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Abstract Let C be a connected graph with even order. Let af denote independence number of
the subgraph induced by N (v} in G, where N*(v)= v [vEV(G) and & (u,v) =k}. Forany wv &
E (G, wedefine A, = INGOONG@ LT =N @ WY =min ([ T3 |, 1T ) |} and
al,=min‘a’.a ;. It is proved that if A Zmin{al, .z, } - 2n for any two vertices « and v with
d{u.v)=2, then G is n-extendable.
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1 Introduction

Graphs considered in this paper are finite. undirected and simple.

Let G be a graph, for SSV(G), set ES) = {ww € E(G) lu.vE€ S}. For MZE(G), set
VI{AM)=!2€V(G)]| there is v € V(G) such that vxr € M}, Edges ¢. /€ E(G) are called inde-
pendent Y V(e NV (H =&, MCTE(G) is a matching of Gif V()V{f) =& lor every pair
of edges ¢, & M. A matching M of G is perfect if VIM)=V(G).

Plummer™ introduced the concept of n-extendable graphs.

Let G be a graph of order p with a perfect matching and let » be a positive integer such
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that =0 {p—23/2. G is said 1o be n-exrendable if G has # independent edges and any # inde-
pendent edges of G are contained in a perfect matching of G.

Let G be a connected graph, v be a vertex in G. We define N(v) = {u€ V(G),uv€
EGD VN e)={ulu€V(G) and dlu,v)=}k) and M* {0} = {uiuCV{G) and o (u,v)slk).
Let &, denote the number of vertices in the largest independent set containing the vertex v in G
and ¢ denote independence number of the subgraph induced by N7 (z) in G. For any sv G E
(G), we defined T .=V \N{u) UN@ U {u,0}) A, = [N NN e, =min{a. e}, T5
(@) o= N GOAN () 12, = | T 5 =minl | T2 |, [T3) |} and &, =min{dd. e} It is clear
that &<, — 1<a— 1, &d, e, — 1K~ 1La~1.

We use w((G) to denote the number of compornernts of G and use o(G} 1o denore the num-
ber of odd components of G,

For any terminology and notation used. but not defined here, the reader is refered to
f1l.

In [3] Lam and Song introduced a local condition for Hamiltonian graphs.

Theorem 1. 1™ Let G be a 2-connected simple graph of order p(Z23). H A 22min{af,+
1.2+ 1} for any two vertices 1 and v with d{x,2)=2, then G is Hamiltonian.

However. n-extendable graphs and Hamiltonian graphs have many similar properties. In
this paper, we give a sufficient condition for n-extendable graphs which is a Lam and Song’s
type condition. This condition implies a result of Plummer that for a connected graph G with

even arder p. if (G2 p/2+n, then G is n-extendable’.

2  Main Resuits

Theroem 2. 1 Let G be a connected graph and let 220, If A Z2min{dl oL} A1 for
any two vertices w and v of G with J(u,v) =2, then «{GC—3)< |84 for all cutser S&
VG,

Lemma 2.2 Let G be a connected graph and let k221, If AZ2min{d®, £} 44 for any two
vertices » and v of G with J{ux,v)=2, then G is (#+1}-connected.

Proof Suppose that G is not (B-+1)-connected. Let SEV(G) be 2 minimum vertex cut-
set such that [ 51504, Assume G and G, are two components of G—38. Let w& S, By the min-
imality of |81t is adjacent to a vertex u in C; and & vertex vin . Then d(u,u)=2. 5o A,
=min{ad, 1%} £ Since {u.v}GN*(w) U} is independent and {u,v} SN (v) U {r} s also
independent, of 221, Since vE€TI(w) and w€TE(w) vh 221, But NCGu) TN @IS, Hence
ISi=mindal, 2. +A2b+1, o conwradiction. The lemma follows.

Proof of Theorem 2.1 Let STV (G) be a vertex cutset of G. We choose SSV{G) such
that 'S —w(G—28) is as small as possible. By Lemma 2.2, {S{=£42. Let [§{=s5,0(G—

S§y=yand ¢, .Cyu e, be the components of G—8. Let S={v;,1,.2,} and & be the num-
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ber of components in G—§ which are adjacent to ;. Without loss of generality, assume that 4,
kb, 50k, Let ka =max{k|w is adjacent to C; and 1<<i<s}(j=1,2,++,¢). Without loss
of generality, assume that k, <k, <4, .

Claim 1 %222 for 1<ises.

Suppose there is 2 (1<{/<(s) such that 2501, We replace S by 8" =5\{v;}. Then «{(G—
§)Z2w(G—S). But |5 |=|5|—1. So |5 |~a(G—8)<|S|—w(G—S), this contradiets
the choice of 5.

