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Abstract

Let D = (V, E) be a primitive digraph. The local exponent Dfat a vertexx € V, de-
noted by exp (), is defined to be the least integeisuch that there is a directed walk of
lengthk from uto v for eachv € V. LetV = {1, 2, ..., n}. The vertices oV can be ordered
so that exp (1) < exp,(2) <--- < exp,(n) =y(D). We define thekth local exponent set
En(k) := {exp, (k) | D € PDy}, where PD,, is the set of all primitive digraphs of order
n. It is known thatE,(n) = {y (D) | D € PD,} has been completely settled by K. Zhang
[Linear Algebra Appl. 96 (1987) 102—-108]. In 1998, (1) was characterized by J. Shen and
S. Neufeld [Linear Algebra Appl. 268 (1998) 117-129]. In this paper, we desgrjloe) for
all n, k with 2 < k < n — 1. So the problem of local exponent sets of primitive digraphs is
completely solved. © 2000 Published by Elsevier Science Inc. All rights reserved.
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1. Introduction and notations

Let D = (V, E) be a digraph om vertices. We permit loops but no multiple arcs
inD. Au — v walk of lengthp in D is a sequence of verticasus, ..., u, = vand
a sequence of araw, u1), (u1, u2), ..., (up—1, v), where the vertices and the arcs
are not necessarily distinct. A closed walk is8 a> v walk, wherex = v. A path is
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a walk with distinct vertices. A cycle is a closad— v walk with distinct vertices
exceptforx = v. Anr-cycle is a cycle of length. L(D) is the length set of all cycles
of D.

Letu, v € V. We use the notatiom — v[k] (u 4 v[k], resp.) to mean that there
isau — v walk (nou — v walk, resp.) with lengttk in D . If Do C D, we use
u — v[Dg] such that any: — v path in Dg. If N*(v) = N*t(u) and N~ (v) =
N~ (u), we callv a copy ofu. A digraphD is primitive if there exists an integer
k such thatx — v[k] for every pairu, v € V. The least sucl is called the expo-
nent of D, denotedy (D). Let PD, be the set of all primitive digraphs of order
n LetL(n):={(p,q) |2<p<q<n p+q>n,gedp,q) =1 andL (n) :=
{(p.e)11<p<qg<n p+q>n,gcdp,q) =1}

Wielandt [8] found thaty (D) < w, = (n — 1)2+ 1 and showed that there is a
unique digraph¥ (n) that attains this bound, whei (n) = (V, E) is defined as
follows: V. ={v; | 1 <i <n}andE = {(v;, vi+1) | 1 <i <n— 1} U {(vy—1, v1),
(vn, v1)}. Dulmage and Mendelsohn [2] observed that there are gaps in the exponent
setE, ={y(D) | D € PD,}. Each gap is a s&b of consecutive integers below
w, such that noD € PD, has an exponent i5. Lewin and Vitek [3] found a
general method for determining all the gaps betwp%amnj + 1 andw,, and they
conjectured that there is no gapfh 2, .. ., L%w,,] + 1}. Jiayu [5] proved that the
conjecture is true when is sufficiently large and gave a counterexample to show
that the conjecture is not true when= 11. Zhang [9] proved that the conjecture is
true except 48 fon = 11. Therefore, the problem of determining the exponent set is
completely solved.

Let D € PD, with L(D) = {s1, s2, ..., s,}. Letu, v € V(D). The relative dis-
tanced, ,, (u, v) fromuto v is the length of the shortest walk fromto v which
meets at least ong-cycle fori =1, 2, ..., . The exponent fronu to v, denoted
by exp, (u, v), is the least integek such thatu — v[k] for all m > k. Clearly,

v (D) = max, vev (D) €XP, (4, v).

Now let{sq, s2, ..., s, } be a set of distinct positive integers. The®, s2, . . .,

s,) is defined to be the least integersuch that every integér > m can be ex-
pressed in the form = Z?:l a;s;, wherea; (i =1,2,...,1) are nonnegative in-
tegers. A result due to Schur shows thédts, so, ..., s,) is well-defined if gcds,
52, ..., 5,) = 1. Itisknown thatp (s1, s2) = (s1 — 1)(s2 — 1) if gcd(s1, s2) = 1, and
@ (51,52, 83) = P (s1,52) if 51 53.

Lemma 1[1]. Let D € PD, with L(D) = {s1, s2, ..., 5, }. Letu, v € V(D). Then
expD(u, v) < dL(D) (u,v) + ¢(s1,52,...,5,). Furthermore y(D) < maxd
(u,v) + ¢(s1,52,...,5,).

L(D)

The local exponent d at vertex: € V, denoted by exp(u), is the least integer
k such thatu — v[k] for eachv € V. Clearly, exp, (u) = Max,ey(p) €Xp, (u, v)
andy (D) = max,cy(p) €xp, (). LetV ={1,2,...,n}. Then the vertices can be
ordered so that exl) < exp,(2) < --- < exp,(n) = y(D).
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Brualdi and Liu [1] obtained m&exp, (k) | D € PD,} = n? — 3n + 2+ k. Shao
et al. [6] characterized the extremal digraphs of gXp. Let E, (k) := {exp,
(k) | D € PD,} for eachk (1 < k < n). Clearly, E,,(n) = E,. Zhang [9] obtained
E,(n), and Shen and Neufeld [7] obtaindd,(1) for all n. Let m(p, q, k) =
(p—D(@—-1 +maxk+qg—n—1,0}and

pPg—2)+k+@n—q) fl<k<p+qg—n+1,
pgq—2+k+n—qg—-1) ifp+g—n+2<k<ptg
—n+3,
M(pfqvk): : :
plg—2) +k+1 ifn—g+p—2<k<n—gq
+p-1
plg—2)+k ifn—qg+p<k<n.

In this paper, we considek, (k) for all n, k with 2 < k <n —1 and obtain the
following:

Main Theorem. Let n k be integers witt2 < k < n — 1. Then

Eoy={12.... 130 -2 +|

u J tmimp.g.k) <m<M(p,q.b)
(p.q)eL(n)

foralln,kwith2 <k <n — lexcepts =11and9 < k < 10.And

E11(k)= ({1, 2,...,40+ k}\{37+ k})

U |J tmimp.q.l)<m<Mp.q.h)
(p,@)€L(11)

for9 < k < 10.

2. Bounds of thekth local exponent exp), (k)

Let D = (V, E) be adigraph,and € V. Fori > 1, letR;(u) :={veV |u—
v[i]}. Also we defineRo() := {u}. In this section, we always assume thate
PD,.

Lemma 2[1]. exp, (k) < exp, (k—1) +1for2<k <n.

Lemma 3[6]. If s be the girth of Dthenexp, (k) < s(n —2) +kfor1 <k <n.
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Lemma 4 [7]. If L(D)={p,q} with (p,q) € L'(n), then exp, (1) > max
{p—D@—-1.,q -1}

Lemma 5 [7]. Suppose thatp, ¢} C L(D), gcd(p,q) =1 and p < q. If D con-
tains a p-cycle which intersects a g-cydeenexp, (k) < p(q —2) +n — g + k for
1<k <n.

Corollary 1. If L(D) = {p, q} with (p,q) € L'(n), then exp, (k) < p(q —2) +
n—qg+kforl<k<n.

