Uy N (U UUp) = @ and
UsN (U, UU3z) = Wby (1). So we can assume that Uz N (U1 UUs) = @ and Uy N (U U U,) = 3. By (1), Uy, Uy, Us,
and U4 have Property A. For eachi = 0, 1, 3, 4, let u; be any vertex in U; and let V; = Ny (u;). Then |V;| > 6 and so
a(Vy) =2fori =0,1,3,4. By (1), Vo, V1, V3, and V4 have Property B, a contradiction. W

Claim 4. G contains no Ks.

Proof. Suppose, to the contrary, that G contains a Ks. If there are U; and U; withi # j such that U; N U; # ¥, we
assume, without loss of generality, that Us N Us # . By Claim 1, (Y4 U Y5) N (Y1 U Y, U Y3 U Yg) = @. By Claim 2,
YeN(Y1UY,UY3) =@.If Y1 NY, # @, then Y] N Y3 = @ by (1). So we may assume that Y} N Y, = @. By (1),
E(Y;,Y;) =0fori,j € {1,2,5,6}and j # i. By the argument as above, |Z;| > 5 fori = 1,2, 5, 6. By Claim 3,
a(Zij) = 2.By (1), Z1, Z», Zs, and Z¢ have Property B, a contradiction. Hence U; N U; =@ for1 <i < j < 5. For
each 1 <i < 5, let u; be an arbitrary vertex in U;. Let T = {uy, up, u3, ug, us}, U = U — T and Ny (u;) = V; for
1 <i=<5By(),AG[T]) <1,thus |V;| > 5andso «(V;) > 2for1 <i < 5. Thus Vi, ..., Vs have Property B by
(1), a contradiction. W

Claim 5. G contains no K| + Ps.

Proof. Suppose, to the contrary, that G contains K|+ Ps. By Claim 1, UyN(U; UUs) = @. By Claim 2, Uy NUs5 = 0.

fUsNUs #0.By (1), Y1NY;=@fori #1,Y,NY;, =0fori #0,2,4,Y3NY; =0@fori #0,3,YsNY; =0
fori # 6,and E(Y;,Y;) =@ fori, j € {1,2,3,6}andi # j. Then|Z;| > 4fori =1,2,3,6. By Claim4, «(Z;) > 2
fori =1,2,3,6.By (1), Z1, Z», Z3, and Zg have Property B, a contradiction. Hence Us N Us = . By symmetry,
U nNnU, =4.

HU,NUs #0.By (1), Y1NY;=@fori #1,Y3NY;, =0fori #2,3,Y4NY; =0@fori #0,2,4,YsNY; =0
fori # 6,and E(Y;,Y;) =@ fori, j € {1,3,4,6}andi # j. Then|Z;| > 4fori =1, 3,4, 6. By Claim 4, «(Z;) > 2
fori = 1,3,4,6. By (1), Z1, Z3, Z4, and Zg have Property B, a contradiction. Hence U, N Us = . By symmetry,
U NU4s=90.

HU:NU; # @B.By(), Y1iNnY; =@ fori # 1,3, YaNY;, =@fori #0,2,4,YsNY; = @fori # 2,5,
YeNY; =@ fori #0,6,and E(Y;,Y;) =¥ fori,j € {1,4,5,6}andi # j. Then |Z;| > 4 fori = 1,4,5,6. By
Claim 4, «(Z;) = 2fori = 1,4,5,6. By (1), Z1, Z4, Z5, and Zg have Property B, a contradiction. So Uz N Uy = 0.
By symmetry, Uz N Us = @.
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IfUsNUs #0.By(),Y,NY; =@fori =1,6and j #i,Y2NY; =0@fori #0,2,Y4NY; = @ for
i#3,4and E(Y;,Y;) =0 fori, j e{l,2,4,6}andi # j. Then |Z;| = Sfori =1,2,4,6. By Claim 4, a(Z;) > 2
fori = 1,2,4,6. By (1), Z1, Z», Z4, and Zg have Property B, a contradiction. So U3 N Us = {J. By symmetry,
U nus=4a.

By (1), E(U;,Uj) =W fori, j € {1,3,4,5}and i # j.Foreachi =1, 3,4, 5, let u; be an arbitrary vertex in U;
and let V; = Ny (u;). By the argument above, |V;| > 4 fori = 1, 3,4,5. By Claim 4, «(V;) > 2 fori = 1, 3,4, 5. By
(1), V1, V3, V4, and Vs have Property B, a contradiction. W

Claim 6. G contains no Wy,

Proof. Suppose, to the contrary, that G contains a Wy .

