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Vertex—pancyclic Multipartite Tournaments
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Abstract : A cpartite tournament is an oriented graph obtained from a conplete cpartite grgph. A
multipartite tournament is a cpartite tournament with c=2. T being a multipartite tournament , we
define ig(T) =max | d" (x) - d” (y)| over dl parsof vertices x,y V (T). We prove that if
Vi, Va2, , Vcarethepartite stsof a cpartite (c=3) tournament T with| V4| | V5| € <
| Vi +1and ig(T) <1, then T is vertex-pancydlic.

Key words: multipartite tournaments, cycle ,vertex-pancyclicity

A cpartite tournament is an oriented graph obtained from a complete cpartite greph. A
multipartite tournament isa cpartite tournament with c=2. If T isa multipartite tournament
and x V(T), we denote V (x) the partite set to which x belongs and derote v = miin
{| Vi|} , where V; are partite setsof T. A factor in adigraph isa anning collection of vertex
digoint cycles. A digraph D ispancydlic if it contains cyclesof lengths3.,4, ,| V(D)| and
D isvertex-pancyclic if foreach w V(D) there are cyclesof lengths3,4, ,| V(D)| corr
taining w. Thelocal irregularity of adigraph D isdefinedasi; (D) =max | d* (x) - d” (x)]|
over dl vertices x V (D) and the the globa irregularity is defined as ig (D) = max
| d"(x) - d” (y)|over dl pairsof vertices x,y V(D). A digraph D is strong if for each
X,y V(D) ,thereisapathfrom x to y. A digraph D is k-strong if D-X is strong for al
stsof vertices X, | X| <kand X <V (D).

It is conjectured that all regular cpartite tournaments with ¢ >4 are pancyclic. In fact,
Yeo [ proves that when c =5, al regular cpartite tournaments are vertex-pancyclic. Our
main results are based on the technicsof [1]. Asfor surveyson multipartite tournaments, see
[2] and [1], * *.

1 Terminology and notations

We shal assume that the reader isfamiliar with the standard terminology on graphs and
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digraphs and refer the reader to [ 3].

Let D=(V,A) be adigraph. If xy A(D) ,thenwe say that x dominates y and y is
dominated by x. We d= denotethisby x -»y. If X, Y <V (D) andthereisno arcfrom Y to
X, then we say that X =Y. For avertex x V(D) , thein-degree d” (x) (out-degree d”
(x)) of x isthe number of vertices dominating x (dominated by x) in D. Furthermore, we
ue (D) andd *(D)( " (D) andd " (D)) to denote the maximum and minimum out-
degree (in-degree) in D regpectively. If Q isasubgrgphin D, then D Q isthe subgraphin
duced by V (Q).

Let D beadgraphandlet { x,y} €V (D). We will use the following definitionso ( x,
D)=d"(x)- d (x) ando(x,y,D) =0(x,D) -0 (y,D). Note that ij(D) =max{|0
(x,D)| x V(D)}.

Let D bedigrgphand C beacydein D. If u,v V(C), we denote C[ u, v] the di-
rected pathfrom uto von C. If x V(C),then x* denotes the succesor of x on the cyde

C. Andogoudy x~ denotes the predecesor of x on C. We define x* = x*Yand x*® =

(x*®-Y)*ford >2. Let C;, C;, , CibecydesinDandlet F=C; G C. If
Ci, C2, , Careparwise digoint, then we call that Fisacycle subgraphin D. Letd be
anintegerin{1,2, ,|V(D)|}andlet{x,y} SV (D) - V(C) bearbitrary. Ad-partner

of (x,y) on Fisavertex z V(F) suchthat z -xand y -»z*°.

A cycle Cyis kreducible if there are cycles C;, C;, Cy such that Ci+1 = G[ w;,
wi]wi fordl i=0,1, ,k-1,wherew; V(C). If w V(D), thenacyde Cois
(w, k)-reducible if it is k-reducible, and w belongsto dl the cycles C;, C,, , Ck.

