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On Score Sequences &-Hypertournaments'

ZHOU GUOFEJ, YAO TIANXING AND ZHANG KEMIN

Given two nonnegative integersandk with n > k > 1, ak-hypertournamentn n vertices is a
pair (V, A), whereV is a set of vertices withv | = n andA is a set ok-tuples of vertices, called arcs,
such that for ank-subsetS of V, A contains exactly one of the k-tuples whose entries belong to
S. We show that a nondecreasing sequegero, . . ., rn) of nonnegative integers is a losing score
sequence of B-hypertournament if and only if for eagh(1 < j < n),

>n= ()

with equality holding whenj = n. We also show that a nondecreasing sequésgesy, . . ., Sn)
of nonnegative integers is a score sequence of domgpertournament if and only if for each

1=<j=n, )
XJ: >.n—l+n—j _(n
28 = k-1 k k)’
with equality holding wherj = n.

Furthermore, we obtain a necessary and sufficient condition for a score sequence of &-strong
hypertournament. The above results generalize the corresponding theorems on tournaments.

(© 2000 Academic Press

1. INTRODUCTION

Hypertournaments have been studied by a number of authors (cf. As§pB8aifbut and
Bialostocki ], Frankl [3], Gutin and Yeo 4]). These authors raise the problem of extending
the most important results on tournaments to hypertournaments.

Given two nonnegative integensandk with n > k > 1, ak-hypertournamertnn vertices
is a pair(V, A), whereV is a set of vertices withV| = n and A is a set ofk-tuples of
vertices, called arcs, such that for aknsubsetS of V, A contains exactly one of thk!
k-tuples whose entries belong ® Note that ifn < k, then A = @; we call this kind of
hypertournamentaull-hypertournamerdnd the values of its scores are all equal to 0. Clearly
a 2-hypertournament is merely a tournament.

LetR= (ry,ro, ..., rn) be aninteger sequence. Fogli < j <n,we denoteR(ri“L, rj‘)
= (12Tl T =L REE 1) = (ry,T5, ..., ry) will denote a permutation
of R(ri*,ry) suchthat; <ry <--- <r,.

Let H = (V, A) denote ak-hypertournament om vertices. The vertices and arcs of
H will be denoted byV (H) and A(H), respectively. An(x, y)-path in H is a sequence
(X =)viervoervs - - - vi—16§_1v1 (= Yy) of distinct verticesvy, vo, ..., v, t > 1, and dis-
tinct arcsey, ..., _1 such thatvj;1 lies on the last entry irg, 1 < i < t — 1. Let
e = (vy,v2,...,v) beanarcind andi < j <k, we denotee(vi, vj) = (v1,...,vi—1,
Vj, Vitl, ..., Vj—1, Ui, Vj, ..., Uk), thatis, the new arc obtained froeby exchanging; and
vj in e. Let Sbhe a subset d¥, we denoteH (S) to be the subhypertournament inducedSyy
that is, an arc is kept il (S) if and only if all the vertices belonging to this arc belong3o
A k-hypertournameni is strongif for any two verticesx € V andy € V, H contains both
an(x, y)-path and ay, x)-path. Astrong componerdf ak-hypertournament is a maximal
strong subhypertournament gf. For a pair of distinct vertices andy in H, A(x, y) denotes
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the set of all arcs oH in which x precedey. For a given vertex € V, the scoredﬁ(v) (or

simply d*(v)) of v is denoted b)dﬁ(v) = U A, u)‘|, that is, the number of arcs con-
ueV
tainingv and in whichv is not the last element. Similarly, we define the losing schyev)

(or simplyd~(v)) as the number of arcs containingand in whichv is the last element. The
score sequence ofkahypertournament is a nondecreasing sequence of nonnegative integers
(s1,S, ..., %), wheres is a score of some vertex id. Let p, g be two integers, we denote

(7) = gqrsgy with (P) = 0if p < q

2. MAIN RESULTS

The main results of this paper are the following theorems.

THEOREM 1. Given two nonnegative integers n and k wittenk > 1, a nondecreasing
sequence R= (ryro, ..., ry) of nonnegative integers is a losing score sequence of some k
-hypertournament if and only if for each(k < j < n),

j j
I (1): @
with equality holding when = n.

THEOREM 2. Given two nonnegative integers n and k wittenk > 1, a nondecreas-
ing sequence S= (s1, %, ..., S) of nonnegative integers is a score sequence of some k-
hypertournament if and only if for eacilf < j < n),

S+ () ()

with equality holding when = n.
In order to prove Theorentsand2, we need the following lemmas. Note that there @)e
arcs in ak-hypertournament of ordern > k, and in each arc ofl, only one vertex can be

n
on the last entry; so we havg dp (vi) = (i).
i=1

LEMMA 1. Let H be a k-hypertournament of order n with;, S, ..., S,) as its score
sequence. Then
n n
i=1

PrROOFE If n < k, thens; =5 = --- = 5, = 0, hence the lemma holds; so we assume
n
thatn > k. Lett; denote the losing score of. Then_ tj = (’,2) On the other hand, there are
i=1
(1) arcs containing a given vertex. Hence we have

