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Abstract

For two given graphs G| and G, the Ramsey number R(G1, G7) is the smallest positive integer n such
that for any graph G of order n, either G contains G| or the complement of G contains G,. Let S denote a
star of order n and Wy, a wheel of order m + 1. In this paper, we show that R(S,,, Wg) =2n +2forn > 6
and n = 0 (mod 2).
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

All graphs considered in this paper are finite simple graph without loops. For two given graphs
G1 and G», the Ramsey number R(G1, G2) is the smallest integer n such that for any graph G
of order n, either G contains G or G contains G, where G is the complement of G. The
neighborhood N (v) of a vertex v is the set of vertices adjacent to v in G and N[v] = N(v) U {v}.
The minimum degree, maximum degree, independence number and connectivity of G are denoted
by §(G), A(G), a(G) and «x(G), respectively. The edge number of a graph G is e(G). Let
Vi, Vo € V(G). We use E(V1, V2) to denote the set of the edges between V| and V,, and
e(V1, Vo) = |E(V1, V1)|. For U € V(G), G[U] is the subgraph induced by U in G. A cycle
and a path of order n are denoted by C, and P,, respectively. We use mG to denote the union
of m vertex disjoint G. A wheel of order n + 1 is W,, = Kj + C,. A book of order n + 2 is
B, = K> + K,,. Let ¢(G) be the circumference of G, that is, the length of a longest cycle, and
g(G), the girth, that is, the length of a shortest cycle. A graph on n vertices is pancyclic if it
contains cycles of every length /, 3 < [ < n. A graph is weakly pancyclic if it contains cycles
of every length from the girth to the circumference. Let C be a cycle. For a given orientation
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of C, we use u™ to denote the successor of u# and u~ to denote its predecessor. If A C V(C)
then At = {a* |a € Aland A~ ={a~ | a € A}. Letu,v € V(G) and 5,¢ with s < ¢ be
integers. If G contains a (u, v)-path of order [ for each / with s <[ < ¢, then we say u and v are
(s, t)-connected in G. A linear forest is a forest with maximum degree not more than two. For
notations which are not defined here, we follow [3].

For the Ramsey number of a star versus a wheel, Chen et al. determined all values of
R(S,, W,,) forodd m and n > m — 1 > 2, and obtained the following.

Theorem 1 (Chen et al. [6]). R(S,,, W;) = 3n — 2 for m odd andn > m — 1 > 2.

Obviously, Theorem 1 shows that the Ramsey number R(S;,, W,,) form oddandn > m—1 >
2 is determined by n. However, it is not the case when m is even. In fact, as pointed in [6], the
Ramsey number R(S,, W,,) foreven m andn > m — 1 > 2 cannot be determined by n alone and
is a function related to both m and n. In the case when m is even, only the values of R(S,, W)
and R(S,, We) are known by now, and it seems difficult to calculate the values of R(S,, W,).
In [8], Surahmat et al. determined the value for R(S,,, W4), and got the following.

Theorem 2 (Surahmat and Baskoro [8]). R(S,, Wq) = 2n — 1 forn > 3 and n = 1 (mod 2)
and R(S,, W4) =2n+ 1forn > 4 and n = 0 (mod 2).

By using induction on n, Chen et al. established the following.
Theorem 3 (Chen et al. [6]). R(S,, We) =2n+ 1 forn > 3.

In this paper, we consider the value of R(S,;, Wg). Our main result is the following.
Theorem 4. R(S,, Wg) =2n + 2 forn > 6 and n = 0 (mod 2).
2. Some lemmas

In order to prove Theorem 4, we need the following lemmas.

Lemma 1 (Bondy [1]). Let G be a graph of order n. If 8(G) > n/2, then either G is pancyclic
ornisevenand G = K2 5.

Lemma 2 (Brandt et al. [4]). Every non-bipartite graph G with §(G) > (n 4 2)/3 is weakly
pancyclic and has girth 3 or 4.

Lemma 3 (Dirac [7]). Let G be a 2-connected graph of order n > 3 with §(G) = 8. Then
c(G) = min{26, n}.

Lemma 4 (Zhang [9]). If G is a Hamiltonian graph of order n and there exists a vertex x such
that d(x) + d(y) > n for each y not adjacent to x, then either G is pancyclic or n is even and
G = K22

Given a graph G of order n, repeat the following recursive operation as long as possible: For
each pair of nonadjacent vertices a and b, if d(a) + d(b) > n + 1 then add the edge ab to G. We
denote by cl(G) the resulting graph and call it the closure of G.

Lemma S (Bondy and Chvdtal [2]). A graph G of order n > 3 is Hamilton-connected if and
only if its closure cl(G) is Hamilton-connected.

Lemma 6. If F is a linear forest of order 6, then F is (4, 6)-connected.
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Proof. Let u,v € V(F). Since cl(Ps) = K7, by Lemma 5, F has a Hamilton (u, v)-path
P = vjvy---vg, where u = v; and v = vg. If F contains no (u, v)-path of order 5, then
viviq2 € E(F) for 1 < i < 4. Since A(F) < 2, we have vjvg € E(F), which implies
vavg € E(F). In this case, F contains a triangle vpv4vg, a contradiction. If F contains no (u, v)-
path of order 4, then v;v; 13 € E(F) for 1 <i < 3.If vjv3 € E(F), then vvg, v4ve € E(F),
which contradicts A(F) < 2. Thus by symmetry we have vjv3, v4ve € E(F), which implies F
contains a C4, a contradiction. W

Lemma 7 (Chen et al. [5]). Let G be a connected graph and C a maximal cycle of G. Suppose
that v € V(G — C) and dc (v) > 2. Then for any two distinct vertices x, y in Ng (v) or N (v),
xy € E(G)and Nx)NN(y)NV(G—-C)=0.

