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Abstract 　In the paper some new upper bounds with parameters were obtained for the classical Ramsey numbers R ( m , n , l ) and R

( m , n , l , s) . By using the upper bounds , it was p roved that R (4 ,4 ,4) ≤236.
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　In 1935 , P. Erdös and G Szeke res obtained t he

classical ine qualit y R ( m , n ) ≤R ( m - 1 , n ) + R

( m , n - 1) .

　In 1968 , K. Walke r p roved t hat R ( n , n ) ≤4 R ( n

- 2 , n) + 2 .

　In 1998 , Huang Y. R. and Zhang K. M. [ 1 ,2 ] p roved

t hat

R ( m , n) ≤1
2

(β+ 3γ+ 5) +

　　1
2

γ(4α+ 2β- 3γ+ 6) + (β+ 1) 2

　In t his pape r , we obtain some new upper bounds for

R ( m , n , l) and R ( m , n , l , s) wit h paramete rs .

1 　The Upper Bound for R ( m , n , l)

　L et r ( m , n , l ) = R ( m , n , l ) - 1 and p = r ( m ,

n , l) , an ( m , n , l , p )2grap h is a grap h of t he orde r

p which does not contains t he sub grap h Km wit h color

a , and nor subgrap h Kn wit h color b , nor subgrap h

Kl wit h color c for any t hree edge2coloring a , b , c .

　L et G be a grap h wit h t hree edge2coloring a , b , c

and i be a ve rtex of G. Denote t he number of K3 con2
taining vi wit h color a ( resp . color b , color c) byΔa

i

( resp . Δb
i , Δc

i ) , t he number of edges wit h an end

ve rtex i of color a ( resp . color b , color c) by da
i ( re2

sp . db
i , dc

i ) , and t he number of K3 in G wit h color a

( resp . color b , color c) byΔa ( resp . Δb ,Δc)

　Theorem 1 　L et 3 ≤m ≤n ≤l . Assume t hat

r ( m - 2 , n , l) ≤αa , r ( m , n - 2 , l) ≤αb ,

　　r ( m , n , l - 2) ≤αc ;

r ( m , n - 1 , l - 1) ≤βa , r ( m - 1 , n , l - 1) ≤βb ,

　　r ( m - 1 , n - 1 , l) ≤βc ;

r ( m - 1 , n , l) ≤γa , r ( m , n - 1 , l) ≤γb ,

　　r ( m , n , l - 1) ≤γc .

　When m = n = l , let αa =α,βa =β,γa =γ,

δ=βa +βb +βc + 1 , A = max (δ, 2γa + r ( m , n - 1 ,

l - 1 ) - αa , 2γb + r ( m - 1 , n , l - 1) - αb , 2γc +

r ( m - 1 , n - 1 , l) - αc) , Then t he followin g inequali2
ties must hold :

R ( m , n , l) ≤2 + min
t >δ

1
4 ( t - δ) { ( t +αa - βa) 2 +

　　( t +αb - βb) 2 + ( t +αc - βc)
2} (1)

R ( n , n , n) ≤2 + min
t >δ

3 ( t +α- β) 2

4 ( t - 3β- 1)
(2)

R ( m , n , l) ≤2 + min
t > A

1
t - δ{γa ( t +αa - r ( m , n - 1 ,

　　l - 1) - γa) +γb ( t +αb - r ( m - 1 , n , l - 1) -

　　γb) +γc ( t +αc - r ( m - 1 , n - 1 , l) - γc) } (3)

R ( n , n , n) ≤2 + min
t > A

3 ( t +α- β- γ)γ
t - 3β- 1

(4)

Proof L et G be an ( m , n , l , p )2Ramsey grap h and i

be a ve rtex of G , t hen we have t he followin g inequal2
ities :

Δa
i ≥( d

a

i
2 ) -

1
2

[ r ( m - 1 , n - 1 , l) + r ( m - 1 , n , l - 1) ] da
i
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1
2 ∑

p

i = 1

αa da
i ≥3Δa

　　≥1
2

∑
p

i = 1
[ ( da

i ) 2 - (δ- r ( m , n - 1 , l - 1) ) d a
i ]

∑
p

i = 1

(αa da
i +αbdb

i +αc dc
i ) ≥ ∑

p

i = 1

[ ( da
i ) 2 + ( db

i ) 2 + ( dc
i )

2

- δ( p - 1) + r ( m , n - 1 , l - 1) da
i + r ( m - 1 ,

n , l - 1) db
i + r ( m - 1 , n - 1 , l) dc

i ]

　It is clear t hat for any t we have

∑
p

i = 1
[ da

i ( t +αa - r ( m , n - 1 , l - 1) - d a
i ) + db

i ( t +

αb - r ( m - 1 , n , l - 1) - db
i ) + dc

i ( t +αc -

r ( m - 1 , n - 1 , l) - dc
i ) ] ≥p ( p - 1) ( t - δ)

( 3 )

　　From ( 3 ) we have

( p - 1) ( t - δ) ≤[ t +αa - r ( m , n - 1 , l - 1) ]2 +

[ t +αb - r ( m - 1 , n , l - 1) ]2 +

[ t +αc - r ( m - 1 , n - 1 , l) ]2

　From t his , it follows t hat (1) and (2) are t rue .