Lemma 6[4]. If L(D) = {p, g} with p +q < n, thenexp, (k) < [3(n — D?| +k
forl <k <n.

Lemma 7[4].If L(D) = {p, q,n}, thenexp, (1) < ¢(p,q,n) +n —gq.

Corollary 2. If L(D) = {p, q,n}, thenexp, (k) < ¢(p,q,n) +n —q +k — 1for
1<k <n.

Lemma 8 [4]. If |L(D)| > 3, thenexp, (k) < [3(n —2)%| + k forn > 6 and1 <
k < n.

Theorem 1. If [L(D)| > 3, thenexp, (k) < L%(n — 22 +kforn>4andl<
k < n. Moreoveritis a sharp bound in a sense.

Proof. By Lemma 8, it is enough to check that exp) < L%(n —2)2| + k for
n=4orb5.

Case 1. n=4. If 1€ L(D), then exp(k) <n—2+k=[3(n—22 +k
by Lemma 3. If 1¢ L(D), then L(D) ={2,3,4}. Thus exp(k) <2+k =
|3(n — 2)?] + k by Corollary 2.

Case2.n =5. If 1€ L(D), then exp (k) <n —2+k < |5(n — 22| + k by
Lemma 3. If 2e L(D), thenexp (k) < 4+k = L%(n —2)2| + k by Lemmas 5 and
7.1f1and 2¢ L(D), thenL(D) = {3,4,5}. Thus exp (k) < ¢(3,4,5) +n — 4+
k—1=n—-2+k<[3n— 22| +kby Corollary 2.

Let D* consist of n-cycle (vi, v2,...,v,,v1) and the arcs{(v,, v2), (v,,
Uy (0} ThenL(D*)={[3n].n — 1,n}andexp, (1)< [3(n — 2)?] + 1. Since
Ri(v;)={v;y1} for 1<i<n—1, exp, (va) < exp,, (vp—1) < --- < exp, (v1).
If v, — v1[L%(n — 2)2|], then there exist integeks, k> andks such that 1+ le%nJ
+ka(n — 1) +kan = |5(n — 2)%), ekl 5n) +ko(n = 1) + kan = [5(n — 2)%] —
1. On the other hand, it is easy to check that 3n|,n —1,n) = [3(n — 2)?].
This is a contradiction. Thus exp(vn,) = exp,, = L%(n —2)2] +1. Hence
exp . (k) = [3(n — 22| +kfori<k<n O
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Lemma 9 [3]. If L(D) ={p,q} with (p,q) € L'(n), then p(¢ — 1) < y(D) <
plg—2) +n.

Theorem 2. If L(D) = {p, q} with (p, q) € L(n), thenexp, (k) > m(p, q, k) for
1 < k < n. Moreover it is a sharp bound in a sense.

Proof. By the definition of exp (k) and Lemma 4, exp(k) > (p — 1)(g — 1), itis
enough to prove expk) > (p — 1)(¢ — 1) + k + g —n — 1. Suppose that exk)
<(p-D@-1D+k+qg—n—1 By Lemma 2, we have expn) < exp, (k) +
n—k < p(g—1),iey(D) < p(g —1). This contradicts Lemma 9. So ex(k) >
p—D(@—-1+maxk+qg—n—10}

Let V(D*) = {v1,v2,...,v,}. Consider C; = (v1,v2,...,v4,v1) With
additional arc§{(v,4;, v11i) | 0 <i < ¢ — p}. Further letv; be a copy ofv, for
g+ 1< j<n lfvy— v[plg — 1 — 1], then there exist integeks, k2 such that
q—14+kip+kog=plg—21) —1,ie.kip+kqg=(p—1(@-1) -1, acon-
tradiction. Hencevy 4 v,[p(g — 1) — 11. Thusy (D*) > p(¢ — 1). On the other
hand we have max . (u,v) =q — 1. Soy(D*) < qg—14+¢(p.q) = plg — 1.
It follows that y (D*) = exp(v1) = p(¢ — 1). Since each vertex irD* is at a
distance ofg — 1 or less fromvi, we have exp, Q> exp,, (v1) —q + 1=
(p—1D(@—-21. We now show that exp(vg) < (p —1(g —1). For each
i, where p<i<qg-—1, letr;,=G—-p)/(p—21]. It is easy to check that
er. +2(vi) = Rri+1(vi+l) U er. 11 Wim(p-1) = er. +1(Ui+l) U {vi—(p—l)—j(pfl)Jr(ri+1—j) |

0<j<r}= n R, iy U{v, 4 J(p=D+(r; +1-)) 1<j<sr+1 = R, (i),
Thus R;(v;) = Rl 1(viyp) forall I > r; 12, Letr = max{r lp<Li<qg-—-1=
lg—p—D/(p—D]. Then R _ . .(vp)=R_, . (vp41) = q,p+,,1(vp+2)
= =R _,(v-1) =R ({vg, vg+1, ..., va}). But R_,({vg, vg+1,...,0x}) =

R, (vy), hence we haveR(H(qf v =R, , ., (p) =R, , (R, (v1)=
R,, (1) =V(D) since (p —D(@g—-1) >r+1 and exp, (v1) = p(g — 1).
So exp, (1) <exp, (vg) < (p—D(g—1 whence we conclude exp(l) =
exp,, (vg) = (p — (g — D). Since R;(v;) = Rj—1(v;y1) for all [ > r; + 2, then
exp,, (vg) < exp,, (vg—1) <--- < exp,, (v2) < exp,, (v1). Since exp, (v) =
exp,, (vg) forallg +1<i <n,we have

_Jp=-D@-D ifl<k<n—gq-+1,
eXpD*(k)_{(p—l)(q—l)—i—k—(n—q—i-l) |fn—q+2 k <n,
i.e. exp,, (k) =m(p,q. k). O
Let Do consist ofg-cycle (v, v2,...,vy,v1) and the walk(vy, vgq1, ...,

Vptq—I—1, Vg—1), Wherep, g, 1 are integers with gagh, g) =1,0< /< p—1land
2<p<gq.

Lemma 10. exp, (vg,v))=(p —Dg -1 +y—-g=plg =2 +y+p—29+1
for g-I<y<p+q-I1-1 and exp, (vg,vy)=({p—-Dg-1+y
=plgq—2+y+p—qg+1lforl<y<qg—-1-1
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Proof. Sinceg(p,q) = (p — (¢ — 1) and 2< p < ¢, there exist nonnegative in-
tegerski, k2 such thakyp + kog = m (= (p — 1)(¢ — 1)). Thenky > 0 orkz > O.
Clearly, vy — vy—i[p — 11 andv, — vy—i[g — 1. Thusvy, — vy [p — 1 + (k1 —
Dp+koglorvy — vg—lg — 1+ kip + (k2 — Dgql, i.e.vy = vy—i[m —1]. Hence
explug, vg—) < (p—D(@—-D —1. If vg = vy_[(p —D(g—1) —1-1], then
there exist nonnegative integdis /> such that(p — 1)(¢ — 1) -l —1=p -1+
hp+ilgor(p—1(@—-1)—1—-1=qg—1+hp+lgie(p-—Di@g-1—-1=
L1+ Dp+lxg or (p—1(g—-—1)—1=1l1p+ (I2+1)g. This contradicts to
¢(p,g) =(p—-D(@—-1. Thus v, # vg—l(p—1(g—1)—1-1]. Hence
exp,, (g, vg—1) = (p = D(g — D — 1. So, exp,_(vg.vy) = (p—Dg - D +y -
gforqg—I<y<p+q—-I1—-1and exgo(vq,vy) =(p-D@-1+yforl<
y<g-—1-1. O

Lemmall. LetDo C D € PD,.Ifexp,(vy) < p(g —2) + p — 1, thenexp, (k) <
M(p,q,k).