Lemma 8. Let G = K4 4 and Eg € E(G). If G[Eo] is a linear forest, then G — Eq contains a
Cs.

Lemma9. Let G = (V1, V») be a bipartite graph with |Vi| > 4 and 4 + k < |V5| < 6 + 2k,
where k > 0 is an integer. If d(a) > 4 + k for each a € Vi, then G contains a Cs.

Proof. We need only to consider the case in which |V|| = 4. Let P = vjvp---v; be a
longest path of G. Obviously, / < 9. If v; € Vj, then by the maximality of P, we have
Ny C{v; | i =0 (mod 2)}. Since d(v;) > 4+ k, we have k = 0,1 = 8 and viv; € E(G),
which implies G contains a Cg. Thus we may assume v; ¢ Vj. By symmetry, v; ¢ V. In this
case, we have [ = 1 (mod 2), {v; | i = 1 (mod 2)} € V, and {v; | i = 0 (mod 2)} C V. Since
d(a) > 4 + k foreach a € Vi and | V2| < 6 + 2k, we have [N(a;) N N(a;)| > 2 fora;,a; € V1,
which implies / > 5. By the maximality of P, we have N(v2) N N(a) N (Vo — V(P)) = ¢
foreacha € Vi — V(P). If I # 9, then we may assume a € V| — V(P) since |V]| = 4.
By the maximality of P, we have vy, v; € N(a). Thus we have dp(a) < 2, which implies
IN(@) N (Vo = V(P))| =2+ k. If Np(a) = @, then |N(a) N (Vo — V(P))| > 4 + k. Noting that
N@wy) N N(a) N (V, — V(P)) = @, we have d(v2) < 2 + k, a contradiction. Since / = 5 or 7,
by symmetry we assume via € E(G). By the maximality of P, vov; ¢ E(G). Thus, noting that
N@y) N N(a) N (Vo — V(P)) =@, we have d(v2) < 3 + k, a contradiction. Therefore, [ = 9.

Let U = V, — V(P) and X = {v3, vs, v7}. If G contains no Cg, then we have dy (v2) +
dy(vg) < |U| < 14 2k and vjvg, vav9 € E(G). Since d(v2) + d(vg) > 8 + 2k, we assume
dx(v2) = 3 and dx(vg) = 2. For v; € {v3,vs}, if vjvg € E(G), then vi,v9 & N(Vit1)
for otherwise G contains a Cg. Since v;41v; P vavj4o P vg is a path of order 7, we have
dy(vit1) +dy(vg) <1+ 2k and vgv;11, vvit+1 € E(G). Thus, noting that d(v; 1) + d(vg) >
8 + 2k, we have X C N(vg). Now, consider d(vq) + d(ve). Since X C N(v2) N N(vg),
we have vy, v9 € N(vq4) N N(ve). Noting that v4v3v2v5V3V7V6 is a path of order 7, we have
dy(v4) + dy(ve) < 1 + 2k. Thus, we have d(v4) + d(vs) < 7 + 2k, a contradiction. So G
containsaCg. M

Lemma 10. Let G be a 2-connected graph of order 11 and §(G) > 4. If ¢(G) = 9 or 10, then
G contains a Cs.

Proof. Let C = #itr---1; be a longest cycle of G and H = G — C. If h € V(H) and
dc(h) > 4, then by Lemma 7, G contains a bipartite graph G between {h} U N&" (h) and
V(G) — ({h} U NC+ (h)), which satisfies the conditions of Lemma 9, and hence G contains a
Csg. If dc(h) < 3forany h € V(H), then we have [ = 9 and H = K. Let E(H) = {h1h3}
and #1h1 € E(G). By the maximality of C, we have 1, 13, 13, tg & N (h2). If G contains no Cg,
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then we have 5, t¢ & N (hy) and |N (hy) N{t1, t4, t7}] < 1, which implies d¢ (hy) < 1, and hence
d(hy) < 2, acontradiction. H

Lemma 11. Let G be a graph of order at least n + 3 and A(G) < n — 2. Suppose (U, X) is
a partition of V(G) with |U| = 6 and G[U] is (5, 6)-connected. If G contains no Cg, then
e(U, X) > min{5|X| — 5, 3|X|}.

Proof. Let xg € X and dy(xg) = min{dy(x) | x € X}. If dy(xg) < 2, then G[U U {x0}] is
Hamilton-connected, which implies dyy(x) > 5 for any x € X — {xo}. In this case, e(U, X) >
50X —1) =5|X| =5 Ifdy(xg) = 3, welet Xg = {x | x € Xanddy(x) < 4} and x any
vertex in X(. Since | X| > n — 3 and A(G) < n — 2, there is some x” € X such that xx’ ¢ E(G).
If dy(x") < 5, then noting that G[U] is (3, 6)-connected, we see that G[U U {x, x’}] contains
a Cg, and hence we have dyy (x") = 6. If x1, xo € X and there is some vertex x € X such that
X1, x2 € N(x), then since E[U ] is (5, 6)-connected, G contains a Cg, a contradiction. Thus we
have | Xo| < 1|X|,and hence e(U, X) = (3+6)|Xo|+5(1X|—2|Xol) = 5|X|—|Xol = 3/X|. W

Lemma 12. Let G be a graph of order 2n + 2 > 22 and A(G) < n — 2. Suppose H is a graph
of order 7 and H is Hamilton-connected. If G contains an induced K1 U H, then G contains a
Wsg.

Proof. Let v € V(G) — V(H), N(v) = Q and Ny (v) = §. Set B = V(G) — V(H) — N[v].
If b € B and dy (b) < 5, then since H is Hamilton-connected, G[V (H) U {v, b}] contains a Wy
with the hub v. Hence we may assume that e(H, B) > 6|B|.

