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Abstract

In the paper some new upper bounds with parameters were obtained for the classical Ramsey numbers R(m, n,I) and R

(m,n,l,s). By using the upper bounds, it was proved that R(4,4,4) <236.
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In 1935, P. Erdos and G Szekeres obtained the
classical inequality R(m, n) < R(m-1,n) + R
(m,n-1).

In 1968, K. Walker proved that R(n,n) <4R(n
-2,n) +2.

In 1998, Huang Y. R. and Zhang K. M. "% proved
that

R(m, n) S‘]Z‘(B +3y +5) +

Tl (B -3y e+ B )

In this paper, we obtain some new upper bounds for
R(m,n,l) and R(m, n,I,s) with parameters.

1 The Upper Bound for R(m,n,I)

Let r(m,n,I)=R(m,n,lI)-1and p=r(m,
n,l),an (m,n,l,p)-graphis a graph of the order
p which does not contains the subgraph K, with color
a, and nor subgraph K, with color b, nor subgraph
K, with color cfor any three edge-coloring a, b, c.

Let G be a graph with three edge-coloring a, b, c
and i be avertex of G. Denote the number of Kscon-
taining v; with color a (resp. color b, color c) byA#
(resp. AP, AF) , the number of edges with an end
vertex i of color a (resp. color b, color c) by df(re-
sp. d’, d°) , and the number of Ksin G with color a
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(resp. color b, color c) byA ?(resp. AP A©)
Theorem 1l Let 3< m< n<|. Assume that

r(m-2,n,1)<0,,r(m,n-2,1) <0y,
r(m,n,l-2) <ag;

r(m,n-1,1-1) <Ba,r(m-1,n,1-1) <Py,
r(m-1,n-1,1) <B¢;

r(m-1,n,1) <Y, r(m,n-1,1) <Yy,
r(m,n,l-1) <Yy..

When m=n=1,let0,=0 B,=B Ya=VY,
O =B+Bp+Pc+1,A=max(® & a+ r(m,n-1,
|'l)'aaazyb+r(m‘lynnl'l)'qb,ZVC"'
r(m-1,n-1,1) -0, ,Then thefollowing inequali-

ties must hold:

R(m,n,l)s2+mn_1:5_){(t+0a-|3a)2+

t>i6 4(t
(t+0,-Bp)?+ (t+0.-Bo)? (1)
R(n,n,n)S2+rtn>i6n%&5 ®)

R(m,n,l)s2+rln>i£1t_flg{ya(t+0(a- r(m,n-1,

[-1)-Ya) +Yp(t+0p- r(m-1,n,1-1) -
yb) +Vc(t+ac' r(m'lxn'l,l)'yc)} (3)
3(t+a -B -y)y

P -1 (4)
Proof Let Gbean (m, n,I|,p)-Ramsey graph and i
be a vertex of G, then we have the following inequal-

R(n,n,n)S2+r‘niL1

ities:

Aiaz(zdia) -‘;‘[r(m-l,n-l,l)+ r(m-1,n,1-1)]d
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> iaadﬁza&a
>

%:Z[(dia)z' @-r(m,n-1,1-1))d*]

3.t ropd? +0ted)) = 5 [(dD)® 4 (d)?+ (D)

-d(p-1)+r(m,n-1,1-1)d¥+r(m-1,
n,l-1)d+r(m-1,n-1,1) df]

It is clear that for any t we have

_Z[d?(tma- r(m,n-1,1-1) - d® + d°(t+

Op- r(m-1,n,1-1)- d” + df(t+0a,-
r(m-1,n-1,1)-d)]2p(p-1)(t-9)
(*)

From ( *) we have

(p-1)(t-0) S[t+0,4- r(m,n-1,1-1)]°+
[t+0,- r(m-1,n,1-1)]%+
[t+0c- r(m-1,n-1,1)]?

From this, it follows that (1) and (2) are true.

Since d?<y ., d’ <Yy, df <Y ¢,using the t > A, we
have the inequality

Yalt+Oa- r(m,n-1,1-1)-Y,]+Yp[t+0,-

r(m-1,n,1-1)-Yp]l+Y[t+0c- r(m-1,
n-1,1)-Ycl2(p-1)(t-9)

Now we obtain (3) and (4).

2 The Upper Boundfor R(m,n,|,s)

Let r(m,n,l,s) = R(m,n,Il,s) -1 and
p=r(m,n,l,s). An (m, n,I,s, p)-graph is a
graph with order p which does not contains the sub-
graph K with color a, and nor subgraph K, with col-
or b, nor subgraph K; with color ¢, nor subgraph Ks
with color d for any four edge-coloring a, b, c, d.