Proof. SinceRi1(vy) D {vy41} forl<y<g—-lorg+1<y<p+qg—1-2
and R(vpy4-1-1) D {vg—1} in D, exp, (v,) < exp,(vy11)+1for 1<y <g—1
org+1<y<p+qg—1—2and exp (Vp+q—1(D)-1) < €Xp, (vg—1(p)) + 1. Since
exp, (1) < exp, (vy),

plg—2)+k+(p—1-1) fL<k<I+2

plg—2+(p+D ifl+3<k<2p—1—1,
exp, (k) < +L%(k—l—2)J
plq—2)+k if2p—I<k<p+q—I+t—1
Hence

exp, (k) < F(p.q. k, [(D))

p(g—2+k+(p—-1-1) ifl<k<Il+2
=1p@-D+(p+D+13k—-1-2)] fl+3<k<2p—1-1,
plq—2)+k if2p —1 <k<n.

SinceF(p,q,k.l) < F(p,q,k,l —1)andl > p+q —n—1,exp (k) < F(p,q,
k,p+q—n—-1)=M(p,q,k). O

Let D € PD, with L(D) = {p, ¢q}. Then there exigp-cycle C1 andg-cycle C;
such thatC1 N C2 # ¢. Clearly,C1 N C2 is the union of some paths. Suppose that
[(C1 N Cy) is the length of the longest pathdh N C». Let!(D) = maxc,, ¢, [(C1 N
C>), where the maximum is taken over pitycleC1 andg-cycleCz with C1 N Co +
#. Itis easy to see thatD) is well-defined ifD is a primitive digraph om vertices
with L(D) = {p,q}andthat0< (D) < p — 1.

Theorem 3. If L(D) = {p, q} with (p, q) € L(n), thenexp, (k) < M(p, g, k) for
1 < k < n. Moreover it is a sharp bound in a sense.
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Proof. It is enough to consider > 3. Let C1 andC2 be ap-cycle and ag-cycle,
respectively, such thatC1 N C2) = [(D). We claim thatC1 N C» is a path of length
[(D). Otherwise, supposeQi1 = (ug, u1,...,us), Q2 = (vo,v1,...,vp) are
two paths ofC1 N C2 with a = [(D), whereu, # vo, vp # ug. ThenC; = Q1 U
02U (ug — vol[C;i]) U (vp — uo[C;)), i =1,2. Let the length ofu, — vo[C;]
(vp — uo[C;], resp.) be equal tg;1 (x;2, resp.)i = 1, 2. Thena + b + x11 + x12 =
p,a+ b+ x21+ x22=¢q.SinceL(D) = {p,q}andp < ¢, thenxy1 < xp1 andx12
<xp2. If x11<x21 and x12 <x22, then Q1U Q2U (uy — vo[C1]) U
(vp — upg[C2])isacycleoflengtla + b + x11 + x22.Butp < a + b + x11+ x22 <
q, this contradictd.(D) = {p, q}. If x11 = x210rx12 = x22, thenone o1 U Q> U
(g — vo[C2]) U (vp — uo[C1]) and Q01U Q2U (ug — vo[C1]) U (vp —
uo[C2]) is ap -cycle, sayCz = Q1 U Q2 U (ug — vo[C2]) U (vp — ug[C1]) is a
p-cycle. But it is easy to see thatCo N C3) > a + b + x11 > a. This contradicts
I(D) =a.

Let Dg be a subdigraph ob induced by the set of verticeB(C1) U V(Co).
Then|V(Dg)| = p +q — (I(D) + 1). LetV (D) = {v1, va, ..., v,}. Without loss of
generality, let Do consist of g-cycle (vi,v2,...,v4,v1) and the walk
(Vg Vg+1s -+ -5 Uy ypys po1s Vgt ) where Uy 10y belongs to g-cycle. Then
exp, (vg, vy) = (p =g =D +y—gforg —I(D)<y< p+q—Il(D)~1land
expDo(vq, v)=(p-Dg-D+yforl<y<g—1(D)—1bylLemma 10.

Let v € V(D)\V(Do). SinceD is primitive andDg C D, there existv;, v; €
V(Do) such thatPy := v — v;[d(v, Do)] and Pz := v; — v[d (Do, v)]. Also (P1 N
Py) C {v,v;, vj} sincep + g > n. Suppose;, v; are not on same cycle @y, say
v; € V(C)\V(C2) andv; € V(C2)\V(C1). LetCq = PLU P2 U (v; — vy[C2]) U
(vg — v;[C1]). Then |E(C1) NE(Ca)| > (D) and |E(C2) N E(Ca)| > (D).
SinceL(D) = {p, q}, C4 is p-cycle org-cycle. Hence this contradicts the choice of
CiandC». Thusy;, v; are on the same cycle 8f. Also sincep + g > n, the length
of Py U P, is not greater than — (p +¢q — (D) — 1) + 1 <I(D) +1< p. Thus
the length of P U P; is less tharp except forn = p + ¢ — 1 andl(D) = p — 1.
Hencei # j except for/(D) = p — 1 =n — gq. We estimate the upper bound of
exp, (k) according to the following two cases.

() i = j. ThenD has a subdigrapl; which consists ofDg and p-cycle (v,
Vg+1, ..., Un, Vj). Itis easy to check that eép(vq, vy) = expDo(vq, vy) for 1 <
y < gand exgl(vq, vy) = expDo(vq, vi)+ (y—q)forg+1<y<n.Wedivide
into the following cases.

l.g>2p—1.Theng —p=>2p—-1.letg—p=c(p—1D+r,0<r <p—1.

1.1. je{lL2,....c—-VD(p—-VD+r,g—p+l,g—p+2,...,9}. Since
exp,, (vg, vy)=(p =g =D+ (y—¢q) for ¢ —p+1<y<q and exp (v,
) =@-Dg-D+yforl<y<qg—p exp, (v, v) <(p-Dg-D+
(g—p)=plg—2)+1 for 1<y <gq. Also since exp, (vg, vy) = expDo(vq,
vj)+ O —g)forg+1<y<n, exp, (v, v) <(p—-Dlg-D+C-Dip-
D+r+(p-D=p-Dg-D+@—-p)=plg—2+1lforg+1<y<n



22 Z. Miao, K. Zhang / Linear Algebra and its Applications 307 (2000) 15-33

Thus exgl(l) < expD1 (vg) < p(g —2)+1. Hence exp(k) < expD1 (k) <
pl@g—=2+k<M(p,q, k).

