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W B RAR-NEAAHp M xn RANAHRER, X [1] X T LS
XRAEEREK ha(k). & DISna(k) = {ha(k) | A € PMu(d)}, £F PMa(d) ZFF
e d M EERATH nxn KEEENRS KXGERT

DIS, 4(k) = {1,2,...,n— 1}, Y1<k<dH,
ma {2,3,...,n—d+k—-1}, gjd+1§k§n—1ﬁ¢.
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Abstract Let A be an n x n irreducible Boolean matrix with period p. In [1], the
generalized maximum density index h4(k) is defined. Let DIS, q(k) = {ha(k) | A €
PM,(d)}, where PM,(d) is the set of all n X n primitive matrices with d nonzero
entries exactly. In this paper, we show that

{1,2,...,n -1}, if 1<k<d,
{2,3,...,n—~d+k-1}, if d+1<k<n-1
Furthermore, we define the norm of A, denoted by o(A), the numbers of 1 in A and
describe the extremal matrices with minimum norm.
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1 Hj

B p #9 n x n RTARREGEHRETF NS REERER - EENASSH
1997 £, 3T (1] #n T ore) T BAEERE: ,

B AR—NRAEEY p Y nxn REHHRER, ERFI A, A% 4%, B, 4460 F
AW T LB, B X C {L2...,n), RATE

EX T (X) = T pex 14 (0)

EX 2 pa(X):=max {u)(X)|je 2*}.

EXL 3 palk) = max{ua(X) | |X| = k).

EX 4 ha(k) :=min{me Z* | FFE X C {1,2,...,n} 8 |X| =k H p2(X) = palk)}.

WRp=1 M ABRNKEL, W, BRE pa(k) = nk. BTFHRREENFIRLEHH
BTk, BrARITENBAREESHEMEZ ElXR.

W D R—MEEE, MRFE—AEH m FEMEE SR u,v € V(D), D $#%H M u 5
v Ky m R EGEE, WK D AARER, X m WR/NEFRN D 358, H (D) £F. 4
D€ PD, B ueV(D), K PD, BFFE n MAFEAMENES RI1EXE v SHRHEE
¥, H expp(u) TR, RXHERB/MES m, EHEEMERN ve V(D), D I HN u B v &
A m BHRGEE. 4 V(D) ={1,2,...,n}, MTUE T LIRS HE expp(1) < expp(2) < -+ <
expp(n) = v(D). HERE HEERARE, 5 TSH 300 [1-3).

W A R—MRER, D(A) B A WA RE, UH:

& 10 % D BR—AHHE, W D AFRUFRELMAE D 3BEiEH ged{z |z € L(D)} = 1.

W 2P W AR~ nxn HRER, TR axn g VERE I A KENRELG
RFE—NEEE m #5 4™ =J.

R 3 B AR—MRERE N A ARRE FEEL AR D(A) A, FH ha(k) =expp ) (k).

A 4 V(D(A)) = {v1,v2,.. ., vn}, W A™ B (i,5) TTEH | HRELMRFE—FM v
Bl o, KA m (HBEEE. BGf 2 RARAHBENE X, A XEUTESMER DA) £
B & ha(k) = m, WAFFE—MER m M X € {1,2,...,n} 18 |X| = k B p7(X) = nk {BEX
EEY =e{1,2,....0} H)Y|=k & 17 (y) <nk. BN PR (X) = nk B exppa(k) < m,
SHEE Y €{1,2,....n} BIY|=k & N Y) < nk ZHKR exppay(k) > m, FTLh expp (k) =
m = hA(k)

W PMn(d) KRG E d MEEEX HITH n x n KB /REREHES (0<d<n). 1988
B, {1(4) | A€ PM,(n)} BISCHK [4] R, 1989 4F, {r(A) | A€ PM(d)} (1< d<n) th
S [5] #1998 45, {expp(k) | D € PD,(0)) B3R (6] Mt 3 A.B EFA n xn A
IRAERE, HATEXL A MTEHL F o(4) FoR, B AT 1AM BR o MENKAE. mE
FE— nx n HFSERE P 18 A = PBP~1, UIFk A 5 B RHSAILIAY, i0/E A~ B. 5
iE, WR A~ B, I4 o(A) = a(B) B ha(k) = hp(k). & Maa(k) :=n -1+ max{0,k — d},
DISpa(k) := {ha(k) | A € PMa(d)}, S(d,k) = {A | A € PMo(d), ha(k) = M 4(k)}, T
DISna(n) (1< d < k)M DISyo(k) (1 <k <n) Wifde. AXEET DIS,q(k) 1<k<n-1
H1<d<n), #B2IMTER:

T 1

illlg

(1,2,...,n -1}, 1<k <dRt

DIS, 4(k) =
{{2,3,...,n—d+k—1}, Bd+1<k<nht
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FTH2 % Ae PM,(d), Ml Ae S(d,k) H 0(A) = min{c(B) | B € S(d,k)} M4 HH

( C1 1
Ca 1
, ¥ 1<k <min{d+1,n} B,
1
1 Cn
‘1 1
A= ' 1 1
1 1
0 1 , ¥ min{d+1,n} +1< k< n kY,
1
\ 1 0

Hbe=08%13i=12...,n0) B, ci=d

2 IURKEEE#E

W Jmxn TR m xn 2 VR, Onxn TR mxn BHEE, I, TR mxm BAHER.

5138 18 % D & n BAREARE UEE £ (1 <k <n-1) 3HF expp(k+1) <
expp(k) + 1.

SIEE 2 &’ A€ PMy(d), WXHMER £ (1 < k < n) 3T ha(k) < My a(k).

WEA & D = D(A), WFE D ¥ d MREFERZ d AMTE ENHF. BTFEARF
& v EH expp(v) <n—1, Y 1<k <dBf, exppk)<n-1, HHIIF1E, X4
d+1<k<nbt, expp(k)<n—1+k—d,# ha(k) < M, (k). JEEE.

53 3

{n—dn-d+1,...,n -1}, W1<Ek<dBn,

DIS, 4(k) D
{n—2d+k,....n—d+k—-1}, ¥d+1<k<nh

iEB R 1<t<dH

Jext Ot x(d—1) Otx(n—d—1) Jix1
A= Jixt Ay 01x(n—d—1) 0
Oga—tyxt A Oa—tyx(n—d—1)  Oa—e)x1 ’
On—d—1)xt On—d—1)x(d—1) Inog On—d—1)x1/ nxn

EEF Al = (170a e 70)1X(d—t)a
1 1
Ay = e
2 11
L/ (a—tyx(d—t)

© 1995-2006 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.
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B 1 FHEIE D(A) RARH, Hh@E 3 M expp(k) WEX H

n -1, H1<k<dm,

ha(k) = ex k) =
(k) = exppy4)(k) {n—t+k—d, Wd+1<k<nh.

ikt BUR {1,2,...,d} FRFFEEE, NWEIFEMEIE. JEE.
¥4 Xd+2<t<n H

Jaxa  Jaxi
Jlxd 0 1
1 0 1
0 1 0 1

p—

b O
=t
P

O(n——t+1) x(n—t+1)

nxn

m
t—d, % 1< k<dHf,
ha(k)=4 t—2d+k, %d+1<k<tEHf,
2t—-d), Ht+1<k<nhh
B B 1 BRHRIE D(A) BRAFN, HhGE 3 fMexppk) WEX A
t—d, % 1<k<dHf,
ha(k) = exppay(k) = t—2d+k, Md+1<k<tH,
2t~d), ¥t+1<k<nbt
UEEE

it 1 SHMEE k(1 <k <d), H DIS,a(k) D{2,3,...,n—d}.

B BT AH, B 1<k<dB, SMEBH# ¢t (d+2<t<n)Ft—de DIS,q(k). ik
t BUR {d+2,d+3,...,n} PRFEEEEIE. EE

G5 #d+2<k<n-2H

Jaxd  Jaxi
Jixd 0 1
1 0 1
0 1 0 1
A= 1
1 0 1 1 10
1 0
: O(n—tyx(n—t) :
1 0
1 1
0 0 010

nXxXn
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I
. t—d+1, % 1<k <dH,
(R — t—2d+k+1, Yd+1<k<tn],
alk) = 2(t —d) + 1, Yt4+1<k<n-—1H,
2(t —d+1), Mk =n B
B B 1 ASRIE D(A) BAFR, BHME 3 Mexpp(k) MEXL F
t—d+1, 1<k <dBt,
t—2d+k+1, ¥d+1<k<tHh;,
hA(k):eXpD‘A)(kb): t—d)+1, WYi+1<k<n-10,
2t—-d+1), Hk=nh
UEEE