Let G be a graph with four edge-coloring a, b, c,
d, and i be a vertex of G. Denote the number of Kj
containing v; with color a (resp. color b, color c,
color d) by A? (resp. AP AFA®) | the number of
edges with an end vertex i of color a (resp. color b,
color ¢, color d) by d?(resp. df, d’, d'), and the
number of Kzin G with color a (resp. color b, color
c, color d) byA ®(resp. A°, A A9

Theorem 2 Let 3< m< n<|<s. Assume that

r(m-2,n,l,8) <0, r(m,n-2,1,s) <0y,

r(m,n,l-2,s)<d.,r(m,n,l,s-2) <0y,
r(m-1,n,1,8) <Y, r(m,n-1,1,s) <Yy,
r(m,n,l-1,8) <Y, r(m,n,l,s-1) <Yy,

B=max(2y a-1-04- r(m-1,n-1,1,8)-r(m-1,n,l-1,8)-r(m-1,n,l,s-1),
XNp-1-0p-r(m-1,n-21,1,8)-r(m,n-1,1-1,8)-Y(m,n-1,1,s-1),
Xc-1-0¢-r(m-1,n,1-1,8)-r(m,n-1,1-1,8)-r(m,n,I-1,s-1),
2q4-1-04-r(m-1,n,l,s-1)-r(m,n-1,1,s-1)-r(m,n,l-1,s-1))

When m=n=1,let0,=0 B.=B Y a=Y , Then the following inequalities must hold:

R(m,n,l,s) <2+

rpjpj‘i{[t+ R(m-2,n,1,9 +R(m-1,n-1,1,8) +R(m-1,n,1-1,s) + R(m-1,n,l,s-1) -3+

[t+R(m,n-2,1,s)+R(m-1,n-1,1,s)+R(m,n-1,1-1,s) +R(m,n-1,l,s-1)-3]*+

[t+R(m,n,I-2,s)+R(m-1,n,1-1,s)+R(m,n-1,1-1,s)+R(m,n,l-1,s-1)-3]%+

[t+R(m,n,l,s-2)+R(m-l,n,l,s-1)+R(m,n-l,l,s-1)+R(m,n,l-l,s-l)-3]2} (5)
3(t+0 +3R(n-1.n-1,n,n) -2)°2

R(n,n,n,n) <2+min (6)
(>0 4t

R(m ,n,I,s)S2+rp>iQJt‘{ya(t+1+aa+r(m-l,n-l,l,s)+ r(m-1,n,1-1,8)+r(m-1,n,I,s-

1) -Ya) +Yp(t+1+0y+r(m-1,n-1,1,8) +r(m,n,I-1,s)+r(m,n-121,1,s-1) -Yyp) +Yc(t+

1+40:+r(m-1,n,l-1,8)+r(m,n-21,1-1,8s)+r(m,n,l-1,8-1)-VY¢) +Yq(t+1+04+ r(m

-1,n,I,s-1)+r(m,n-21,1,s-1)+r(m,n,l-1,s-1)-Yg} (7)

R(n ,n,n,n)SZ+rpiQ_A;'[R(n-1,n,n,n)-1]><[t+ R(n-2,n,n,n) +3R(n-1,n-1,n,n) -

R(n-1,n,n,n) - 2]

(8)
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Proof Let Gbean (m,n,I,p)-Ramsey graph, and i be avertex of G, then we have the following inequali-

ties:

Af"z(zdia)-‘;‘[r(m-l,n-1,I,s)+r(m-l,n,l-l,s)+r(m-l,n,l,s-l)]dia

2

Since d®+ d’+ df+ d=p- 1, for any t we have:

L Zaadf‘zﬁazé‘ vZ{(d?)z- [L+r(m-1,n-1,1,9 +r(m-1,n,1-1,89) +r(m-1,n,l,s-1)]}d}

p
tp(p - 1) < _Z{d?(t+1+0(a+r(m-l,n-l,l,s)+r(m-l,n,l-1,s)+r(m-1,n,|,s-1)- df) +

d°(t+1+0p+r(m-1,n-1,1,s)+r(m,n,I-1,8)+r(m,n-1,1,s-1)- d° +
di(t+1+d.+r(m-1,n,l-1,s)+r(m,n-1,1-1,s)+r(m,n,l-1,s-1)- di +
d(t+1+0a4+r(m-1,n,1,s-1) +r(m,n-1,1,s-1) +r(m,n,l-1,s-1) - did)} (* *)

By ( * *) we have:

4t(p-1)S[t+0(a+r(m-1,n-1,l,s)+r(m-1,n,|-l,s)+r(m-l,n,|,s-1)+1]2+
[t+0(b+r(m-l,n-l,l,s)+r(m,n-l,l—l,s)+r(m,n—1,|,s-l)+l]2+
[t+0c+r(m-1,n,1-1,8)+r(m,n-1,1-1,8)+r(m,n,l-1,s-1)+1]%+
[t+0g+r(m-1,n,1,s-1) +r(m,n-1,1,s-1)+r(m,n,l-1,s-1) +1]?

From this, (5) and (6) are true.

Since d?<y ., d° <Y, df <Y ¢, df <Y 4,using the t
>Band ( * *), we have (7),(8).

Remark by [3] we know R(3,4,4,) <79, R(3,
3,4) <31, now using (2) we have R(4,4,4) <2+

3(1-13)% 3(t-13)2 B
M0 4 (t-01) 2% a(t- o) | 1=100 =236
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