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T h roughou t th is paper, w e sha ll rest rict ou rselves to fin ite sim p le p lane graph s. L et G

be a p lane graph, w ho se vertex set, edge set, face set, vertex num ber, edge num ber, m ax i2
m um degree and m in im um degree of vert ices are deno ted by V (G ) , E (G ) , F (G ) , p (G ) , q (G ) ,

∃ (G ) and ∆(G ) , respect ively. L etN G (u ) deno te the neighboo r set of a vertex u in G. A p lane

graph G is k2edge face co lo rab le if the elem en ts of E (G ) ∪ F (G ) can be co lo red w ith k co lo rs

such tha t any tw o dist inct ad jacen t o r inciden t elem en ts receive d ifferen t co lo rs. T he edge2
face ch rom atic num ber ςef (G ) of G is defined as the m in im um num ber k fo r w h ich G is k2edge

face co lo rab le. C learly ςef (G ) ≥∃ (G ). O n the o ther hand, M eln ikov pu t fo rw ard in [3 ] tha t

Con jecture 1　Fo r each p lane graph G , ςef (G ) ≤ ∃ (G ) + 3.

R ecen t ly, [4 ] g ives a affirm at ive an sw er fo r Con jectu re 1 by m ean s of Fou r2Co lo r T heo2
rem. How ever, becau se of the length of m ach ine p roof of Fou r2Co lo r P rob lem , one expect a

new p roof fo r Con jectu re 1 w ithou t the a id of Fou r2Co lo r T heo rem. M o reover, no te tha t the

edgeface ch rom atic num ber of an odd cycle is f ive, the upper bound ∃ + 3 of Con jectu re 1 is

sharp. Bu t w e so far have no t found o ther exam p les to illu st ra te th is fact. T hu s w e ra ise

tha t.

Con jecture 2　Fo r each p lane graph G w ith ∃ (G ) ≥ 3, ςef (G ) ≤ ∃ (G ) + 2.

T herefo re ano ther research sub ject in th is area is to find p recise upper bounds of ςef fo r ∃
≥3. In th is paper, w e con sider the situa t ion of 12ou terp lane graph s. A p lane graph G is

ca lled a 12ou terp lane graph if there is a vertex u ∈ V (G ) such tha t G2u is an ou terp lane

graph, w here u is ca lled a base of G. A vertex w ith degree k in G is ca lled a k2vertex and let

V k (G ) deno te the set of a ll k2vert ices in G , k = 0, 1, ⋯, ∃ (G ). Fo r an edge e = x y in G , w e de2
f ine w G (e) = d G (x ) + d G (y ) - 2 as a w eigh t of e in G and ca ll e a k2edge of G ifw G (e) = k. L et

b (f ) deno te the boundary of a face f of G. A face f is sa id to be a k2face of G if ûV (b (f ) ) û =

k. Som etim es, f is deno ted by a sequence of a ll vert ices in b (f ). A k2edge face co lo ring of a

p lane graph G is sim p ly w riten as a k2EF co lo ring. L et Ρ(y ) deno te the co lo r assigned to a el2
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em en t y ∈ E (G ) ∪ F (G ) under a g iven co lo ring Ρ, and C Ρ (u ) deno te the set of co lo rs w h ich

are co lo red on the edges inciden t to a vertex u under Ρ. M o reover, y [m ] is deno ted tha t a t

m o st m co lo rs can no t be u sed w hen co lo ring the elem en t y. L et H be a b lock of G. If H con2
ta in s a t m o st one cu t vertex of G , say x , then H is sa id to be a su spending b lock of G a t x and

x a su spending cu t vertex of G. O bviou sly, every p lane graph w ith cu t vert ices has a t least

tw o su spending b lock s. W hen G con ta in s no cu t vertex, each com ponen t of G is con sidered to

be a su spending b lock a t any vertex.

L emma 1 ( [5 ])　 If G is an ou terp lane graph, then ∆(G ) ≤ 2.

L emma 2 ( [7 ])　L et G be an ou terp lane graph w ith ∆(G ) = 2 and H a su spending b lock

of G. T hen ( i) T here are tw o vert ices u , v ∈V 2 (H ) ∩V 2 (G ) such tha t uv ∈E (G ) ; o r ( ii) G

con ta in s a 32face x y z such tha t x ∈V 2 (H ) ∩V 2 (G ) and y ∈V k (H ) ∩V k (G) w ith 2≤ k ≤

4.