12, je{c—-D(p—-D+r+L,(c—-D(p—D+r+2,...,9— p}. Since
exle(vq, vy) = expDo(vq, vi)+y—q for g+1<y<n, exle(vq, vy) <
exle(vq, vy) for g +1<y<n and exgl(vq, V) = expDo(vq, vj)+n—q=
P—-Dg-D+j+p-12(p-D@g-D+Cc—-D(p-D+r+1+p-1
=(p—-D1@—-1)+qg—p+1. Since eXBl(U‘I’ vy) = expDo(vq, vy) <(p—1
(@=D+qg—pforl<y<gq, exp, (v) =exp, (vg,va) =(p =g -1+
j+p—1=p(q—2)—|—(2p—q+j).Alsowecangetegg(vj)= (p—D(qg —
D+g—-1=pg—2+p. By j<qg—p, we have p —qg+j<p. Thus
expDl (vg) < expD1 (vj). Since exg,;l (vg) < exle(vq_l) << exle(vq_p+1)
and eprl(vj) < expD1 (vp) < expD1 (1) < --- < expD1 (vg+1),

exp, (k) < exp, (k) < Fi(p,q.k, j)

plg—2+k+@2p—qg+j—-1) fl<k<g—p—j+1,

_ra-2+p+izk—q ifg—p—j+2<k
+p+j—1] <3p—gq+j+1
plg—2)+k—-1 if3p—qg+j+2<k<n.

Since Fi(p, g, k, j))<Fi(p,q.k, j+1) andj<q — p, exp, (k)< Fi(p,q, k,q —
p) < M(p,q,k)
22.g<2p—1lletp—1l=g—p+x.Theng—p+1<qg—x<q.

21 jelg—p+Llq—p+2,...,9 —x}.

22. jelg—x+1,qg—x+2,...,q9}.

23. je€{1,2,...,q — p}.

The proofs of these subcases are analogous to the proof of (I) 1. So it is left to the
readers.

(mni+#j.

Ifexp, (vg) < plqg —2) + p — (D), thenexp (k) < M(p, g, k) by Lemma 11.

Ifexp, (vy) > p(q —2) + p — (D), then there exists a vertexc V(D)\V (Do)
such that exp(vy) = exp, (vq, v). SinceD is primitive andDg C D, there exists a
pathP := (vj, Vyrai0y> Uptgoiyi1s - -+ » Vptgithyri—1 Vi) such that;, v; € V(Do)
andv € P. Thenv = Uyt 1Dy -1 sinceL(D) = {p, q}.LetD1 = Do U P andCs =
P U (v; — vj[Dgl). Hence exgl(vq, v) = exp, (vg,v) > p(q — 2+ p—1U(D).
Thus exp, (k) > p(qg —2) + p — (D). We claim that the positions af; andv;
have the following four possibilities.
1.v;,v; € V(C1) NV (Cp) andi < j.
2.0, e V(C1)NV(C2) andvj e V(C)\V(C2).
3.v; € V(C1) NV(Cr) andvj e V(C2)\V(Cq).
4. v;,v; € V(C2)\V(Cy) andi < j.
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In fact, we can see it as follows:

If v;,v; € V(C1) N V(C2) andi > j, theni — j =t 4 1, otherwise it is contra-
dicts to L(D) = {p, q}. Thus there exists a vertaX € V(C1) N V(C2) such that
exp,, (vg,v) = expDo(vq, v*). This contradicts to the choice Bf

If v; € V(C1) NV (C2) andv; € V(C1)\V(C2), let Cs is ap-cycle (ag-cycle,
resp.), then there exists' € V(C1) (v* € V(C2), resp.) such that e>IgE)(vq, v) =
exp,, (vg, v¥). This contradicts to the choice Bf

If v; € V(C1) NV (C2) andy; € V(C2)\V(C1), use an analogous proof of above,
a contradiction too.

If vi,v; € V(CD\V(C2) andi < j, then the length ofCs is not greater
thann — (p+q—I1(D)— 1) +1+p—I1(D)—2=n—gq < p. This contradicts
L(D) ={p.q}with p <gq.

If v;, v; € V(Cp\V(C2) andi > j, letCs be ag-cycle, then E(Cs) N E(Cy)| >
[(D) + 2. This contradicts the choice @1 and C». Let C5 be ap-cycle, there
existsv* € V(C1)\V(C2) such that exp, (vg,v) = exp,, (vg, v*). This contradicts
the choice of.

If v;,v; € V(C2) N V(Cy) andi > j. By the choice ofC; andCz, Cs is ag-
cycle. Then there exists* € V(C2) such that exp, (vg,v) = exp,, (vg, v*). This
contradicts the choice ¢.

Now we divide into the following cases:

1.v;,v; € V(C1) NV(C2) andi < j orv; € V(C1) N V(Cp) andv; € V(C1)\
V(C2) orv; € V(C1) NV(C2) andv; € V(C2)\V(C1). Lets := exp, (vy)—[p(g —
2)+p —I(D)].

We claim thatg —i <I(D) —s. In fact, if v; € V(Cyp), thenp(qg —2) + p —
I(D) + s = exp,(vg) = exp,(vg, v) < exp, (vg,v) < €xp, (vj) +1=(p — 1)
(gq—-V+j—q+t. Thusi(D)—s>2q—j—t—1 Also j—i+t+1<q
sinceCs is ap-cycle org-cycle, then (D) —s > g —i. If v; € V(C2)\V(C1), then
p(g =2+ p—1(D)+s =exp,(vg) = exp,(vg, v) < €xp, (vg,v) < exp, (v))
+t=(p-D@—-L+j+¢t Thusi(D)—s>qg—j—t—1. Alsoj+q—i+
t + 1 < ¢ sinceCs is ap-cycle org-cycle, then (D) —s > g — i.

Since D1 C D, Ri(vy) D {vy+1} for 1<y <g—-lorg+1<y<p+gq-
I(D)y—2 or p+q—-ID)<y<p+q-—ID)+t—1 Ri(Vpig-1(p)-1) D
{vg—ipy}  and  Ri(vpig-1(p)+:-1) D {vi}, exp,(vy) < exp,(vy+1) +1 for
1<y<g-1lorg+l<y<p+tgq-IlD)—-2o0r p+qg—-ID)<y<p+
qg—ID)+t—1,exp (v, ,p_1) < EXP,(Vg—1(p)) +1 and exp(v,,. ;p. 1)
< exp, (v;) + 1. Also since exp(1) < exp,(vy) = p(q —2) + p — (D) +,

exp, (k) < Go(p, q, k, (D), s, i)

p(q—2+k+(p—I(D)+s—-1) ifl<k<g—i+2,

plg =2+ (p+q—1UD) ifg—i+3<k<2p—q+i,
ts—i+ D+ [Fk—g+i—2)]

plg—2) +k if2p—qg+i+1<k<n.
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Sinceq —i <I(D)—s,q—i+2<I(D)—s+2andp —qg+i >2p—1(D)+
s. Thus

exp, (k) < Go(p, ¢, k,1(D), s,i) < G(p, q, k,1(D), )
p(g—2+k+(p—ID)+s—1) fL<k<ID) —s+2,

_Jp@=-2+(p+1 if (D) —s+3<k
+13(k — (D) +5 — 2] <2p—1(D) +s,
plg—2) +k if2p —I(D)+s+1<k<n.

Since G(p, q,k,l(D),s) < G(p,q,k,l(D),s+1) ands<t<n—p—q+
I(D) +1,exp, (k) < G(p,q,k,I(D),n —p—q+1(D)+1) <M(p,q,k).