2 Lemmasand main results

Main Theorem Any cpartite (c=13) tournament T with the partite sets Vi, V., , V.
such that | Vi €| V2| £ <] V| €| V4] +1and ig( T) <1 is vertex-pancyclic.
In order to prove this theorem, we need the following L emmas:
Lemma 1 Let T bea cpartitetournament with partite sets V1, Vo, , Vcand ig( T) <
1, then
(@ "(Mm-37(m=2
(b) If  *(T)-3"(T)=2,then d” (x) =0 " (T) +1foreach x V(T).
(© | Vi| -]V <2, fordl i#j.
(d If d"(x) - d"(y) =2,then d"(x) = “(T),d"(y)=0"(T) and| V(y)| =|V
(x)] +2.
Proof (&) Supposethereexist u,v V(T) suchthat d*(u) - d*(v) =23. Snce iy(T) <
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1,wehave d” (u) 2d*(u)-1=d"(v) +3-1=d" (v) +2, acontradiction.

(b) Suppose T (T)-0"(T)=2.Let u,v V(T) with d"(u) - d*"(v) =2,
where d* (u) = *(T)and d"(v) =07 (T). Let z V(T). If d” (2) =207 (T) +2,
then d” (z) - d* (v) =2, acontradiction; If d” (z) < *(T) ,then d"(u) - d” (2) 22,
a contradiction too. So we have d” (x) =0 " (T) +1foreach x V(T).

(c) Notethat d*(x) +d (x) =| V(T)] - | V(x)| foreach x V(T). Let x,y
V(T) othat V(x) =Viand V(y) =V;. Then I Vi| - | V;Il =1l V(X)] -] V(y Il =
| d"(x) - d"(y) +d () - d (V] <]d"(x) - d (V] +]d (x)-d"(y)] =2.

(d) By (a) ,itiseasyto seethat d"(x) = *(T) and d"(y) =0 " (T). By (b) , we
know that d” (x) =d” (y). Hencewe have | V(y)| - | V(X)| =(| V(T)]| - d*(y) - d~
(W) - V(D] -d"(x)-d (x)=d"(x)- d"(y) =2.

Corollary 2 Let T bea cpartite tournament with the partite sets V1, V2, , V¢ such
that | V1| €| V2| € <[ Ve €| Va| +1and ig(T) <1,then “(T)-07(T) <1.
Lemma 3 Let T bea cpartite tournament of order p with the partite ssts V1,V2, , V¢

and ig( T) <1. Let r =maxi<i<c{| Vil} , then the connectivity K of T satidies: K (T) 2
(p-2r)/3.
Proof Let Sheany vertex setof Tsuchthat T- Sisnot strong. Let T1, T2, , T, bethe
strong componentsof T- S, then there are T;, Tjsuchthat N* (V (T;)) €Sand N~ (V
(Tj)) €S. Suppose, without lossof generaity, that | V(T;)| <| V(T)| and j =1, then
| V(T)| <(p-|S|)/2. Snceig(T) <1,wehaved (T)=(p- r-1)/2. On theother
hand , it iseasy to verify that® ~ ( T1) < (| V(Ty)| - 1)/ 2. Hence we have
(p-r-1/2<0 (T +| SI<( V(T)|-D/2+| S| < (p+3] S|-2/4.
Which yieldsk (T) =| S| = (p- 2r)/3.
Lemma 4 ([5]) Let T bea cpartite tournament with the partite sets V1,V,, ,V.such
that | Vil €| V2| € | Ve €| V] +1. i (T) (| V(T)]) - | Ve-a] - 2| V| +2)/
2, then T is Hamiltonian.
Lemma 5 Let T bea c partite tournament with the partite sets V1, V2, , V. such that
| Vil €] V2| £ <[V €| Vy] +1land ig(T) <£1. Thenforanyw V(T),thereexistsa

2.(:—_2J_c:_<<

cycle Cof length pin T containing , for all integers p with | V ( T)|3C_ 5t3c.5=PS

AQII
Proof Let n=| V(T)| andlet T have partite sets V1, Vo, , Vcwith | Vi| =] V3|
= =| Vg =] Vss+1] -1= =V -1,wherel<s<c.

