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A NOTE ON CYCLES IN REGULAR
MULTIPARTITE TOURNAMENTS’

Zhou Guofei Yao Tianxing Zhang Kemin
(Dept. of Math. , Nanjing University, Nanjing, 210093, P.R.C.)

Abstract In this paper we show that if T is a regular n-partite (n>>4) tournament, then each
vertex of T is contained in a k-cycle for ail k, 3 k<Cn. However, when n=3, the above state-
ment is not true, a counterexample is illustrated.
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1 Introduction

We use the terminology and notation of [17]. Let D= (V(D),A(D)) be a digraph. If xy
is an arc of D, then we séy that > dominates y, denoted by x—>y. More generally, if A and B
are two disjoint vertex set of D such that every vertex of A dominates every vertex of B, then
we say that A dominates B, denoted by A=>B. The outset N* () of a vertex x is the set of
vertices dominated by x in D, and the inset N™(z) is the set of vertices dominating z in D.
The irregularity (D) is max |d* (z) —d~ (y) | over all vertices x and y of D(z=y is admissi-
ble), where d* (x)= |N"(x)| and d™ ()= IN"(y)|. I i(D)=0, we say D is regular. Let
T be a multipartite tournament and x €V (T'), we denote V (x) the partite set of T to which =
belongs. Guo and Volkmann™ proved that every partite set of a strongly connected n-partite
tournament has at least one vertex which lies on a k-cycle for each k€ {3,4,+,n}. In this pa-
per we show that every vertex of a regular n-partite (n->4) tournament lies on a k-cycle for
each € {3,4,+,n}. However, when n=3, the above statement is not true. In Figure 1, we

can easily check that it is a regular 3-partite tournament, but the vertex-v is not contained in

any 3-cycle. Hence our result is the best possible in a sense.
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2  Main Result

Theorem Let T be a regular n-par-

tite (n>24) tournament, then each vertex

of T is contained in & £-cycle for all 2.3
[
£,

Proof LetV,,V,,«,V, be the par-

tite set of T. From the regularity of T'. it
is not difficult to check that all the partite
set of T have the same cardinality (say,
s). So it is clear that [NT(x)|=

IN“(z)|=(n—1)s/2 for each x €V

K SO\
WP LA
(T). \‘V/
Let v be an arhitrary vertex of T, we A U

first show that v is contained in a 3-cycle.

Suppose that » is not contained in Figure. 1

any 3-cycle. Then it is clear that there are no arcs from N*(v) to N™(v). H n=5, letu be a
vertex in N7 (n) such that dipy- ;@ <XUIN™ ()| —1)/2. Since v is not contained in eny 3-
cycle, N™ ) \N™ () EV&)\{w}. And then we have s—- 1247 (u) — (! N™(zv3 | —1)/2.
That is, (5—n)s=26. which is impossible since 2225, Now suppose that n==4. Without ioss of
generality, we assume v€ V,. Since T is regular, s=even. Let s=2m. suppose dycy_ 3 (y)
>m+1 for esch y& N™(z). Let ;= | N~ (w)(\V |+ where i€ {1,2,3). Then we have
TACTINT DI = lay + ey + adm + 1) = (a, + a, + @) (e, + @, + @) /3 + 1).
On the other hand, [ATIN () D | =aa,+aa;+oa, < (ay+a,-+a;) /3<Cay+a+ay) X
(Coy +ay+a))/3+10<IA(TIN (). Which is impossible. Hence there is x& N7 {(w)
such that dypu-,, (x)<<m. Since N~ () \N~ @SV @\{v}, 2m—1=|Vi\iv} =
INT{OANT ()| Z2(n—1)5/2—~m=2m, a contradicuon. .
All of above, when n2>4, v is always contained in a 3-cycle.
Let C==n,2,wmv; be a b-cycle containing ©, where v,=v and 3<{hin—1. Let
S=iz € VIV.NVIC) =g, 1=i<nj,
A= {x € SIV(()=x},
B={r¢& Slz=V(0)],
X = 8\(4 ] B).
Clearly S# &7, since £<n.
Case ! A= or B#J.

We need only to assume A% (J, otherwise we consider the converse of T. Let a be an ar-
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bitrary vertex of 4. I there exists z& N¥ (@) such that x>, then vv2m, ez, is a (b
+1)-cycle containing . If v,=N* (2). then we have & (v,) =d™ (a) + | {a,v,} |, which
contradicts the regularity of 7. Hence there exists y& N (a) such that V{(y) =V {z). If y—
7y« then vy, ayv is a (+1)-cycle containing v. So we have v,—y. Mareover, if v—>u,
for some 223, then vz, v, _ayv v, is a (k+1)-cyele containg v. So we have y—, {or all
iz23. Note that V(y) =V (y). if =N (y)\V(C), then d' (mp)22d? (y3+ i {a,v,} | =d"
(3)+2. which contradicts the regularity of T. Hence there is 2€ N* {3)\V(C) such that 2-»
. Now. if £==3, then vyyzusv, is a 4-cycle contalhing v; If 2224, then vyv,v, _avzvsv; is a
{k+1)-cycle contaning .

Case 2 A= and B=(J.

In this case we have X=.5. Let x€ X, thus there are 7;,2,& V(C) such that v~z and x
—~u;. By the definition of S, there is a v, € V(C) such that 2> and x—~v,,,. So pyv,=*
UnZUys w2y 18 8 (B4 1)-cycle containing v.

This completes the proof of the Thecrern.
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