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Abstract

Let D = (V ,E) be a primitive digraph. The local exponent ofD at a vertexu ∈ V , de-
noted by exp

D
(u), is defined to be the least integerk such that there is a directed walk of

lengthk from u to v for eachv ∈ V . Let V = {1, 2, . . ., n}. The vertices ofV can be ordered
so that exp

D
(1) 6 exp

D
(2) 6 · · · 6 exp

D
(n) = γ (D). We define thekth local exponent set

En(k) := {exp
D

(k) | D ∈ PDn}, wherePDn is the set of all primitive digraphs of order
n. It is known thatEn(n) = {γ (D) | D ∈ PDn} has been completely settled by K. Zhang
[Linear Algebra Appl. 96 (1987) 102–108]. In 1998,En(1) was characterized by J. Shen and
S. Neufeld [Linear Algebra Appl. 268 (1998) 117–129]. In this paper, we describeEn(k) for
all n, k with 2 6 k 6 n − 1. So the problem of local exponent sets of primitive digraphs is
completely solved. © 2000 Published by Elsevier Science Inc. All rights reserved.
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1. Introduction and notations

Let D = (V ,E) be a digraph onn vertices. We permit loops but no multiple arcs
in D. A u → v walk of lengthp in D is a sequence of verticesu, u1, . . . , up = v and
a sequence of arcs(u, u1), (u1, u2), . . . , (up−1, v), where the vertices and the arcs
are not necessarily distinct. A closed walk is au → v walk, whereu = v. A path is
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a walk with distinct vertices. A cycle is a closedu → v walk with distinct vertices
except foru = v. An r-cycle is a cycle of lengthr. L(D) is the length set of all cycles
of D.

Let u, v ∈ V . We use the notationu → v[k] (u 6→ v[k], resp.) to mean that there
is a u → v walk (no u → v walk, resp.) with lengthk in D . If D0 ⊂ D, we use
u → v[D0] such that anyu → v path in D0. If N+(v) = N+(u) and N−(v) =
N−(u), we call v a copy ofu. A digraphD is primitive if there exists an integer
k such thatu → v[k] for every pairu, v ∈ V . The least suchk is called the expo-
nent of D, denotedγ (D). Let PDn be the set of all primitive digraphs of order
n. Let L(n) := {(p, q) | 2 6 p < q 6 n, p + q > n, gcd(p, q) = 1} andL

′
(n) :=

{(p, q) | 1 6 p < q 6 n, p + q > n, gcd(p, q) = 1}.
Wielandt [8] found thatγ (D) 6 wn = (n − 1)2 + 1 and showed that there is a

unique digraphW(n) that attains this bound, whereW(n) = (V ,E) is defined as
follows: V = {vi | 1 6 i 6 n} andE = {(vi, vi+1) | 1 6 i 6 n − 1} ∪ {(vn−1, v1),

(vn, v1)}. Dulmage and Mendelsohn [2] observed that there are gaps in the exponent
set En = {γ (D) | D ∈ PDn}. Each gap is a setS of consecutive integers below
wn such that noD ∈ PDn has an exponent inS. Lewin and Vitek [3] found a
general method for determining all the gaps betweenb1

2wnc + 1 andwn, and they
conjectured that there is no gap in{1, 2, . . . , b1

2wnc + 1}. Jiayu [5] proved that the
conjecture is true whenn is sufficiently large and gave a counterexample to show
that the conjecture is not true whenn = 11. Zhang [9] proved that the conjecture is
true except 48 forn = 11. Therefore, the problem of determining the exponent set is
completely solved.

Let D ∈ PDn with L(D) = {s1, s2, . . . , sλ}. Let u, v ∈ V (D). The relative dis-
tanced

L(D)
(u, v) from u to v is the length of the shortest walk fromu to v which

meets at least ones
i
-cycle for i = 1, 2, . . . , λ. The exponent fromu to v, denoted

by exp
D
(u, v), is the least integerk such thatu → v[k] for all m > k. Clearly,

γ (D) = maxu,v∈V (D) exp
D
(u, v).

Now let {s1, s2, . . . , sλ} be a set of distinct positive integers. Thenφ(s1, s2, . . . ,

sλ) is defined to be the least integerm such that every integerk > m can be ex-
pressed in the formk = ∑λ

i=1 ai si , whereai (i = 1, 2, . . . , λ) are nonnegative in-
tegers. A result due to Schur shows thatφ(s1, s2, . . . , sλ) is well-defined if gcd(s1,
s2, . . . , sλ) = 1. It is known thatφ(s1, s2) = (s1 − 1)(s2 − 1) if gcd(s1, s2) = 1, and
φ(s1, s2, s3) = φ(s1, s2) if s1 | s3.

Lemma 1 [1]. Let D ∈ PDn with L(D) = {s1, s2, . . . , sλ}. Let u, v ∈ V (D). Then
exp

D
(u, v) 6 d

L(D)
(u, v) + φ(s1, s2, . . . , sλ). Furthermore, γ (D) 6 maxd

L(D)

(u, v) + φ(s1, s2, . . . , sλ).

The local exponent ofD at vertexu ∈ V , denoted by exp
D
(u), is the least integer

k such thatu → v[k] for eachv ∈ V . Clearly, exp
D
(u) = maxv∈V (D) exp

D
(u, v)

andγ (D) = maxu∈V (D) exp
D
(u). Let V = {1, 2, . . . , n}. Then the vertices can be

ordered so that exp
D
(1) 6 exp

D
(2) 6 · · · 6 exp

D
(n) = γ (D).
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Brualdi and Liu [1] obtained max{exp
D
(k) | D ∈ PDn} = n2 − 3n + 2 + k. Shao

et al. [6] characterized the extremal digraphs of exp
D
(k). Let En(k) := {exp

D

(k) | D ∈ PDn} for eachk (1 6 k 6 n). Clearly,En(n) = En. Zhang [9] obtained
En(n), and Shen and Neufeld [7] obtainedEn(1) for all n. Let m(p, q, k) =
(p − 1)(q − 1) + max{k + q − n − 1, 0} and

M(p, q, k) =




p(q − 2) + k + (n − q) if 1 6 k 6 p + q − n + 1,

p(q − 2) + k + (n − q − 1) if p + q − n + 2 6 k 6 p+q

− n + 3,
...

...

p(q − 2) + k + 1 if n − q + p − 2 6 k 6 n−q

+ p − 1,

p(q − 2) + k if n − q + p 6 k 6 n.

In this paper, we considerEn(k) for all n, k with 2 6 k 6 n − 1 and obtain the
following:

Main Theorem. Let n, k be integers with2 6 k 6 n − 1. Then

En(k) =
{
1, 2, . . . , b1

2(n − 2)2c + k
}

∪
⋃

(p,q)∈L(n)

{m | m(p, q, k) 6 m 6 M(p, q, k)}

for all n, k with 2 6 k 6 n − 1 exceptn = 11and9 6 k 6 10.And

E11(k) = ({1, 2, . . . , 40+ k}\{37+ k})
∪

⋃
(p,q)∈L(11)

{m | m(p, q, k) 6 m 6 M(p, q, k)}

for 9 6 k 6 10.

2. Bounds of thekth local exponent exp
D
(k)

Let D = (V ,E) be a digraph, andu ∈ V . For i > 1, letRi(u) := {v ∈ V | u →
v[i]}. Also we defineR0(u) := {u}. In this section, we always assume thatD ∈
PDn.

Lemma 2 [1]. exp
D
(k) 6 exp

D
(k − 1) + 1 for 2 6 k 6 n.

Lemma 3 [6]. If s be the girth of D, thenexp
D
(k) 6 s(n − 2) + k for 1 6 k 6 n.
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Lemma 4 [7]. If L(D) = {p, q} with (p, q) ∈ L′(n), then exp
D
(1) > max

{(p − 1)(q − 1), q − 1}.

Lemma 5 [7]. Suppose that{p, q} ⊂ L(D), gcd(p, q) = 1 and p < q. If D con-
tains a p-cycle which intersects a q-cycle, thenexp

D
(k) 6 p(q − 2) + n − q + k for

1 6 k 6 n.

Corollary 1. If L(D) = {p, q} with (p, q) ∈ L′(n), then exp
D
(k) 6 p(q − 2) +

n − q + k for 1 6 k 6 n.

Lemma 6 [4]. If L(D) = {p, q} with p + q 6 n, thenexp
D
(k) 6 b1

4(n − 1)2c + k

for 1 6 k 6 n.

Lemma 7 [4]. If L(D) = {p, q, n}, thenexp
D
(1) 6 φ(p, q, n) + n − q.

