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THE LOCAL EXPONENT SETS OF
PRIMITIVE DIGRAPHS WITHOUT LOOP’

Miao Zhengke Zhang Kemin
(Dept. of Math. , Nanjing University, 210093, Nanjing, PRC)

Abstract Let D= (V,E) be a primitive digraph. We define the local exponent of D at a vertex
u €V, denoted by expp(u), is the least integer £ such that there is a directed walk of length £
from u to v for each vEV. Let V=1{1,2,-,n}. We order the vertices of V so that expp (1)<
expp (2)< »Kexppin). Let E, () 3 = {expp(k) |DE PD.(0)}, where PD,(0) is the set of all
primitive digraphs without loop with order n. In 1990, E,(n) is solved. In this paper, E, (%) are
completely solved for all n(=>3),% with 1<k<n—1.
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Let D=(V,E) be a digraph on n vertices. We permit loops but no multiple arcs in D. We
use the notation u—>v[k](u/>v[k], resp.) that there is a u—v walk (no u—v walk, resp.)
with length % in D. A digraph D is primitive if there exists an integer & such that u—>v[%] for
every pair u,vE€ V. The least such % is called the exponent of D, denoted ¥(D).

In 1950, H. Wielandt™? found that (D) <w,= (n—1)*+1 and shows there is a unique
digraph W (a) that attains this bound, where W (n)=(V,E) is defined as follows: V={;|1
<i<n} and E= {(v;yv;4)) | 1<i<n—1} U {(v,)»01) » (vasvy)}. In 1964, A.L. Dulmage
and N.S. Mendelsohn™  observe that there are gaps in the exponent set E,=
{Y(D)|D€&PD,}, where PD, is the set of all primitive digraphs of order n. Each gap is a set
S of consecutive integers below w, such that no D€ PD, has an exponent in S. In 1981, M.

Lewin and Y. Vitek®? find a general method for determining all the gaps between [-;—w.]-*-l

and w,, and they conjecture that there is no gap in {1,2,* ,[-;—w.]+1}. In 1985, Shao Ji-

ayu'""? proves that the conjecture is true when » is sufficiently large and gave a counterexample
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to show that the conjecture is not true when n=11. In 1987, Zhang Kemin™ proves that the
conjecture is true except for n=11. Therefore, the problems of determining the exponent set
is completely solved.

Let L(D) denote the set of cycle lengths of D. Let DE PD, with L(D)=/{s;,555" y5:}.
let u,v&€ V(D). The relative distance dy(p, (u,v) from u to v is the length of the shortest walk
from u to v, which meets at least one s;-cycle for /=1,2,+,A, The exponent from « to v, de-
noted by expp(u,v) or exp(u,v) if D is specified, is the least integer % such that u—>v[m] for
all m=k. Clearly, 7(D)=.'£rel.=i1,:(cmexpo(u »).

Now let {s;5555°*55:} be a set of distinet positive integers with ged (5,554 ***y5:) =1.
Then we define @(s;,5;5+**55:) to be the least integer m such that every integer #>>m can be

A
expressed in the form & = Za;s,-, where 4;(i=1,2,++,A) are nonnegative integers. A result

due to Schur shows that ¢(s, :fz y***»51) is well defined if ged(s,,s;,%**y5:) =1. It is known that
PKs1582)=(5,— 1) (5,—1) if get(s,,s,)=1.

Lemma 1" Let DE PD, and L(D) = {s,,s,,,5.) be the set of cycle length of D.
Then expp(u,v) <<d @y (usv) +¢(s1+525°** »51) for any u,vE€ V(D).

The local exponent of D at vertex u€ V', denoted by expp(u) or exp(u) if D is specified,

is the least integer % such that «—v[%] for each v€ V. Clearly, expp (%) ='r€n‘§(§)expp(u,v)
and Y(D) =_renva()l§)expp(u). Let V={1,2,+-,n}. Then the vertices can be ordered so that
expp (1) <expp(2) Ko Lexpp(n) =7 (D).

Lemma 2" Let DE PD,. Then expp(B)<expp(k—1)+1.