i&ﬁaz HEE k(d+1<k<n-1),F DIS,q4(k) D {4,5,...,n - 2d + k}.
JEBA Hi5I3E 4 ikt BUB {t+2,d+3,...,n) PHFEEYE, WENTE 1

k| DIS, 4(k) D
d+1{{3,4,...,n—d+1}

d+2 | {4,5...,n—d+2}
d+3|{6,7,...,n—d+3}uU {4}
d+41]1{89,....,n—d+4} U {4,6}

n—3 | {2n—2d—6,2n —2d—5,...,2n—2d — 3} U{4,6,...,2n — 2d — 8}
n—2|{2n—-2d—-4,2n —2d - 3,2n — 2d — 1} U {4,6,...,2n — 2d — 6}
n—1] {2n—2d—2,2n—2d—1} U {4,6,...,2n - 2d — 4}

FES(H 5 ik ¢ BUB {d+2,d+3,...,n} PRFTHEE, WHMTE 2

k| DIS, (k) D k DISy a(k) D
d+3 | {5} n—3|{57,....2n—d -7}
d+4] {57 n—2 | {57, ...2n—d—5)

n—11{57...,2n—d - 3}

AR 1 FIK 2, WBIEAHE. IEHE.

SBE6 B1<k<di, 1€DIS,uk); ¥d+1<k<nh, 2¢eDIS, k).

B & D RATENFEEE Ky 1 d NF (v, v1), (v2,v2),. .., (va,v4) R WES
WIEYM 1<k<dBf, expp(k)=1; ¥ d+1<k<nhf, exppk)=2 B[HMEE. iEEE.

SIE T WEEE (d+1<k<n-1),H 3€DIS,qk).

R &
Jaxd Jax(n—d—1) Oax1
A= Jn-d-1)xd Om-d-1)x(n-d-1) AF )
O1x4 As 0 /) xn

KA As = (0,...,0, V) 1x(noa-1), A & As BIHE. AHBRIFY d+1 < k < n-— 185,
ha(k) = exppay(k) =3, UM d+1<k<n-18}, 3¢ DIS, (k). iFE.

EIE 1 49IEEA EBIE 2 81, DIS.q(k) C {1,2,..., M, q4(k)}. BEEL 1, 2 (513 3, 6,
TH® H1<k<dB, {1,2,...,Mua(k)} ={1,2,...,n—1} C DIS,4(k); ¥ d+1<k<n
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20 1 %* = # 4445

B, {2,3,..., Mna(k)} ={2,3,...,n~d+k—1} C DIS, 4(k). B—HFHE, B4 d+1<k<n
B, 1¢ DISnq(k). FIEBIE. EE.
i 3 A RFIEFXATTH nxn MREEHT XBRBEEIREER U<, DISh a(k).

3 AARIVEMIVRIER
B 11
it 1 1

A= 0 1 € PMn(d) (i=0,1).

-1
1 O nxn

HGEHIMERR &k (2 <k <n), H hay(k) = ha, (k) = My q(k), {HR Ao ~ Ay, TSR
REARME—. BEBRAT RSB EA B/ M SAARERE.

T 2 198 BAR. min{o(A4) | A€ S(d k)} = n +d. RESEH T FEAMERST.
i A € S(d,k) H o(A) = n+d, W D(A) REEBENHELE d MREMTUE LA, B
D(A) #h—4~n B d MRFEITR LRSRAR, ElA

c 1
1 Co 1

1 Cn

Hfe=081G=12...,n) BY" ci=d XRIEHTHEERRE n-d<d<nH
1<k<nH1<d<n-2H1<k<d+18nk LEWET, UTRESEHRGER
1<d<n-2Hd+2<k<niynk HDEWHBERIIT. S RE—BEEEa =1H
cn = 0. ﬁﬂ%ﬁﬁi(QSiSd)*uj(iSj<n*1)ﬁT§=Ci=0i+1='~=Cj=0E.Cj+1=1,
A2 expp(cy(vn) = exppcy(v;) = n, T exppioy(d +2) = n, BEFIFE 1 &1, SHEZHY &
(d+2<k<n)H exppeyk) <n+k—-d-2<n-d+k~1, BRHHEE 3 MAHEZH k
(d+2<k<n)BIH, hatk)=hok)<n—d+k—-1,5Ac Sk FE ¥Y%1<i<d
B, ¢=1%d+1<i<nBf, ¢ =0 FHEE iFk.
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