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The Minimal Solutions of Boolean
Matrix-equation A*=J
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Abstract : Let A be a primitive Boolean matrix. Y (A) isthe leas number k such that Ak =7,
0 (A) isthe number of I-entriesin A. In thispaper, the parameter N' (k, n) =min{0 (A)| AT
=A, trace(A) =0,Y (A) =k} isconsgdered. Furthermore, we desribe the sst EG(k, n) =
{G(A)|G(A) =N (k,n) ,AT=A, trace(A) =0, Y (A) = k} and obtain a characterization of
the minimal olutions with zero trace of the Boolean matrix ejuation A* = J.
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Let B ={0,1} be the usuad binary Boolean agebra. The matrices over B are caled
Boolean matrices. An n x n Boolean matrix A iscaled a primitive matrix if there exists a
postive integer k such that A*=J (where J is the universd matrix). The least such k is
caled the exponent of A , denoted byy (A).

In projective plane theory, athough a lot of results are obtained on Boolean matrix
equation, it is till afamous open problem to find the square roots of a Boolean matrix.

Let A bean nx n Boolean matrix. Define the normof A, denoted by o (A) , to be the
number of 1-entriesin A. Clearly, 0 satidies the norm axioms. As you know , a gecid
Boolean matrix-equation A* = J has lutions. In generd , it is very difficult to lve this
equation. S, the parameter

N' (k,n) = min{fo(A) | AT = A, trace(A) =0,V (A) = k}
must be consdered. And we need the following concepts and propodtions. The asociated
graphof an n x n symmetric Boolean matrix A = ( a;) , denoted by G(A) , is the grgph
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with vertex set V ={1,2, ,n} such that thereisan edge arc between i and j in D(A) if
andonly if a; = ai =1. A graph Gisprimitiveif there exists aninteger k>0 such that for
al pairsof verticesi,j V(G) (not necessary diginct) , thereisa wak from i to j with
length k. The least such k is caled the exponent of G, denoted by y ( G). Clearly, a
symmetric Boolean matrix A isprimitive if and only if itsasociated graph G(A) isprimitive
andy (A) =y (G(A)).

Let G be aprimitive graph withorder n. Forany i,j V (G) , theloca exponent from
i to j, denoted byy (i,j) ,istheleast integer k such that there exists awak of length m
from i to j foradl m=>k. It isobviousthaty ( G) = max Y (i,j).

i V(o

Proposition!*!  The exponent set of symmetric primitive (0,1) -matrices with zero trace
isE,={2,3, ,2n-4} - Y, where Y istheset of all odd numbersin{n-2,n-1,
2n- 5}.

In this paper , we describe the st

EG(k,n) = { G(A) |O(A) = N(k,n), AT = A, trace(A) = 0,Y (A) = Kk}

and give a characterization of the minima symmetric lutions with zero trace of A* = J.
Other terms and notations not defined here, we refer the reader to [2].

Acocording to the definition of N’ (k, n) and Propostion 3, k E,.

2_ ] for n = 3. Moreover, G EG(2,n) is unique

in the sense of permutation similarity.
Proof 9nceY (Gi) =Y (Gy) =2for n=3 (se Figure 1) , we have N' (2,n) <

Theorem1l N (2,n) = 2[

G1(n=o0dd) G, (n=even)

Figure 1

If AT= A, A®=J and trace(A) =0, then thereisawalk with length 2 from one vertex
to another in G(A). S any vertex of G(A) ison ome 3-cycle. Otherwise, there would
exist avertex u V (G(A)) such that uisapendant vertex or uisonan scyce (s=>4).
Let v bea neighbouring vertex of u. Theny (v, u) >2, acontradiction. Snce A%=J, for
any u,v V(G(A)) thereexists3-cycles C;,Cysuchthat u C;, v Cyand C; nCy #
@. For any 3-cyce C, let

t = |{ u: There existsa 3-cycle C containing u
such that C n Cisexactly one vertex} |

Thus we have
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€ (G(A)) 23+[3l] +2(n-3- 1t =[Zﬂ_3_t]

2 2
z[zn-s-ﬂé—‘ﬂ:[i‘]é—?ﬂ. )
D0 (A) 22[3432'—3] . Hence N' (2, n) :2[3;] .

If G EG(2, n),then (1) isanequaity. S G =G; when nisodd and G =G; when
niseven.

Theorem?2 N (3,n) = 2[3"32_4] for n = 6. Further, G EG(3,n) isuniquein

the sense of permutation similarity.
Proof 9nceY (Gs) =Y (Gs) =3 for n=6 (see Figure 2) , we have N' (3,n) <

#—1

Gz ( n=odd) Gs(n=even)

Figure 2
Let AT= A, trace(A) =0andy (A) =3. Thenforany u V (G(A)) thereisa3-cyde

containing u. Otherwise,Y (u,u) >3. ByY (A) =3, the diameter of G(A) islessthen 4
and greater then 1.

