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ABSTRACT. Let G be a 2-connected graph of order n with the
connectivity k and the independence number a. In this paper,
we show that if for each independent set S with |S| = k+ 1,
there are u,v € S such that satisfying one of the following
conditions:

(a) d(u) +d(v) 2 n; or [N(uw) N N(v)| 2 o; or
INW)UN(v)| 2 n—k

(b) for any z € {u,v}, y € V(G) and d(z,y) = 2, it implies
that max{d(z),d(y)} > n/2,

then G is hamiltonian. This result reveals the internal relations
among several well-known sufficient conditions: (1) it shows
that it does not need to consider all pair of nonadjacent or
distance two vertices in G; (2) it makes known that for the
different pair of vertices in G, it permits to satisfy the different
conditions.

1 Introduction

This paper uses terms and notations of [2]. Throughout this paper G =
(V, E) denotes an undirected connected simple graph of order n (> 3) with
the connectivity x(G) = k and the independence number a(G) = a. Let
L C V(G), F C G and v be any vertex in G. Define Ny (V) = {ulu € L
and uwv € (G)} and NL(F) = U,epNy (V). If no ambiguity can arise, we
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write F instead of V(F) etc. . The addition of subscript is taken modulo
t.

So far, there are many sufficient conditions for the existence of Hamilton
graphs such as:

C1: For every pair of nonadjacent vertices u and v, d(u) + d(v) > n (Ore
1960 [7]).

C2: For k > 2 and any u, v € V with d(u,v) = 2, max{d(u), d(v)} > n/2
(Fan 1984 [4]).

C3: a < k (Chvétal & Erdés 1972 [3]).

C4: For every pair of nonadjacent vertices u and v, |N(u) N N(v)| >
(2n — 1)/3 (Fandree et al. 1989 [5]).

C5: For every pair of nonadjacent vertices u and v, |[N(u) " N(v)| > «
(Song & Qin 1991 [8]).

C6: The condition of the Theorem of this paper.

The relation of these conditions is described in Figure 1.

Figure 1

In this paper, the principal purpose is to reveal the internal relations
among them. For this reason, we lead to an idea of “or”, and turn to check
nonadjacent vertices satisfying the condition as less as possible. In fact, in
our result, it is enough to check a pair of vertices satisfying one of several
conditions for each k+ 1 independent set in G. We think that this train of
thought and the idea of “or” are very useful for the research of Hamilton
problem.
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2 Main Results

Theorem. Let G be a 2-connected simple graph of order n with the
connectivity k and the independence number a. If for any independent set
S with |S| = k+ 1, we have

(a) 3t < k such that VX C S with |X| = t, |N(X)| > min{£2Z¥L n—6}
or

(b) Fu,v in S with d(u) + d(v) > n or
(c) 3u,v in S with IN(u)N N(v)| > a or
(d) 3u,v in S with [IN(u)UN(v)| >n -k or

(e) 3u,v in S such that Vz € {u,v} and Yy € V, d(z,y) = 2 implies
max{d(z),d(y)} = /2,

then G is hamiltonian.

By the Theorem, it is easy to deduce a lot of new sufficient conditions of
hamiltonian problem. And as corollaries, many well-known results, follow
naturally.

Corollary 1. Let G be a connected simple graph. If for any independent
set S with |S| = k+ 1, there is at < k such that for each t subset X in S,

IN(X)| > min {‘ nt1 n 5}, then G is hamiltonian.

Comparing Corollary 1 with the Theorem in [7], first it permits to take
different t for different S in Corollary 1. And then note that 52;}11)11 >
n — 6, when t > 2 and for a sufficient large §. Hence the latter is improved
by the former.

Corollary 2. Let G be a 2-connected simple graph. If for any independent
set S with |S| = k + 1, there are u,v € S satisfying one of the following
conditions:

(a) d(u) +d(v) >nor [IN(w)NN(v)| > aor [IN(u)UN(v)| >n—k;

(b) for any z € {u,v} and y € V(G), d(z,y) = 2 implies max{d(z),d(y)} >
n/2, then G is hamiltonian.

This Corollary shows that it doesn’t need to check every pair of nonad-
jacent or distance two vertices in G satisfying a same specific condition as
traditional known results. It is enough to check only one pair of vertices for
each k+ 1 independent set S, and it permits different pair of vertices in the
different k + 1 independent set satisfying a different specific condition. So
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those traditional known results are substantially generalized by Corollary
2.