L emma 3　 If G is a 12ou terp lane graph, then ∆(G ) ≤ 3.

L emma 4　L et G be a 22edge connected 12ou terp lane graph w ith ∃ (G ) ≥ 5, then a t least

one of the fo llow ing is t rue: ( i) A 22vertex u is ad jacen t to a k2vertex v , k ≤∃ (G ) - 2, w here

u is no t on any triang le of G. ( ii) A 22vertex u is on a 32face f . ( iii) A n edge e is on a 32face

f w ith w G (e) ≤ 5. ( iv) A 62edge e is on the comm on boundary of a 32face f 1 and a k2face f 2

w ith 3 ≤ k ≤ 4; and m o reover if k = 4, b (f 2) con ta in s a 22vertex v. (v) Tw o 22vert ices u and

v are on a 42face ux vy.

Proof　L et t be a base of G. T hen H = G - t is an ou terp lane graph. Since G has no cu t

edge, ∆(G ) ≥ 2. Fu rther, by L emm as 1 and 3, w e ob ta in 1 ≤ ∆(H ) ≤ 2.

Ca se 1　 ∆(H ) = 2. By L emm a 2, w e have (a) H con ta in s tw o adjacen t 22vert ices u and

v; o r (b) H con ta in s a 32face x y z w ith d H (x ) = 2 and 2 < d H (y ) ≤ 4. Suppo se tha t (a) ho lds

fo r H . L et u 1 ∈N G (u ) ø{v } and v 1 ∈N G (v ) ø{u}. If u 1 = v 1, i. e. uvu 1 is a 32face of H , then

(iii) ho lds fo r G since w G (uv ) = d G (u ) + d G (v ) - 2 ≤ (dH (u ) + 1) + (d H (v ) + 1) - 2 =

4. If u 1 ≠ v 1, then w hen u t, v t ∈ E (G ) , ( iii) ho lds fo r G and o therw ise (i) fo llow s. If (b) is

t rue fo r H , then, w G (x y ) ≤w H (x y ) + 2 = d H (x ) + d H (y ) - 2 + 2≤2 + 4 = 6, andw G (x y )

= 6 if and on ly if d H (y ) = 4 and x t, y t ∈E (T ). T h is im p lies tha t x y is either on a 32face x y z

w ith w G (x y ) ≤ 5, o r on tw o 32faces x y z and tx y w ith w G (e) = 6. H ence either ( iii) o r ( iv)

ho lds fo r G.

Ca se 2　 ∆(H ) = 1. W e first, by ∆(G ) ≥ 2, cla im tha t V 1 (H ) Α N G ( t) ∩V 2 (G ). N ex t

no te tha t each com ponen t of H con ta in s a t least tw o vert ices since G is 22edge connected. L et

B be a su spending b lock of H w ith as m any vert ices as po ssib le. If ûV (B ) û ≥3, then B is a 22
connected ou terp lane graph. By L emm a 2, w e m ay reduce the p rob lem to Case 1. N ow as2
sum e tha t ûV (B ) û = 2, i. e. B = K 2. T h is im p lies tha tB is a penden t edge of H . If som e su s2
pending cu t vertex of H is ad jacen t to a t least tw o 12vert ices of H , then ( ii) o r (v) ho lds fo r

G. O therw ise, each vertex of H is ad jacen t to a t m o st one 12vertex in H . Set H 1 = H -

V 1 (H ). O bviou sly, 1 ≤∆(H 1) ≤ 2. If ∆(H 1) = 1, then H con ta in s a 12vertex ad jacet to a 22
vertex, and thu s either ( i) o r ( ii) fo llow s easily. So suppo se ∆(H 1) = 2. By L emm a 2, w e

have

(a1) H 1 con ta in s tw o adjacen t 22vert ices u 1 and v 1; o r

(b1) H 1 con ta in s a 32face x 1y 1z 1 w ith d H 1
(x 1) = 2 and 2 ≤ d H 1

(y 1) ≤ 4.
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Suppo se tha t (a1) ho lds. If neither u 1 no r v 1 are ad jacen t to 12vert ices of H , the p rob lem

can be reduced to Case 1. If either u 1 o r v 1 is ad jacen t to som e 12vertex of H , it is easily

checked tha t ( i) o r ( ii) ho lds fo r G becau se ∃ (G ) ≥ 5 and m ax{d G (uG (u 1) , d G (v 1) } ≤ 4. Sec2
ond suppo se tha t (b1) ho lds. If x 1 is ad jacen t to som e 12vertex of H , a sim ila r d iscu ssion can