Corollary 2. If L(D) = {p, q, n}, thenexp
D
(k) 6 φ(p, q, n) + n − q + k − 1 for

1 6 k 6 n.

Lemma 8 [4]. If |L(D)| > 3, thenexp
D
(k) 6 b1

2(n − 2)2c + k for n > 6 and1 6
k 6 n.

Theorem 1. If |L(D)| > 3, then exp
D
(k) 6 b1

2(n − 2)2c + k for n > 4 and 1 6
k 6 n. Moreover, it is a sharp bound in a sense.

Proof. By Lemma 8, it is enough to check that exp
D
(k) 6 b1

2(n − 2)2c + k for
n = 4 or 5.

Case 1. n = 4. If 1 ∈ L(D), then exp
D
(k) 6 n − 2 + k = b1

2(n − 2)2c + k

by Lemma 3. If 16∈ L(D), then L(D) = {2, 3, 4}. Thus exp
D
(k) 6 2 + k =

b1
2(n − 2)2c + k by Corollary 2.

Case2. n = 5. If 1 ∈ L(D), then exp
D
(k) 6 n − 2 + k 6 b1

2(n − 2)2c + k by

Lemma 3. If 2∈ L(D), then exp
D
(k) 6 4 + k = b1

2(n − 2)2c + k by Lemmas 5 and
7. If 1 and 26∈ L(D), thenL(D) = {3, 4, 5}. Thus exp

D
(k) 6 φ(3, 4, 5) + n − 4 +

k − 1 = n − 2 + k 6 b1
2(n − 2)2c + k by Corollary 2.

Let D∗ consist of n-cycle (v1, v2, . . . , vn, v1) and the arcs{(vn, v2), (vn,

v
n−b 1

2nc+1)}. ThenL(D∗)={b1
2nc, n − 1, n} and exp

D∗ (1)6b1
2(n − 2)2c + 1. Since

R1(vi)={vi+1} for 16 i 6n − 1, exp
D∗ (vn) < exp

D∗ (vn−1) < · · · < exp
D∗ (v1).

If vn → v1[b1
2(n − 2)2c], then there exist integersk1, k2 andk3 such that 1+ k1b1

2nc
+ k2(n − 1) + k3n = b1

2(n − 2)2c, i.e.k1b1
2nc + k2(n − 1) + k3n = b1

2(n − 2)2c −
1. On the other hand, it is easy to check thatφ(b1

2nc, n − 1, n) = b1
2(n − 2)2c.

This is a contradiction. Thus exp
D∗ (vn) = exp

D∗ (1) = b1
2(n − 2)2c + 1. Hence

exp
D∗ (k) = b1

2(n − 2)2c + k for 1 6 k 6 n. �
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Lemma 9 [3]. If L(D) = {p, q} with (p, q) ∈ L′(n), then p(q − 1) 6 γ (D) 6
p(q − 2) + n.

Theorem 2. If L(D) = {p, q} with (p, q) ∈ L(n), thenexp
D
(k) > m(p, q, k) for

1 6 k 6 n. Moreover, it is a sharp bound in a sense.

Proof. By the definition of exp
D
(k) and Lemma 4, exp

D
(k) > (p − 1)(q − 1), it is

enough to prove exp
D
(k) > (p − 1)(q − 1) + k + q − n − 1. Suppose that exp

D
(k)

< (p − 1)(q − 1) + k + q − n − 1. By Lemma 2, we have exp
D
(n) 6 exp

D
(k) +

n − k < p(q − 1), i.e.γ (D) < p(q − 1) . This contradicts Lemma 9. So exp
D
(k) >

(p − 1)(q − 1) + max{k + q − n − 1, 0}.
Let V (D∗) = {v1, v2, . . . , vn}. Consider Cq = (v1, v2, . . . , vq, v1) with

additional arcs{(vp+i , v1+i ) | 0 6 i 6 q − p}. Further letvj be a copy ofvq for
q + 1 6 j 6 n. If v1 → vq [p(q − 1) − 1], then there exist integersk1, k2 such that
q − 1 + k1p + k2q = p(q − 1) − 1, i.e. k1p + k2q = (p − 1)(q − 1) − 1, a con-
tradiction. Hencev1 6→ vq [p(q − 1) − 1]. Thusγ (D∗) > p(q − 1). On the other
hand we have maxd

L(D∗)
(u, v) = q − 1. Soγ (D∗) 6 q − 1 + φ(p, q) = p(q − 1).

It follows that γ (D∗) = exp(v1) = p(q − 1). Since each vertex inD∗ is at a
distance ofq − 1 or less fromv1, we have exp

D∗ (1) > exp
D∗ (v1) − q + 1 =

(p − 1)(q − 1). We now show that exp
D∗ (vq) 6 (p − 1)(q − 1). For each

i, where p 6 i 6 q − 1, let ri = b(i − p)/(p − 1)c. It is easy to check that
R

ri +2(vi) = R
ri +1(vi+1) ∪ R

ri +1(vi−(p−1)) = R
ri +1(vi+1) ∪ {v

i−(p−1)−j (p−1)+(r
i
+1−j)

|
0 6 j 6 ri } = R

ri +1(vi+1) ∪ {v
i + 1−j (p−1)+(r

i
+1−j)

| 1 6 j 6 ri + 1} = R
ri +1(vi+1).

Thus Rl(vi) = Rl−1(vi+1) for all l > ri + 2. Let r = max{ri | p 6 i 6 q − 1} =
b(q − p − 1)/(p − 1)c. Then R

q−p+r+1(vp) = Rq−p+r (vp+1) = R
q−p+r−1(vp+2)

= · · · = R
r+2(vq−1) = R

r+1({vq, vq+1, . . . , vn}). But R
r+1({vq, vq+1, . . . , vn}) =

R
r+1(vq), hence we haveR

(p−1)(q−1)
(vq) = R

pq−2p+1(vp) = R
pq−2p+1(Rp−1(v1)) =

R
p(q−1)

(v1) = V (D) since (p − 1)(q − 1) > r + 1 and exp
D∗ (v1) = p(q − 1).

So exp
D∗ (1) 6 exp

D∗ (vq) 6 (p − 1)(q − 1) whence we conclude exp
D∗ (1) =

exp
D∗ (vq) = (p − 1)(q − 1). Since Rl(vi) = Rl−1(vi+1) for all l > ri + 2, then

exp
D∗ (vq) < exp

D∗ (vq−1) < · · · < exp
D∗ (v2) < exp

D∗ (v1). Since exp
D∗ (vi) =

exp
D∗ (vq) for all q + 1 6 i 6 n, we have

exp
D∗ (k) =

{
(p − 1)(q − 1) if 1 6 k 6 n − q + 1,

(p − 1)(q − 1) + k − (n − q + 1) if n − q + 2 6 k 6 n,

i.e. exp
D∗ (k) = m(p, q, k). �

Let D0 consist of q-cycle (v1, v2, . . . , vq , v1) and the walk(vq , vq+1, . . . ,

vp+q−l−1, vq−l ), wherep, q, l are integers with gcd(p, q) = 1, 06 l 6 p − 1 and
2 6 p < q.

Lemma 10. exp
D0

(vq , vy)=(p − 1)(q − 1) + y − q =p(q − 2) + y + p − 2q+1
for q − l 6 y 6 p + q − l − 1 and exp

D0
(vq , vy) = (p − 1)(q − 1) + y

= p(q − 2) + y + p − q + 1 for 1 6 y 6 q − l − 1.
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Proof. Sinceφ(p, q) = (p − 1)(q − 1) and 26 p < q, there exist nonnegative in-
tegersk1, k2 such thatk1p + k2q = m (> (p − 1)(q − 1)). Thenk1 > 0 or k2 > 0.
Clearly, vq → vq−l[p − l] andvq → vq−l [q − l]. Thusvq → vq−l [p − l + (k1 −
1)p + k2q] or vq → vq−l [q − l + k1p + (k2 − 1)q], i.e.vq → vq−l[m − l]. Hence
exp(vq , vq−l ) 6 (p − 1)(q − 1) − l. If vq → vq−l[(p − 1)(q − 1) − l − 1], then
there exist nonnegative integersl1, l2 such that(p − 1)(q − 1) − l − 1 = p − l +
l1p + l2q or (p − 1)(q − 1) − l − 1 = q − l + l1p + l2q, i.e.(p − 1)(q − 1) − 1 =
(l1 + 1)p + l2q or (p − 1)(q − 1) − 1 = l1p + (l2 + 1)q. This contradicts to
φ(p, q) = (p − 1)(q − 1). Thus vq 6→ vq−l[(p − 1)(q − 1) − l − 1]. Hence
exp

D0
(vq, vq−l ) = (p − 1)(q − 1) − l. So, exp

D0
(vq, vy) = (p − 1)(q − 1) + y −

q for q − l 6 y 6 p + q − l − 1 and exp
D0

(vq, vy) = (p − 1)(q − 1) + y for 1 6
y 6 q − l − 1. �

Lemma 11. LetD0 ⊂ D ∈ PDn. If exp
D
(vq) 6 p(q − 2) + p − l, thenexp

D
(k) 6

M(p, q, k).