Now, we use the following example to illustrate Corollary 2. Let Gy,
denote K, — {uv, vw, wu}, G, denote Gy V {z}, and let G’, G” be graphs of
order » and G'3 denote G’V G”\M, where M is a perfect matching between
V(G') and V(G") (see Figure 2).

G, G, G,
Figure 2

We construct a graph G with order n > 22 (see Figure 3) as follows:
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Figure 3

Clearly, any one of the conditions from C1 to C5 doesn’t justify that
G is hamiltonian, but G satisfies the condition of Corollary 2. In fact
k(G) =k =2, a(G) = a = 5. Any S, which contains at least two vertices
of {u,v,w}, contains two vertices z and y with [N(z) " N(y)| > a. If S
contains at most one of {u, v, w}, then it contains vertices ! and m, where !
and m are in the different sets K, /5_s. Since d(I) = d(m) =n—-11 > 3, the
condition “for any z € {l,m} and y € V(G), it implies max{d(z), d(y)} >
n/2, if d(z,y) = 2" follows. So by Corollary 2, G is hamiltonian.

Corollary 2.1. Let G be a 2-connected simple graph with connectivity k
and independence number a. If for each independent set S with |S| = k+1,
there are u,v € S satisfying the following conditions:

d(u)+d(v) >nor |INu)NN@)| 2 aor INWUN@)|>n—-k
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then G is hamiltonian.

Corollary 2.1.1. Let G be a 2-connected simple graph with connectivity
k. If for each independent set S with |S] = k + 1, there are u,v € S such
that d(u) + d(v) > n, then G is hamiltonian.

Clearly, Dirac’s Theorem and Ore’s Theorem is a corollary of the Corol-
lary.

Corollary 2.1.2. Let G be a 2-connected simple graph with independence
number a. If for each independent set S with |S| = k+1, there are u,vE€S
such that [N(u) N N(v)| > a, then G is hamiltonian.

Corollary 2.1.3. Let G be a 2-connected simple graph with connectivity
k. If for each independent set S with |S| = k + 1, there are u,v € S such
that [N(u) U N(v)| > n — k, then G is hamiltonian.

Corollary 2.2, Let G be a 2-connected simple graph with connectivity
k. If for each independent set S with |S| = k + 1, there are u,v € S
such that for any r € {u,v} and y € V(G), d(z,y) = 2 implies that
max{d(z),d(y)} > n/2, then G is hamiltonian.

Clearly, Fan’s result [4] is generalized by Corollary 2.2.

Corollary 2.3. Let G be a 2-connected simple graph with independence
number a. If for each pair of u,v with d(u,v) = 2, max{d(u), d(v)} > n/2
or [N(u) N N(v)| > a, then G is hamiltonian.

Corollary 3. Let G be a 2-connected simple graph. If for each pair
of nonadjacent vertices u,v,d(u) + d(v) > n or |N(u) N N@)| > a or
|N(u) U N(v)| > min{22=1 n — §}, then G is hamiltonian.

Corollary 3.1. Let G be a 2-connected simple graph. If for each pair
of nonadjacent vertices u,v, |N(u) U N(v)| > min{2%~L n — §}, then G is
hamiltonian.

Theorem 2 in [5] is generalized by this Corollary.
Corollary 4 [3]. If a < k, then G is hamiltonian.

Proof: By the definition of « and a < k, there is no independent set S
with [S| = k+1 in G. Hence the condition of the Theorem is automatically
satisfied. So G is hamiltonian. a

3 The proof of the Theorem
First of all, we prove the following Lemma.

Lemma. Let G be a nonhamiltonian graph, and let C = V1V ... Uxv; be a
longest cycle containing a specific vertex set A in G. Let B be a component
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of G-V((),
Ne(B) = {vi,,vigy - - -, Vi, 1, N7 = {vi; —1,Vig—1, .. -, Vipn -1 },
N* = {041, Vs 415 -1 Vi 1}
and let w be any vertex in B, then
(a) N~ U {w} and N* U {w} are independent sets; and
(b) For any u,v € N~ U{w} or Nt U {w},
d(u) +d@) <n,|INw)NN@)| <aand |[INu)UN@)| <n—k.
Proof:

(a) Clearly, w and any vertex in N~ are nonadjacent. If there are
vi,~1,%,—1 € N~ and v;,_1v;,—1 € E(G), then there is a cycle:

Vi, ~1Yi, -1V, -2 .. .’U,'_PB‘U,'t‘U,'¢+1 cee Vi1

containing A, which is longer than C, where Pg is a path in B and the
end vertices of Pg are adjacent to v;_, v;, respectively, a contradiction.
Hence N~ U{w} is an independent set in G. Similarly, so is N*U{w}.