3= (1) =n( ) - () = ()
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LEMMA 2. Let R= (ryra, ..., rn) be alosing score sequence of a k-hypertournament H.
Ifri <rj, then R*(rﬁ, r is a losing score sequence of a k-hypertournament H

PrROOF Letu e V(H) andv € V(H), such thatd™(u) = rj andd~(v) = rj, respectively.
If there is an ar@ containing bothu andv with v as the last element & then lete’ = e(u, v)
andH' = (H —e)Ue. Itis clear thatR (r;", r;") is the losing score sequencetdf. Thus, in
the following, we assume that for every @&containing bothu andv, v is not the last element
ine

Sincer; < rj, there must exist two areg andey such thaey = (w1, wa, ..., wi—y U, w,
/ ’ ’ ’ ! ’ . .
. wk—1) andez = (wy, wy, ..., w,_q, v), Where(wy, w,, .. wk 1) is a permutation of
(w1, w2, ..., wk-1), U ¢ {w1, w2, ..., wk-1} andv ¢ fws, wa, ---, wk-1}. Letio be the

integer such thatuio = wk_1, and Iete1 = e (U, wg_1), e2 = ez(v w ). Now we can
constructH’ = (H-—(erUe)) U ( e1 U ez). Itis easy to check thaﬁl*(rI .. ) is the losing
score sequence of’. ]

LEMMA 3. Let R= (rg,ra,...,ry) withry <rp < ... < rp be a nonnegative integer
sequence which satisfi€®). If r, < (2~ 1) then there exists plL < p < n — 1) such that
R, rp) is nondecreasing and satisfigs.

PROOF Let p be the maximum integer such thgf 1 < rp =rpy1 = -+ = rp_1 with
ro = 0if p= 1. We shall show thaR(rf, rp) satisfies ). In fact, we only need to show that
foreachj (p<j<n-1),

- (1) ®

o= ()-r- (- (D)= (")

Hence ifp = n— 1, (3) holds. In the following, we assume that< n — 2; then @) holds for
j = n—1.Ifthere existgo (p < jo < n — 2) such that

2 jo
2ri=(y)
i=1

we choose€g as large as possible. Since
JO+1 (JO + 1)
Z r > ,

jo+1

=Tt = 21 - Zr, . <Jo+1> B <Jk0) _ (kj_ol).

Sincern < (1-1),

It follows that
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jo—1 . . .
_ jo—1 jo—1 jo
— 1“<( K >+<k—1> (k—l)
jo—1 . .
_ jo—1 jo—1
. r'<( k )‘(k—2>
1
1

a contradiction with the hypothesis éh Hence 8) holds.
This completes the proof of this Lemma. O

LEMMA 4. Let H = (V, A) be a k-hypertournament of order n. Let ¥ {v1, vp, ..., vj}
cVand\b=V — V1.
(a) If for every arc e containing vertices from both &d \ no vertex of Yin e is on the

last entry, then
. k—1 N
Zd*(v.) = (k— 1)( ) +i§(' - 1)(i)(k_i);

i=1
(b) If H is strong, then

. k—1 .
+ n—|
Zd () > (k— 1)<) 20—1)( )(k_i>.
i=1 i=1
PROOF. Let Ay = A(H{{v1, v2, ..., vj})) and letAy be the set of arcs containing vertices

from bothV; andV.,. For eachv € V ande € A, we define a functiop as follows:
1, if visineandv is notthe last element im,

pv.8) = {0, otherwise.
Note that there arez (1)(8=)) arcs in Az, and for each are of A, containing exactlyi

vertices ofV andk - | vertices ofV,, we have)_ p(v,€) =i — 1, since no vertex of> in
vee
eis on the last entry. Hence we have

J J
Yodiwn =) > pi.e

i=1ecA1UA
j
= > > pwi.e
eeAlqul =1
= Z Zp(v.,e)+ Z ZP(Uhe)
ecA;i=1 ecAri=1

cea) S0

Thus (a) holds. To prove (b), an analogous approach to that of (a) will follow and it is sufficient
to note that there must exist an arcontaining exactly vertices ofVy andk — i vertices of

Vo, such that)” p(v,e) =i > i — 1. This is obvious sincé is strong. O
vee



On score sequences of k-hypertournaments 997

PROOF OFTHEOREM 1. Foranyj withk < j <n, letvy, vo, ..., vj be the vertices such
thatd~(vi) =rj foreach ki < j, and letHy = H{{vy, v2, ..., vj}). Hence

j j :
dori= ) dy ) = (L)
i=1 i=1

To prove the converse, we use inductionoror n = k, the statement of Theorelns valid,
since there is only one arc and thus all the losing scores are equal to 0 except one, which is
equal to 1. Thus we assume timat- k. Since

n nt n n—1 n—1
ARPIUEDIUE (k)‘( k ):<k—1)’
i=1 i=1
we consider the following two cases.
Case 1.5 = ({_). Then