Proof. SinceR1(vy) ⊃ {vy+1} for 1 6 y 6 q − 1 or q + 1 6 y 6 p + q − l − 2
and R(vp+q−l−1) ⊃ {vq−l} in D, exp

D
(vy) 6 exp

D
(vy+1) + 1 for 1 6 y 6 q − 1

or q + 1 6 y 6 p + q − l − 2 and exp
D
(vp+q−l(D)−1) 6 exp

D
(vq−l(D)) + 1. Since

exp
D
(1) 6 exp

D
(vq),

exp
D
(k)6




p(q − 2) + k + (p − l − 1) if 1 6 k 6 l + 2,

p(q − 2) + (p + 1) if l + 3 6 k 6 2p − l − 1,

+b1
2(k − l − 2)c

p(q − 2) + k if 2p − l 6 k 6 p + q − l + t − 1.

Hence

exp
D
(k) 6 F(p, q, k, l(D))

:=



p(q − 2) + k + (p − l − 1) if 1 6 k 6 l + 2,

p(q − 2) + (p + 1) + b1
2(k − l − 2)c if l + 3 6 k 6 2p − l − 1,

p(q − 2) + k if 2p − l 6 k 6 n.

SinceF(p, q, k, l) 6 F(p, q, k, l − 1) andl > p + q − n − 1, exp
D
(k) 6 F(p, q,

k, p + q − n − 1) = M(p, q, k). �

Let D ∈ PDn with L(D) = {p, q}. Then there existp-cycleC1 andq-cycleC2
such thatC1 ∩ C2 /= ∅. Clearly,C1 ∩ C2 is the union of some paths. Suppose that
l(C1 ∩ C2) is the length of the longest path inC1 ∩ C2. Let l(D) = maxC1,C2 l(C1 ∩
C2), where the maximum is taken over allp-cycleC1 andq-cycleC2 with C1 ∩ C2 /=
∅. It is easy to see thatl(D) is well-defined ifD is a primitive digraph onn vertices
with L(D) = {p, q} and that 06 l(D) 6 p − 1.

Theorem 3. If L(D) = {p, q} with (p, q) ∈ L(n), thenexp
D
(k) 6 M(p, q, k) for

1 6 k 6 n. Moreover, it is a sharp bound in a sense.
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Proof. It is enough to considern > 3. Let C1 andC2 be ap-cycle and aq-cycle,
respectively, such thatl(C1 ∩ C2) = l(D). We claim thatC1 ∩ C2 is a path of length
l(D). Otherwise, supposeQ1 = (u0, u1, . . . , ua), Q2 = (v0, v1, . . . , vb) are
two paths ofC1 ∩ C2 with a = l(D), whereua /= v0, vb /= u0. ThenCi = Q1 ∪
Q2 ∪ (ua → v0[Ci]) ∪ (vb → u0[Ci]), i = 1, 2. Let the length ofua → v0[Ci]
(vb → u0[Ci], resp.) be equal toxi1 (xi2, resp.),i = 1, 2. Thena + b + x11 + x12 =
p, a + b + x21 + x22 = q. SinceL(D) = {p, q} andp < q, thenx11 6 x21 andx12
6 x22. If x11 < x21 and x12 < x22, then Q1 ∪ Q2 ∪ (ua → v0[C1]) ∪
(vb → u0[C2]) is a cycle of lengtha + b + x11 + x22. Butp < a + b + x11 + x22 <

q, this contradictsL(D) = {p, q}. If x11 = x21 or x12 = x22, then one ofQ1 ∪ Q2 ∪
(ua → v0[C2]) ∪ (vb → u0[C1]) and Q1 ∪ Q2 ∪ (ua → v0[C1]) ∪ (vb →
u0[C2]) is a p -cycle, sayC3 = Q1 ∪ Q2 ∪ (ua → v0[C2]) ∪ (vb → u0[C1]) is a
p-cycle. But it is easy to see thatl(C2 ∩ C3) > a + b + x11 > a. This contradicts
l(D) = a.

Let D0 be a subdigraph ofD induced by the set of verticesV (C1) ∪ V (C2).
Then|V (D0)| = p + q − (l(D) + 1). LetV (D) = {v1, v2, . . . , vn}. Without loss of
generality, let D0 consist of q-cycle (v1, v2, . . . , vq , v1) and the walk
(vq, vq+1, . . . , vq−l(D)+p−1, vq−l(D)

), where v
q−l(D)

belongs to q-cycle. Then
exp

D0
(vq, vy) = (p − 1)(q − 1) + y − q for q − l(D)6y 6 p + q − l(D)−1 and

exp
D0

(vq, vy) = (p − 1)(q − 1) + y for 1 6 y 6 q − l(D) − 1 by Lemma 10.
Let v ∈ V (D)\V (D0). SinceD is primitive andD0 ⊂ D, there existvi, vj ∈

V (D0) such thatP1 := v → vi [d(v,D0)] andP2 := vj → v[d(D0, v)]. Also (P1 ∩
P2) ⊂ {v, vi , vj } sincep + q > n. Supposevi , vj are not on same cycle ofD0, say
vj ∈ V (C1)\V (C2) andvi ∈ V (C2)\V (C1). Let C4 = P1 ∪ P2 ∪ (vi → vq [C2]) ∪
(vq → vj [C1]). Then |E(C1) ∩ E(C4)| > l(D) and |E(C2) ∩ E(C4)| > l(D).
SinceL(D) = {p, q}, C4 is p-cycle orq-cycle. Hence this contradicts the choice of
C1 andC2. Thusvi , vj are on the same cycle ofD0. Also sincep + q > n, the length
of P1 ∪ P2 is not greater thann − (p + q − l(D) − 1) + 1 6 l(D) + 1 6 p. Thus
the length ofP1 ∪ P2 is less thanp except forn = p + q − 1 andl(D) = p − 1.
Hencei /= j except forl(D) = p − 1 = n − q. We estimate the upper bound of
exp

D
(k) according to the following two cases.

(I) i = j . ThenD has a subdigraphD1 which consists ofD0 andp-cycle (vj ,
vq+1, . . . , vn, vj ). It is easy to check that exp

D1
(vq, vy) = exp

D0
(vq , vy) for 1 6

y 6 q and exp
D1

(vq, vy) = exp
D0

(vq , vj ) + (y − q) for q + 1 6 y 6 n . We divide
into the following cases.

1.q > 2p − 1. Thenq − p > p − 1. Letq − p = c(p − 1) + r, 0 6 r < p − 1.
1.1. j ∈ {1, 2, . . . , (c − 1)(p − 1) + r, q − p + 1, q − p + 2, . . . , q}. Since

exp
D1

(vq, vy)=(p − 1)(q − 1) + (y − q) for q − p + 16y 6q and exp
D1

(vq ,

vy) = (p − 1)(q − 1) + y for 1 6 y 6 q − p, exp
D1

(vq , vy) 6 (p − 1)(q − 1) +
(q − p) = p(q − 2) + 1 for 1 6 y 6 q. Also since exp

D1
(vq, vy) = exp

D0
(vq ,

vj ) + (y − q) for q + 1 6 y 6 n, exp
D1

(vq , vy) 6 (p − 1)(q − 1) + (c − 1)(p −
1) + r + (p − 1) = (p − 1)(q − 1) + (q − p) = p(q − 2) + 1 for q + 1 6 y 6 n.
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Thus exp
D1

(1) 6 exp
D1

(vq) 6 p(q − 2) + 1. Hence exp
D
(k) 6 exp

D1
(k) 6

p(q − 2) + k 6 M(p, q, k).
1.2. j ∈ {(c − 1)(p − 1) + r + 1, (c − 1)(p − 1) + r + 2, . . . , q − p}. Since

exp
D1

(vq, vy) = exp
D0

(vq, vj ) + y − q for q + 1 6 y 6 n, exp
D1

(vq, vy) 6
exp

D1
(vq, vn) for q + 1 6 y 6 n and exp

D1
(vq , vn) = exp

D0
(vq, vj ) + n − q =

(p − 1)(q − 1) + j + p − 1 > (p − 1)(q − 1) + (c − 1)(p − 1) + r + 1 + p − 1
= (p − 1)(q − 1) + q − p + 1. Since exp

D1
(vq , vy) = exp

D0
(vq, vy) 6 (p − 1)

(q − 1) + q − p for 1 6 y 6 q, exp
D1

(vq) = exp
D1

(vq , vn) = (p − 1)(q − 1) +
j + p − 1 = p(q − 2) + (2p − q + j). Also we can get exp

D1
(vj ) = (p − 1)(q −

1) + q − 1 = p(q − 2) + p. By j 6 q − p, we have 2p − q + j 6 p. Thus
exp

D1
(vq) 6 exp

D1
(vj ). Since exp

D1
(vq) < exp

D1
(vq−1) < · · · < exp

D1
(vq−p+1)

and exp
D1

(vj ) < exp
D1

(vn) < exp
D1

(vn−1) < · · · < exp
D1

(vq+1),

exp
D
(k) 6 exp

D1
(k) 6 F1(p, q, k, j)

:=




p(q − 2) + k + (2p − q + j − 1) if 1 6 k 6 q − p − j + 1,

p(q − 2) + p + b1
2(k − q if q − p − j + 2 6 k

+p + j − 1)c 6 3p − q + j + 1,

p(q − 2) + k − 1 if 3p − q + j + 2 6 k 6 n.