KU NU; #0.By (1), Y2NY; =0@fori #2,Y3NY; =Wfori #0,1,3,Y4NY; =0fori #£0,1,4,YsNY; =0
fori #5and E(Y;,Y;) =@ fori, j €{2,3,4,5}andi # j. Then |Z;| > 4 fori =2,3,4,5. By Claim 4, «(Z;) > 2
fori =2,3,4,5.By (1), Z3, Z3, Z4, and Zs5 have Property B, a contradiction. Hence Uy N U = 0.

U NUs #@.By (1), Y1NY;=@fori #0,1,3,Yr,NY; =@fori #2,5,YanY;,=0fori #4,YsNY; =0
fori #6,and E(Y;,Y;) =@ fori, j € {1,2,4,6}andi # j. Then|Z;| > 4fori =1,2,4,6. By Claim4, «(Z;) > 2
fori =1,2,4,6.By (1), Z1, Z>, Z4, and Z¢ have Property B, a contradiction. Hence Up N Uz = (. By symmetry,
UgNUy = 0.

U NUs #0.ByUyNU; =0, UyN Uz # @ and (1), Yy, Y2, Y4, and Y5 have Property A, then |Z;| > 6 and
a(Z;j) = 2fori =0,2,4,5. By (1), Zo, Z2, Z4, and Zs have Property B, a contradiction. Hence U; N U3 = . By
symmetry, Uy N Us = (.

fUsNUs #6.By (1), Y;,NY; =@fori =0,1,6and j # i,and Yo NY; = ¥ fori # 2, 5. For the same
reason, E(Y;,Y;) =@ fori, j € {0,1,2,6} andi # j. Then |Z;| > Sfori =0, 1,2, 6. By Claim 4, «(Z;) > 2 for
i=0,1,2,6.By (1), Zy, Z1, Z2, and Z¢ have Property B, a contradiction. Thus Uz N Uy = .

By (1), E(U;,U;) =@ fori, j € {0,1,3,4} andi # j. Foreachi =0, 1, 3, 4, let u; be any vertex in U; and let
Vi = Ny (u;). Then |V;| > 4. By Claim 4, «(V;) > 2 fori = 0, 1, 3, 4. By (1), Vo, V1, V3, and V4 have Property B, a
contradiction. W

Claim 7. G contains no K4.

Proof. Suppose, to the contrary, that G contains a K4. By (3), |U;| > 4. If there are U; and U; with i # j such
that U; N U; # @, we assume, without loss of generality, that U3 N Us # @. By (3), |Y;| = 3. By Claim 5,
Yz3UYy) N1 UY,UYs) =0.ByClaim 6, Ys N (Y1 UYy) =@. Letz; € Y; fori = 1,2,3,5. Since |Y;| > 3, we
may choose z; such that z; # z2. Set A = {21, 22,23,25}, Y =Y — Aand Z] = Ny/(z;) fori = 1,2,3,5. By (1),
we have A(G[A]) < 1.Then |Z]| > 4fori =1,2,3,5.By Claim 5, «(Z}) > 2fori = 1,2,3,5. By (1), Z{, Z}, Z},
and Zg have Property B, a contradiction. Hence U; NU; =¥ for1 <i < j < 4.

For each i = 1,2, 3,4, let u; be any vertex in U;. Set T = {uy, up, us, us}, U = U — T and Ny (u;) = V; for
1 <i < 4.1If G[T] contains 2K» as a subgraph, then G contains a Cg. Hence we assume that G[T'] contains no 2K>.
If A(G[T]) = 3, then G[T] = K 3. By symmetry, we assume that dg(7j(u1) = 3. Let V{ = Vi U {vi} and V/ = V;
fori =2,3,4. Then |V/| > 4fori =1,2,3,4. By Claim 4, a(V/) > 2 fori = 1,2,3,4. By (1), V|, V;, V;,and V,
have Property B, a contradiction. If A(G[T]) = 2, then G[T] = P3 U {v4} or G[T] = K3 U {v4}. In this case |V;| > 4
and ¢(V;) > 2for 1 <i <4.By (1), Vi, V2, V3, and V4 have Property B, a contradiction.