Casel The diameter of G(A) isegua to 3.
We claim that G(A) has a subaraph H (see Fiaure 3) .

Foure3 H

We take any two 3-cydes C;, C,, andlet d= dg(Cy, Cy) <3.. Thusthere exissapath
with length d. For d =3 (dmilaryfor d=2) ,let P= xuvy, x Ciandy C,. If there
isa3-cycle Czoontaining v such that C; n C3 = &, then the claim holds. Hence C, n C3 #
@. Now , we condder a 3cycle C4with u  C4. Thuswe have C; n C4# @Dand C3 N Cy
# . Hence dg(Cy, Cp) €2, acontradiction. SO G(A) contains a subgraph H.

Cae 2 The diameter of G(A) isegua to 2.

If there exig two 3-cydes C;,Cosuchthat u C;, v Cyand Cy n C, # Jforany u,
v V(G(A)), theny (A) =2. Thisis a contradiction. If there exis two vertices u, v
and two 3-cycles C;, Cosuchthat u C;, v Czand Ci n C; = &, then we can prove that

/N
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G(A) hasa subgraph H asin the proof of the case 1. Let
t = |{ u: There existsa 3-cycle C containing u
such that C n H isexactly one vertex} |

Thus we have

€ (G(A)) 27+[3§t] +2(n-6- 1) =[2ﬂ_5_t]

2
>[2n. 5. 220 -39 @
D0 (A) 22[31‘2'—4] . Hence N' (3,n) = 2[332—41

If G EG(3,n), then (2) isan egdity. 9 G =Gz when nisodd and G =G, when n

iseven.
Theorem3 N’ (2qg,n) =2nfor 2<qgq<n- 2.
Proof SnceY (Gs) =2qfor2< q< n- 2 (see Figure 4) , we have N' (2q, n) <2nfor

2<q<sn- 2.
2 /
Dg 4 7 q+1\:

i

Fgure 4
If A isasymmetric primitive matrix with zero trace, theny (A) =2n. Hence N' (2q, n)
=2n.
Lemma Let Gbea primitive undirected graph with exactly onecycle C. Theny ( G) is
even.
Proof Let G;, Gy, , G, bethecomponentsof G- E(C) , and cthelengthof C. Let

ti= max min d(u,vi), t=max{ty, t2, ,t}.
V. V(Ci) u V(O

It isobvious that there exists a vertex ug such that the distance from ugto Cis t. Hence
Y (ug,up) =2t+c- 1.
If u,v. V(G), then
Y(u,v) €£2ti+c-1<2t+c- 1.
If u V(G), v V(G)(j#i),then
Y(u,v) S t+t+c-1<2t+c- 1

Thereforey (G) =2t + c- 1iseven.

Theorem4 N (2q+1,n) =2(n+1) for2 < q < [ﬂz—d]
Proof Ify (A) isodd, then G(A) hasat least two odd cycles by the above Lemma. S

N'(2g+1,n) =22(n+1).

SnceY (Gg) =2qg+1for2 < g < [‘DZ—A] (see Figure 5) , we have
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N'(2g+1,n) =2(n+1) forZqu[‘né_A].
n H—1 n—2z
"l a’; 3 4 e 24—1 2q 29-+1 2q9+2

Foure 5

We assume that G is a primitive graph of order n with one cycle C exactly. Clearly,
OA(G) =2n. Let m=max{ d(u,C):u V(G)} and c bethelengthof C. We denote G
by T(c, m). By the above Lemmay (G) =2m+c- 1if cisodd. S EG(2q,n) D
{T(c,m):2m+c- 1=2qg}. Ontheother hand, if G EG(2q, n), then Gisa graph
with no loop andy (G) =2q,0 (A(G)) =2n. S G isaoonnected undirected graph with
exactly oneodd cycle C. Let c(>1) bethelengthof C, and m the maximum length of the
pathfrom avertexto Cin G. Thusy (G) =2m+c¢-1=2g. S G= T(c,m) { T(c,
m):2m+c-1=2q}. Hence EG(2q,n) ={ T(c,m) : 2m+c- 1=2q}. S we have

Main Result A isthe minimal symmetric solution with zero trace of A¥=Jif and only
if G(A) . EG(2q,n) forkz4. Aisthat of AZ=Jif andonly if G(A) =G,

4<2q<k, 2q

as nisodd and G(A) =G, asniseven. A isthat of A®=1Jif and only if G(A) =Gy or
Gs as nisodd and G(A) =G4 as n is even.
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