Assume e(H) < 2. If ¢ € Q and dy(q) < 2, then it is not difficult to see that
G[V(H) U {v, q}] contains a Wg with the hub % for some & € V(H). Thus we have dy(q) > 3
for any ¢ € Q, which implies e(H, Q) > 3|Q|. In this case, 7(n — 2) > >,y d(h) >
31Q| + 6|B| = 3|B| +32n —6) > 9n — 30 > 7n — 10, a contradiction. Therefore, we
have e(H) > 3. If e(H) = 3, we assume hy € V(H) with dH(ho) =0and F = — {ho}.
Since e(F) = 3, it is easy to see F contains a Cg, which implies G[{v} U V(F)] is Hamﬂton-
connected. Thus, if ¢ € Q such that dy(q) = 0 or ghp ¢ E(G) and dr(q) < 4, then
G[V(H) U {v, q}] contains a Wg with the hub /. Hence we may assume dz(g) > 1 and if
gho € E(G), thendy(q) > 5forany g € Q.If ¢’,q” € Q and ¢, ¢” & N (ho), then we have
e(H, Q) > |Q|+8, whichimplies 7(n —2) > 3", .y d(h) > |Q|+8+6|B|+2e(H) > Tn—12,
a contradiction. Thus we have dg (ho) > |Q| — 1. If ¢/, ¢” € Ng(ho) such that dy(¢') < 2 and
dy(q”) < 2, then e(V(F), {v, ho,q’, q¢"}) < 2. Since e(F) = 3, F contains some & such that
dy(h) < landq’,q" ¢ N(h). Let U = V(F) — N[h] and |U| = 4. By Lemma 8, we see
that G[U U {h, v, ho, ¢’, ¢""}] contains a Wg with the hub 4. Thus we may assume e(H, Q) >
3(1Q| —2) + 2, which implies 7(n —2) > Y,y d(h) = 3|Q| —4+6|B|+2e(H) > Tn—38,a
contradiction. Therefore, we have e(H) > 4.

Ife(H, Q) > 2|Q|—=3,then7(n—2) > ) .y d(h) > 2|Q|=3+6|B|+2e(H) > 8n—23 >
7n — 13, and hence we have e(H, Q) < 2|0| —

If|Q] <2,then7(n—2) = >,y d(h) = 6|B| = 6(2n —8) > Tn + 2, a contradiction. Thus
we may assume qi, g2, g3 € Q such that dy(q1) < dy(q2) < dy(q3) and dp(q3) < dy(q)
forany g € O — {q1, q2, q3}- Set X = {v, q1, g2, q3}. If dg(q3) = 0, then since |H| = 7 and
H is Hamilton-connected, we have §(H) < 2, which implies |V(H) — N(h)| > 4 forh € H
and dy (h) = 8(H), and hence G contains a Wg with the hub /. Thus we have dy (q3) = 1. If
dy(g3) > 3, then we have e(H, Q) > 3|Q| — 6 > 2|Q| — 4, a contradiction. Hence we have
1 <dg(q3) <2.Since A(G) <n —2,wehave2e(H) <7(n—2) — (e(H, Q) + e(H, B)) <
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Tn—2) — (Ol —2+6|B]) =T7(n —2) — (5|B] +2n — 6 —2) < 14, thatis, e(H) < 7.
LetU = {h | h € V(H) anddy(h) < 2}. Then we have |U| > 3. If dy(q2) = 0, then since
dp(q3) < 2,thereis some u € U such thatdy(u) =0.LetY C V(H) — N[u] and |Y| = 4. By
Lemma 8, we see that E[XUYU{M}] contains a Wg with hub u. Thus we may assume dg (g2) > 1.
In this case, we have dy(g3) = 1 for otherwise e(H, Q) > 2|Q| — 3, and e(H, Q) > |0| — 1,
which implies e(H) < 6.If |U| = 3, then H = 3K U K4, which contradicts that H is Hamilton-
connected. Hence we have |U| > 4. Define Q1 = {q | ¢ € Q anddy(q) < 1}. Obviously,
|Q1] = 3. Ifdu(q1) = 0 or INyg(Q1)| = 2, say |[Ng(X)| > 2, then since |U| > 4, there
is some # € U such that dy(u) = 0. Let Y € V(H) — N[u] and |Y| = 4. By Lemma 8§,
G[X UY U {u}] contains a Wg with the hub u. Thus we have INg(Q1)| = land dy(q1) = 1.
If h € V(H) — Ng(Q) and dg(h) < 1, then G contains a Wg with the hub /4, and hence we
have dg(h) = 2 forany h € V(H) — Nyg(Q1). This implies H = K1 U Cg or K; U 2K3. Let
Ng(Q1) = {I'}, then we have dy (h’) = 0. Noting that e(H) = 6, we have dy(q) = 1 for any
g € Q and |Q| = n—2 for otherwise A(G) > n— 1. In this case, Q contains at least two vertices,
say g1, gz suchthatgqy &€ E(G).Leth; € V(H)—{h'}and hy, h3, hqy € V(H)—{h'}UNg[h].
Then vh'hyq192h3g3h4 is a Cg in G, and hence G contains a Wg with the hub /2;. W

Lemma 13. Let G be a graph of order 2n + 2 > 22 and A(G) < n — 2. Suppose H is a linear
ﬁrest with |H| =6, e(H) <3and H # K1 U Ky U P3. If G contains an induced K1 U H, then
G contains a Wg.