Now we have |E(G[T])| < 1.So |Vj| = 5for1 <i < 4.By Claim 5, «(V;) > 2 fori = 1,2,3,4. By (1),
EWV;,Vj)y =0forl <i < j<4IfViNnV; =0forl <i < j < 4, then Vi, V, V3, V4 have Property
B, a contradiction. So there exist V; and V;, say Vi and V,, such that Vi NV, # B. If ViN Vo, N V3 #£ @, let
Z=ViNnV,NVzand V) = V; — Zfori = 1,2,3,4. By (1) we have |Z| = 1. So |V/| > 4for 1 <i < 4. By
Claim 5, a(V/) > 2for 1 <i <4.By (1), V{, V3, V3, and V, have Property B, a contradiction. So Vi N V2 N V3 = @.
By symmetry, Vi NV, N V4 = @. Set Vl/ = Vi\(VinNn W) fori = 1,2. By (1), V1 N V; is an independent set,
EV/, ,VinVy) =@fori = 1,2, (ViUV)N(V3UVy) =@, and E(V;,V;) =¥forl <i < j <4 So
we can get (Vi U Vo) = a(V)) + a(Vy) + |Vi N V2| > 4. By symmetry, a(V3 U V4) > 4, which implies that
a(ViuUVo,UVsUVy) > 8, acontradiction. W

Let Hy and H; be the graphsin Fig. . Let I = {1,...,6},S={v; |i € I}. SetU = V(G) — S and U; = Ny (v;)
for 1 € I.1tis clear that |U;| > 2,fori € I.IfU; NU; # P forsome i, j € I,letv; € Uy NU;.Set I’ =1 U {7},
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1 U5 U1 V4 Ve
(% Ve (%) U3 Vs
H,y Hy
Fig. 1.

X=SU{n},Y =V(G)—Xand ¥; = Ny(v;) fori € I'.By (3), Y; # W fori € I'. Foreachi € I, let z; be any
vertex in Y; and let Z; = Ny (z;).

Claim 8. G contains no H;.

Proof. Suppose, to the contrary, that G contains H.

KU NU, #0.By(1),YanY;, =0 fori # 1,4, YsNY;, =@ fori #1,2,6,Y7,NY; = Pfori # 7 and
E(Y;,Y;)=0fori,j€{4,6,7}andi # j. Then |Z;| > 5fori =4,7 and |Zg| > 4. By Claims 3 and 7, a(Z;) > 3
fori = 4,7 and «(Zg) > 2. By (1), Z4, Zs, and Z7 have Property B, a contradiction. Thus U; NU; = (. By symmetry,
UNUys=U3NU, =UsNUy =0

IfU,NUs #0.By (1), Y1NY; =@ fori #1,5,Y¢NY; =W fori #6,Y7NY; =@fori # 7and E(Y;, Y;) = for
i,je{l,6,7}andi # j.Then |Z;| > Sfori =1,6,7. By Claims 3and 7, «(Z;) > 3 fori = 1,6,7. By (1), Z1, Zs,
and Z7 have Property B, a contradiction. Thus U, N Us = (. By symmetry, U, N Ug = Us N Us = Us N Ug = 0.

KU, NUs#0.By(1)and Us N (U U Uy) =@, wehave Y1 NY; =@ fori #1,3,6,Y6NY; =@ fori #1,6,
Y7NnY; =0fori #7,and E(Y;,Y;) =0 fori,j € {1,6,7}andi # j. By Claim 7, viv; € E(G). By (3), Y1 > 2,
so we can choose zi, such that z; # z¢. Then by the argument above, |Z;| > 5 fori = 6,7 and |Z;| > 4. By
Claims 3 and 7, «(Z;) > 3 fori = 6,7 and «(Z1) > 2. By (1), Z1, Z¢, and Z7 have Property B, a contradiction. Thus
UyNU4 =0.

U NUs #@.By (1), Y,NY; =@ fori #2,5YsNY; =@fori # 1,6,and Y7, NY; = @ fori # 3,7,
and E(Y;,Y;) =@ fori,j € {2,6,7}andi # j. Then |Z;| > 5 fori = 2,6,7. By Claims 3 and 7, «(Z;) > 3 for
i=2,6,7.By (1), Z5, Zg, and Z7 have Property B, a contradiction. Thus U; N Us = @. By symmetry, Uz N Ug = @.

KU NUs # 0.ByU,NU; = @fori = 1,3,4,5,6, we have Yo NY; = @ fori = 1,3,4,5,6. By
UsN(UUU3UUy) =0, wehave Yo N (Y, UY3UYy) =0.By (1), Y;,NY; =@fori #1,3,7,and E(Y;,Y;) =0
fori, j € {2,6,7}andi # j. Then |Z3| > 6, |Zg¢| > 4 and |Z7| > 4. By Claims 3 and 7, ®(Z>) > 3 and «(Z;) > 2
fori = 6,7.By (1), {va}, Z», Z¢, and Z7 have Property B, a contradiction. Thus U; N U3 = @.