Assume v, ts adjacent to a vertex u in compenent T and a vertex v in component (7, It is
easy to see that min {af +-1,¢2 -4-1}22k%;, By the hypothesis of the thearem, « and v have at
least &<k common neighbours in S. So for each component adjacent to v,, the component is
adjacent to at least k;+% vertices in S. Considering all vertices in S which are adjacent to com-
ponent C;, we know that C;is adjacent to at least k_’_+k vertices in 5. Hence the components
of G—35 have at least (&, +4)+ (k, +4&) -+ -+ (&, +4) edges to S. But the vertices in §
have &, + k. —++k, edges to the components of G—5. So we have

by kgt k2 G, B B e (R, T+ A (L

Claim 2 Z‘:k;‘.{ ik_;.

q- rw]

We shall prove k,,,r__l?,k,-(i= 1,2,+,¢) by induction on #, and the Claim 2 holds. By the
definition of £, . we have &, &, Assume k., =k for all i<Cj. Now assume /=;. Ilf thereisa
component C, € {C1.Cy -, C,;} such that C, is adjacent to v, for some g2, then k,}_;k,_f}k,,
=k, Otherwise, C;,Cy,C; are only adjacent to v, vz, =++5v,_,. Then b +k,+ otk 22
(bp, +EY+ Chy +F) + 0o+ (k, +4). By the induction hypothesis, &, 2k (i=1,2,+,j—1)
and k,,,322. So km1+kmz+-"+k,‘_l+k,,;>k] =k, -+ +k_,, a contradiction. Claim 2 fol-
lows.

By (i) and Claim 2, it is easy to see that s>t and we have

1]
Dok =k, (2)
J=r+1
But at most t components are adjacent to each of v, ,v;.-,7,, hence
kfét (f= 1921"'93)- (3)

By (2) and (3), we have

(s — )i = 2»@,—2:&.
J=t]

So s—t=2k, i, e. 15—k Therefore w(G—5)<X|S| —#. This completes the proof of Theo-
rem 2. 1.

Theorem 2.3 Let G be a 2-connected graph with even order p. If A Zmin{&, .} +2n
for any two vertices « and v with d(u,v)=2, then G is n-extendable.

Preof By Theorem 1.1, G has Hamiltonian cycle. Since G has even vertices, G has a

perfect matching containing p/2 independent edges. Suppose G is not n-extendable. There are
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n independent edges = np, (f=1,2,- 0} such thet

& o - {R,‘;Z‘,sf)m I;z;"‘yﬂ}

has no perfect matching, By Tutte’s Theorem, there 13 a set SV E) such thar

oG~ 5> 18 L

By the parity, o{G"— 8§ Y2 {5 [-+2, Let

Then

T 5 U {az;m;§f w5 ly?h'“;ﬂ},

WG = Ty=a(G" =~ 51 2o ~ 518 4 2= (Tl 2n 2,

But by Theorem 2.3, w{G~T T} (= 13e= [T} =2n-+ 1, a contradiction,
The bound of A, in Theorem 2, 3 issharp, Let H' =K, and let & and v be twp vertices not

in V(M. We construct & by joining each ¢f w and v to all vertices of H. Then we have only

two vertices of distance 2 and A =~ Zus=miniad, 2} 24— 1. However, G is not n-extendable

since there are n independent edges in B which are not contained in a perfect matching of G.

Let G be 5 connected graph. For any vertices wor wuh

diuwvuy = 2, dfu) + d(x)3 min{ 1M u !, (M (e ) implies &,

B oming, e 1.2, - 1.

So we have the following corollary which is corresponding to a local condition for Hanuitonian

graphs of A, 8, Hasratan and N. K. Khachatrian in {27,

Corollary 2.4 Ler {7 be a connected graph with even order. I

Flud = d{ey Zomind M) | MY+ 2~ ]

for any two vertices v and © with f{u vl =2, then G is r-extendable,

Corollary 2.5 Let G be & connected graph with even order p. 1

dl) +dy =2 pdn—1

fnr any two vertices « and v with J{u.v )= 2, thea G is n-exiendable,

Corollary 2. 5 implies a result of Plummer. The following corollary is due to Plammer

[43.

Corollary 2.6 Let G be a connecied graph of even order g If

B(GY = pl2 + n.

then G 1s u-extendable,

3wk

i
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BE RCE-NTARYUANFEANZEEE.€ RTH NSFHMFEOMIH. EF
NY) = {uju € V(G) 5 d(u,v) = %},

HEE wEEG BIIEX A =INWNOANW | TH)=N u)\N () L =min{ , T:(z) ],

T |Vl o =min{e,d ) EVIEHMBENEE G, v)=2 B u.v,. H A =id, .2+ ?n,
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