2.v;,vj € V(C2)\V(C1) andi < j. Itis not difficult to check that exp(v,) <
pP@g—2+(p—-—qg+j+t+1) and exp(v;)) <plg—2)+maxn—p—q+
I(D)+2,n+p—q—t—j+1}.

2l n—p—q+ID)+2>2n+p—qg—t—j+1.
211l n—p—q+ID)+2>2p—q+j+t+1.
212 n—p—q+ID)+2<p—qg+j+t+1.

22.n—p—q+IlD)+2<n+p—qgq—t—j+1.
221 p—g+j+t+1l<n+p—q—t—j+1.
222 p—qg+j+t+1l>n+p—qg—t—j+1.

The proofs of these subcases are analogous to the proof of (Il) 1. So it is left to
the readers.

To sum up, the bound is obtained. In the following, we show that this bound is
sharp in a sense. Lé&* consist ofC, and the walkgv,, vg+1. . .., Vn, Un—p+1). BY
Lemma 10, exp, (vg, vy) =(p —D(g—D+y—g forn—p+1<y<nand
exp,, (vg, vy) = (p — D(g—-—1+yforl<y<n—p. Sowe have exp (k) =
M(p,q,k). O

3. Gap system betweeh3(n —2)?] + k+1andn? —3n+2+k

By [1], itis known that maxexp, (k) | D € PD,} =n? —3n + 2+ k. SOE, (k)
c{1,2,...,n% — 3n+ 2+ k}. For determiningz, (k), in this section, we determine
the gap systems betweed(n — 2)2| + k + 1 andn? — 3n + 2 + k.

Theorem 4. Let positive integers,ig, n, k and m be given such thgp, ¢) € L(n),
2<k<n—-21landm(p,q,k) <m < M(p,q, k). Then there exist® € P D, with
L(D) = {p, q} such thaexp, (k) = m.

Proof. We denote byC, the cycle of the formvy, va, ..., vy, v1).

Casel. p = 2. Thenqis odd.

Subcasel.l.q =n. Thenm(p, q, k) =m2,n, k) =n — 1+ maxk — 1,0} =
n—2+kandM(p,q,k)=M@2,n, k) =2(n —2) + k. For0<a<n — 2, letD =
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C, U{(vi,vi—1) | a +2 < i < n}. ltis easy to check that expk) = (n —2) +a +
k. Thus{m(2,n, k), m2,n, k) +1,..., M(2,n,k)} C En(k).

Subcasel.2. ¢ =n—1. Then m(p,q,k) =m2,n—1,k) =n — 2+ max
{(k—2,0l=n—4+k, M(p,q,2)=M2,n—1,2)=2n—-3 and M(p,q,k)=
M2,n—1k) =2n—3)+kfor3<k<n—1.For0O<a<n—3.LetV(D) =
{v1, v2, ..., v,-1, v, } @nd let the subdigrapp1 of D induced byV (D)\v, be like
the digraph in Subcase 1.1.4df is a copy ofv1, then it follows from Subcase 1.1
that exp, k) =n—-3+a+k for2<k<n-1. If v, is acopy ofv,_1, then it
follows from Subcase 1.1 thatexx) =n —4+a+kfor2<k<n-1.1fD =
Cn-1U {(v1, vn), (vn, v1)}, thenexp (2) = 2n — 3. Thus{m(2,n — 1, k), m(2,n —
Lk+1,...,M2,n—1k} C E,(k).

Case2.p > 3.

Subcas@.1.m(p,q, k) <m < p(g—2)+k—1.LetV(D) = {v1, v2, ..., v,}.
ConsiderC, with additional arcs{(v,;, v1i1i) | 0 <i < ¢ — p —a}, where 0<
a<q—p—1.Thewalk(vy—q—r, Vg4+1, .., Vg41, Vg—a+1) (0t < n—gq)is ad-
ded. Furtherlet; be a copy ob,, forg +¢ < j < n. We can check that exgk) =
(p—D(@—-1D+a+maxk+qg—n+1t—1 0} Infact, the proof of it is analog-
ous to the proof of Theorem 2. Th{mw (p, g, k) ,m(p,q, k) +1,..., p(¢g —2) +
k—1} C E (k).

Subcas®.2.p(qg —2) +k <m < M(p, q, k). LetD consist ofC, and the walks

(qu Vg+1s - -5 Va+p, Va+1) and (Uquerafnv Va+p+1s Va+p+25 -+ -5 Un, v1), where
qg—p<a<n-—p.Sincep +q > n, Vg1, Vgipta—n € Cq.
Let Do consist of C, and the walk (v, vg41,..., Vatp, Vasr1). Then

expDO(vq, v =pP-D@-D+y—-gfora+1<y<a+pand exg)o(vq, vy)
=(p-D@-D+y for 1<y<a by Lemma 10. Thus exfv,,vy) <
exXp,, Vg, Vg+pta—n) +y—(a+p) <(p-D@—-D +@ +pta-—n—q)+
n—(a+p)=@p-g-1 for a+p+1<y<n and exp(v,vy) =
exp, (vg, vy) < eXp, (Vg va) = (p = Dg =1 +a for a+l<y<a+tp.
If vy = val(p—D(g—1) +a—1], then there exist nonnegative integers
k1, ko such that(p —D)(g—LD +a—1=a+kip+kog, i€ kip+keqg=
(p—D(@—-1 -1, a contradiction. Hence exp,;) = (p—1(g—1) +a.
Since Ry—a—pWatp+q—n) D {vg}, €Xp, (Vatp+qg—n) < exp, (vg) +n—a—p=
(p—D@—D+n—p. If vagprg—n = val(p —D(q -1 +n—p—1], then
there exist nonnegative integeks, k2 such that(p —1)(¢g— 1) +n—p—1=
n—p+kip+kog. Thus kip+kog=(p—1(¢—1) —1, a contradiction.
Hence exp(vatp+g—n) =(p—D(@—-1+n—p. Also it is easy to see
that R,—y(vy) ={vg} for a+p+qg—-—n+1<y<q, Ratprg-n—yy) =
{n+ptg—n} for 1<y<a+p+q—n—1, Royp—yt1(vy) = {vay1} for ¢ +1
<y<a+p and Ry_yi1(vy) ={vi} for a+p+1l<y<n So we
have exp (vy) < exp,(vg—1) < - < exp,(Va+1) < €XP, (Va) < -+ <
exp, (v1) < exp,(va) < exp,(vu—1) < --- < exp,(va+p+1) and exp (vat1) <
exp, (Va+p) < €XP, (Vatp-1) < -+ < €XP, (v4+1). Thus
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pP-D@g—D+a+k—-1 ifl<g qg—a+1,
_Jp-D@—-D+g¢q |fq—a+2 k<a—gq+2p,
PO =1 ik — g —a+ 1))
plg—2) +k ifa—qg+2p+1<k<n.

Letatake over all numbersity—p,q—p +1,...,n—p}. Thenwe ge{p(q —
2)+k,plg—2+k+1...,M(p,q,k)} C En(k).
By Cases 1 and 2, the proof of the theorem is completed.

Corollary 3. Letm € {[3(n —2)?] +k+1,...,n% = 3n +2+k}\ U ezt
(p,q,k),...,M(p,q,k)}. Then there is nd € PD such thatexp, (k) = m for
2<k<n-—1landn > 4.