Thus U1NU; =@ fori #1,6,U,NU; =@ fori # 2,and UsNU; = Afori #1,5,6. Takeu; € U; fori = 1,2, 6.
Since |U;| > 2, we can choose u1, such that u; # ug. Let T = {uy, uz, ug}, U = U — T, V; = Ny/(u;). By (1),
A(G[A]) < 1. Then |Vi| > 4, |V,| > 5 and |Vg| > 3. By Claims 3 and 7, «(V}) > 2, «(V,) > 3 and (V) > 2. By
(1), {vs}, V1, V2, and Vg have Property B, a contradiction. W

Claim 9. G contains no H;.

Proof. Suppose, to the contrary, that G contains H>.

U NU, #@.By(1),YsNY; =@ fori #2,4,5, YsNY; =@ fori #3,6,Y7,NY; = @fori # 7, and
E(Y;,Yj)) =0for5 <i < j <7 Then|Z;| > 5fori = 6,7 and |Zs5| > 4. By Claims 3 and 7, a(Z;) > 3 for
i =6,7and «(Zs) > 2. By (1), Zs, Zs, and Z7 have Property B, a contradiction. Thus U; N U = .

U NUs #@.By(),YoNY, =@ fori #2,3,Y¢NY; =@fori # 1,3,6,Y7NY; = @Wfori # 7, and
E(Y;,Yj)=0fori, je€{2,6,7}andi # j. Then |Z;| = 5fori = 2,7 and | Z¢| > 4. By Claims 3 and 7, «(Z;) > 3
fori = 2,7 and a(Z¢) > 2. By (1), Z2, Z¢, and Z7 have Property B, a contradiction. Thus U; N Uz = @.

U NUs#03.By(l),YsNY; =0fori #1,2,4,5,YsNY; =0@fori #3,6,Y7NY; =@ fori # 7, and
E(Y;,Yj)) =0for5 <i < j <7 Then|Z;| > 5fori = 6,7 and |Zs| > 3. By Claims 3 and 7, a(Z;) > 3 for
i =6,7and a(Zs5) > 2. By (1), Zs, Z¢, and Z7 have Property B, a contradiction. Thus Uy N U, = @.

IfUINUs #0.By (1), YanY; =@ fori #2,4,5,YsNY; =W fori #6,Y7NY; =@fori #7,and E(Y;, Y;) =0
fori, j € {2,6,7}and i # j. Then |Z;| > 6 fori = 6,7 and |Z;| > 3. By Claims 3 and 7, «(Z;) > 3 fori = 6,7
and a(Z,) > 2. By (1), Z», Z¢, and Z7 have Property B, a contradiction. Thus U; N Us = @.
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KU, NUz #0.By(1), 1NY; =0@fori #1,3,YeNY; =@ fori #2,3,6,Y;,NY; =Wfori # 4,7, and
E(Y;,Y;j)=Wfori, j€{l1,6,7} andi # j. Then |Z;| > 5fori = 1,7 and |Z¢| > 4. By Claims 3 and 7, «(Z;) > 3
fori = 1,7 and a(Zg) > 2. By (1), Z1, Z¢, and Z7 have Property B, a contradiction. Thus U, N Uz = @.

IfUsNUs #0.By (1), Y2NY; =0 fori #2,4,5,YeNY; =W fori #6,Y7NY; =@ fori #7,and E(Y;,Y;) =0
fori,j € {2,6,7}andi # j. Then |Z;| > Sfori = 2,6,7. By Claims 3 and 7, «(Z;) > 3 fori = 2,6,7. By (1),
Z>, Z¢, and Z7 have Property B, a contradiction. Thus U3 N Us = @.

HUsNUs #0.ByU  NU; =@ fori =2,3,4, wehave Y1 NY; =@ fori =2,3,4. By (1), Y1NY; =0 for
i =567YsNY, =0@fori #3,4,5Y;,NY; =@fori # 3,4,7,and E(Y;,Y;) =¥ fori,j € {1,6,7} and
i # j.Then |Z{| = 6, |Z¢| = 4 and |Z7| = 4. By Claims 3 and 7, «(Z1) > 3 and «(Z;) > 2 fori = 6,7. By (1),
{v2}, Z1, Zs, and Z7 have Property B, a contradiction. Thus Uz N Us = 0.

By the argument as above, Uy NU; =@ fori # 1,6, UsNU; =W fori #3,6,and UsNU; =@ fori #2,4,5,6.
Foreachi = 1, 3,5, let u; be any vertex in U; and let V; = Ny (u;). Then |V;| > 5 fori = 1, 3, and |Vs| > 3. By
Claims 3 and 7, «(V;) > 3 fori = 1, 3, and @(V5) > 2. By (1), V1, V3, and Vs have Property B, a contradiction. W

Claim 10. G contains no K1 + Pjy.