2c-2 J_c_<pSn_

Assumefirst , that @ V. Let p beaninteger with ny 7= +3 "2 <
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Letk:[f]and p=kc+r,0<r<c Let V', SV;suchthat | V'i| =k+1fori=c,
c-1, ,c-r+land]| V'i =kfori=1,2, , c- r,andsuchthaw V';.
Snce

n21:-_2+_4_c;_<p
3c-5 3c-5"7

Substract p %‘E_g from both sdes, we have

2c-2 _4c
(n- M3 5%3..55Pl-3. %

Multiply both sdes with 3‘(:2?5 , we have

c-1 c-3
C

(n- p 2 p

As p=kc+ r, we get that

n-»p 2¢c

Snce P 1 <Py and L s0
c c 2c

n- p_[_n_p- ]+1<_p_3_k-
c

Snce n, p, k and [_n;_p] are integers,

n-p- c = 2
Let T =T {=1V'; and notethat we have deleted at least [ (n - p)/ c] verticesfrom

each partite set. Thisimpliesthat ii/(T) <n- p-[(n- p)/c] +1S_p—_3_(_k2il)_+2_ S,
by Lemma4, T hasa Hamiltonian cycle, which correpondsto a p-cyclein T containing .
The casethat @ Vg+1 Vgi2 V. can be proved by the amilar argument as above.
Lemma 6 Let T bea cpartite (c=5) tournament of order n with the partite sets V1,
V2, , Vcsuchthat | Vi| €] Vol £ <] V| €| V4] +1and ig(T) 1. Then for each
par x,yin V(T),thereisapath of length at most 3 form x to vy.
Proof Supposeon the contrary that thereare x,y V ( T) such that thereisno (x,y)-path
of length at most 3in T. Thus (N~ (y) {y}) =(N"(x) {x}) and (N™ (y) {y}) n
(NT(x) {x})= 0. Thisimpliesthat S=V(T) - N"(x) - N" (y) - { x,y} isa spa

. . V)| +]V(y n-2| Vg . )
rating st in T. Thus, | S| < ; -2s|Vc|-2<—3|_QI‘ gnce ig( T) <

1and ¢c=5. ThisoontradictsLemma 3.
Lemma 7 ([5]) Let T bea cpartitetournament. Let F=C; C; C, be afactor in
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T with the minimum number of cycles. Then there exists a partite set Q and an ordering of
the cydes C;,Cz, ,Ciin Fsuchthat { x*,y } €Qfor eacharc xy with x V(C), y
V(C)(j>1).

Lemma 8 Let T bea cpartite tournament with the partite sets V., V., , V. such that
| Vil €] V2| £ <[V €| Ve +1land ig(T) <1. Letw V(T) bearbitrary. If F=C;

C C/isacycde subgraphin T withw V (F) , thenthereisacycle Cin T with
V(O] =|V(R|] andw V(C).
Proof Let F=C; C, C m be acycle subgraph withw VvV ( F) , and assume that

misas smal aspossble. If m=1, we are done. S we assume that m > 2. By examining
T =T V(F) thereexistsapartite st Q such that the conditionsof Lemma 7 hold. This
impliesthat { x* ,y } <Q for each arc xy with x V(Cj),y V(Ci and j>1. As
sume, without lossof generaity, that @ V (F) - V(C ), otherwise we can consder the
reverse digragphof T .

Lee R=C, C3; Cmandlet P=pip2 p«bethe shortest possble path from R
to Ci. Assumethat p1 V(Cj),j {2,3 ,m}. ByLemma6 wehavethat 2< k<4. We
now show Claim and three cases below.