(b) If it is not true, there are u,v € N~ U{w} or NtU{w}, say N~ U{w},
such that d(u) + d(v) > n or |[N(u) N N(v)| > a or [N(u) U N(v)| >
n — k. Clearly, N(u) N N(v) C V(C), since C is a longest cycle in G.
In the following we always assume that N(u) N N(v) C V(C).

Case 1: d(u) + d(v) > n.

If u=worv=w, say u = w, then v = v, thus v, € N¢(B). Let
P = v;;1...w be a path with V(P) N V(C) = {v;41} in G. If there is
v; € V(C) such that vjv;, wviy1 € E(G), then there is a cycle containing A
in G as follows: vjvivi_1...v;42Pvi;1vi42. .. v5, which is longer than C,
this is a contradiction. So d¢(v;) + do(w) < h. Hence d(u) + d(v) < n, a
contradiction.

If u,v € N7, let v = v;, v = v;; with ¢ < 5. Thus, by the definition of
N, there is a path P’ from v;; to v;41 via B. If there is v, € V/(C) such
that vv,,v;vp41 € E(G) and j < p < t, thus there is a cycle containing A
in G as follows:

!
ViUpUp_1 ... V2P vy 0. v5up1Upt2 .. g

which is longer than C. If there is v, € V(C) such that v;vp, v;v,-1 € E(G)
and i < p < j, thus there is a cycle containing A in G as follows:

I
ViVUpUpy1 ... VjUp_1Vp_2...Viz2P'vj10. .. v;
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which is longer than C. So de(v;) + dc(v,) < h. Hence d(u) + dv) <n, a
contradiction.
Case 2: IN(u)NN(v)| > a

If w € {u, v}, then N(u) N N(v) C N¢(B). Hence

IN~U {w}| = |Ne(B)|+1 > [IN@w) A N@)[+1 > a+1.

By (a), this is a contradiction.
fuve N, letu=v;,v= v; with i < j and take paths P and P’ as
in case 1. Let
N(u) N N(v) = {v5), vpy, ..., vp, }.
By the hypothesis of this case, p > a. Let S = {Uri+1,Vrg 41, .-+, Vr,+1}.
Clearly w a the vertex vy, + of S are nonadjacent, otherwise there is a cycle
containing A as follows:

ViUr Upp—1... vj+2Pvrk+1vu+2 ... Uy,

which is longer than C, a contradiction. If there are Vs, ¥g € Swiths < q
such that vs,v, € E(G), three subcases must be considered: Mi<s<
9<j;(2)j<s<qg<i;(3)i<s<j<qg<i. For all of subcases, there
are cycles containing A as follows:

Uilg—1Vg—2 . .- UsUqUq41 . .. VUjUs—1Us—2 ... VitaP'vj 0vj43. . 05

ViVs—1Vs—2...Vj12P v 10vi43.. UjUg—1Vgq—2 .. . UsUqUq1 - . . Ui}
and

ViVq-1Yg-2...Vj12P'viiovi 3. .. Vs—1V5Uj—1 ... UsVUqlqt1 - - - Uy,

respectively. All of these cycles are longer than C, a contradiction. Hence
S U {w} is an independent set in G. Note that |[SU{w}| =p+1 > a + 1.
This is a contradiction.

Case 3: |[N(u) UN(w)| >n —k.

By (a), N~ U {w} is an independent set. Note that IN"U {w}| =
INc(B)|+1=m+1 and m > k. So it is impossible for this case.

Up to now, three subcases as above are not true. So the proof of (b) is
completed. 0

Now we turn on to prove the Theorem.

Let A = {uju € V(G) and dg(u) > 3} and E' = {zy|z,y € A,zy ¢
E(G)}. Let H = G + E’, then H|[A] is complete. By Lemma 4.4.2 in 2],
H is Hamiltonian iff G is Hamiltonian. If H is not a Hamilton graph, let
B be a component of H — V(C), where C is a longest cycle containing A
in H. let C = vyvy...v,v; and

Ne(B) = {'v,-,,vi,, ce i}
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where i} <i3 <+ <im, m >k, since G is k-connected. Let w and v;, be
adjacent in H, where w € B. And let N~ = {v;, _1,v4,-1,...,%;,—1} and
S = N~ U {w}. Hence by (a) of the Lemma, S is a k + 1 independent set
in H, thus S is also an independent set in G.