SinceF1(p, q, k, j)6F1(p, q, k, j + 1) andj 6q − p, exp
D
(k)6F1(p, q, k, q −

p) 6 M(p, q, k).
2. q < 2p − 1. Letp − 1 = q − p + x. Thenq − p + 1 6 q − x 6 q.

2.1. j ∈ {q − p + 1, q − p + 2, . . . , q − x}.
2.2. j ∈ {q − x + 1, q − x + 2, . . . , q}.
2.3. j ∈ {1, 2, . . . , q − p}.

The proofs of these subcases are analogous to the proof of (I) 1. So it is left to the
readers.

(II) i /= j .
If exp

D
(vq) 6 p(q − 2) + p − l(D), then exp

D
(k) 6 M(p, q, k) by Lemma 11.

If exp
D
(vq) > p(q − 2) + p − l(D), then there exists a vertexv ∈ V (D)\V (D0)

such that exp
D
(vq) = exp

D
(vq, v). SinceD is primitive andD0 ⊂ D, there exists a

pathP := (vj , vp+q−l(D)
, v

p+q−l(D)+1, . . . , vp+q−l(D)+t−1, vi) such thatvi, vj ∈ V (D0)

andv ∈ P . Thenv = v
p+q−l(D)+t−1 sinceL(D) = {p, q}. LetD1 = D0 ∪ P andC5 =

P ∪ (vi → vj [D0]). Hence exp
D1

(vq, v) > exp
D
(vq, v) > p(q − 2) + p − l(D).

Thus exp
D1

(k) > p(q − 2) + p − l(D). We claim that the positions ofvi andvj

have the following four possibilities.
1. vi, vj ∈ V (C1) ∩ V (C2) andi < j .
2. vi ∈ V (C1) ∩ V (C2) andvj ∈ V (C1)\V (C2).
3. vi ∈ V (C1) ∩ V (C2) andvj ∈ V (C2)\V (C1).
4. vi, vj ∈ V (C2)\V (C1) andi < j .
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In fact, we can see it as follows:
If vi, vj ∈ V (C1) ∩ V (C2) andi > j , theni − j = t + 1, otherwise it is contra-

dicts toL(D) = {p, q}. Thus there exists a vertexv∗ ∈ V (C1) ∩ V (C2) such that
exp

D1
(vq, v) = exp

D0
(vq, v∗). This contradicts to the choice ofP.

If vj ∈ V (C1) ∩ V (C2) andvi ∈ V (C1)\V (C2), let C5 is a p-cycle (aq-cycle,
resp.), then there existsv∗ ∈ V (C1) (v∗ ∈ V (C2), resp.) such that exp

D1
(vq, v) =

exp
D0

(vq, v∗). This contradicts to the choice ofP.
If vj ∈ V (C1) ∩ V (C2) andvi ∈ V (C2)\V (C1), use an analogous proof of above,

a contradiction too.
If vi, vj ∈ V (C1)\V (C2) and i < j , then the length ofC5 is not greater

than n − (p + q − l(D) − 1) + 1 + p − l(D) − 2 = n − q < p. This contradicts
L(D) = {p, q} with p < q.

If vi, vj ∈ V (C1)\V (C2) andi > j , letC5 be aq-cycle, then|E(C5) ∩ E(C1)| >
l(D) + 2. This contradicts the choice ofC1 and C2. Let C5 be a p-cycle, there
existsv∗ ∈ V (C1)\V (C2) such that exp

D1
(vq, v) = exp

D0
(vq, v∗). This contradicts

the choice ofP.
If vi, vj ∈ V (C2) ∩ V (C1) and i > j . By the choice ofC1 andC2, C5 is a q-

cycle. Then there existsv∗ ∈ V (C2) such that exp
D1

(vq , v) = exp
D0

(vq, v∗). This
contradicts the choice ofP.

Now we divide into the following cases:
1. vi, vj ∈ V (C1) ∩ V (C2) andi < j or vi ∈ V (C1) ∩ V (C2) andvj ∈ V (C1)\

V (C2) orvi ∈ V (C1) ∩ V (C2) andvj ∈ V (C2)\V (C1). Lets := exp
D
(vq)−[p(q −

2) + p − l(D)].
We claim thatq − i 6 l(D) − s. In fact, if vj ∈ V (C1), thenp(q − 2) + p −

l(D) + s = exp
D
(vq) = exp

D
(vq, v) 6 exp

D1
(vq, v) 6 exp

D0
(vj ) + t = (p − 1)

(q − 1) + j − q + t . Thus l(D) − s > 2q − j − t − 1. Also j − i + t + 1 6 q

sinceC5 is ap-cycle orq-cycle, thenl(D) − s > q − i. If vj ∈ V (C2)\V (C1), then
p(q − 2) + p − l(D) + s = exp

D
(vq) = exp

D
(vq , v) 6 exp

D1
(vq , v) 6 exp

D0
(vj )

+ t = (p − 1)(q − 1) + j + t . Thus l(D) − s > q − j − t − 1. Also j + q − i +
t + 1 6 q sinceC5 is ap-cycle orq-cycle, thenl(D) − s > q − i.

Since D1 ⊂ D, R1(vy) ⊃ {vy+1} for 1 6 y 6 q − 1 or q + 1 6 y 6 p + q −
l(D) − 2 or p + q − l(D) 6 y 6 p + q − l(D) + t − 1, R1(vp+q−l(D)−1) ⊃
{vq−l(D)} and R1(vp+q−l(D)+t−1) ⊃ {vi}, exp

D
(vy) 6 exp

D
(vy+1) + 1 for

1 6 y 6 q − 1 or q + 1 6 y 6 p + q − l(D) − 2 or p + q − l(D) 6 y 6 p +
q − l(D) + t − 1, exp

D
(v

p+q−l(D)−1) 6 exp
D
(vq−l(D)) + 1 and exp

D
(v

p+q−l(D)+t−1)

6 exp
D
(vi) + 1. Also since exp

D
(1) 6 exp

D
(vq) = p(q − 2) + p − l(D) + s,

exp
D
(k) 6 G0(p, q, k, l(D), s, i)

:=




p(q − 2) + k + (p − l(D) + s − 1) if 1 6 k 6 q − i + 2,

p(q − 2) + (p + q − l(D) if q − i + 3 6 k 6 2p − q + i,

+s − i + 1) + b1
2(k − q + i − 2)c

p(q − 2) + k if 2p − q + i + 1 6 k 6 n.
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Sinceq − i 6 l(D) − s, q − i + 2 6 l(D) − s + 2 and 2p − q + i > 2p − l(D) +
s. Thus

exp
D
(k) 6 G0(p, q, k, l(D), s, i) 6 G(p, q, k, l(D), s)

:=




p(q − 2) + k + (p − l(D) + s − 1) if 1 6 k 6 l(D) − s + 2,

p(q − 2) + (p + 1) if l(D) − s + 3 6 k

+b1
2(k − l(D) + s − 2)c 6 2p − l(D) + s,

p(q − 2) + k if 2p − l(D) + s + 1 6 k 6 n.

Since G(p, q, k, l(D), s) 6 G(p, q, k, l(D), s + 1) and s 6 t 6 n − p − q +
l(D) + 1, exp

D
(k) 6 G(p, q, k, l(D), n − p − q + l(D) + 1) 6 M(p, q, k).

