BE AW ¥
MATHEMATICA APPLICATA

1998,11(3):95~97

On the Cfitical Domination Numbers

Ye Miaolin (2 #%)
(Dept. of Math. , Anging Normal Institute, Anging 246011)

Zhang Kemin (K % K)
(Dept. of Math. , Nanjing Univ. ? Nanjing 210093)
/

Abstract In this paper, we give a series of upper bounds of the critical domination number and
show some characterizations of a graph with critical domination number A+1.
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We use [1] for terminology and notation not defined here. Let G = (V(G),E(G)) be a
graph. The closed neighborhood of z € V(G) is denoted N[z], HA,BCV(G), Let E(A,B) =
{uv|lu € A,u € B,uv € E(G)} and e(A,B) = |E(A,B)|,e({v},B) is in brief as e(v,B). We
say A dominate B, denoted A=>B, if for each b € B,N[4] } A% J. When B = V(G) we say
A'is a dominating set of G. The domination number 7(G) of G is the size of a smallest dominating
set D. [3] first presented the bondage number 6(G) of a graph G to be the cardinality of a smallest
set E of edges for which r(G — E) > r(G), and obtained some bounds for them. Replacing the
deletions of edges in the concept of i)ondage number with additions of edges, [8] introduces the
concept of critical domination number as follows: for 7(G) == 2, the critical domination nurx;ber
7(G) is defined as 7.(G) = min{|S| |r(G + S) < r(G),S < E(G)}. [2]defined a whip in G as
any spanning subgraph F of G such that each component of F is a star and F has precisely r(G)
components. Let W((G) denote the set of all whips in G. For F € W(G), we denote the r = r(G)
stars as 51,5z, "+, S, , the center z; of S;(i = 1,2,+,7). Without loss of generality, we. assume
1S ] SIS, [ << < |S. | (JV(S) | is in brief as |S:]). In this paper, we give some upper bounds
for 7.(G) and characterize the properties of G with .(G) = A(G) + 1.

Lemma™ If S < EG),r(G + 8) < r(G) and r.(G) = |§], then r(G+S)=r(G)—1.

Theorem 1  7.(G) = min{[X|[r(GC — X) = r(G) — 1, XS V(G))}.

Proof Let X, S V(G),r(G — X,) = r(G) — 1and [ Xo| = min{|X|r(G — X) = r(G)
— LXCS VG, {x1,25,,2,-1} is a smallest dominating set of G — X,,E, = {rix|x € X,,
712 € E(G)}, thenr(G + E) = 7(G) — 1,7 (G) < |Ey| = |X,]. Let S, S E(G),r(G + Sy)

< 7(G)yr(G) = |S,|. Suppose D; = {y;,y;,***,y,} is a smallest dominating set of G + S,. Ac-
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cording to Lemma, t = 7(G) — 1. For everye =ab € S,, | (a,é} () D,| = 1 by the definition of
7(G), Let X = {z]|xy € So,x € V(G),y € V(G)}, X, = X — Dy, then | X, | = |S,| =r.(G),
(G — X¢) = r — 1. Thus min{ | X| | (G—X)=r(G)—1,XCV(G) }<r.(G).

Let K, .u,,.., be a complete ¢-partite graph, by Theorem 1, we have following

Corollary 10 7.(K, »...n,) = min{n, — 1]i = 1,2,+,t}.

Let (d,,d;,+**,d,) be a nondecrease degree sequence of G. If S;,S, = V(G), |S,| = r(G) —
1 =r — 1and S;=S;, obviously we have |S,| < d, +duoy + = + dpeyyr +r — 1.

Corollary 2 Let (d,,d;,+*,d,) be a nondecrease degree sequence of G, then».(G) = n —
dy+dpy+ " +doris +7r—1).