Proof. Suppose, to the contrary, that G contains K + P4. By Claim 5, UyN (U1 UU4) = @. By Claim 6, U1 NUy = @.
By Claim 9, Ui NU, =U;  NU3s = Uy NUs = U3 NUy =P Foreachi = 0, 1, 4, let u; be any vertex in U;. Set
T = {ug,uy,uq4}, U = U — T and Ny (u;) = V; fori = 0, 1,4. By (1), A(G[T]) < 1. By the argument above,
Vil = Sfori = 1,4and |Vp| > 3. By Claims 3 and 7, «(V;) > 3 fori = 1, 4, and o (V) > 2. By (1), Vp, V1, and V4
have Property B, a contradiction. W

Claim 11. G contains no Bs.

Proof. Assume, to the contrary, that G contains a B3. By Claim 9, Us NUs = Uz NUs = U4 N Us = . By Claim 10,
U1 UU)NWU3UU4UUs) =@. Take u; € Y; fori =3,4,5.Set T = {u3, ug,us},U' =U — T and Ny (u;) = V;
fori =3,4,5.By (1), A(G[T]) < 1. Thus |V;| > 5fori = 3,4,5. By Claims 3 and 7, «(V;) > 3 fori = 3,4, 5. By
(1), V3, V4, and Vs have Property B, a contradiction. W

Claim 12. G contains no W, .

Proof. Suppose, to the contrary, that G contains a W, . Itis clear that |U;| > 3. By Claim 8, Uy N U, = U1 NU4 = .
By Claim 9, U NUy = U1 NU3 = @. By Claim 10, (Uy U U3) N (U, UUs) = @. By Claim 11, Uy N U3 = @. For each
i =1,2,3, let u; be any vertex in ¥;. Set T = {uy, up,u3}, U = U — T and Ny/(u;) = V; fori = 1,2, 3. By (1),
A(G[T]) < 1.Then |V;| > Sfori = 1,3 and |V;| > 4. By Claims 3 and 7, «(V;) > 3 fori = 1, 3, and a(Vy) > 2.
By (1), V1, Va, and V3 have Property B, a contradiction. W

Claim 13. G contains no Bs.

Proof. Suppose, to the contrary, that G contains a By. By Claim 10, (U; U U,) N (U3 U Uy) = @. By Claim 11,
Uy NU; = @. By Claim 12, U3 N Uy = @. By Claim 8, E(Us3, Uy) = . By Claim 9, E(U; U U,, Uz U Ug) = @. For
eachi = 2, 3,4, let u; be any vertex in U; and let V; = Ny (u;). Then |V;| > 6 for 2 < i < 4. By Claims 3 and 7,
a(Vi) =3for2 <i<4.By(),E(V;,V;))=0for2<i<j=<4

EV,NV3NVy#£@, then |[VoaN V3N Vg =1 by(l).LetVi’ =V;—(V,NV3sNVy fori =2,3,4, then |Vl/| >5
fori =2, 3,4.By Claims 3 and 7, a(V/) > 3 fori = 2, 3, 4. By (1), V;, V3, and V have Property B, a contradiction.
SoVoNnVaNVy=@.1fVoNVis £ P, let A= V,N Vi, and Vl/ =V;—Afori =2,3.By(l), Ais an independent set,
and V;, V3, V4, and A have Property B, a contradiction. So V2 N V3 = §J. By symmetry, V2 N Vy = @. If V3NV, # 0,
let A=V3NVy and V/ =V; — Afori =3,4. By (1), A is an independent set, and V>, V;, V, and A have Property
B, a contradiction. Now V; N V; = for 2 < i < 4, which implies that oz(Uf':1 Vi) > 9, a contradiction. W

We now begin to prove Theorem 1.

If there is some vertex v, such that d(v) < 15, then G’ = G — N[v] is a graph of order at least 34. By Lemma 3
and Claim 13, «(G") > 7, which implies that «(G) > 8, a contradiction. Hence §(G) > 16. Let vg € V(G). Since
d(vg) > 16, G[N (vg)] contains no Pz by Claim 13. Thus, G[N (vg)] contains only independent edges and independent
vertices, which implies that «(G[N (vp)]) > 8, a contradiction. Thus, R(Cg, Kg) < 50. On the other hand, since 7K7
contains no Cg and its complement contains no Kg, we have R(Cg, K3) > 50 and hence R(Cs, Kg) =50. N
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