Proof. LetD € PD,.1f1 e L(D),thenexp(k) <n—2+k < [3(n— 22| +k
by Lemma 3 and > 4. So it follows from Lemma 6 and Theorems 1-4(]

4. {1,2,..., [3(n —2)%] + k) C E,(k) for all n, k with 2 < k < n — 1 except
n=11and 9< k < 10

Lemma 12. Forany n kwith2 <k <n—1, we haveE,_1(k — 1)U E,_1(k) C
E, (k).

Proof. Supposem € E,,_1(k —1). Then there existsD1 € PD,_1 such that
expDl (k—1) =m.LetV(D) = {v1,v2, ..., vy—1, vy}. Let the subdigraph dD in-
duced byV(D)\v, be like the digraphD;. Further, letv, be a copy of vertexi
which has exponent eg)[lj(l). ie. exg)1 (u) = expDl (1) for k > 2. Then exp (k) =
exp, (k — 1) =m. Thusm € E, (k).

Supposen € E,_1(k). Then there exist®, € PD,,_1 such that exg (k) = m.

Let V(D) = {v1, vz, ..., vy—1, v, }. Let the subdigraph ob induced byV(D)\v,,

be like the digrapth Further letv, be a copy of vertexi which has exponent

y(D1).1.e.exp, (u) =y(D1)fork <n—1.Thenexp (k) =exp, (k) =m.Thus
1 1

me E,k). O

Lemmal3[7].E,(1) = {1,2,..., %(n2 =3n+DHUUpgermip — D@ - D),
Lplg—24+n—qg+1}.

Lemma 14. Letn kbeintegerswitl? < k <n — 1. Then{1, 2, . L%(n - 22 +

k} C E,(k) if and only if ESY (k) .={|_7(n—3)2J~|—k,...,|_7(n—2)zj+k}
C En(k).
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Proof. The necessity is trivial. Now supposE-,;(ll_)l.(k —1) C E,—i(k—1i) is true
for all i =0,1,2,..., k—2. By Lemma 12, we ge{|3(n —i —3)?] +k —
i 13n—i—=3% +k—i+1. ..., |3(n—i—272 +k—i}CE,k) foralli=
0,1,2,..., k=2 Thus{|3(n —k—D?| +2, [3(n —k - D2 +3,.... [3(n —
2)2| +k} C E,(k). Also E,_;4+1(1) C E, (k) for all n, k with 2< k <n —1 by
Lemmal2,andl,2, ..., [3(n —k+1—22]+ 1} C{1,2,..., 3[(n — k + 1)? -
3(n —k+1)+ 4]} C Eng1(D) by Lemma 13. Thus{1,2,..., [3(n — 2)?] +
k} C E (k). O

Lemma 15. If nis even and: > 8, thenE,(ll) (k) CE,(k)for2<k<n—-1.

Proof. If (p,q) € L(n), then {m(p,q,k), m(p,q,k)+1,..., M(p,q,k)} C
E,(k) by Theorem 4. Letp = %(n —2), g=n-—1. Thenm(p,q,k) = (p —
D(@—-1D+maxk+qg—n—10=3n?—6n+8 +k—2 and M(p,q,k) >
p(q—2) +k=3n?—5n+6)+k Thus{3(n? —6n+4) +k, ..., 3(n® —5n +
6) 4+ k} C En(k).

Casel. n=0 (mod 4. Let p = %(n —2), g =n. Thenm(p,q,k) = (p —
D@-D+maxk+q—n—10=3m2-51+4)+k—1 and M(p.q.k) >
p(q—2) +k=3n2—4n+4) +k Thus{3(n? —5n +2) +k,..., 3(n® —4n +
4) +k} C E,(k).

Case2.n=2(mod 4. Letp = %n, g=n—2.Thenm(p,q,k) = (p — (g —
1) + maxk + ¢ —n — 1,0} < 3(n® — 51+ 6) +k and M(p,q. k) > p(q — 2) +
k=3m%—4an) +k. Thus {3(n?—5n+2) +k,..., 3(n%—4n) +k} C E, (k).
Let p:%n, g=n-—1 Thenm(p,q,k)=(p—D(@g—1) +maXxk+qg—n—
1,0} = 3(n? —4n) +k and M(p.q.k) > p(qg — 2) + k = 3(n® — 3n) + k. Thus
(3?2 —4n) +k, ..., 3% — 3n) + k} C E, (k).

To sum up, the proof of the lemma is completed.]

Lemma 16. Let n k be integers witl2 < k <n — 1. If nis odd and: > 5, then
EXP(k) C E,(k) if and only if (212 =510+ 6) +k,..., 3% —4n — 1) + k)
C E, (k).

Proof. Let p:%(n—l), qgq=n—2. Then m(p,q,k)=(p—-D(@—-1 +
maxk +q —n —1,0} = $(n? — 6n +9) + maxtk — 3,0} < (% —6n +9) + k
and M(p,q.k) > p(g —2) +k = 3(n? —5n +4) + k. Thus (3(n? —6n +9) +
k,...,3(n?—5n+4) +k} C E,(k).Letp = 3(n — 1),q = n. Thenm(p, g, k) =
P-D@-D+maxk+qg—n—10=30%—4n+3) +k—1=3n?—4n
+1) +k and M(p.q.k) > p(q —2) +k=3(n?—3n+2) +k. Thus {3(n? -
dn+1)+k, ..., %(n2—3n+2) +k} C E, (k) . So the proof of this lemma is
completed. O
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Lemmal7. Letn =1 (mod 4 andn > 9.

LIf2<k < 3m+1), thenEY (k) C En(k).

2.1f 2 +3) <k < 3 +5), then E{Y (k) C E, (k) if and only if 1 (n? — 4n —
1)+ k € E,(k).

3.1 3 +7) <k <n—1 thenE” (k) C E, (k) ifand only if{3(n? — 4n — 3) +
k, 3(n? —4n — 1) + k} C Eq(k).

Proof. Letp=3(n+1),g=n—3.Then® —q =4.Thus gcdp,q) = 4,2 or
1. Sincen =1 (mod 4 andn > 9, then(p, ¢) € L(n). Sincem(p,q,k) = (p —
1)(g —1) + maxtk +q —n — 1,0} = 3(n? — 5n + 4) + max(k — 4,0} < 3(n? —
5n +4) + k and
% —dn—5)+k+2 fl<k<3m+1),
M(p.q.k) 2 3% —dn -5 +k+1 if3(n+3) <k<3(n+5),
3% —4n —5)+k if $(n+7) <k <n.
The proof of this lemma is completed by Lemma 16 and Theorem(4.

Lemma 18. Letn, k be integers witl?2 < k <n — 1. If n = 3 (mod 4 andn > 15,
then E5” (k) C E, (k) if and only if (2(n? — 4n — 19) +k, ..., 3(n? —4n — 1) +
kY C Eq(k).