For FEW(G),let F =8, US; U -+ U S, and the center of S;is z;,¢ = 1,2, ,7 = r(G).
And let X = {z),2;,**,2,},C(z:) = N(X\— {z;}) NV (S),(i=1,2,,7(G)). By the defini-
tions of 7.(G) and W(G) we can obtain the following ' |

Theorem 2 r.(G) < Fé“v&?@{ 18,1}

Proof r.(G) << Fgluig;)(min{ IWVSH| — Jex) | |i = 1,2,,7(G)})

< Fén“i?c)(min{ [V(SH i =1,2,,7(G)}) < Fg%)( [S:]}.

Let (d,d;,+*,d,) be a nondecrease degree sequence of G as above. since F € W(G),F = §,

USeU s US, IS Sdion +1, |
1S2] < duergz + 15000, 1S | < d, + 1. S0 r.(G) Kdarir + 1.

On the other hand, if d(x0) = A(G), and S = {vz,|vz, € E(G),v € V(G)}, then G+ 3S)
= 1<7(G). Hence r.(G) <n — A — 1.. Thus r.(G) << n/2. Therefore we have the following

Corollary 3 7.(G) < min{d,—,4; + 1,72/2} < min{A + 1,7/2}. .

If G there exists a vertex of with degree 1, by Theorem 2 we have following.

Corollary 4  7.(G) < min{d(v) + 1|wv € EG),dw) =1}, — -

If diam(G)<(2, then forevery FE W(G),F =S, S, U +--,S UrsNlzJN N(z;]# T,
i 7 j. By Theorem 2, we have following

Corollary 550 If diam(G)<{2, then r.(G) < AWG).

1,n=1(mod3),
Corollary 6©1 7(P,) = r.(C,) =<2,n= 2(mod3),

3n= 0(m0d3)
where P, and C, denote the path and cycle with n vertices respectively.

Remark 1  The first inequality of the proof of Theorem 2 can’t be changed to equality. We
consider G = (V(G),E(G)),V(G) = {Z1322, 23,20, 25} UV, UV, |V, | = Vol =%kZ=2,E(G)
=E U E, U E,E = {111'4’1'21'5} yEy = {uvlu,v ev,U {xlrza} } 1By = {uviu,vé V, U {z,,
x3}}. The smallest dominating set of G is only {z,2,}. i.e. 7(G) = 2. r.(G) = 2, since S =
{2324, 2325}, 7 (G+ S) =1.F =58, U S,, Isil =k + 3,e(x) = z5,i = 1,2.

Theorem 3 7.(G) = A+ 1if and only if G have following properties: (i) Every smallest
dominating set Sis an independent set; (i) If Sis a smallest dominating set, then for eachz € S,
d(z) = 4; (iii) If Sis a smallest dominating set , then for each v e V(G — S, e(»,S) =1;
() 7.(G) % ~(G) = n. \
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Proof For every F € W(G),F =8, U S, U = US,a+1=rG) < IS <18 <
LS, ] <A+ 1, then [S;| = A+ 1, for all /. Furthermore, c(z;) = J, otherwise r.(G) <
[Sil. This is to say S = {x,,25,**,,} is an independent set and N(z;) [} N(x;) = (J,i # j.
c(z:) = (J also implies e(v,S) = 1 for every v € V(G) — S, since V(G) = V(S;) U V(S,) U
=+ U V(S,). (iv) is obvious from above.

Following, we assume that G have properties (i)~ (iv) and 7.(G) << A+ 1. Let (d,,d;,++,
d,) be a nondecrease sequence of G, then A>r (G) = n/r(G) =2n— (d, + do_y + do_riy + 7
—D2a——D@+D. ie. n<<(r— 1)(A+ 1) + A(* ) by (iv) and Corollary 2. On
the other hand, for every FEW(G), F=5, U S, U =+ U S,, we have V(G) =V (S,;) U V(S,)
U= UV(S)and [V(SH| =4+ 1,V(S)NV(S;) =Tby (i)~(iv). Thusn=r* (A+ 1).
this contradicts ( * ). Therefore 7.(G) = A + 1. By Corollary 3, we have r.(G)=A+1.
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