yield ( i) o r ( ii). O therw ise, suppo se tha t x 1 is no t ad jacen t to any 12vertex of H . W hen y 1 a l2
so is no t ad jacen t to any 12vertex of H , the p roof is sim ila r to Case 1. H ence let y 1 be adja2
cen t to som e 12vertex in H , sayw . T hen obviou sly tw ∈E (G ). If tx 1 | E (G ) o r ty 1 ∈E (G ) ,

w e have ( ii). If tx 1 ∈ E (G ) bu t ty 1 | E (G ) , w e have either ( iii) w hen d G (y 1) ≤ 4, o r ( iv)

w hen d G (y 1) = 5.

Theorem 1　 If G is 12ou terp lane graph w ith ∃ (G ) ≥4, then ς ef (G ) ≤m ax{ ∃ (G ) + 1,

7}.

Proof　F irst no te tha t the cases ∃ = 4, 5 are the relaxa t ion s of the case ∃ = 6. T hu s it

suffices to p rove the theo rem fo r ∃ ≥ 6. W e u se induct ion on q (G ). W hen q (G ) ≤ 6, the the2
o rem ho lds trivia lly. Suppo se tha t the theo rem ho lds fo rm - 1, let G be a 12ou terp lane graph

w ith ∃ (G ) ≥ 6 and ûE (G ) û = m ≥ 7. If G con ta in s a cu t edge e, w e set G - e = G 1 ∪G 2. By

the induct ion assum p tion, G 1 and G 2 are (∃ + 1) 2EF co lo rab le. Based on the co lo rings of G 1

and G 2, w e fo rm easily a (∃ + 1) 2E F co lo ring of G. T hu s w e m ay assum e tha t G is 22edge

connected. A cco rd ing to L emm a 4, w e con sider five cases:

Ca se 1　T here are a 22vertex u and a k2vertex v w ith k ≤ ∃ (G ) - 2 such tha t uv ∈E (G )

and u is no t on any triang le of G. L etw ∈N G (u ) ø{v }, and set H = G - u + vw . T hu s ∃ (H )

= ∃ (G ) ≥ 6. By the induct ion assum p tion, w e can co lo r H w ith ∃ + 1 (≥ 7) co lo rs and then

co lo r the rem ain ing edges of G: uv [∃ ].

Ca se 2　T here is a 22vertex u on a 32face f = uy z. L et f 0 and f 1 be tw o neighbou r faces

of f in G w ith u ∈ b (f 0) and y z ∈ b (f 1). If f 0 = f 1, w ithou t lo ss of genera lity, w e assum e

tha t{y z , y u} is a 22edge cu t of G and so y is a cu t vertex of G. L et G = G 1 ∪G 2 such tha t G 1

∩ G 2 = {y } and d G1
(y ) = 2. By the induct ion assum p tion, G 1 and G 2 are (∃ + 1) 2 EF co l2

o rab le. Select ing su itab le co lo rings of G 1 and G 2, w e can get a (∃ + 1) 2EF co lo ring of G. N ow

suppo se f 0 ≠ f 1. Set H = G - u. L et f 3
0 deno te the face of H w h ich is d ivided in to the un ion

of f and f 0 in G. By the induct ion assum p tion, H has a (∃ + 1) 2EF co lo ring Κw ith a co lo r set

C. Based on Κ, w e fo rm a (∃ + 1) 2E F co lo ring Ρ of G as fo llow s: If d G (y ) ≤ ∃ (G ) - 1 o r

Κ(f 3
0 ) ∈C Κ(y ) , w e pu t: Ρ(f 0) = Κ(f 3

0 ) , uz [∃ ], uy [∃ ], f [5 ]. If d G (z ) ≤ ∃ (G ) - 1 o r Κ(f 3
0 )

∈C Κ(z ) , w e pu t: Ρ(f 0) = Κ(f 3
0 ) , uy [∃ ], uz [∃ ], f [5 ]. If d G (y ) = d G (z ) = ∃ (G ) and Κ(f 3

0 )

| C Κ(y ) ∪C Κ(z ) , w e pu t: Ρ(uy ) = Κ(y z ) , Ρ(y z ) = Ρ(f 0) = Κ(f 3
0 ) , uz [∃ ], f [4 ].

Ca se 3　T here is an edge e on a 32faces f w ith w G (e) ≤ 5. Co lo r G - ew ith ∃ + 1 co lo rs

and then pu t: e[6 ], f [6 ].