Proof. Let p=3(n+3), g =n—5. Then 2 — ¢ =8. Thus gcdp, q) = 8, 4,
2 or 1. Sincen = 3 (mod 4 andn > 15, (p,q) € L(n). Thenm(p,q,k) = (p —
(g — 1) +maxk +q —n—1,0} = 3(n? — 5n — 6) + maxk — 6,0} < 3(n? —
51+ 6) +k and M(p,q.k) > p(q —2) +k = 5(n? —4n — 21) + k. Thus {3
(n%? —5n+6) +k, ..., 3(n? —4n — 21) + k} C E,(k). Thus the proof of this
lemma is completed by Lemma 16.[]

Letr1 =3,r2=7,r3=11,r4=19,r5 =23,r6 = 31,r7,..., r;, ... be thein-
finite sequence of all prime numbers of the forkmd3, andP3={r1, 72, ..., 7, ...}.

Lemma 19. If n > 43andn #+ 50, 61, 72, 83, 94, 105 then there exists a prime r
(depending on nsatisfying the following properties

(B1) r € P3;

(B2) (r —5)(r +3) > 21

(B3) 2(r —D(r +5 <n—3;

(B4) n # 3(r +1) (modr).

Proof. The proof of this lemma is analogous to the proof of Lemma 6 in [9]]

Lemma 20. Ifnis odd n > 43andn # 61, 83, 105 thenE,El)(k) C E,(k).



Z. Miao, K. Zhang / Linear Algebra and its Applications 307 (2000) 15-33 29

Proof. Letp = 3[n+ 3(r — 1)] andg = n — 3(r + 1), wherer is the prime num-
ber satisfying properties (B1)—(B4) in Lemma 19. By (BA)}x 3 (mod 4, pis ain-
teger sinceanis odd. By (B3), we have < %(Zn — 1), and therp < ¢. Also we have
that either gcp, g) = r or gcdp,q) = 1 since » —g = r. But if gcd(p, q) =
r,theng =n — %(r +1) =0 (modr). Son = %(r + 1) (modr), this contradicts
(B4). Hence gcdp, g) = 1. Thus(p, g) € L(n). Now we use Theorem 4 to get that
m(p,g.k) = (p—1D(g—D+maxk+qg—n—10} = 3[n?>—4n — (r —5)
(r +3)] + maxtk — 30 +3),0}<3(n? —4n — 21+ k, M(p,q,k)>p(g —2) +
k=3n?—n+3-n—-3-30-Dr+5)+k>3m>—4n+3)+k and
{(3(n? —4n — 19 +k, ..., 3(n® — 4n +3) + k} C E, (k). Hence, by Lemmas 17
and 18, this lemma follows. O

Lemma21. Let n be odd witm > 5 and 3(n +1) <i <n — 2. If D is the di-
graph with a Hamiltonian cyclév1, v, . .., v, v1) and two additional arcsv,,, v2),
(vi, vis2), thenexp (k) = 3(n® —3n+4) —i +kforl<k <2 —n+1

Proof. It is easy to see that exvi+1) > exp, (vi42) > -+ > exp, (vy—1) >

exp,(v,) and exp (v1) > exp,(v2) > --- > exp, (v;). So exp (1) = min{exp,

(vn), €Xp, (vi)}. Since|R,—2)j+i(vy)| = Min{n, 3+ 2j} and|R—2)j+i-1(va)| =

min{n, 2+ 2j}, we have exp(v,) = %(n —2)(n — 3) +i. Similarly it can be
proved that exp(v) = 3(n —2)(n —3)+n —i. Thus exp(l) =exp, (v;) =

3(n—2)(n—3)+n—i. Hence exg(k) = 3(n? —3n+4) —i +k for 1<k <

2i—n+1. O

Corollary 4. Let n be odd and > 5. Then{3(n? —5n +12), ..., 3(n® — 4n +
7} C Eqx(2).

Proof. Leti take over all integers i{l%(n +1),....,n—2}inLemma?2l. O
Theorem5. {1,2,..., [3(n —2)?] + 2} C E,(2) foralln > 3.

Proof. SinceE,_1(1) C E,(2) and{1,2, ..., %(n2 —3n+6)} C E,(1), we have
{1,2,...,3n? =51+ 10)} C E,(2).

Casel. nis odd. Letp = %(n —1), g =n. Thenm(p,q,?2) = %(n2 —4n +
5 andM(p,q.2) > 3(n? —=3n+2)+ 2> |3(n — 2)2] + 2. Thus{3(n? — 4n +
5),.... 13(n — 2)2] + 2} C E,(2). By Corollary 4,{3(n? —5n + 12), ..., 3(n? —
4n + 7)) C En(2).

Case2.nis even.

Subcas®.1.n =0 (mod 4). Letp = %(n —2),g=n.Thenm(p,q, 2):%(n2 —
5n+6) andM(p,q.2) > 5(n? —4n+4) + 2. Thus{3(n® —5n + 6), ..., [5(n —
2)?%] +2} C Eq(2).
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Table 1

n ok EP %) n k EP )

7 3<k<6 10+ k 29 16<k<17  362+k

9 6<k<7 22+ k 29  18< k<28 361+ 362+k

9 k=8 214k, 22+ k 31 3<k<30 409+ k, ..., 418+ k
11  3<k<10  36+k37+k38+k 33 18<k<19  478+k
13 8<k<9 58+ k 33 20< k<32  ATT+k AT8+k
13 10<k <12 57+k,58+k 35 3<k<34 533+ k,...,542+ k
15 3<k<14  T78+k, ... 82+k 37 20<k<2l  610+k
17 10<k<11  110+k 37 22<k<36 609+ k 610+k
17 12<k <16 109+ k, 110+ k 39 3<k<38 673+ k,...,682+k
19 3<k<18  136+k,...,142+4k 41 22<k<23  T758+k
21 12<k<13 178+k 41 24<k<40  757+k 758+k
21 14<k<20 177+k 178+k 61 32<k<33  1738+k
23 3<k<22  210+k,...,218+k 61 34<k<60 1737+, 1738+k
25 14<k<15 2624k 83 3<k<82 3269+ £, ..., 3278+ k
25  16< k<24  261+k 262+k 105 54<k<55  5302+k

27 3<k<26 301+k, ..., 310+ k 105 56< k<104 5301+ k, 5302+ k

Subcas®.2.n = 2 (mod 4). Letp = %n, g =n—2.Thenm(p,q,2) = %(n2 —
5n+6) and M(p,q,2) > %(n2—4n) + 2. Thus {%(n2 —-5n+6),..., %(nz—
n)+ 2} C E (2). Let p= %n,q =n—1. Thenm(p,q,2) = (p—)(¢g—1) +
max2+q—n—1,00=3n—272 and M(p,q.2) > 3> -3 +2)+2> 3
(n—2)2+2.Thus{3(n® —5n +6),..., [3(n — %] + 2} C E4(2).

Tosumup{Ll.2....,[3(n — 22| +2} C E,(2forn >3. O

Theorem 6. {1,2,---, [3(n — 2)2| + k} C E,(k) for all integers n k with 3 <
k <n—lexcept: = 11and9 < k < 10.