Proof. Letv € V(G)— V(H), N(v) = Q and Ng(v) =@.Set X = V(G) — V(H) — N[v]. By
Lemma 12, we may assume dy(q) > 3ife(H) <l anddy(q) > 2ife(H) =2 forany g € Q.
By Lemmas 6 and 11, we may assume e(H, X) > 4|X|+2. Thus we have ), _; d(h) = 3| Q|+
4 X|+2=>=6n—-6ife(H) <land) , .y d(h) =2|Q|+4|X|+2+4>6n—-10ife(H) =2,
which implies A(G) > n — 1, a contradiction. If e(H) = 3, then H = 3K; or 2K U P4. By
Lemma 12, Q has at most one vertex which has no neighbors in H. If e(H, Q) > 2|Q| — 3, then
by Lemmas 6 and 11, we have ) ;. d(h) > 2|Q|—3+4|X|+2+46 > 6n— 11, a contradiction.
Thus there exists g1, g2, g3 € Q such that Z?zldg(qi) < 3. LetY = {v,q1,92, g3} and
U = U?zl Ny (gi). If |U| > 2, then since Z?Zldy(q,') < 3, there is some h € V(H) — U
such that dg(h) < 1. Let U’ € V(H) — N[h] and |U’| = 4. Obviously, the subgraph induced
by E(U’, Y) is a linear forest, which implies 5[{h} U U’ U Y] contains a Wg with the hub % by
Lemma 8. If [U| = 1, then there is some h € V(H) — U such that N(h) N (V(H) — U) = @.
Since |V(H) — U U {h}| = 4 and E(V(H) — (U U {h}),Y) = ¥, we see that G contains a Wg
withthe hub/z. W

3. Proof of Theorem 4

Proof of Theorem 4. Obviously, the graph K, _ U H shows that R(S,, Wg) > 2n + 2, where
H="72K4UK33ifn =0 (mod 4) and H = “T2 K4 if n = 2 (mod 4). In the following proof,
we need only to show that R(S,, Wg) < 2n + 2.

Let G be a graph of order 2n + 2. Suppose to the contrary that neither G contains an S, nor
G contains a Wy.

We first consider the case in which n < 8. Let vy be a vertex of degree A(G). Set
H = E[Ng(vo)], B = V(G) — Nglw] and F = G[B]. Since G contains no S,, we have
8(G) > 2n+1)— (n —2) = n + 3. Assume dz(vo) = n + 3 + 1, where I > 0 is an integer.
Since |[B|=n—2—I,wehave §(H) > n+3)—[(n—-2—-D+1]=4+1.
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Since G contains no Wg, we see that H contains no Cg.

Ifn =6,then |[H| =9+ 1[.1fl > 10orl =0and §(H) > 5, then we have §(H) > |H|/2,
which implies H contains a Cg by Lemma 1, a contradiction. If / = 0 and §(H) = 4, then H
is connected and G is 9-regular. If x(H) = 1, say ug is a cut-vertex, then it is easy to see that
H = {ug} + 2K4. Since G is 9-regular, we have Ng(ug) N B = @. For each h € V(H) — {uo},
since dg(h) = 4 and dg(h) = 9, we have B C Ng(h), which implies F = 2K since G is
9-regular. Thus G = 3K» + 2K4, and hence G contains a Ws, a contradiction. If « (H) > 2 and
H is bipartite, then H = Kjy 5, a contradiction. If x(H) > 2 and H is non-bipartite, then by
Lemmas 2 and 3, H contains a Cg, a contradiction. Hence R(Sg, Wg) < 14.

Ifn =8, then |H| = 11+41.If ] > 3, then we have §(H) > |H|/2, which implies H contains
a Cg by Lemma 1, a contradiction. Thus we have [ < 2. Suppose [ # 0. If k(H) > 2 and H is
bipartite, then since §(H) > 4+ and |H| = 114/, H contains a Cg by Lemma 9, a contradiction.
If k(H) > 2 and H is non-bipartite, then since 6(H) >4+ 1 > [(11 + ) 4+ 2]/3, by Lemmas 2
and 3, H contains a Cg, a contradiction. If k (H) < 1, then it is not difficult to see that H contains
a subgraph H; such that H| = K5 and dy(h) = 4 4 [ for each h € V (Hy). Since 8(G) >n+3,
we have B C Ng(h) for each h € V(H). Thus, H; together with vy and any three vertices
of B produce a Wy in G, a contradiction. Therefore we have [ = 0. If H is disconnected, then
H contains a component H; = Ks. Thus, this H; together with vy and any three vertices of B
produce a Wg in G, a contradiction. If k(H) = 1, we let v| be a cut-vertex of H. Since §(H) > 4,
H — v; contains exactly two components Hj, H, such that |H|| = |Hy| = 5 or |Hj| = 4 and
|Hp| = 6.If |Hy| = 5, then since §(H}) > 3 and the number of vertices of odd degree is even, H;
contains a vertex v such that V(H;) C Ng[v]. Obviously, dy(v) < 5. Since 8(G) > 11, we may
assume B’ C Nz (v) N B and |B’| = 5. For each h € Ny, (v), we have [Ng(h) N B'| > 4. Thus
G contains a Wg with the hub v by Lemma 9, a contradiction. If | H| = 4, then V (H) U {v1} is
aclique and B C Ng(h) foreach h € V (Hy). Since 8(G) > 11 and |H| = 11, we see that either
Ng(v1) N B # @ or F is not an independent set. If Nz(v1) N B # ¥, say by € Ng(v1) N B, then
Hj together with vg, vy, b1 and any two vertices of B — {b;} form a Wy in G, a contradiction.
If F is not an independent set, say b1b, € E(F), then H; together with v, v1, b1, bo and any
vertex of B—{by, by} form a Wy in G, a contradiction. Ifk(H) > 2,then c(H) > 8 by Lemma 3.
By Lemma 10, c(H) = 11, that is, H is Hamiltonian. If §(H) > 5, then by Lemmas 2 and 3, H
contains a Cg, a contradiction. Thus we have §(H) = 4. Let v € V(H) and dy (v) = 4. Since
8(G) > 11, we have B C Ng(). If A(H) < 6, then |[Ng(u) N B| > 4 for each u € Ny (v).
Thus G contains a Wg with the hub v by Lemma 9, a contradiction. If A(H) > 7, then noting
that §(H) = 4, H contains a Cg by Lemma 4, a contradiction. Thus R(Sg, Wg) < 18.