Claim If z Vv(C/),v V(R),z=V(R), V(C{) >vand V(z) =V (v), then there
isavertex usuchthat v ~u —»z. Andif uisunique, thenwehave (V(C1) -{z,z"}) =z
and v=>(V(C) -{v,v'}).

Infact , supposethat z =N " (v) ,thenwe have d* (z) =2 d* (v) +|{z",v }| =d”
(v) +2, which contradicts Corollary 2. Andif uisunique, we can anaogoudy check that (Vv
(C1)-{z,2"}) =>zand v=>(V(C;) - {v,v }), otherwise we have d* (z) > d" (v) +
2, aocontradiction.

Casel k=2

By applying Lemma 7 repeatedly , we have { p/ , pz} €Q,pz =V (R) and V(C 1) =
pr . By Jamthereisz V(T)- V(F) suchthat p; -z —p; .

If p° Q, then by Lemma 7 we have p; % —p; *. S the cycle subgraph F' = C
[p: ,p2°1C[pr ", pilzps (F - C1- C)) has| V(F)| =| V(F)| =| V(F)]| and
asp;  #w,wehavew V(F'). Therdore F'isa contradiction against the minimality of
m. If p;° & Q, then the cyce subgraph F' = C1[ p2, ps 2] pr zps C;[ pr *, p1] p2
(F - C1- C)) isdo aoontradiction against the minimality of m.

Cae2 k=3.
By the minimality of k we must have V (C ;) =V (R).
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Subcase 2.1 p; " =wand V(ps*) ZV(ps).

The cycle subgraph F'=C [ ps,ps 1Cj[ pr " .pilp2ps (F - C1- C)) hasw V
(F") snce pi # w, which is a contradiction to the minimality of m.

Subcase 2.2 pi T=w, V(p' ") =V(ps)and V(p:®) £ V(ps?).

By Claim thereisavertex z V(T) - V(F) suchthat p/ © -z —ps . The cyde sub-
graph F'=C1[ps , ps°1Ci[pi°, pf "1zps (F - C1- Cj) hasw V(F) snce
ps zZwand wEV(Cy).

Subcase 2.3 pff=w,V(p*)=V(ps) and V(pi®) =V(ps?.

If thereisavertex z V(T) - V(F) - {p2} suichthat p;f © -z ~ps , then F' = C/
[ps,p3°1pr " zps C' [ pr3,pl] p2ps (F - Cf - C) isacontradiction to the minimali-
tyof m. If thereisno such z, then by daimwe have V(C}) - { ps} =ps , © F'= C'l[pr,
p1] P2C 1l p3ps®lps pi (F - Ci1- C;) isacontradiciom to the minimality of m.
Subcase 2.4 pr F#wand V(pr) #ZV(ps ).

The cycle subgraph F'= C1[ ps,ps 1Ci[pr ,pilpz2ps (F - C1- C;) isacontra
diction to the minimality of m.

Subcase 2.5 pftEw, V(p)=V(ps ) and V(pid) #£V(ps?d.

By dlaim thereisavertex z V(T) - V(F) with pi -z -ps . S F'=C1[ps .,
ps1Ci[pr3, prlzps~ (F - Ci- C)) isacontradiction to the minimality of m.
Subcase 2.6 pff#Ew, V(p') =V(p: )and V(pi®) =V(psd).

If thereisvertex z V(T) - V(F) - { p2} such that p;/ -z -ps ~, then F'= C
[ps,p33lpizps " Ci[pr® palp2ps (F - C1- C;) isacontradiction to the minimaity
of m. If no such vertex z exists, then we have p; —p: and p; —p: " bylemma7, F' =
Cilps,ps ] Cl pr3, pilp2ps (F - Cy- C ;) isoontradiction to the minimality of m
too.

