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Abstract. A subset of S of the vertex set of a graph G is called acyclic if the subgraph
it induces in G contains no cycles. S is called an acyclic dominating set of G if it is
both acyclic and dominating. The minimum cardinality of an acyclic dominating set,
denoted by 7.(G), is called the acyclic domination number of G. S. M. Hedetniemi et
al. on 2000 introduced the concept of acyclic domination and posed the following open
problem: Is 4.(G) < 8(G) for any graph whose diameter is two? In this paper, we give a
counterexample which disproves the problem.
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1 Introduction

Let G = (V(G), E(G)) be a finite simple graph without loops. The neighborhood N(v) of
a vertex v is the set of vertices adjacent to v in . The minimum and maximum degree of
G are denoted by (@) and A(G), respectively. For a vertex v € V() and a subgraph H of
G, Ny (v) is the set of neighbours of v contained in H, i.c., Ny(v) = N@)NnV(H). We let
dir(v) = [Ny (v)]. For S C V(G), G[S] denotes the subgraph induced by S in G. The distance
of two distinct vertices u,v is denoted by d(u,v). The diameter of G, denoted by d(G), is
defined as:

d(G) = max{d(u,v) | u,v € V(G)}.

A set S C V(G) is called a dominating set if every vertex w in V(G) — S is adjacent to at
least one vertex v in S. For X,Y C V{G), we say X dominates 17 (or Y is dominated by X)
if N(y) N X # § for any vertex y € ¥. The domination number v(G) equals the minimum
cardinality of a dominating set in G. S is called an acvclic set if G[S] contains no cycles. S
is called an acyclic dominating set of G if it is both acyclic and dominating. The minimum
cardinality of an cyclic dominating set in a graph G is called the acyclic domination number
of G, denoted by 7,(G). Let S, 5> C V(G). We denote by [S1, S2] the set of edges with one
end in Sy and the other one in S3. In particular, we write [z, S] instead of [{z}, S] when z is a
single vertex of V(G).
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In (1], one can find an appendix listing some 75 different types of domination and domination-
related parameters which have been studied in the literature, (see {2, 3]). In 1978, Cockayne
et al.l) first defined what has now become a well-known inequality chain of domination-related
parameters of a graph G:

ir(G) <7(G) <i(G) < a(G) < I'(G) < IR(@), (1)

where ir(G) and TR(G) denote the lower and upper irredundance numbers, v(G) and I'(G)
denote the lower and upper domination numbers, and i(G) and «a(G) denote the independent
domination number and vertex independence number of a graph G. Since then more than 100
research papers have been published in which this inequality chain is the focus of study.

In [5], S. M. Hedetniemi et al. introduced the concept of acyclic domination. This invariant
is particularly interesting in that it is a fundamental type of domination and it provides more
examples of parameters whose values lie between two consecutive parameters in (1),

Y(G) £ 7.(G) < i(G).

In the same paper, they posed some open problems on acyclic domination and the following is
one of them:

Problem Let G be a graph with d(G) = 2. Is v,(G) < §(G) ?

In this paper, we give a counterexample which disproves the problem above.

2 Construction

Let 1 > 1, s > 2 and t > 3 be integers and
Ay ={az— |1<i<t); Bi={bs |1<i<t}; Ci={ez|1<i<sh
Ay={ax [1<i<t}; Ba={b[1<i<t}y Co={ey|1<i<s)
X={z;|1<i<3} Y={y|1<i<l}

Set A=A, UAy, B=B,UDB, and C' = Cy UC;. Suppose G(l,s,t) is a graph with
V(G(,s,t)) =XUYUuAuBUC

and

12
E(G(la S, f)) = U Et'y
i=1
where )
E, =[Y,X]; E;=[X,X]; Esz={az-a|1<i<t];
Ey=[z1,A;  Es=[22,C);  Es = {bzi-1ba; | 1 <i <t}
E7 = [23, B); Es =[41,B1]; Eg={cai—102i | 1 <i <8}
Eo = [A2,Bs); En = [42,Cs]; Erp =[B1,C).
The graph G(I, s,t) is shown in Figure 1.
Lemma 1 If S is a minimal dominating set of order no more than 3 in G(l,s,t), then
YnS=40.
Proof Let G = G(l,s,t)[AU BUC]. We first show that v(G1) > 3. If v(G1) < 2, then
there exists two vertices t1,t2 € V(G1) such that |[V(G1)| — 2 < dg, (t1) + da, (t2) < 2A(Gh).
Noting that [V(G1)| = 2s + 4t and A(G1) = s+t + 1, we have t < 2 which contradicts ¢ > 3.
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Figure 1

IFYy NS #0,sayy €Y NS, then SN = § for otherwise S — {y} is still a dominating
set in G, s,t). This implics v(G) < 2 which contradicts v(G,) > 3. |

Lemma 2 ~(G(l,s,t)) = 3.