Now, we consider the case in which n > 10.

Let I be a maximum independent set of G. If |I| < 2, then G contains an S, and hence
we have || > 3. By Lemma 13, we have |/| < 6 and if |I| = 6, then d;(v) > 3 for any
v € V(G) — I. Suppose |I| = 6. Since Zael d(a) <6(n—2)and |V(G) — I| =2n — 4, we
have d;(v) =3 foranyv € V(G) — I andd(a) =n —2foreacha € I.Leta € I, N(a) = Q
and X = V(G) — I — NJa]. Obviously, |X| = n — 2. Letu € X. Since G contains no S, and
dj(u) = 3, there exists v, w € X — {u} such that v, w & N (u). Noting that d;(v) = dj(w) = 3,
we see that G[I U {u, v, w} — {a}] contains a Cg, and hence G contains a Wg with the hub a, a
contradiction. Thus we have 3 < |I| < 5.

In order to consider the cases when 3 < |I| < 5, we need the following claim.

Claim 1.Let H € {K3UKy4, K3UB;, P3sUB3}. If € (G) = a(H)+ 1, then G contains no induced
KiUH.
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Proof. Letv € V(G)—V(H),dg(v) =0,N(v) = Q,R=V(G)—N[vlandU = R—V(H).
Assume V(H) = A U B with G[A] = K3 or P3, G[B] = K4 or B, and E(A, B) = . Set
A ={ay, az, a3}, B = {b1, by, b3, bs}. Choose H such that e(H, U) is as large as possible.

We first show that e(H, U) > 6|U]|. Since G contains no Ws, we can see that G[R] contains
no Cg.Define X ={u |lu e U, AC Nwu)and BZ N(u)},Y ={u|ueUand AUB C N(u)}
and Z ={u |u € U B C Nu)and A € N(u)}. If there is some vertex u € U such that
da(u) < 2 and dg(u) < 3, then since ¢(G) = a(H) + 1, we have «(G) > 4, and hence
G[B] = B.. In this case, since H contains an (a, b)-path of order 7 forany a € A and b € B,
we see G[R] contains a Cg, a contradiction. Thus, (X, Y, Z) is a partition of U.

If dp(u) < 2 for some u € U, say by, by & N(u), then ajbjubrarbzazbs is a Cg in E[R].
If xz ¢ E(G) for some x € X and z € Z, then since H contains an (a, b)-path of order 6 for
any a € A and b € B, we see G[R] contains a Cg. Thus we have dp(u) > 3 for each u € U
and X € N(z) foreach z € Z.If Z = (J, then we have e(H, U) > 6|U|. Hence we may assume
Z #@.Define Z; ={z|z€ Zand ds(z) =i} fori =0,1,2.

Let z € Zy. If there is some 7’ € Z such that zz/ ¢ E(G), then we have a(G) > 4,
and hence G[B] = Bj;. Assume without loss of generality that bb;, z’a; ¢ E(G). Then
a17'zazb1braszbs is a Cg in E[R], and thus we have Z C N|[z]. Since G contains no S,, we
have |Q| < n—2and |U| > n — 4. Thus dy(z) < |Y| — 1. If dy(z) = |Y]| — 1, then
we must have |Q| = n — 2, |U| = n — 4 and dgr(z) = n — 2. By the choice of H, we
have dgr(b;) = dgr(by) = n — 2, where dg(b1) = dg(by) = 3. Assume ds(a;) = 2. Since
do(a1) +dob3) <2(n —2) —[(JU|+ 1) + 24 2] = n — 5, there exists q1, q2, g3 € Q such
that g1, ¢2, g3 & N(ar) U N(b3). In this case, 6[{a1, v, 41,92, q3, b1, ba, b3, z}] contains a Wg
with the hub a, a contradiction. Hence we have dy(z) < |Y| — 2 for any z € Zj.

Let z € Z;. If dy(z) = |Y|, then there exists z1 € Z — {z} such that z; & N(2)
since A(G) < n — 2. Assume a1z1,a2z € E(G). If G[B] = By, say b1by ¢ E(G), then
aizizasbibrazbs is a Cg in G[R], and hence we have o(G) = 3. In this case, we have
az,az € N(z) and ar, a3 € N(z1).If z0 € Z — {z,z1} and z1z20 & E(G), then since ¢ (G) = 3,
we have a, € N(z2) oraz € N(z2), which implies a1bjazz2z1zazbs or ajbiazzaz1zazbs is a Cg
in G[R], and hence we have Z — {z} € N[z1]. Since d(z1) <n —2,z1 € Zr and X C N(z1),
we have Y € N(z1). Thus thereissome y € Y and 7’ € Z — {z} suchthat y,z € N(Z') if z € Z;
and dy(z) = |Y|.