2. vi, vj ∈ V (C2)\V (C1) andi < j . It is not difficult to check that exp
D
(vq) 6

p(q − 2) + (p − q + j + t + 1) and exp
D
(vj ) 6 p(q − 2) + max{n − p − q +

l(D) + 2, n + p − q − t − j + 1}.
2.1. n − p − q + l(D) + 2 > n + p − q − t − j + 1.

2.1.1. n − p − q + l(D) + 2 > p − q + j + t + 1.
2.1.2. n − p − q + l(D) + 2 < p − q + j + t + 1.

2.2. n − p − q + l(D) + 2 < n + p − q − t − j + 1.
2.2.1. p − q + j + t + 1 6 n + p − q − t − j + 1.
2.2.2. p − q + j + t + 1 > n + p − q − t − j + 1.

The proofs of these subcases are analogous to the proof of (II) 1. So it is left to
the readers.

To sum up, the bound is obtained. In the following, we show that this bound is
sharp in a sense. LetD∗ consist ofCq and the walks(vq , vq+1, . . . , vn, vn−p+1). By
Lemma 10, exp

D∗ (vq, vy) = (p − 1)(q − 1) + y − q for n − p + 1 6 y 6 n and
exp

D∗ (vq, vy) = (p − 1)(q − 1) + y for 1 6 y 6 n − p. So we have exp
D∗ (k) =

M(p, q, k). �

3. Gap system betweenb1
2(n − 2)2c + k + 1 andn2 − 3n + 2 + k

By [1], it is known that max{exp
D
(k) | D ∈ PDn} = n2 − 3n + 2 + k. SoEn(k)

⊂ {1, 2, . . . , n2 − 3n + 2 + k}. For determiningEn(k), in this section, we determine
the gap systems betweenb1

2(n − 2)2c + k + 1 andn2 − 3n + 2 + k.

Theorem 4. Let positive integers p, q, n, k and m be given such that(p, q) ∈ L(n),

2 6 k 6 n − 1 andm(p, q, k) 6 m 6 M(p, q, k). Then there existsD ∈ PDn with
L(D) = {p, q} such thatexp

D
(k) = m.

Proof. We denote byCq the cycle of the form(v1, v2, . . . , vq, v1).
Case1. p = 2. Thenq is odd.
Subcase1.1. q = n. Thenm(p, q, k) = m(2, n, k) = n − 1 + max{k − 1, 0} =

n − 2 + k andM(p, q, k)=M(2, n, k) = 2(n − 2) + k. For 06a6n − 2, let D =
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Cn ∪ {(vi, vi−1) | a + 2 6 i 6 n}. It is easy to check that exp
D
(k) = (n − 2) + a +

k. Thus{m(2, n, k), m(2, n, k) + 1, . . . , M(2, n, k)} ⊂ En(k).
Subcase 1.2. q = n − 1. Then m(p, q, k) = m(2, n − 1, k) = n − 2 + max

{k − 2, 0}=n − 4 + k, M(p, q, 2)=M(2, n − 1, 2)=2n − 3 and M(p, q, k)=
M(2, n − 1, k) = 2(n − 3) + k for 3 6 k 6 n − 1. For 06 a 6 n − 3. LetV (D) =
{v1, v2, . . . , vn−1, vn} and let the subdigraphD1 of D induced byV (D)\vn be like
the digraph in Subcase 1.1. Ifvn is a copy ofv1, then it follows from Subcase 1.1
that exp

D
(k) = n − 3 + a + k for 2 6 k 6 n − 1. If vn is a copy ofvn−1, then it

follows from Subcase 1.1 that exp
D
(k) = n − 4 + a + k for 2 6 k 6 n − 1. If D =

Cn−1 ∪ {(v1, vn), (vn, v1)}, then exp
D
(2) = 2n − 3. Thus{m(2, n − 1, k), m(2, n −

1, k) + 1, . . . , M(2, n − 1, k)} ⊂ En(k).
Case2. p > 3.
Subcase2.1.m(p, q, k) 6 m 6 p(q − 2) + k − 1. LetV (D) = {v1, v2, . . . , vn}.

ConsiderCq with additional arcs{(vp+i , v1+i ) | 0 6 i 6 q − p − a}, where 06
a 6 q − p − 1. The walk(vq−a−t , vq+1, . . . , vq+t , vq−a+1) (0 6 t 6 n − q) is ad-
ded. Further letvj be a copy ofvq−a for q + t < j 6 n. We can check that exp

D
(k) =

(p − 1)(q − 1) + a + max{k + q − n + t − 1, 0}. In fact, the proof of it is analog-
ous to the proof of Theorem 2. Thus{m(p, q, k) , m(p, q, k) + 1, . . . , p(q − 2) +
k − 1} ⊂ En(k).

Subcase2.2.p(q − 2) + k 6 m 6 M(p, q, k). LetD consist ofCq and the walks
(vq, vq+1, . . . , va+p, va+1) and (vq+p+a−n, va+p+1, va+p+2, . . . , vn, v1), where
q − p 6 a 6 n − p. Sincep + q > n, va+1, vq+p+a−n ∈ Cq .

Let D0 consist of Cq and the walk (vq, vq+1, . . . , va+p, va+1). Then
exp

D0
(vq, vy) = (p − 1)(q − 1) + y − q for a + 1 6 y 6 a + p and exp

D0
(vq , vy)

= (p − 1)(q − 1) + y for 1 6 y 6 a by Lemma 10. Thus exp
D
(vq, vy) 6

exp
D0

(vq, vq+p+a−n) + y − (a + p) 6 (p − 1)(q − 1) + (q + p + a − n − q) +
n − (a + p) = (p − 1)(q − 1) for a + p + 1 6 y 6 n and exp

D
(vq, vy) =

exp
D0

(vq, vy) 6 exp
D0

(vq, va) = (p − 1)(q − 1) + a for a + 1 6 y 6 a + p.
If vq → va[(p − 1)(q − 1) + a − 1], then there exist nonnegative integers
k1, k2 such that (p − 1)(q − 1) + a − 1 = a + k1p + k2q, i.e. k1p + k2q =
(p − 1)(q − 1) − 1, a contradiction. Hence exp

D
(vq) = (p − 1)(q − 1) + a.

Since Rn−a−p(va+p+q−n) ⊃ {vq}, exp
D
(va+p+q−n) 6 exp

D
(vq) + n − a − p =

(p − 1)(q − 1) + n − p. If va+p+q−n → va[(p − 1)(q − 1) + n − p − 1], then
there exist nonnegative integersk1, k2 such that(p − 1)(q − 1) + n − p − 1 =
n − p + k1p + k2q. Thus k1p + k2q = (p − 1)(q − 1) − 1, a contradiction.
Hence exp

D
(va+p+q−n) = (p − 1)(q − 1) + n − p. Also it is easy to see

that Rq−y(vy) = {vq} for a + p + q − n + 1 6 y 6 q, Ra+p+q−n−y(vy) =
{vn+p+q−n} for 1 6 y 6 a + p + q − n − 1, Ra+p−y+1(vy) = {va+1} for q + 1
6 y 6 a + p and Rn−y+1(vy) = {v1} for a + p + 1 6 y 6 n. So we
have exp

D
(vq) < exp

D
(vq−1) < · · · < exp

D
(va + 1) < exp

D
(va) < · · · <

exp
D
(v1) < exp

D
(vn) < exp

D
(vn−1) < · · · < exp

D
(va+p+1) and exp

D
(va+1) <

exp
D
(va+p) < exp

D
(va+p−1) < · · · < exp

D
(vq+1). Thus
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exp
D
(k) =




(p − 1)(q − 1) + a + k − 1 if 1 6 k 6 q − a + 1,

(p − 1)(q − 1) + q if q − a + 2 6 k 6 a − q + 2p,

+b1
2(k − (q − a + 1))c

p(q − 2) + k if a − q + 2p + 1 6 k 6 n.

Let a take over all numbers in{q−p, q−p + 1, . . . , n−p}. Then we get{p(q −
2) + k, p(q − 2) + k + 1, . . . ,M(p, q, k)} ⊂ En(k).

By Cases 1 and 2, the proof of the theorem is completed.�

Corollary 3. Let m ∈ {b1
2(n − 2)2c + k + 1, . . . , n2 − 3n + 2 + k}\⋃

(p,q)∈L(n)
{m

(p, q, k), . . . ,M(p, q, k)}. Then there is noD ∈ PDn such thatexp
D
(k) = m for

2 6 k 6 n − 1 andn > 4.