Ca se 4　F irst let a 62edge e be on tw o 32face f 1 and f 2. Co lo r G - ew ith ∃ + 1 co lo rs and

then pu t: e[6 ], f 1 [5 ], f 2 [6 ]. Second let a 62edge e be on a 32face f 1 and a 42face f 2, w here

b (f 2) con ta in s a 22vertex. It is easily seen tha t f 2 is ad jacen t to a t m o st th ree faces. T hu s co l2
o r G - e w ith ∃ + 1 co lo rs and then pu t: e[6 ], f 2 [6 ], f 1 [6 ].

Ca se 5　T here is a 42face f = ux vy w ith d G (u ) = d G (v ) = 2. Set H = G - u and fo rm

a (∃ + 1) 2EF co lo ring Κof H w ith a co lo r set C. L et f u and f v deno te tw o neighbou r faces of

f in G w ith u ∈ b (f u) and v ∈ b (f v ). L et f 3
u be the face of H w h ich is d ivided in to the un ion
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of f u and f in G. F irst suppo se f u ≠ f v. N o te tha t the co lo rs Κ(f 3
u ) , Κ(f v ) , Κ(vx ) and Κ(vy ) a re

pa irw ise d ist inct under Κ. Pu t Ρ(f u) = Κ(f 3
u ). T hen, by the symm etry, it is enough to con2

sider severa l cases as fo llow s: If Κ(f 3
u ) ∈C Κ(x ) , then w e pu t: uy [∃ ], ux [∃ ], f [6 ]. If Κ(f v)

∈C Κ(x ) , then w e pu t: Ρ(ux ) = Κ(vx ) , Ρ(uy ) = Κ(vy ) , v y [∃ ], vx [∃ ], f [6 ].

If (C Κ(x ) ∪ C Κ(y ) ) ∩ {Κ(f 3
u ) , Κ(f v ) } = § , f irst suppo se tha t C Κ(x ) ø{Κ(vx ) } =

C Κ(y ) ø{Κ(vy ) }. Since ûC Κ(x ) ø{Κ(vx ) }û ≤ ∃ (G ) - 2, there m u st ex ist th ree d ifferen t co lo rs

Α, Β and Χin C ø (C Κ(x ) ø{Κ(vx ) }). L et Α| {Κ(f 3
u ) , Κ(f v ) }. H ence w e pu t: Ρ(ux ) = Ρ(vy ) =

Α, Ρ(uy ) = Κ(f v ) , Ρ(vx ) = Κ(f 3
u ) , f [6 ]. N ex t let C Κ(x ) ø{Κ(vx ) } ≠ C Κ(y ) ø{Κ(vy ) }. If

C Κ(x ) ø{Κ(vx ) } < C Κ(y ) ø{Κ(vy ) }, it fo llow s tha t ûC Κ(x ) ø{Κ(vx ) }û ≤∃ (G ) - 3 and so d G (x )

= d H (x ) + 1 = ûC Κ(x ) û + 1 = ûC Κ(x ) ø{Κ(vx ) }û + 2 ≤ ∃ (G ) - 1. In th is case, w e pu t:

uy [∃ ], ux [∃ ], f [6 ]. O therw ise, w e can take a Α∈ (C Κ(x ) ø{Κ(vx ) }) ø (C Κ(y ) ø{Κ(vy ) }) and

Β∈ (C Κ(y ) ø{Κ(vy ) }) ø (C Κ(x ) ø{Κ(vx ) }) such tha t Α≠ Β. T hen w e pu t: Ρ(uy ) = Α, Ρ(vx ) =

Β, Ρ(ux ) = Κ(f v ) , Ρ(vy ) = Κ(f 3
u ) , f [6 ]. If f u = f v , the p roof is sim ila r and sim p ler.

Corollary 1 M eln ikov’s con jectu re is t rue fo r a ll 12ou terp lane graph s.

Corollary 2 If G is a 12ou terp lane graph w ith ∃ (G ) ≥ 6, then ∃ (G ) ≤ ςef (G ) ≤ ∃ (G ) +

1.
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12外平面图的边面全色数

王维凡

(辽宁大学数学系 沈阳 110036)
　　

张克民

(南京大学数学系 南京 210093)

摘　要

一个平面图G 被称为 12外平面图如果存在一个顶点 u 使得G - u 是一个外平面图. 本文

证明了M eln ikov 的边面染色猜想对所有12外平面图成立.

关键词　12外平图; 边面全色数.
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