Corollary 1 Let DE PD, with some loops. Then expp(B)<<n—2-+54.
Proof Clearly, expp(1)<\n—1. Thus expp(k)<Cexpp(1)+%—1<<n—2-+% by Lemma

Let PD,(0) be the set of all primitive digraphs without loop with order n. Let L(n) =
{(ps@) 12 p<g<n, p+q>n, ged(p,g)=1}. Let E,(k)={expp(k) |DE PD,} and E, (k)=
{expp(#) |DE PD,(0)} for each 2(1<Ck<n). Clearly, E,(n)=E,. In 1998, E.(1) is solved
by [9]. Recently, E,(k) is solved by [6] for all £ with 2<<k<Cn—1. Also E,(n) is solved by
[4] and [5]. We list these in the following:

Theorem 1™ Foralln>2,wehaveE.(1)={1,2,"',%(n’—3n+4)}U U {ml(p

(P D€L
—D@—D<m<p(g—2)+n—q+1}. ‘
Theorem 2 Let n,% be integers with 2<k<{n—1. Then
E, (k) = (1,2,"'9[‘%’(71 -2 ]+ U U {m|\m(p,q,.k) <m<< M(p,q,k)}
PDEL

for all n,k with 2<<k<<n—1 except n=11 and 9<k<10. And
Eu(k) = ({192”"940+k}\{37+k}) U U {mlm(P’Q9k) <m<M(P9q9k)}

()€ LC11)

for 9<CTk<C10. Where m(p,q,8)=(p—1)(g—1)+max{k+g—n—1,0} and
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p@g—2+ b+ (n— g, fi1<r<p+g—n+1,
pag—D+k+m—g—1, ifptg—n+2<kSptg—n+3,

— k —qg—2), i - KRS — ,
M(p,q,k)=ﬁp(q .2)+ +n—q—2) lp-{:q nt+ASESp+Hg—n+ 5
plg—2)+k+1, fn+p—g—2<t<n+p—qg—1,

plg—2) + 4, fnt+tp—gK<tn

Theorem 3™ E,(n)=E,\{1} for n>>4 and E;(3)=E;\{1,3}.
In this paper, we describle E,(k) by E,(%) for all n,k with 1<<k<Cn—1.

Lemma 3m

The local exponent set of primitive simple graph of order n is {2,3,,
e, (n,k)} for any integers n, k with 1<Ck<Kn—1 and n==3, where
n—2, if 2= 1,2 and nis even,
e(n, k) =qn— 1, if #=1,2and nis odd,
n—d4+k H3IK<ESn—1.

Let DE PD,(0). Then u—>u[1] for any «€ V(D). Thus expp(k)=>2. Since PD.(0)C
PD,,E,(BYCE.(k). By Corollary 1, {m|m€ E.(k), m=>n—1-+k}CE.(%). Hence for deter-
mining E,(k), by Lemma 3, it is enough to determine the following

(1) n—1€E,(1) for n(Z==3) is even;

(2) n—1, n€E,(2) for n(Z=23) is even;

(3) n€ E.(2) for n(z23) is odd;

(4) n—3+k, n—2+kEE, (k) for any integers n(=24), & with 3<k<n—1.

Let D= (V,E) be a digraph, and choose a vertex € V. For iz21, let R;(x) : ={veV]|
u—>v[i]}. We define Ro(u) : ={u}.

. Lemma 4 n—2-+%€ E,(%) for any integers n(>35, k with 1<<A<n—1.

Proof Let D be a digraph which consists of C,= (0,35 »a»7;) and further ares (v;,

z.) and (v,,7,_,). Then it is easy to see that D is strong and L(D)={2,3,n}. So D&
PD, (0) since D is primitive iff D is strong and ged{x|z€ L(D)}=1. Thus for any v,€V
(D), expo(vyyv,)<dyp, (v1,7y) +9(2,3,n)<n—3+2=n—1 by Lemma 1. Hence
expp(v)<n—1. I v;—>v,_;[n— 2], then there exist nonnegative integers &,,%; and %; such
that n—2=n—3+ 2k, + 3k, +nk,, i.e. ¢(2,3,n)=1, a contradiction. So expp(v;)=n—1.
Since R,_;y, (v)={v,} for 2<i<n, expp(v,) =expp(v,) +n—i+1 for 2<i<{n. Hence
expp(B)=n—1+k—1=n—2+k for 1<<k<n—1.

Lemma § n—3+4€ E,(k) for any integers n(Z24), k with 3<<k<<n—1.

