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Abstract

The Ramsey number R(G1; G2; : : : ; Gn) is the smallest integer p such that for any n-edge
coloring (E1; E2; : : : ; En) of Kp; Kp[Ei] contains Gi for some i, Gi as a subgraph in Kp[Ei]. Let
R(m1; m2; : : : ; mn):=R(Km1 ; Km2 ; : : : ; Kmn); R(m; n):=R(m1; m2; : : : ; mn) if mi=m for i=1; 2; : : : ; n.
A formula is obtained for R(G1; G2; : : : ; Gn). c© 2001 Elsevier Science B.V. All rights reserved.
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An n-edge coloring (E1; E2; : : : ; En) of Kp is called a (G1; G2; : : : ; Gn;p)((m1; m2; : : : ;
mn;p), resp.)-decomposition if for all i; Gi(Kmi , resp.) is not contained in Kp[Ei]. It is
clear that R(G1; G2; : : : ; Gn) = p0 + 1 i� p0 =max{p:there exists a (G1; G2; : : : ; Gn;p)-
decomposition}. We denote by N (Gi) the number of subgraphs of Kp[Ei] which are
isomorphic to Gi. The (G1; G2; : : : ; Gn;p)-decomposition is called a (G1; G2; : : : ; Gn;p)-
Ramsey decomposition if p=R(G1; G2; : : : ; Gn)−1. If G and H are two graphs, G ◦H
denotes either the disjoint union or the join (see [1]) of G and H . Let Gki be a graph
of order k and let Gi =G

mi−ni
i ◦Gnii . Taking any vertex vi, let Gni+1i = {vi} ◦Gnii . The

number of subgraphs of Gnii which are isomorphic to G
ni+1
i is denoted by n(i). Thus

we have:

Theorem 1. For any (G1; G2; : : : ; Gn;p)-decomposition and if Gi = G
mi−ni
i ◦ Gnii ; i ∈

{1; 2; : : : ; n}, we have
n(i)N (Gni+1i )6N (Gnii )[R(G1; : : : ; Gi−1; G

mi−ni
i ; Gi+1; : : : ; Gn)− 1]: (1)

Proof. In a (G1; G2; : : : ; Gn;p)-decomposition (E1; E2; : : : ; En), by the de�nition of
R(G1; : : : ; Gi−1; Gmi−nii ; Gi+1; : : : ; Gn) and for any Gnii ⊂Kp[Ei], there are at most
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R(G1; : : : ; Gi−1; Gmi−nii ; Gi+1; : : : ; Gn)− 1 vertices v in Kp[Ei]− V (Gnii ) such that {v} ◦
Gnii =G

ni+1
i , otherwise there exists a subgraph G of Kp[Ei]−V (Gnii ) of order R(G1; : : : ;

Gi−1; Gmi−nii ; Gi+1; : : : ; Gn), either there exists a G
mi−ni
i ⊂G such that Gmi−nii ◦ Gnii =

Gi⊂Kp[Ei], or there exists a Gj ⊂Kp[Ej]; j 6= i; a contradiction. Hence by the de�ni-
tion of N (Gnii ) and n(i), (1) follows.

Theorem 1 generalizes the Theorem 1 in [4].

Corollary 1. If Gi=Kmi or Kmi −e; i ∈ {1; 2; : : : ; n}, then for any (G1; G2; : : : ; Gn;p)-
decomposition, we have

(ni + 1)N (Kni+1)6N (Kni) [R(G1; : : : ; Gi−1; G
mi−ni
i ; Gi+1; : : : ; Gn)− 1]; (2)

where Gmi−nii = Kmi−ni or Kmi−ni − e; 0¡ni ¡mi − 1 and mi ¿ 2.
In particular if Gi = Kmi :=Km; i = 1; 2; : : : ; n and m¿ 2, we have

(m− 1)
n∑

i=1

N (Km−1i )6[R(m; n− 1)− 1]
n∑

i=1

N (Km−2i ): (3)

Proof. Note that for any Kk+1, it contains exactly k+1 Kk . Hence, by (1), (2) follows.
Furthermore, since R(K21 ; K

m
2 ; : : : ; K

m
n ) = R(m; n− 1) and (2), we obtain (3).

Note that (3) and the following facts:
when n= 2 (see [3]),

N (K21 ) + N (K
2
2 ) = (1=2)p(p− 1)¿ 2p= N (K11 ) + N (K

1
2 ) if p¿R(3; 3) = 6;

N (K21 ) + N (K
2
2 )6N (K

1
1 ) + N (K

1
2 ) if p¡R(3; 3) = 6;

N (K31 ) + N (K
3
2 ) = (

p
3 )− (1=2)

n∑

i=1

d1id2i¿(1=6)p(p− 1)(p− 2)

−(1=8)p(p− 1)2¿ (1=2)p(p− 1) = N (K21 ) + N (K22 ) if p¿R(4; 4) = 18;

N (K31 ) + N (K
3
2 )6N (K

2
1 ) + N (K

2
2 ) if p¡R(4; 4) = 18;

where dij is the degree of vertex vj in Kp[Ei].
when n= 3,

2
3∑

i=1

N (K2i ) = p(p−1)¿15p= 5
3∑

i=1

N (K1i ) if p¿R(3; 3; 3) = 17;

2
3∑

i=1

N (K2i )65
3∑

i=1

N (K1i ) if p¡R(3; 3; 3) = 17:

(see [2]):
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So we raise a conjecture which generalizes Conjecture 2 in [3] as follows:

Conjecture. If m(¿ 3), n(¿ 1) and p are natural numbers, p¿R(m; n), then

(m− 1)
n∑

i=1

N (Km−1i )¿ [R(m; n− 1)− 1]
n∑

i=1

N (Km−2i ):

Theorem 2. For any graph Gi of order mi(¿ 1) and Gi={vi}◦Gmi−1i for i=1; 2; : : : ; n

R(G1; G2; : : : ; Gn)6
n∑

i=1

R(G1; : : : ; Gi−1; Gmi−1i ; Gi+1; : : : ; Gn)− n+ 2: (4)

Proof. Using Theorem 1 for ni = 1; i = 1; 2; : : : ; n and p = R(G1; G2; :::; Gn) − 1,
we have

2N (K2i )6p[R(G1; : : : ; Gi−1; G
mi−1
i ; Gi+1; : : : ; Gn)− 1] for i = 1; 2; : : : ; n:

Then p(p−1)=2(p2 )=2
∑n

i=1 N (K
2
i )6p[

∑n
i=1 R(G1; : : : ; Gi−1; G

mi−1
i ; Gi+1; : : : ; Gn)−n].

Thus we obtain (4).
Theorem 2 is a generalization of Theorem 2 in [4] and of the classical inquality

R(m1; m2; : : : ; mn)6
∑n

i=1 R(m1; : : : ; mi−1; mi − 1; mi+1; :::; mn)− n+ 2.
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