　Since da
i ≤γa , db

i ≤γb , dc
i ≤γc , using t he t > A , we

have t he ine qualit y

γa [ t +αa - r ( m , n - 1 , l - 1) - γa ] +γb [ t +αb -

r ( m - 1 , n , l - 1) - γb ] +γc [ t +αc - r ( m - 1 ,

n - 1 , l) - γc ] ≥( p - 1) ( t - δ)

　Now we obtain (3) and (4) .

2 　The Upper Bound for R ( m , n , l , s)

　L et r ( m , n , l , s ) = R ( m , n , l , s ) - 1 and

p = r ( m , n , l , s) . An ( m , n , l , s , p ) 2grap h is a

grap h wit h orde r p which does not contains t he sub2
grap h Km wit h color a , and nor subgrap h Kn wit h col2
or b , nor subgrap h Kl wit h color c , nor subgrap h Ks

wit h color d for any four edge2coloring a , b , c , d .

　L et G be a grap h wit h four edge2coloring a , b , c ,

d , and i be a ve rtex of G. Denote t he number of K3

containing vi wit h color a ( resp . color b , color c ,

color d ) by Δa
i ( resp . Δb

i ,Δc
i ,Δd

i ) , t he number of

edges wit h an end ve rtex i of color a ( resp . color b ,

color c , color d) by d a
i ( resp . db

i , dc
i , d d

i ) , and t he

number of K3 in G wit h color a ( resp . color b , color

c , color d) byΔa ( resp . Δb , Δc , Δd)

　Theorem 2 　L et 3 ≤m ≤n ≤l ≤s . Assume t hat

r ( m - 2 , n , l , s) ≤αa , r ( m , n - 2 , l , s) ≤αb ,

r ( m , n , l - 2 , s) ≤αc , r ( m , n , l , s - 2) ≤αd ,

r ( m - 1 , n , l , s) ≤γa , r ( m , n - 1 , l , s) ≤γb ,

r ( m , n , l - 1 , s) ≤γc , r ( m , n , l , s - 1) ≤γd ,

B = max (2γa - 1 - αa - r ( m - 1 , n - 1 , l , s) - r ( m - 1 , n , l - 1 , s) - r ( m - 1 , n , l , s - 1) ,

2γb - 1 - αb - r ( m - 1 , n - 1 , l , s) - r ( m , n - 1 , l - 1 , s) - γ( m , n - 1 , l , s - 1) ,

2γc - 1 - αc - r ( m - 1 , n , l - 1 , s) - r ( m , n - 1 , l - 1 , s) - r ( m , n , l - 1 , s - 1) ,

2γd - 1 - αd - r ( m - 1 , n , l , s - 1) - r ( m , n - 1 , l , s - 1) - r ( m , n , l - 1 , s - 1) )

　When m = n = l , let αa =α,βa =β,γa =γ, Then t he following inequalities must hold :

R ( m , n , l , s) ≤2 +

　min
t > 0

1
4 t

{ [ t + R ( m - 2 , n , l , s) + R ( m - 1 , n - 1 , l , s) + R ( m - 1 , n , l - 1 , s) + R ( m - 1 , n , l , s - 1) - 3 ]2 +

　[ t + R ( m , n - 2 , l , s) + R ( m - 1 , n - 1 , l , s) + R ( m , n - 1 , l - 1 , s) + R ( m , n - 1 , l , s - 1) - 3 ]2 +

　[ t + R ( m , n , l - 2 , s) + R ( m - 1 , n , l - 1 , s) + R ( m , n - 1 , l - 1 , s) + R ( m , n , l - 1 , s - 1) - 3 ]2 +

　[ t + R ( m , n , l , s - 2) + R ( m - 1 , n , l , s - 1) + R ( m , n - 1 , l , s - 1) + R ( m , n , l - 1 , s - 1) - 3 ]2} (5)

R ( n , n , n , n) ≤2 + min
t > 0

3 ( t +α+ 3 R ( n - 1 , n - 1 , n , n) - 2) 2

4 t
(6)