Proof Since X is a dominating set of G(I,s,t) and |X| = 3, we have y(G) < 3. It is
not. difficult to sce that v(G) > 2. If v(G) = 2, we let S = {s1,52} be a dominating set in
G(l,s,t). By Lemma 1, Y NS = (). Thus, since S dominates ¥, we have X NS # . Clearly,
S ¢ X. Assume, without loss of generality, that SN X = {s;}. If sy € {x;,z3}, then any
vertex v € V(G(l, s,t)) — (Y U X') can not dominate C, meanwhile, if s; = z2, then any vertex
veV(G(,s,t) — (Y UX) can not dominate 4 U B, a contradiction. |

Lemma 3 X is the only dominating set of order 3 in G(l,s,t).

Proof By Lemma 2, we have v(G(l,s,t)) = 3. Let S be a dominating set of order 3 in
G(l,s,t). By Lemma 1, we have Y NS = (. Thus, since S dominates Y, we have SN X # 0.
Suppose that S # X. Then 1 < |[SNX| < 2.

Claim Let G» = G(l,5,1)[AU B]. Then v(G2) > 3.

Proof If v(G3) < 2, then there exist two vertices vy, v2 € V(G2) such that |[V(G2)| — 2 <
da,(v1) +de, (v2) < 2A(G3). Noting that |V(G32)| = 4t and dg, (v) =t + 1 for any v € V(G3),
we have t < 2 which contradicts ¢t > 3. |

We now consider the following two cases.
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Casel |[SNX|=1.

In this case, let S — X = 5’ = {s1,52}.

Assume first SN X = {z:}.

IfS'NA # 0, say s; € A, then since s > 2, we have s3 ¢ C,. In order to dominate Cj,
we have sy € By..If 51 € Ay, then S’ can not dominate Cs and if s; € A;, then §’ can not
dominate B; — {s2} since ¢t > 3. Hence we have S'N A = 0.

If "N B # 0, say s1 € B, then since s > 2 we have s, ¢ C. In order to dominate C;, we
have s, € A, which contradicts SN A =@. Hence S'N B = .

Since N A =0 and $'N B =0, we have S’ C C. This is a contradiction since S’ can not
dominate 4, U B,.

By the symmetry of ; and x3, we can see SN X = {z3} is also impossible.

If SNX = {z2}, then in order to dominate V(G2) = AUB, we have d¢, (s1)+dg,(s2) > 4t—2.
By Claim, we have SN C # 0. Since t > 3, we have

de,(ci) +day(cj) =2t < 4t -2

which implies S’ Z C. Thus we have |S'NC| =1 and |S'NV(G2)| = 1. Since de, (v) = t+1 for
each vertex v € V((G2), we get dg,(u) + dg,(v) = 2t + 1 for any vertex u € C and any vertex
v € V(G2). Noting that t > 3, we have d¢,(s1) + dg,(s2) = 2t + 1 < 4t — 2, a contradiction.

Case 2 |SNX|=2.

Let SNX = 8" and S — 5" = {s}. If 22 ¢ S, then in order to dominate C, we have
s € AUBUC. Tt is easy to see that for any vertex v € AU B UC, v can not dominate C,
a contradiction. Hence we have o, € §”. By the symmetry of z; and z3, we may assume
z3 ¢ S”. In order to dominate B, we have s € AU BUC. It is easy to sec that for any vertex
v € AU BUC, v can not dominate B, also a contradiction.

The proof of Lemma 3 is completed. |

Theorem For any integer n > 20, there exists a graph G of order n such that d(G) = 2
and v,(G) > §(G).

Proof Take G = G(l,s,t). It is not difficult to check that d(G) = 2. Noting that G[.X] is a
cycle, by Lemmas 2 and 3, we have v,(G) > 4. Since §(G) = 3, we have v, (G) > §(G). i

Remark In Figure 1, the conditions s > 2 and t > 3 are necessary in the following sense:
If s = 1, then {z,¢1,a2} is an acyclic dominating set of order 3. If t = 2, then {#2,ay,a4} is
an acyclic dominating set of order 3.

Although the answer to the problem is negative, we have no example which has a minimum
degree at least 4 and satisfies v, > 4.

Problem Characterize graphs with diameter two and 7, > 4.
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