Caxe 3. k=4

By the minimality of k we have V (C 1) =V (R). Furthermore, if V(psi3 =V (p1),
then Claim gives us a contradiction againgt the minimaity of k. S we have V (p;°3) # V
(pr)). Now F'=C1[ps,ps31Ci[ pr.palp2psps (F - Cy1- C;) isacontradiction to

the minimdity of m.

Lemma 9 Let T bea cpartite (c=4) tournament with the partite ssts V1, Va2, , V¢
suchthat | V1| €| Vol €  <| Ve €| Vi +1and ig(T) <1. Letd {1,2,3} andlet F=
C, G C/ beacycle subgrgphin T. Let T = T- V(F) andlet { x,y} SV (T).
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Then there existsat least (O (x,y, T) - | V(xX) nV(FR]| - | V(y) nV(F) | - 1)/2ds
tinct -partnersof (x,y) in F.
Proof Deine
A ={z V(F)|z-»x,y—>z(+6)}
A2={z V(P|z-x,2" Ly
Az ={z V(F)|x—>z,y—>z(+5)}
As={z V(P x -2,z .y
As={z V(P|z V(x,y 2"}
As={z V(P|z V(x,z" Ly
A ={z V(P| z - x,z™ V(y)}
As={z V(P|x -2,z Vv(y}

Ao={z V(P|z V.,.y™ Vv(y}.

Notethato (x, T) =0 (x, T) +| As| +| A4| +| Ag| - | A1| - | Az] - | A7 andO (y, T) =
O(y, T) +| A1l +]| As] +| As| - | Az] - | A4] - | Ag|]. Thuswe haved (x,y, T) =0 (x,
y, T') +2| A4l +| Ag| +| Ag| - 2| A1] - | As| - | A7] €1, which impliesthat 2] A;] +1=>
O(x,y, T)-|As| -|A7l 20(x,y, T) - | V(X)) nV(F]|-|V(y) nV(P].

Lemma 10 Let T be a cpartite (¢c=8) tournament with the partite sets Vi, Va2, , V.
suchthat | Vi <| V2| £  <| V| £| V4| +1and ig(T) <1. Thenforeach®w V(D)
there existsa (w ,2)-reducible 5-cyclein T.

Proof Let A=N" (W) and B=N" (w). Letad A beong to the set A, if and only if the
longest pathin T A whichendsin a haslength |. Anadogoudy define the sets B, such that b

IAl

B, if and only if the longest pathin T B which beginsfrom b haslength I. Let A~ =

| Bl

Ajand B = B,.

1=2

From the above definition it isobvious that Ag, A1, Bg, B1 are dl independent sets. Fur-
thermore, we have A =A; A ,A;1 =A and B~ B; =Bo,B  =Bi. We now consder
the following cases:
Cae 1A %2 0

If B/=A " ,thenlet a3 A and b B bechosen such that az —b. Let a;ayas be a
path of length2in T A endingin a; andobservethat C=wWwa; ay azbw isacyceof length 5.
Snce waz azbw and wazbw ad< are cycles, we have our dedred cyclesin this case.

Therefore assume that B =A *. Thisimpliesthat S=V (w) - { w} isa separating st in

. . . n-2vi-2 -
TsnceA B {w}-A =A .However,|S|£vT<—3T— ‘D—32‘[

IN

when c=8,
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where r =max{| Vi|} , which contradicts Lemma 3.
Cae2 B # O

Thisis andogous to case 1.
Ca3 A =@andB = @.

In thiscase we have c =4 snce Ag, A1, Bo, By aredl independent sets, which contradicts
the initial assumption that c>7.

Lemma 11 Let T bea cpartite (¢c=13) tournament with the partite sets V1, V., V.such
that | V1| €| V2| £ <| V¢ €| Vy] +1and ig(T) <1. Let w V(T) bearbitrary. Then
for al integers pwith3< p<(c- 2) vt - 1, thereexissacyde Cin Twithw V(C) and
| V(OI =p.