R ( m , n , l , s) ≤2 + min
t > B

1
t

{γa ( t + 1 +αa + r ( m - 1 , n - 1 , l , s ) + r ( m - 1 , n , l - 1 , s) + r ( m - 1 , n , l , s -

1) - γa) +γb ( t + 1 +αb + r ( m - 1 , n - 1 , l , s) + r ( m , n , l - 1 , s) + r ( m , n - 1 , l , s - 1) - γb) +γc ( t +

1 +αc + r ( m - 1 , n , l - 1 , s) + r ( m , n - 1 , l - 1 , s ) + r ( m , n , l - 1 , s - 1) - γc) +γd ( t + 1 +αd + r ( m

- 1 , n , l , s - 1) + r ( m , n - 1 , l , s - 1) + r ( m , n , l - 1 , s - 1) - γd) } (7)

R ( n , n , n , n) ≤2 + min
t > B

4
t

[ R ( n - 1 , n , n , n) - 1 ] ×[ t + R ( n - 2 , n , n , n) + 3 R ( n - 1 , n - 1 , n , n) -

R ( n - 1 , n , n , n) - 2 ] (8)

74Vol . 7 　No. 1 　Mar . 2003 HUANG Y. R. et al . : 　Upper Bounds for Ramsey Numbers R ( m , n , l) and R ( m , n , l , s) . . . 　　

© 1995-2006 Tsinghua Tongfang Optical Disc Co., Ltd.   All rights reserved.



　Proof 　L et G be an ( m , n , l , p ) 2Ramsey grap h , and i be a ve rtex of G , t hen we have t he followin g inequali2
ties :

Δa
i ≥( d

a

i
2 ) -

1
2

[ r ( m - 1 , n - 1 , l , s) + r ( m - 1 , n , l - 1 , s) + r ( m - 1 , n , l , s - 1) ] da
i

1
2 ∑

p

i = 1

αa da
i ≥3Δa ≥

1
2 ∑

p

i = 1
{ ( da

i ) 2 - [1 + r ( m - 1 , n - 1 , l , s) + r ( m - 1 , n , l - 1 , s) + r ( m - 1 , n , l , s - 1) ]} da
i

　Since da
i + db

i + dc
i + dd

i = p - 1 , for any t we have :

tp ( p - 1) ≤ ∑
p

i = 1
{ da

i ( t + 1 +αa + r ( m - 1 , n - 1 , l , s) + r ( m - 1 , n , l - 1 , s) + r ( m - 1 , n , l , s - 1) - da
i ) +

　　db
i ( t + 1 +αb + r ( m - 1 , n - 1 , l , s) + r ( m , n , l - 1 , s) + r ( m , n - 1 , l , s - 1) - db

i ) +

　　dc
i ( t + 1 +αc + r ( m - 1 , n , l - 1 , s) + r ( m , n - 1 , l - 1 , s) + r ( m , n , l - 1 , s - 1) - dc

i ) +

　　d d
i ( t + 1 +αd + r ( m - 1 , n , l , s - 1) + r ( m , n - 1 , l , s - 1) + r ( m , n , l - 1 , s - 1) - dd

i ) } ( 3 3 )

　By ( 3 3 ) we have :

4 t ( p - 1) ≤[ t +αa + r ( m - 1 , n - 1 , l , s) + r ( m - 1 , n , l - 1 , s) + r ( m - 1 , n , l , s - 1) + 1 ]2 +

[ t +αb + r ( m - 1 , n - 1 , l , s) + r ( m , n - 1 , l - 1 , s) + r ( m , n - 1 , l , s - 1) + 1 ]2 +

[ t +αc + r ( m - 1 , n , l - 1 , s) + r ( m , n - 1 , l - 1 , s) + r ( m , n , l - 1 , s - 1) + 1 ]2 +

[ t +αd + r ( m - 1 , n , l , s - 1) + r ( m , n - 1 , l , s - 1) + r ( m , n , l - 1 , s - 1) + 1 ]2

　From t his , (5) and (6) are t rue .

　Since da
i ≤γa , db

i ≤γb , dc
i ≤γc , dd

i ≤γd , using t he t

> B and ( 3 3 ) , we have (7) , (8) .

　Remark by [ 3 ] we know 　R (3 , 4 , 4 , ) ≤79 , R (3 ,

3 ,4) ≤31 , now using (2) we have R (4 , 4 , 4) ≤2 +

min
t > 91

3 ( t - 13) 2

4 ( t - 91) = 2 +
3 ( t - 13) 2

4 ( t - 91) | t = 169 = 236 .
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