Letz € ZoU Z;. Define N*(z) = {y | y € Yandyz € E(G)}ifdy(z) < |Y| — 1 and
N*(z)={y|yeYandy,z & N(Z') for some 7 € Z} if dy(z) = |Y|. By the argument above,
we have |[N*(z)| > 2if z € Zp and [N*(z)| > 1if z € Z;. Assume 71,220 € Zo U Z; and
y € N*(z1) N N*(z2) # @. If dy(z1) < |Y| — 1, then there is some 2| € Z — {z1} such that
21,2} € N(»). Thus we can choose two vertices, say aj, a2 € A such that zya1, zjay ¢ E(G),
which implies a1z yz’lazblagbz isa Cgin E[R], a contradiction. Hence by symmetry we have
dy(z1) = dy(z2) = |Y|, and thus z1,z2 € Z;. Assume z; € Z and z;z}, yz; ¢ E(G) for
i = 1,2. Since zjz2,z5z1 € E(G), we have z| # zj. Since z1,z2 € Z1, we can choose two
vertices, say aj, a; € A such that zjay, z2a2 € E(G), which implies a1z1zyz5z2a2b1 is a Cg
in G[R], a contradiction. Hence we have N*(z1) N N*(z2) = @ for any z1,z2 € Zo U Z;. Let
Yo = Uzezy N*(2), Y1 = Uzez, N*(z) and Y2 = Y — Yo — Y1, then |Yo| > 2|Zp| and |Y1] > |Z4].
Thus e(H,U) = e(H, XUY,U Zy) + (e(H, Zo) + e(H, Yo)) + (e(H, Z1) + e(H, Y1)) = 6|U|.

If|Q] <2, then7(n —2) > Y,y d(h) = 6|U| > 6(2n — 8) > Tn + 2, and hence |Q| > 3.
If g1,92,93 € Q and dy(q1) + du(q2) + du(q3) < 1, then since |A| = 3, there is some
a € A such that g1,¢92,93 ¢ N(a). By Lemma 8, E[B U {v, q1, q2, g3}] contains a Cg, and
hence G contains a Wg with the hub a, a contradiction. Thus we have e(H, Q) > |Q| — 1, which
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implies 7(n —2) > Y ",y d(h) > e(H, Q) +e(H,U) +2e(H) > (0| — 1) +6|U| + 14 =
5 U+ 2n—6)+ 13 >5(n —4) 4+ 2n — 6) + 13 = 7n — 13, a contradiction. W

We now consider the following three cases separately.

Casel.x(G) =3

If G contains an induced 3K;, we assume U = {u; | 1 < i < 6} and E(G[U]) =
{uruy, usug, usug}. Set V(G) — U = X. Since G contains no §,,, we have e(U, X) < 6(n — 3).
Since «(G) = 3, we have dy(x) > 2 for each x € X and if dy(x) = 2, then G[Ny (x)] = K>.
Since |X| = 2n — 4 and e(U, X) < 6(n — 3), X contains at least four vertices, say x;
(1 < i < 4) such that dy(x;) = 2. This implies G contains an induced 2K, U K4. Assume
Y = {u; | 1 <i < 8 and E(G[Y]) = {ujuz,uzus} Uf{uju; | 5 <i < j < 8}. Set
V(G) — Y = Z. Since G contains no S,, we have e(Y,Z) < 8(n —2) — 16 = 8n — 32.
Since |Z| = 2n — 6, it follows that Z contains at least four vertices, say z; (1 < i < 4) such
that dy (z;) < 3. Since a(G) = 3, we have |N(z;) N {us, ug, u7,ug}| < 1forl <i < 4 and
either u1, up € N(z;) or uz, us € N(z;). Assume without loss of generality that u;, uy € N(z;)
fori = 1,2. By Claim 1, we have |N(z;) N {us, ug, u7,ug}| = 1 fori = 1,2. By Lemma 8,
G[Y U {z1, z2} — {u4}] contains a Wg with the hub u3, a contradiction. Therefore, G contains no
induced 3K>.

Since G contains no S,, V(G) — I contains a vertex v such that d;(v) = 1, which implies
G contains an induced 2K U Kj. Let Gy = 2K U K3. For the same reason, V(G) — V(Gy)
contains a vertex v such that dg,(v) = 1, which implies G contains an induced K| U 2K since
a(G)=3.LetU ={u; |1 <i <4}and E(G[U U {ug}]) = {uus, uzua}. Set N(ug) = X and
Y = V(G)—U—NTJuyp]. Since G contains no induced 3K», we have e(U, X) > | X|.If dy(y) > 3
foreachy € Y, then4(n — 2) > Z?:l du;) =eU, X)+eU,Y)+2e(G[U]) > 4n — 1, and
hence there is some u5 € Y such that dy (u5) < 2. Since «(G) = 3, we may assume without loss
of generality that Ny (us) = {u3, us}. Let A ={u; | 0 <i < 5}and B = V(G) — A. Obviously,
G[A] = K1 UK, UK3. Since a(G) = 3 and G contains no induced 3K,, we have d4 (b) > 2 for
eachb € B.Set By = {b | b € B and d4(b) = 2}. Since Zfzodg(ui) <6(n—2)—8=6n-20
and 3|B| = 6n — 12, we have |Bg| > 8. If b1, by € By — N(ug), then since a(G) = 3,
we have N4 (b1) = Na(bz2) = {u1,us} and b1by € E(G), which contradicts Claim 1. Thus
we have dp,(up) > 7. Since G contains no induced 3K, we have Na(b) < {ug, uy, uz} for
any b € Np,(up). Assume without loss of generality that b; € Np,(up) for 1 < i < 3 and
Na(bj) = {ug,u1}. Since (G) = 3, we have b;b; € E(G) for1 < i < j < 3, which
contradicts Claim 1.