Proof. Let D ∈ PDn. If 1 ∈ L(D), then exp
D
(k) 6 n − 2 + k 6 b1

2(n − 2)2c + k

by Lemma 3 andn > 4. So it follows from Lemma 6 and Theorems 1–4.�

4. {1, 2, . . . , b1
2(n − 2)2c + k} ⊂ En(k) for all n, k with 2 6 k 6 n − 1 except

n = 11 and 96 k 6 10

Lemma 12. For any n, k with 2 6 k 6 n − 1, we haveEn−1(k − 1) ∪ En−1(k) ⊂
En(k).

Proof. Supposem ∈ En−1(k − 1). Then there existsD1 ∈ PDn−1 such that
exp

D1
(k − 1) = m. Let V (D) = {v1, v2, . . . , vn−1, vn}. Let the subdigraph ofD in-

duced byV (D)\vn be like the digraphD1. Further, letvn be a copy of vertexu
which has exponent exp

D1
(1). i.e. exp

D1
(u) = exp

D1
(1) for k > 2. Then exp

D
(k) =

exp
D1

(k − 1) = m. Thusm ∈ En(k).

Supposem ∈ En−1(k). Then there existsD1 ∈ PDn−1 such that exp
D1

(k) = m.

Let V (D) = {v1, v2, . . . , vn−1, vn}. Let the subdigraph ofD induced byV (D)\vn

be like the digraphD1. Further letvn be a copy of vertexu which has exponent
γ (D1). i.e. exp

D1
(u) = γ (D1) for k 6 n − 1. Then exp

D
(k) = exp

D1
(k) = m. Thus

m ∈ En(k). �

Lemma 13[7]. En(1) = {1, 2, . . . , 1
2(n2 − 3n + 4)} ∪ ⋃

(p,q)∈L(n){(p − 1)(q − 1),

. . . , p(q − 2) + n − q + 1}.

Lemma 14. Let n, k be integers with2 6 k 6 n − 1. Then{1, 2, . . . , b1
2(n − 2)2c +

k} ⊂ En(k) if and only if E
(1)
n (k) := {b1

2(n − 3)2c + k, . . . , b1
2(n − 2)2c + k}

⊂ En(k).
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Proof. The necessity is trivial. Now supposeE(1)
n−i (k − i) ⊂ En−i (k − i) is true

for all i = 0, 1, 2, . . . , k − 2. By Lemma 12, we get{b1
2(n − i − 3)2c + k −

i, b1
2(n − i − 3)2c + k − i + 1, . . . , b1

2(n − i − 2)2c + k − i} ⊂ En(k) for all i =
0, 1, 2, . . . , k − 2. Thus {b1

2(n − k − 1)2c + 2, b1
2(n − k − 1)2c + 3, . . . , b1

2(n −
2)2c + k} ⊂ En(k). Also En−k+1(1) ⊂ En(k) for all n, k with 2 6 k 6 n − 1 by
Lemma 12, and{1, 2, . . . , b1

2(n − k + 1 − 2)2c + 1} ⊂ {1, 2, . . . , 1
2[(n − k + 1)2 −

3(n − k + 1) + 4]} ⊂ En−k+1(1) by Lemma 13. Thus{1, 2, . . . , b1
2(n − 2)2c +

k} ⊂ En(k). �

Lemma 15. If n is even andn > 8, thenE
(1)
n (k) ⊂ En(k) for 2 6 k 6 n − 1.

Proof. If (p, q) ∈ L(n), then {m(p, q, k), m(p, q, k) + 1, . . . , M(p, q, k)} ⊂
En(k) by Theorem 4. Letp = 1

2(n − 2), q = n − 1. Then m(p, q, k) = (p −
1)(q − 1) + max{k + q − n − 1, 0} = 1

2(n2 − 6n + 8) + k − 2 and M(p, q, k) >
p(q − 2) + k = 1

2(n2 − 5n + 6) + k. Thus{1
2(n2 − 6n + 4) + k, . . . , 1

2(n2 − 5n +
6) + k} ⊂ En(k).

Case 1. n ≡ 0 (mod 4). Let p = 1
2(n − 2), q = n. Then m(p, q, k) = (p −

1)(q − 1) + max{k + q − n − 1, 0} = 1
2(n2 − 5n + 4) + k − 1 and M(p, q, k) >

p(q − 2) + k = 1
2(n2 − 4n + 4) + k. Thus{1

2(n2 − 5n + 2) + k, . . . , 1
2(n2 − 4n +

4) + k} ⊂ En(k).
Case2.n ≡ 2 (mod 4). Letp = 1

2n, q = n − 2. Thenm(p, q, k) = (p − 1)(q −
1) + max{k + q − n − 1, 0} 6 1

2(n2 − 5n + 6) + k and M(p, q, k) > p(q − 2) +
k = 1

2(n2 − 4n) + k. Thus {1
2(n2 − 5n + 2) + k, . . . , 1

2(n2 − 4n) + k} ⊂ En(k).
Let p = 1

2n, q = n − 1. Then m(p, q, k) = (p − 1)(q − 1) + max{k + q − n −
1, 0} = 1

2(n2 − 4n) + k and M(p, q, k) > p(q − 2) + k = 1
2(n2 − 3n) + k. Thus

{1
2(n2 − 4n) + k, . . . , 1

2(n2 − 3n) + k} ⊂ En(k).
To sum up, the proof of the lemma is completed.�

Lemma 16. Let n, k be integers with2 6 k 6 n − 1. If n is odd andn > 5, then
E

(1)
n (k) ⊂ En(k) if and only if {1

2(n2 − 5n + 6) + k, . . . , 1
2(n2 − 4n − 1) + k}

⊂ En(k).

Proof. Let p = 1
2(n − 1), q = n − 2. Then m(p, q, k) = (p − 1)(q − 1) +

max{k + q − n − 1, 0} = 1
2(n2 − 6n + 9) + max{k − 3, 0} 6 1

2(n2 − 6n + 9) + k

and M(p, q, k) > p(q − 2) + k = 1
2(n2 − 5n + 4) + k. Thus {1

2(n2 − 6n + 9) +
k, . . . , 1

2(n2 − 5n + 4) + k} ⊂ En(k). Letp = 1
2(n − 1), q = n. Thenm(p, q, k) =

(p − 1)(q − 1) + max{k + q − n − 1, 0} = 1
2(n2 − 4n + 3) + k − 1 = 1

2(n2 − 4n

+ 1) + k and M(p, q, k) > p(q − 2) + k = 1
2(n2 − 3n + 2) + k. Thus {1

2(n2 −
4n + 1) + k, . . . , 1

2(n2 − 3n + 2) + k} ⊂ En(k) . So the proof of this lemma is
completed. �
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Lemma 17. Letn ≡ 1 (mod 4) andn > 9.
1. If 2 6 k 6 1

2(n + 1), thenE
(1)
n (k) ⊂ En(k).

2. If 1
2(n + 3) 6 k 6 1

2(n + 5), thenE
(1)
n (k) ⊂ En(k) if and only if 1

2(n2 − 4n −
1) + k ∈ En(k).

3. If 1
2(n + 7) 6 k 6 n − 1, thenE

(1)
n (k) ⊂ En(k) if and only if{1

2(n2 − 4n − 3) +
k, 1

2(n2 − 4n − 1) + k} ⊂ En(k).

Proof. Let p = 1
2(n + 1), q = n − 3. Then 2p − q = 4. Thus gcd(p, q) = 4, 2 or

1. Sincen ≡ 1 (mod 4) andn > 9, then(p, q) ∈ L(n). Sincem(p, q, k) = (p −
1)(q − 1) + max{k + q − n − 1, 0} = 1

2(n2 − 5n + 4) + max{k − 4, 0} 6 1
2(n2 −

5n + 4) + k and

M(p, q, k) >




1
2(n2 − 4n − 5) + k + 2 if 1 6 k 6 1

2(n + 1),

1
2(n2 − 4n − 5) + k + 1 if 1

2(n + 3) 6 k 6 1
2(n + 5),

1
2(n2 − 4n − 5) + k if 1

2(n + 7) 6 k 6 n.

The proof of this lemma is completed by Lemma 16 and Theorem 4.�

Lemma 18. Letn, k be integers with2 6 k 6 n − 1. If n ≡ 3 (mod 4) andn > 15,
thenE

(1)
n (k) ⊂ En(k) if and only if {1

2(n2 − 4n − 19) + k, . . . , 1
2(n2 − 4n − 1) +

k} ⊂ En(k).