S=ynn= () - (2= (1)
i = i—In= - = .
~ ~ k k—1 k
By induction hypothesigr1,ro, ..., rn—1) is alosing score sequence df-daypertournament
H of ordern — 1. Now we can construct kchypertournamenH of ordern as follows. Let
V(H) = { v1,v2,...,vn—1}. Adding a new vertexwy, for eachk-tuple containingv,,, we
arrangev, on the last entry. Denotg; to be the set of all thes(@jj) k-tuples. LetE(H) =
E(H') U E;. We can easily check thats, ro, ..., rp) is the losing score sequenceldf

Case 2. < (Ej) We apply LemmaB repeatedly until we obtain a new nondecreasing

sequenc® = (ry, Ty, ...,ry) such that, = (;_7). By Case 1 we know thaR  is a losing
score sequence ofkahypertournament. Now we apply Lemriaon R’ repeatedly until we
obtain the initial nondecreasing sequeriRe= (rq,ro, ..., ). By Lemma2, Ris a losing
score sequence of a hypertournament.

This completes the proof of Theoren ]

PROOF OFTHEOREM 2. Let(s, S, ..., Sy) be the score sequence dé-haypertournament.
Then there exists &-hypertournament with V. = {v1, v2, ..., vp} such thatdﬁ(vi) =
s fori = 1,2,...,n. Note thatd* (vj))+ d—(vj) = (Ej) Let rnp1—i = d~(vj); then
(r1,r2,...,rp) is the losing score sequenceldf Conversely, if(r1, r2, ..., rp) is the losing
score sequence ofkahypertournamenti, (s1, &, ..., S) is the score sequence Hf. Hence
it is sufficient to show that conditiong)and @) are equivalent providesl +rp11-j = (Ej)

First, suppose thag] holds. Then

+n- j><E:D+<|j<> B (:)

=~ S
(.
e
~——
I
—_
=
|
[EEY
N
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:»z (1)

with the equality ifj = n. Hence ) holds.
Now suppose thaflj holds; using a similar argument as above, we can proveZ2hab(ds.
This completes the proof of the theorem. O

Note that the statement of Theordns obvious forj < k, we have

COROLLARY 1 (LAUDAU [6]). A nondecreasing sequen®, S, ..., Sy) of nonnegative
integers is a score sequence of a tournament if and only if for éach <n — 1,

r
Y s> (r>
i=1 2
with equality holding when i n.

With a slight alteration in the hypothesis of the previous theorem, we obtain a necessary
and sufficient condition for a score sequence of a stiehgpertournament. This result gen-
eralizes a theorem of Harary and MosEfdbout strong tournaments.

THEOREM 3. A nondecreasing sequen(®, S, ..., Sh) of nonnegative integers is a score
sequence of a strong k-hypertournament with k if and only if

a7 () ()

n n
Es =<k—1>(k).

fork<j<n-1land

PrROOF Let H be a strondk-hypertournament and suppose tf&at s, ..., &) is a score
sequence oH withs; < s < --- < s,. By Lemmal, we have

n n
i;s =<k—1><k).

For each 1< i < n, letv; be the vertex oH with dﬁ(vi) =s.letk<j<n-1land
defineHy = H({vy, v2, ..., vj}). SinceHy is ak-hypertournament of ordgr,

i .
dyf, () = (k= 1) <|‘<>
=1

SinceH is a strongk-hypertournament, then, by Lemmiéb), we have

. k—1 . .
df; (wi) > (k - 1)@ +30 - 1)({)(1_ I‘)
1 i=1

J
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Ze= o (1S
=:if><k-1>(i)+i§<f:i) )20 ()
~ a0 (R0
~ X)) -0)

For the converse, we assume that s, ..., S) is a nondecreasing sequence of nonnega-

tive integers such that
Xj: (n—-1 n n—j _(n
237 k-1 k k)

2o =) ()=o)

i+1

fork<j<n-1,and

By Theoren®, (s1, S, ..., Sn) is the score sequence okdypertournament. Letl be such
ak-hypertournament, and we show thtis strong.

If H is not strong, then we can easily verify thatH) can be partitioned dd U W such
that for any are containing vertices from botd andW, no vertex ofU is on the last entry
of e. Thus, letH; = H(W) andj = |V (H1)|, then, by Lemmal(a), we have

Y diw) = Zd+(w)+2<'—1>(>< I’)

weW weW

it follows that
-1 — j n
dt(w) = di (w)+]< >+< >—(k—1)<>—(>
2w =2 & 1)tk )~k
_ . (n-1 n—j n
"(k—l)( ) k)
Sinces; < <--- <5,

ZS < Zd+(w)—l(k i)“‘(n;J)_(E)

weW

which contradicts the initial hypothesis.
This completes the proof of the theorem. ]

Using a similar argument as above, we have the following theorem.
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THEOREM4. A nondecreasing sequenga, ro, ..., rn) of nonnegative integers with 5
k is a losing score sequence of a strong k-hypertournament if and only if, fof kc n — 1,

z ()

z ()

COROLLARY 2 (HARARY AND MOSER[5]). A nondecreasing sequencs:, S, ..., Sh)
of nonnegative integers is a score sequence of a strong tournament if and only if for each

1<j=<n-1,
Xj: )
S > < )’
= 2

>a(3)
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