Proof Let w V(T) andlet F beacyce subgraphin T suchthat | V(F)| <p,w V
(F) and| V(F)| = p (mod 3). Such acycle must exist since by lemma 10 there exists a 3
cycle, a4-cydeand a5cydeadl induding the vertex w. We choose F suchthat F containsthe
maxi mum number of vertices with the desred properties. If | V(F)| = p, then we are done
by lemma 8. S we assumethat | V(F)| < p, whichimpliesthat | V(F)| < p- 3<(c- 2)
vr- 4.

Let T = T- V(F) and note that if T hasa strong component with verticesfrom three
of more partite sts, then there must exist a 3-cycle Cin T and hence F C will be acontra
diction againgt the maximality of | V (F)| , S there are verticesfrom at most two partite sets
in any strong component of T ,as| V(F)| <(c- 2) vt - 4, there are verticesfrom at least
three partite sstsin T , whichimpliesthat T isnot strong. Let Q1,Q2, , Qmbethe strong
componentsof T such that Qi =Q;foral 1<i<j<m.

Let x Qibechosnsuchthato(x, T Qi) =20andlet y Qn bechosen such that o
(y,T Qm) <0. Snce| V(T)| =22vs +4>2(vys +1) +1, thereisavertex z V(T) -
V(x)- V(y). If z Qi, then as Q;is strong and contains vertices from only two partite
sets, there must beavertex 7 V (z) suchthat x -z . Thisimpliesthat x -Z -yisa(x,
y)-path of length 2in T'. Analogoudyif Z Qu, wecan a obtaina(x,y)-pathof length
2in T Fndlyif z€Q; Qm,then x -z —yisa(x,y)-pathof length 2in T . Hence there
exissa (x,y)-path of length 2in T , which we shall denote by R.

Snced (x, T) =0(x, T Q1) +| V(T)- V(x)- Q] ando (y, T) =0(y, T

Qm ) -|V(T)- V(y) - Qml , we have that

O(x,y, T) 2| V(T) - V(X) - Qi+ V(T) - V(y) - Qml| 2

| VIT) -1 Qul -] V(x) nV(T) [+ V(T) -] Qml-| V(y) nV(T)]| =2
| VIT) -] V() nV(T) -] V(y) nV(T)].
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By Lemma9 { x,y} hasatleast (| V(T)| - 2(vs +1) - 1)/2>0 1-partnersin F. Let z be
any 1-partner in Fandlet C F bethecydewith z V(C). Now (F- C) C[z",z]Ris
a contradiction against the maximality of | V( F)| .

Prodf of Main Theorem By lemma5 and lemma 11, it is sufficient to show that n(2c- 2)/
(3c-5) +2c/ (3¢c-5) +1<vr(c- 2. It holdswhen c>13.

References

[1] Yeo A. Diregular cpartite tournaments are vertexpancydic when ¢=5. J Grgph Theory, 1999, 32(2) :
137 152.

[2] Gutin G. Cycdes and paths in ssmicomplete multipartite digraphs, theorems and agorithms: a survey. J
Graph Theory, 1995, 19:481 505.

[3] BondyJ A, U SR Murty. Grgoh Theory with Applications. New York: MacMillan Press, 1976.

[4] Yeo A. How close to regular must a semiconmplete multipartite digrgoh be to secure Hamiltonicity ? Grgphs
Combin, 1999 ,15(4) :481 493.

[5] Yeo A. Onediregular subgraphsin semicomplete multipartite digraphs. J Grgoh Theory, 1997 ,24:175

185.
( , ,210093)
c c , T c
. _ + _ - .
, ig(T) = max | d" () - d" (y]. c o T
Cc (C213),V1,V2, Ve T . | V1| Sl V2| < Sl Vcl Sl V1| +1 ig
(T <1, T

0157.5

© 1995-2006 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