Proof. Casel. 4 < n < 6. Since the proof of this case is not difficult, it is left to the
reader.
Case2.n > 7. We divide the proof into six steps.
(1) By Lemmas 14-18 and 20, for proving this theorem, it is enough to prove that
E,(lz) (k) C E,(k), WhereE,(lz) (k) is as shown in Table 1.
(2) Letp=3(n+1),g=n—2 Thenp —q = 3. Thus gcdp, q) = 3 or 1.
If n—2%0 (mod 3 andn > 7, then(p, g) € L(n). Sincem(p, q.k) = 3(n —
1)(n —3) + maxk — 3,0} = 3(n® —4n —3) +k, M(p.q.k) > plg—2) +k=
S+ —4)+k>30n%—4n— 1)+ k,we havel3(n? — 4n — 3) + k, 3(n? —
4n — 1) + k} C E, (k) by Theorem 4. Also, for proving,(lz) (k) C En(k), itis enough
to prove thatE,(ls) (k) C E,(k), WhereE,(ls) (k) is as shown in Table 2.
(3)Letp=3(n+3),g=n—4.Thendp —q =7. Thus gcdp.q) =7 or 1.
If n—4 %0 (mod 7 andn > 13, then(p, q) € L(n). Sincem(p, q.k) = 3(n +



Z. Miao, K. Zhang / Linear Algebra and its Applications 307 (2000) 15-33 31

Table 2
n ok EQ k) n ok E® W)
11 3<k<10  36+k37+k38+k 29 18<k<28  361+k 362+k
15  3<k<14  T78+k,....80+k 31 3<k<30  409+k,... 4164k
17 10<k<11  110+k 35  3<k<34  533+k,... 5424k
17 12<k<16 109+ k, 110+ k 39 3<k<38  673+k... 6804k

19 3<k<18 136+ «, ..., 140+ k 41 22< k<23 758+ k

23 3<k <22 210+k, ..., 218+ k 41 24< k < 40 757+ k, 758+ k

27 3<k <26 301+k, ..., 308+ k 83 3< k<82 32694k, ..., 3278+ k
29 16< k<17 362+ k

Table 3
n k EW (k) n k EW (k)
11  3<k<10  36+k37+k38+k 31 4 413414 415
19 3 139 31 k<30 409+ k, 410+ k
23 3 213214 215 35 3 536...,539
23 4 214215 35 4 537538 539
23 5<k<22  210+k 35  5<k<34 533+ 534+k
27 3 304...,307 39 3<k<38  673+k,... 680+k
21 4 305...,307 83 3 3272...,3275
27 5<k<26 3014k 3024k 83 4 32733274 3275
31 3 412...,415 83  5<k<82  3269+k, 3270+k

D(n —5) +maxk — 5, 0}:%(}12 —4n — 5 +maxk — 5,0}, M(p,q,k)>p(qg —
2)+k=3(n+3)(n—6)+k=3n?—3n—18 +k wehave3(n? — 4n — 5) +
maxk — 5,0}, ..., %(n2 —3n—18) + k} C E,(k) by Theorem 4. Also, for prov-
ing E,(,3)(k) C E,(k), it is enough to prove thaf,(,4)(k) C E,(k), WhereE,(f)(k) is
as shown in Table 3.

(4 Letp = 3(n+5),g =n —6.Then D — g = 11. Thus gcdp. ¢) = 11 or 1.
If n — 6% 0 (mod 1D andn > 19, then(p, ¢) € L(n). Sincem(p, q.k) = 3(n +
3)(n —7)+maxk — 8,0} < 3(n® —4n — 21 +k, M(p,q.k) > p(qg —2) +k =
3(n+5)(n—8) +k=3(n?—3n—40) + k, we have(3(n? — 4n — 21) +k, ...,
%(n2 — 3n —40) + k} C E, (k) by Theorem 4. Also, for proving?,(,4)(k) C E,(k),
it is enough to prove thaT,(f') (k) C E,(k), whereE,(f') (k) is as shown in Table 4.

(5) For convenience, we use the symbiol k; p,q; m(p,q,k), M(p, q,k)).
From (11, k; 4,11; 36+ k, 36+ k), (11, k; 7,8; 42+ maxk — 4,0}, M(7, 8, k))
with M (7,8, k) > 42+ k, (39, k; 25, 29; 672+ maxk — 11, 0}, M (25, 29, k)) with
M (25,29, k) > 675+ k , (39, k; 23,32, 682+ max{k — 8,0}, M (23, 32, k)) with
M (23,32, k) > 690+ k and (83, k; 47, 72, 3266+ max(k — 12, 0}, M (47,72, k))
with M (47,72, k)) > 3290+ k, we have: for proving?,(ls) (k) € E,(k), itis enough
to prove thatE,EG) (k) C E,(k), whereE,EG) (k) is as shown in Table 5.
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Table 4
n k ELQ k) n k ELQ k)
11 3<k <10 364k, 37+k, 38+ k 83 4 32733274 3275
39 3<k <38 673+k, ..., 680+ k 83 5<k <82 3269+ k, 3270+ k
83 3 3272...,3275

Table 5
n k E® k) n k E® (k)
11 3 40, 41 39 4 680, 681
11 4<k <10 374k 39 5 681
39 3 679, 680, 681

(6) Letn = 11 andi = 9 in Lemma 21, then we get expk) = 37+ k for 1 <
k < 8. Letn =11 andi = 8in Lemma 21, then we get ex(B3) = 41. Letn = 39
andi = 29 in Lemma 21, then we get exfx) = 676+ k for 3< k < 5. Letn =
39 andi = 28 in Lemma 21, then we get exfk) = 677+ k for 3< k < 4. Let
n =39 and = 27 in Lemma 21, then we get ex(8) = 681.

Combining Cases 1 and 2, the proof of this theorem is completéd.

Corollary 5. {1,2,...,36+k, 38+ k,39+ k,40+ k} C E11(k) for 9 < k < 10.

5. Proof of Main Theorem
First of all, we listE11(k) for 9 < k < 10 without proof.

Theorem 7. For 9 <k < 10, E11(k) =1{1,2,...,36+k, 38+ k, 39+ k, 40+ k}
VU geranlm I m(p, g, k) <m < M(p,q,k)}.

Proof of Main Theorem. By Theorem 7, it is enough to prove that Main
Theorem holds for all integers, k with 2<k <n—1 except forn =11
and 9< k < 10. By Lemma 6 and Theorems 1-6, we dét2,..., L%(n—

22+ K} UU(p.gyeLomm | m(p.q. k) <m < M(p.q.k)} C Eqx(k) C {L1.2.....
130 =22 + K} UU e im | m(p.q. k) <m < M(p.q.k)}. Let DeP
Dy. If 1€ L(D), then exp (k) <n —2+k < [3(n — 2)2| +k for n > 4. Thus
mL,q, k), mL,q. k) +1...., M1 q. b} C{L2...,[3(n—22 +k}. SOE,
() =1{1,2,..., 1300 =22 + K} U U, pyerintm | m(p, g, ) <Sm<M(p, g, k)
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for n > 4. Further, it is easy to check th#3(2) = {1, 2, 3, 4}. So the proof is
completed. O

Remark. Combining [7,9] and the Main Theorem, we have
Enk)={1.2.... 1301 - 2% + k|

U |J tmimp.g.l)<m<Mp.q.b)
(p.q)eL(n)

foralln, kwith 1 < k < n exceptn = 11 and 9< k < 11. Also

E11(k)= ({1, 2,...,40+ k}\{37+ k})

U |J tmimp.q.lo<m<M(p.q.h)
(p,@)eL(11)

for 9 < k < 11. So the problem of local exponent sets of primitive digraphs is com-
pletely solved.
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