Case 1: There is t < k such that for any ¢ subset X C S,

tin—-1)+1

> mi
ING(X)|_m1n{ 1

n=50)].

Clearly, we also have |[Ny(X)| > Hﬁn{i("——l)il,n—é(H)}. If for any

t+1
t subset X C S, |[Ny(X)| > ﬂ"t—jrl#-l-, then using an analogous proof of

the Theorem of [6], we can get a ¢ subset X in S such that |[Ny(X,)| <
t—("t—_ﬁl&, a contradiction; If for any t subset X C S, |[Ny(X)| > n - §(H).
Note that m + |B| > 6(H), consider subset X2 C N~ with [X| = t. By
(a) of the Lemma, we have [Ny(X2)] < n—|N7|-|B|<n—-m—-|B|, a
contradiction.

Case 2: There are u,v € S such that d(u)+d(v) > nor INwW)NN@)| > a
or Nuw)UN@)| >n—k.

It is clear by (b) of the LLemma.

Case 3: For any z € {u,v} and y € V(G), d(z,y) = 2 implies max{d(z),
d(y)} > n/2.

Since G C H and V(G) = V(H), from the choice of C, dg(b) < n/2 if
be B. We consider z € {u,v}. If z € A, thendg(z) > n/2. Ifz ¢ A
and £ =wv;;_; € N7, thus there is a b € B such that dy(z,b) = 2. Clearly
bui; € E(G). Since z = v;; | &, A, v;; 1v;; € E(G). Thus dg(z,b) = 2.
Hence dg(z) > n/2. This is a contradiction. So, if u,uv € N, then
dg(u) + dg(v) = n. By (b) of the Lemma, this is a contradiction. Hence,
in the following, we always assume u € N~ and v = w € B.

If v;,—1 ¢ A, then vy, _1v;, € E(G) and dg(w,v;,—1) = 2. By the condi-
tion (b) of the Theorem, we have dg(v;, 1) > 5, a contradiction. Hence
Vi, —1 € A, i.e. dG(vilv—l) > %

If u # v;, _1, then dg(u) + dg(vi,—1) > n. By (b) of the Lemma, this is a
contradiction. So it must be u = v;; _1. Let w’ and wv;,; be adjacent in H,
where w’ € B, and let S’ = N~ U {w'}. Without loss of generality, we can
assume that S and S’ have same property. Using an analogous discussion
as above mentioned, we have d¢(vi,—1) > n/2. Hence

de(vi, —1) + dg(vi,—1) > n.

Again by (b) of the Lemma, this is a contradiction.

Combining cases 1, 2 and 3, we have that [ is hamiltonian. Hence G is
hamiltonian. The proof is completed. 0O
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Note: Using an analogous condition and method of proof of the Theorem,
we can get an analogous theorem about Hamilton-connected graphs.

References

[1] A. Benhocine and A.P. Wojda, The Gen-hua Fan conditions for pan-
cyclic or hamilton-connected graphs, J. Combin. Theory B 42(1987),
167-180.

[2] J.A. Bondy and U.S.R. Murty, “Graph Theory with Applications”,
The Macmillam press, 1976.

[3] V. Chvital and P. Erdés, A note on hamiltonian circuits, Dis. Math.
2(1972), 111-113.

[4] Gen-hua Fan, New sufficient conditions for cycles in graphs, J. Combin.
Theory B 37(1984), 221-227.

[5] R.J. Faudree, R.J. Gould, M.S. Jacobson and R.H. Schelp, Neighbour-
hood unions and hamiltonian properties in graphs, J. Combin. Theory
B 47(1989), 1-9.

[6] P. Fraisse, A new sufficient condition for hamiltonian graphs, J. Graph
Theory 10(1986), 405-409.

[7] O. Ore, Notes on Hamilton circuits, Amer. Math. Monthly 67(1960),
55.

[8] Song Zeng Min and Qin Yu Sheng, Neighbourhoods intersection and
Hamilton properties, J. Southeast University 21(1991), 65-68.

105