Proof Let D be a digraph which consists of C.= (v; ;5 1,,0;) and further arcs (v;,
v,) and (v,,v,_;). Then it is easy to see that D is strong and L(D)={2,3,n}. So
DE PD,(0) since D is primitive iff D is strong and ged{z|z€ L(D)}=1. Thus for any v, €
V(D) expp(v,sv,) dyp, (Unr0y) +9(2,3,m)<n—3+2=n—1, by Lemma 1. Hence expp

(v)<n—1. If v,~v,_,[n—2], then there exist nonnegative integers &, ,k; and &; such that »
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—9=n—3+2k,+3k,+nks, i.e. ®(2,3,m)=1, a contradiction. So expp(v,v,)=n—1. Since
R (v) = {v,} for 2<i<n—1,expp (v,) <expp(v,.,) <+ <expp(v;) <expp(v:). Since R
(v) D {v,} sexpp(v,) Lexpp(w,) +1=n. ¥ v;—>v,_;[n—1], then there exists nonnegative in-
tegers 1,,1, and I, such that n—1=2-+n—4+20,+ 3L, +nl; or n—1=n—4+2l+nl; if n24,
i.e. 20,430, +nly=1 or 2, +nl,=3 if n=>4. This contradicts to $(2,3,n) =2 or n==4. So
expp(v,) =n. Thus expp(1)=n—1,expp(2) =expp(3) =n and expp(k) =n-+k—3 for 4
n—1. Hence expp(k)=n—3+k for 3<k<n—1.

Lemma 6 n—1€ E,(2) for n23.

Proof When n=3, let D be a digraph which consists of Cy= (v;,v;,v3,7,) and C'3=
(v3,v;,015v3). Then it is easy to check that expp(2) =2. In the following we assume that n==>
4. Let D be a digraph which consigts of C.= (v, 50250, s71) and further arcs (v;,7.),
(v,»v;) and (v;,v,_,). Then DE PD,(0) and L(D)={2,3,n}. Thus expp(v;,v,) <d (v;,
v,)+@(2,3,n)<n—4+2=n—2. hence expp(v))<n—2. If v —>v,_;Ln—3], then there ex-
ist nonnegative integers %, ,k; and k; such that n—3=n—4+4 2k + 3k +nk;, .e. P(2,3,n)=
1, a contradiction. So expp(v,)=n—2. Since R, (v,)={v,} and Ri(v,_;} = {0,} for 2<i<in
—1, expp(v)<lexpp(v,) and expp(v;) <expp(w, _D)<expplw,_,) <+ <expp(v;) <
expp(v;). Thus expp(1)=n—2, expp(2)=n—1 for n=>4.

To sum up, we get

Main Theorem E.(2)=E,(B)\{1} for any integers n(=>3), & with 1<k<n—1.

References

1 Brualdi, R. A. and Liu, B.L. , Generalized exponents of primitive directed graphs, J. Graph Theo-
ry, 14(1990), 483—499.

2 Dulmage, A.L.and Mendelsohn, N. S. , Gaps in the exponent set of primitive matrices, Llinois J.
Math. , 8(1964), 642—656.

3 Lewin, M. and Vitek, Y., A system of gaps in the exponent set of primitive matrices, Tllinois J.
Math. , 25(1981), No. 1, 87—98.

4 Liu Bolian, A note on the exponent of primitive (0,1)-matrices, LAA, 140(1990), 45—51.

5 Miao Zhengke, Thesis of master Degree, Nanjing University, 1991.

6 Miao Zhengke and Zhang Kemin, On the local exponents of primitive digraphs (ID—— the kth local
exponent sets, submitted to LAA. '

7 Shao Jiayu, On a conjecture about the exponent set of primitive matrices, LAA 65 (1985), 81—123.

8 Shao Jiayu and Lf Bin, The set of generalized exponents of primitive sirple grasphs, LAA,
97(1997), 95—127.

9 Shen Jian and Neufeld, S. , Local exponents of primitive digraphs, LAA,268(1998), 117—128.

10 ‘Wiclandt, H. , Unzerlegbarc, nicht negative matrizen, Math. Z., 52(1950), 642—645.

11 Zhang Keming, On Lewin and Vitek's conjecture about the exponent set of primitive matrices,

LAA, 96(1987), 102—108.



%13 HEMS, TREFARENRBEYN * 17

RERFEAEEGBBERE

#IEH KR

(ERKEHER, 210093, BH)

WE B D=V,E)R—A4EHAE, RIEXDWERK v€V LY RTWHEY, 0
expo(x), REBMEAS vEV N Bl v BHR N A REENR/NER L £ V={1,2,
woyn), BT TR A HEFE B expo(1)<expp(2) e Lexpp(n). &

E,(k) : ={expp(k)|DE PD,(0)},
XE PD(OERFE n W EFEEFHENES . 19904, EELBR, AXTLR
BT E. () (n23,1<k<n—1).
X@iE xEFEE, RBEY RY
PEEHES O0157.5