Case?2.x(G) =4

If G has an induced 2K| U Ky U K4, we let V(H) = X UY, X = {x1,x2, x3, X4},
E(G[X]) = {x3x4}, G[Y] = K4 and E(X,Y) = @.Set Z = V(G) — V(H). By Lemma 13,
dy(z) =2foranyz € Z.Let Zyg = {z | z € Z and dy(z) < 3}. Since A(G) < n — 2, we have
e(H,Z) < 8(n —2) — 14 = 8n — 30, which implies | Zy| > 3. Let z € Zy. Since ¢ (G) = 4, we
have dy(z) < 2.If x1z € E(G), then GIV(H)U {z}] contains a Wg with the hub x; by Lemma 8,
and hence we have x1, xo € N(z) for any z € Zy. Since |Zy| > 3, Z contains two vertices, say
71,22, such that z1, z0 € N(x3) or z1, 22 & N(x4), and hence G contains a Wg with the hub x3
or x4 by Lemma 8§, a contradiction. Therefore G contains no induced 2K U K, U Kj.

If G contains an induced K;1 U Ky U Py, we assume U = {u; | 1 < i < 6} and
E(GIU U {up}]) = {ujuix1 | i = 1,3,4,5}. Set N(up) = Q and X = V(G) — U — Nluopl.
By Lemma 11, e(U, X) > 4|X| + 2. If e(U, Q) > 2|Q| — 4, then 6(n — 2) > Z?:l d(u;) >
2|10l —4+4|X|+24+8=2|X|4+2(2n —5) + 6 = 6n — 10, a contradiction. Thus there exists
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q1, 92,93 € Q such that Z?zldy(q,-) < 3.LetY = {ug,q1,92,q3} and Z = Ul.3=] Ny (gi).
If|Z] = 2or Z?:l dy(qi) < 2, then there exists u € U — {u4,us} such that u ¢ Z. By
Lemma 8, G[(U — N(u)) U Y] contains a Wg with the hub u«, a contradiction. Thus we have
21‘3:1 dy(gi) = 3 and |Z| = 1. If u3, ug ¢ Z, then there is some u € U — {u4, us} such that
u¢g Zand E(U — N[u],Y) = @, and hence G contains a Wy with the hub «, a contradiction.
Thus by symmetry we may assume Z = {ug}. Since a(G) = 4, we have ¢;q; € E(G) for
1 <i < j < 3, which implies G contains an induced 2K| U K> U K4, a contradiction. Hence G
contains no induced K| U K, U Py.

If G has an induced 2K| U 2Ky, welet U = {u; | 1 < i < 5} and E(G[U U {ug}]) =
{upusz, uqus}. Set X = V(G) — U U {up}, N(up) = Yand X — Y = Z. Since x(G) = 4
and G contains no induced K; U 3K, by Lemma 13, we have dy(z) > 2 for any z € Z.
Define Z; = {z | z € Zanddy(z) = i} for2 <i < 5.Letz € Z3. Since A(G) < n —2,
we have |Z| > n — 2, and hence there exists 7/, 7" € Z — N[z]. If {z/,Z"} N Z5 = @, then
7/, 7" € Z4 for otherwise G[U U {z, 7/, z”}] contains a Cg since G[U] = W, is Hamilton-
connected, which implies G contains a Wg with the hub ug, a contradiction. For the same
reason, we have Ng(z') N Zs # @. Let N*(z) = Ng(z) N Zs if Ng(z) N Zs # ¥ and
N*(z) ={x | x € Zsand z, x &€ N (x') for some x" € Z4} if Ng(z) N Zs = (. By the argument
above, N*(z) # @ forany z € Z3.If 71, 20 € Z3 and z9 € N*(z1) N N*(z2), then G[Z] contains
a (z1, z2)-path of order k with 3 < k < 5. Note that G[U] is (3, 5)-connected, we see that G
contains a Wg with the hub ug, and hence N*(z1) N N*(z2) = ¥, which implies |Z3| < |Zs].
Therefore we have e(U, Z) > 4|Z| — 2|Z»|. By Lemma 13, e(U, Y) > |Y|. Since G contains no
S,, we have 5(n —2) > Z?zl du;) = Y| +4|Z|-2|Z2|+4=3|Z|+(2n—4) —2|Z>| +4 >
S5n—6—2|Z,|, and hence | Z;| > 2. Because G contains no induced K; UK, U P4 and a(G) = 4,
Ny (z) = {u2, us} or {ua, us} for any z € Z,. Note that G contains no induced 2K U K> U K4
and o (G) = 4, there exists z1,z2 € Zp such that Ny (z1) = {up, u3} and Ny (z2) = {ug, us}.
In this case, cl(G[U U {z1, z2}]) = K7. By Lemma 5, G[U U {z1, z»}] is Hamilton-connected,
which contradicts Lemma 12. Thus G contains no induced 2K; U 2K>.

If G has an induced 3Ky U K3, welet U = {u; | 1 < i < 6} and E(G[U]) =
{ugqus, usug, uque}. Set X = V(G)—U. Since ¢ (G) = 4 and G contains no induced 2K U2K>,
we have dy(x) > 2 foreach x € X. Let Xg = {x | x € Xanddy(x) = 2}. Since
Z%U d(u) < 6(n —2) and |X| = 2n — 4, we have |Xg| > 6. Let x € Xjp. Note that
®(G) = 4 and G contains no induced 2K U 2K», we have N(x) < {uy, uz, u3}. Thus, since
|Xo| > 6, there exists x;,xp € Xo such that Ny(x;) = Ny(x2). Assume without loss of
generality that Ny (x1) = Ny (x2) = {u2, uz}. By Claim 1, we have x1x» ¢ E(G). In this case,
cl(G[U U {x1, x2} — {u1}]) = K7. By Lemma 5, G[U U {x1, x2} — {u}] is Hamilton-connected,
which contradicts Lemma 12. Thus G contains no induced 3K U K3.