Proof. Let p = 1
2(n + 3), q = n − 5. Then 2p − q = 8. Thus gcd(p, q) = 8, 4,

2 or 1. Sincen ≡ 3 (mod 4) andn > 15, (p, q) ∈ L(n). Thenm(p, q, k) = (p −
1)(q − 1) + max{k + q − n − 1, 0} = 1

2(n2 − 5n − 6) + max{k − 6, 0} < 1
2(n2 −

5n + 6) + k and M(p, q, k) > p(q − 2) + k = 1
2(n2 − 4n − 21) + k. Thus {1

2
(n2 − 5n + 6) + k, . . . , 1

2(n2 − 4n − 21) + k} ⊂ En(k). Thus the proof of this
lemma is completed by Lemma 16.�

Let r1 = 3, r2 = 7, r3 = 11,r4 = 19, r5 = 23,r6 = 31,r7, . . . , r
i
, . . . be the in-

finite sequence of all prime numbers of the form 4k+3, andP3={r1, r2, . . . , ri , . . .}.

Lemma 19. If n > 43 andn /= 50, 61, 72, 83, 94, 105, then there exists a prime r
(depending on n) satisfying the following properties:
(B1) r ∈ P3;
(B2) 1

4(r − 5)(r + 3) > 21;
(B3) 1

4(r − 1)(r + 5) 6 n − 3;
(B4) n 6≡ 1

2(r + 1) (modr).

Proof. The proof of this lemma is analogous to the proof of Lemma 6 in [9].�

Lemma 20. If n is odd, n > 43andn /= 61, 83, 105, thenE
(1)
n (k) ⊂ En(k).
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Proof. Let p = 1
2[n + 1

2(r − 1)] andq = n − 1
2(r + 1), wherer is the prime num-

ber satisfying properties (B1)–(B4) in Lemma 19. By (B1),r ≡ 3 (mod 4), p is a in-
teger sincen is odd. By (B3), we haver < 1

3(2n − 1), and thenp < q. Also we have
that either gcd(p, q) = r or gcd(p, q) = 1 since 2p − q = r. But if gcd(p, q) =
r, thenq = n − 1

2(r + 1) ≡ 0 (mod r). Son ≡ 1
2(r + 1) (mod r), this contradicts

(B4). Hence gcd(p, q) = 1. Thus(p, q) ∈ L(n). Now we use Theorem 4 to get that
m(p, q, k) = (p − 1)(q − 1) + max{k + q − n − 1, 0} = 1

2[n2 − 4n − 1
4(r − 5)

(r + 3)] + max{k − 1
2(r + 3), 0}6 1

2(n2 − 4n − 21) + k, M(p, q, k)>p(q − 2) +
k = 1

2{n2 − 4n + 3 − [n − 3 − 1
4(r − 1)(r + 5)]} + k > 1

2(n2 − 4n + 3) + k and
{1

2(n2 − 4n − 19) + k, . . . , 1
2(n2 − 4n + 3) + k} ⊂ En(k). Hence, by Lemmas 17

and 18, this lemma follows. �

Lemma 21. Let n be odd withn > 5 and 1
2(n + 1) 6 i 6 n − 2. If D is the di-

graph with a Hamiltonian cycle(v1, v2, . . . , vn, v1) and two additional arcs(vn, v2),

(vi, vi+2), thenexp
D
(k) = 1

2(n2 − 3n + 4) − i + k for 1 6 k 6 2i − n + 1.

Proof. It is easy to see that exp
D
(vi+1) > exp

D
(vi+2) > · · · > exp

D
(vn−1) >

exp
D
(vn) and exp

D
(v1) > exp

D
(v2) > · · · > exp

D
(vi). So exp

D
(1) = min{exp

D

(vn), exp
D
(vi)}. Since|R(n−2)j+i(vn)| = min{n, 3 + 2j } and |R(n−2)j+i−1(vn)| =

min{n, 2 + 2j }, we have exp
D
(vn) = 1

2(n − 2)(n − 3) + i. Similarly it can be

proved that exp
D
(vi) = 1

2(n − 2)(n − 3) + n − i. Thus exp
D
(1) = exp

D
(vi) =

1
2(n − 2)(n − 3) + n − i. Hence exp

D
(k) = 1

2(n2 − 3n + 4) − i + k for 1 6 k 6
2i − n + 1. �

Corollary 4. Let n be odd andn > 5. Then{1
2(n2 − 5n + 12), . . . , 1

2(n2 − 4n +
7)} ⊂ En(2).

Proof. Let i take over all integers in{1
2(n + 1), . . . , n − 2} in Lemma 21. �

Theorem 5. {1, 2, . . . , b1
2(n − 2)2c + 2} ⊂ En(2) for all n > 3.

Proof. SinceEn−1(1) ⊂ En(2) and{1, 2, . . . , 1
2(n2 − 3n + 6)} ⊂ En(1), we have

{1, 2, . . . , 1
2(n2 − 5n + 10)} ⊂ En(2).

Case1. n is odd. Letp = 1
2(n − 1), q = n. Then m(p, q, 2) = 1

2(n2 − 4n +
5) and M(p, q, 2) > 1

2(n2 − 3n + 2) + 2 > b1
2(n − 2)2c + 2. Thus{1

2(n2 − 4n +
5), . . . , b1

2(n − 2)2c + 2} ⊂ En(2). By Corollary 4,{1
2(n2 − 5n + 12), . . . , 1

2(n2 −
4n + 7)} ⊂ En(2).

Case2. n is even.
Subcase2.1.n ≡ 0 (mod 4). Letp = 1

2(n − 2), q =n . Thenm(p, q, 2)= 1
2(n2 −

5n + 6) andM(p, q, 2) > 1
2(n2 − 4n + 4) + 2. Thus{1

2(n2 − 5n + 6), . . . , b1
2(n −

2)2c + 2} ⊂ En(2).
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Table 1

n k E
(2)
n (k) n k E

(2)
n (k)

7 3 6 k 6 6 10+ k 29 166 k 6 17 362+ k

9 6 6 k 6 7 22+ k 29 186 k 6 28 361+ k,362+ k

9 k = 8 21+ k, 22+ k 31 36 k 6 30 409+ k, . . . , 418+ k

11 36 k 6 10 36+ k, 37+ k, 38+ k 33 186 k 6 19 478+ k

13 86 k 6 9 58+ k 33 206 k 6 32 477+ k,478+ k

13 106 k 6 12 57+ k, 58+ k 35 36 k 6 34 533+ k, . . . , 542+ k

15 36 k 6 14 78+ k, . . . , 82+ k 37 206 k 6 21 610+ k

17 106 k 6 11 110+ k 37 226 k 6 36 609+ k,610+ k

17 126 k 6 16 109+ k, 110+ k 39 36 k 6 38 673+ k, . . . , 682+ k

19 36 k 6 18 136+ k, . . . , 142+ k 41 226 k 6 23 758+ k

21 126 k 6 13 178+ k 41 246 k 6 40 757+ k,758+ k

21 146 k 6 20 177+ k, 178+ k 61 326 k 6 33 1738+ k

23 36 k 6 22 210+ k, . . . , 218+ k 61 346 k 6 60 1737+ k,1738+ k

25 146 k 6 15 262+ k 83 36 k 6 82 3269+ k, . . . , 3278+ k

25 166 k 6 24 261+ k, 262+ k 105 546 k 6 55 5302+ k

27 36 k 6 26 301+ k, . . . , 310+ k 105 566 k 6 104 5301+ k,5302+ k

Subcase2.2.n ≡ 2 (mod 4). Letp = 1
2n, q = n − 2. Thenm(p, q, 2) = 1

2(n2 −
5n + 6) and M(p, q, 2) > 1

2(n2 − 4n) + 2. Thus {1
2(n2 − 5n + 6), . . . , 1

2(n2 −
4n) + 2} ⊂ En(2). Let p = 1

2n, q = n − 1. Then m(p, q, 2) = (p−)(q − 1) +
max{2 + q − n − 1, 0} = 1

2(n − 2)2) and M(p, q, 2) > 1
2(n2 − 3n + 2) + 2 > 1

2
(n − 2)2 + 2. Thus{1

2(n2 − 5n + 6), . . . , b1
2(n − 2)2c + 2} ⊂ En(2).

To sum up,{1, 2, . . . , b1
2(n − 2)2c + 2} ⊂ En(2) for n > 3. �

Theorem 6. {1, 2, · · · , b1
2(n − 2)2c + k} ⊂ En(k) for all integers n, k with 3 6

k 6 n − 1 exceptn = 11and9 6 k 6 10.

Proof. Case1. 46 n 6 6. Since the proof of this case is not difficult, it is left to the
reader.