Let I = {ug,uy,uz,u3}, V(G) — I = X and X1 = {x | x € Xandd;(x) = 1}. Since
|X| =2n —2and A(G) < n —2, we have |X| > 4. If | X| > 5 or dx, (u;) > 2 for some i
with 0 < i < 3, then G contains an induced 3K U K3 since «(G) = 4, a contradiction. Thus
we have | X || =4 and dx, (#;) = 1 for 0 <i < 3, which implies d;(x) = 2 forany x € X — X
and d(u;) = n—2for0 <i <3.Let N(ug) = Y and Z = X — Y, then |Z| = n. Assume
Zo={vi |1 <i <3} C Xyandu;v; € E(G).SetZ;; ={z |z € Zand Ny(z) = {u;, u;}}
for 1 < i < j < 3. By the arguments above, we see that (Zo, Z12, Z23, Z13) is a partition
of Z.If z € Z — Zy and dz,(z) = 0, then c(G[ZoU T U {z} — {uo}) = K7. By Lemma 5,
Gl[ZyU T U {z} — {uo}] is Hamilton-connected, which contradicts Lemma 12. Thus dz,(z) > 1
for any z € Z — Zy. Since G contains no induced 2K U 2K, we have G[Zp] = K3. Since
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|Z| = n, there exists u € Z such that viu ¢ E(G). Obviously, u & Zy. Sinced;(u) =2,|Z| =n
and dz,(u) > 1, there exists v € Z — Zo U {u} such that uv & E(G). If v € Zj2 U Z;3, then
VIUVU3 VU V3U OF Viuvurviuivaus is a Cg in G — Nlug], a contradiction. If v € Z»3, then
V2, v3 € N(v) for otherwise viusv3uuzvovu or viuzvauusvzvu is a Cg in G — Nlug], and
hence there exists w € Z — Zo U {u, v} such that wv ¢ E(G). In this case, viusv3uuzwvu or
VIU3VIU U WL OF Viuzusv3u won is a Cg in G — N[uol, also a contradiction.

Case3.x(G) =5

If G has an induced 2K1 U Ko U Pz or 2K U P5, welet H € {K1 U K, U P3, K1 U Ps},
v € V(G) — V(H) and Ng(v) = @. Set N(v) = Q and X = V(G) — V(H) — N[v]. Let
ho € V(H) and dg (hg) = 0.If ¢ € Q, then by Lemmas 5 and 12, dy(g) > 1 andif dg(q) = 1,
then Ny (q) = {ho}. If g; € Q anddy(g;) = 1 for 1 <i < 3, then we may assume q1q2 € E(G)
since «(G) = 5, which contradicts Claim 1. Thus we have e(H, Q) > 2|Q| — 2. By Lemma 11,
we have 6(n —2) > ) .y d(h) > e(H, Q) +e(H, X)+2e(H) > 2|Q| =2+ 4|X|+2+6 >
6n — 10, a contradiction. Thus G contains no induced 2K; U K> U Pz and 2K U Ps.

If G has an induced 4K U Ky, welet U = {u; | 1 < i < 6} and E(G[U]) = {usue}.
Set X = V(G) — U. By Lemma 13, dy(x) > 2 for any x € X. Since |X| = 2n — 4
and ZueU dx(u) < 6(n — 2) — 2, X contains at least two vertices, say xi, xo such that
dy(x1) = dy(x2) = 2. By Lemma 13, G contains no induced 3K; U P4. Thus noting that
G contains no induced 2K; U K> U P3, we have Ny(x;) = Ny(xa) = {us,ug}. Since
a(G) = 5, we have x1xp € E(G). Now, let U = U U {x1,x3} and X' = V(G) — U’. Since
Y ouer dw) < 8(n —2), e(G[U']) = 6 and |X'| = 2n — 6, X’ contains a vertex x such that
dy(x) < 3.Since a(G) = 5, we have |N(x) N {us, ue, x1, x2}| < 2. By Lemma 8, G contains a
Wy with the hub u; for some u; € U — {us, ug}, a contradiction. Hence G contains an induced
4K1 U K> is impossible.

If G has an induced 3K| U P3,welet U = {u; | 1 <i < 6}and E(G[U]) = {uqus, usue}.
Set X = V(G) — U. Since «(G) = 5 and G contains no induced 4K U K7, we have dy (x) > 2
forany x € X. Let Xg = {x | x € X and dy(x) = 2}. Since e(G[U]) = 2, |X| = 2n — 4 and
A(G) < n—2,wehave | Xg| > 4. Since G contains no induced 2K; U Ps and 4K U K,, we have
Ny (x) € {uy, uz, uz} or {usq, us, ue} for any x € Xo. Let x; € Xo. If Ny(x1) € {ua, us, us},
then Ny (x1) = {u4, ue} since G contains no induced 4K{UK5. Let x» € Xo—{x1}. By Lemmas 5
and 12, we have Ny (x2) C {u4, us, ug}, and hence Ny (x2) = {u4, ug}. Since a(G) = 5, we
have x1x, € E(G), which contradicts that G contains no induced 4K; U K;. Thus we have
Ny (x) < {u1,us, u3} for each x € Xyp. Noting that |Xo| > 4, there exists x;, xo € Xp such
that Ny (x1) = Ny(xz). Assume Ny(x1) = Ny(xz2) = {u»,u3}. By Lemmas 5 and 12, we
have x;x, € E(G), which contradicts Claim 1. Thus G contains an induced 3K U P;3 is also
impossible.

On the other hand, since A(G) <n—2,|I| =5and |V(G)—1| =2n—3, V(G) — I contains
a vertex v such that d;j (v) < 2, which implies G contains an induced 4K; U K> or 3K U P3, a
contradiction.

By now, we have shown R(S,, Ws) < 2n + 2. Therefore, we have R(S,, Wg) = 2n + 2 for
n > 6 and n = 0 (mod 2). The proof of Theorem 4 is completed. W
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