Case2. n > 7. We divide the proof into six steps.
(1) By Lemmas 14–18 and 20, for proving this theorem, it is enough to prove that

E
(2)
n (k) ⊂ En(k), whereE(2)

n (k) is as shown in Table 1.
(2) Let p = 1

2(n + 1), q = n − 2. Then 2p − q = 3. Thus gcd(p, q) = 3 or 1.
If n − 2 6≡ 0 (mod 3) and n > 7, then(p, q) ∈ L(n). Sincem(p, q, k) = 1

2(n −
1)(n − 3) + max{k − 3, 0} = 1

2(n2 − 4n − 3) + k, M(p, q, k) > p(q − 2) + k =
1
2(n + 1)(n − 4) + k > 1

2(n2 − 4n − 1) + k, we have{1
2(n2 − 4n − 3) + k, 1

2(n2 −
4n − 1) + k} ⊂ En(k) by Theorem 4. Also, for provingE(2)

n (k)⊂En(k), it is enough
to prove thatE(3)

n (k) ⊂ En(k), whereE(3)
n (k) is as shown in Table 2.

(3) Let p = 1
2(n + 3), q = n − 4. Then 2p − q = 7. Thus gcd(p, q) = 7 or 1.

If n − 4 6≡ 0 (mod 7) andn > 13, then(p, q) ∈ L(n). Sincem(p, q, k) = 1
2(n +
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Table 2

n k E
(3)
n (k) n k E

(3)
n (k)

11 36 k 6 10 36+ k,37+ k,38+ k 29 186 k 6 28 361+ k,362+ k

15 36 k 6 14 78+ k, . . . , 80+ k 31 36 k 6 30 409+ k, . . . , 416+ k

17 106 k 6 11 110+ k 35 36 k 6 34 533+ k, . . . , 542+ k

17 126 k 6 16 109+ k,110+ k 39 36 k 6 38 673+ k, . . . , 680+ k

19 36 k 6 18 136+ k, . . . , 140+ k 41 226 k 6 23 758+ k

23 36 k 6 22 210+ k, . . . , 218+ k 41 246 k 6 40 757+ k,758+ k

27 36 k 6 26 301+ k, . . . , 308+ k 83 36 k 6 82 3269+ k, . . . , 3278+ k

29 166 k 6 17 362+ k

Table 3

n k E
(4)
n (k) n k E

(4)
n (k)

11 36 k 6 10 36+ k, 37+ k,38+ k 31 4 413, 414, 415
19 3 139 31 56 k 6 30 409+ k, 410+ k

23 3 213, 214, 215 35 3 536, . . . , 539
23 4 214, 215 35 4 537, 538, 539
23 56 k 6 22 210+ k 35 56 k 6 34 533+ k, 534+ k

27 3 304, . . . , 307 39 36 k 6 38 673+ k, . . . , 680+ k

27 4 305, . . . , 307 83 3 3272, . . . , 3275
27 56 k 6 26 301+ k,302+ k 83 4 3273, 3274, 3275
31 3 412, . . . , 415 83 56 k 6 82 3269+ k, 3270+ k

1)(n − 5) + max{k − 5, 0}= 1
2(n2 − 4n − 5)+max{k − 5, 0}, M(p, q, k)>p(q −

2) + k = 1
2(n + 3)(n − 6) + k = 1

2(n2 − 3n − 18) + k, we have{1
2(n2 − 4n − 5) +

max{k − 5, 0}, . . . , 1
2(n2 − 3n − 18) + k} ⊂ En(k) by Theorem 4. Also, for prov-

ing E
(3)
n (k) ⊂ En(k), it is enough to prove thatE(4)

n (k) ⊂ En(k), whereE
(4)
n (k) is

as shown in Table 3.
(4) Letp = 1

2(n + 5), q = n − 6. Then 2p − q = 11. Thus gcd(p, q) = 11 or 1.
If n − 6 6≡ 0 (mod 11) andn > 19, then(p, q) ∈ L(n). Sincem(p, q, k) = 1

2(n +
3)(n − 7) + max{k − 8, 0} 6 1

2(n2 − 4n − 21) + k, M(p, q, k) > p(q − 2) + k =
1
2(n + 5)(n − 8) + k = 1

2(n2 − 3n − 40) + k, we have{1
2(n2 − 4n − 21) + k, . . . ,

1
2(n2 − 3n − 40) + k} ⊂ En(k) by Theorem 4. Also, for provingE(4)

n (k) ⊂ En(k),

it is enough to prove thatE(5)
n (k) ⊂ En(k), whereE(5)

n (k) is as shown in Table 4.
(5) For convenience, we use the symbol(n, k; p, q; m(p, q, k), M(p, q, k)).

From (11, k; 4, 11; 36+ k, 36+ k), (11, k; 7, 8; 42+ max{k − 4, 0}, M(7, 8, k))

with M(7, 8, k) > 42+ k, (39, k; 25, 29; 672+ max{k − 11, 0},M(25, 29, k)) with
M(25, 29, k) > 675+ k , (39, k; 23, 32; 682+ max{k − 8, 0}, M(23, 32, k)) with
M(23, 32, k) > 690+ k and(83, k; 47, 72; 3266+ max{k − 12, 0}, M(47, 72, k))

with M(47, 72, k)) > 3290+ k, we have: for provingE(5)
n (k) ⊂ En(k), it is enough

to prove thatE(6)
n (k) ⊂ En(k), whereE(6)

n (k) is as shown in Table 5.
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Table 4

n k E
(5)
n (k) n k E

(5)
n (k)

11 36 k 6 10 36+ k, 37+ k,38+ k 83 4 3273, 3274, 3275
39 36 k 6 38 673+ k, . . . , 680+ k 83 56 k 6 82 3269+ k,3270+ k

83 3 3272, . . . , 3275

Table 5

n k E
(6)
n (k) n k E

(6)
n (k)

11 3 40, 41 39 4 680, 681
11 46 k 6 10 37+ k 39 5 681
39 3 679, 680, 681

(6) Let n = 11 andi = 9 in Lemma 21, then we get exp
D
(k) = 37+ k for 1 6

k 6 8. Letn = 11 andi = 8 in Lemma 21, then we get exp
D
(3) = 41. Letn = 39

andi = 29 in Lemma 21, then we get exp
D
(k) = 676+ k for 3 6 k 6 5. Let n =

39 andi = 28 in Lemma 21, then we get exp
D
(k) = 677+ k for 3 6 k 6 4. Let

n = 39 andi = 27 in Lemma 21, then we get exp
D
(3) = 681.

Combining Cases 1 and 2, the proof of this theorem is completed.�

Corollary 5. {1, 2, . . . , 36+ k, 38+ k, 39+ k, 40+ k} ⊂ E11(k) for 9 6 k 6 10.

5. Proof of Main Theorem

First of all, we listE11(k) for 9 6 k 6 10 without proof.

Theorem 7. For 9 6 k 6 10, E11(k) = {1, 2, . . . , 36+ k, 38+ k, 39+ k, 40+ k}
∪ ⋃

(p,q)∈L(11){m | m(p, q, k) 6 m 6 M(p, q, k)}.

Proof of Main Theorem. By Theorem 7, it is enough to prove that Main
Theorem holds for all integersn, k with 2 6 k 6 n − 1 except for n = 11
and 96 k 6 10. By Lemma 6 and Theorems 1–6, we get{1, 2, . . . , b1

2(n −
2)2c + k} ∪ ⋃

(p,q)∈L(n){m | m(p, q, k) 6 m 6 M(p, q, k)} ⊂ En(k) ⊂ {1, 2, . . . ,

b1
2(n − 2)2c + k} ∪ ⋃

(p,q)∈L′(n){m | m(p, q, k) 6 m 6 M(p, q, k)}. Let D ∈ P

Dn. If 1 ∈ L(D), then exp
D
(k) 6 n − 2 + k 6 b1

2(n − 2)2c + k for n > 4. Thus

{m(1, q, k), m(1, q, k) + 1, . . . ,M(1, q, k)} ⊂ {1, 2, . . . , b1
2(n − 2)2c + k}. SoEn

(k) = {1, 2, . . . , b1
2(n − 2)2c + k} ∪ ⋃

(p,q)∈L(n){m | m(p, q, k)6m6M(p, q, k)}
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for n > 4. Further, it is easy to check thatE3(2) = {1, 2, 3, 4}. So the proof is
completed. �

Remark. Combining [7,9] and the Main Theorem, we have

En(k) =
{
1, 2, . . . , b1

2(n − 2)2c + k
}

∪
⋃

(p,q)∈L(n)

{m | m(p, q, k) 6 m 6 M(p, q, k)}

for all n, k with 1 6 k 6 n exceptn = 11 and 96 k 6 11. Also

E11(k) = ({1, 2, . . . , 40+ k}\{37+ k})
∪

⋃
(p,q)∈L(11)

{m | m(p, q, k) 6 m 6 M(p, q, k)}

for 9 6 k 6 11. So the problem of local exponent sets of primitive digraphs is com-
pletely solved.
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