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Abstract

The authors obtain a new property of the n-dimensional binary undirected de Bruijn graph
UB(n) for n > 4, namely, there is a vertex = such that for any other vertex y there exist at
least two internally disjoint paths of length at most n — 1 between z and y in UB(n). The
result means that the (n — 1, 2)-dominating number of U B(n) is equal to one if n > 4.
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§1. Introduction

The n-dimensional binary directed de Bruijn graph, denoted by B(n), has the vertex-set
{z1z2---zn : z; € {0,1}}. There are two arcs from a vertex zix,---x, to the vertices
ToT3 -+ Tp_1Z,0 and zax3---Tp_12,1. The n-dimensional binary undirected de Bruijn
graph, denoted by U B(n), is obtained from B(n) by deleting the orientation of the arcs and
then omitting multiple edges and loops.

It is well known that U B(n) has diameter n and connectivity two. The de Bruijn graphs
have been widely used in coding theory!®]. They have been also proposed as a possible
good computer interconnection network for a parallel architecture!! and received much
attention. Many good properties have been found by several researchers. Some of them can
be found in [1]. In particular, Li, Sotteau and Xul® have shown that there exist at least
two internally disjoint paths of length at most n between any two vertices in U B(n). In this
paper, we obtain the following result.

Theorem. If x = 10---01 and n > 4, then for any vertez y other than x there exist at
least two internally disjoint paths of length at most n — 1 between x and y in UB(n).

Motivated by a problem of resoures sharing in a computer interconnection fault tolerant
network of parallel architectures, Li and Xul* introduced a notion of (d,m)-dominating
numbers as follows: For an m-connected graph G and a given integer d, a nonempty and
proper subset S of the vertex set of G is called a (d, m)-dominating set of G if for any vertex
y of G but not in S there are at least m internally disjoint paths of length at most d between
y and some vertex in S. The parameter

54.m(G) = min{|S|: S is a (d, m)-dominating set of G}
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is called (d,m)-dominating number of G. This notion not only generalizes that of the
classical dominating numbers of a graph but also gives a good measure of the problem of
resoures sharing in fault tolerant networks. For instance, if an m-connected graph G is
used to model a computer interconnection network of parallel architectures, then for a given
integer d, a (d, m)-dominating set S of G can be taken as a set of computers, which collect,
and store resoures or some information, and communicate with every other vertex in the
network by m internally disjoint paths of length at most d. An important and practical
problem is how to choose a (d,m)-dominating set S such that the number of vertices in
S is as small as possible. Thus the (d, m)-dominating numbers in conjunction with other
well-known parameters can provide a more accurate analysis of fault tolerance for reliability
and efficiency of networks of parallel architectures.

In general, to determine the (d, m)-dominating number of a graph is NP-hard since its
special case of m = d = 1, the dominating number of the graph, is NP-hard[?!. Thus
it is of interest to determine the (d,m)-dominating number of some well-known networks
for some special values of m and d. The above-mentioned result by Li et al means that
8n,2(UB(n)) = 1. Our theorem means s,_; 2(UB(n)) =1if n > 4.

§2. Two Key Lemmas

For any two nonadjacent vertices & and y in B(n), since the shortest dipath from z to y
is unique, we use P[z,y] to denote the shortest dipath from z to y and |P[x, y]| to denote
its length, which is the number of arcs on P[z,y]. The following Lemma 2.1 can be easily
obtained from Lemma 2.1 and Proposition 2.2 in [3].

Lemma 2.1. Let z = 10---01. Then for any vertez y # 00---00 in B(n) we have

(a) [Plz,y]] < n and |Ply, ]| < n;

. (b) any closed directed walk that contains = is of length at leastn — 1;

(c) Plz,y] U Ply, ] consists of at most two directed circuits.

Lemma 2.2. Letz =10---01 and y # 00 -- 00 be any vertez other than z in B(n), n >
3. If Plz,y] intersects Ply, z], and z and u, respectively, are the first and the last vertices that
Plz,y] has in common with Ply, x| along the direction from z to y, then |P[z, 2]| = | P[u, z]|.

Proof. By Lemma 2.1(c) suppose that P{z,y| U P[y, x| consists of two directed circuits
Ci1 = Plz, 2]UP[2,u]UP[u,z] and C; = Ply, 2]UP[z,u]UP[u,y]. Let |P[z,2]| = a,|P|z,u]| =
7, |Plu,y]| = b,|P[y, 2]| = c and |P[u,z]| = d. Then a > 0,7 > 0,b > 0,¢ > 0,d > 0 and by
Lemma 2.1(a)

at+r+b=|Plz,y]|<n—-1, c+r+d=|Ply,z]|<n—1. (2.1)
It follows from Lemma 2.1(b) and (2.1) that
at+r+d=|Ci|>n—-1, c+r+b=|Cz|<n-1. (2.2)

Let y = y1y2 - - yYn. Since Cy is of length ¢+ 7 +b < n — 1 by (2.2), ¥; = Yitcqrys for all
1<i<n—{c+r+b). Thus we can assume
Y= Y12 Yerrib¥1¥2  Yotrrb  Y1¥Y2* YetrtbY1¥2 - Yk, (2.3)
where n = k (mod (c+7+b)),1 < k < c+r+b. For convenience we call Yet+1Yet2 " * Yerr+b
Y1y2 - - * Yo @ majorizing circular segment. Let 8 be the number of 0’s that successively occur
in the foremost part of the majorizing circular segment. In order to complete the proof of
Lemma 2.2, with the notation given above we will prove a = d by showing
n—a—-1=8=n~-d-1.
First we note that d > b and a > ¢ by (2.1) and (2.2).
Since |P[z, y]| = a+r+b, the last n—a—7r—b coordinates of = overlap the first n—a—r—b
coordinates of y. Thus y can be written as
Yy =:QO"'OL Yn—a—r—b+1 """ Yn—-1Yn. (2'4)

n—-a—r—b
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Also since |Ply, ]| = ¢ + r + d, the last n — ¢ — r — d coordinates of y overlap the first

n — ¢ — r — d coordinates of z. So y can also be written as
Y =Y1Y2" " Yetr+d 100---00. (2.5)

n—c—-r—d

Consider the vertex z. Since z can be reached in a steps from z along the dipath P[z,y],
by (2.4) z can be written as

220000 001 Yn—a—r—be1 " Vd-bit Ydbsz" " Ynor—t - (2.6)
r+b n—a—r—b a+r+d—n+1 n—r—d—1

Also since z can be reached in ¢ steps from y along the dipath P[y,x], by (2.5) z can also
be written as

Z = Yet1Yct2 ' Yetrib yc+r+b+l;' Yntc-a Yntc—atl v Yetr+d 14 00--- 00. (2'7)
r+b n—a—r—b a+r4+d—mn+1 n-r—d—1

Noting n 4+ ¢ —a —1 > ¢+ 7 + b and comparing (2.6) with (2.7), we have

Yet+l = " = Yetr+b = Yetfr+btl = 0 = Yntc—a—-1 = 07 Yntec—a = 1. (28)
Noting that (n4+c—a—-1)—c=n—a—landr+b<n—-a—-1<c+r+b, from (2.8) we
have 3 = n — a — 1 immediately.
In order to show that 8 = n — d — 1, we consider the vertex u. Noting that u can be
reached in ¢ + r steps from y along the dipath Ply, z], by (2.5) we can write u as

U= Yorri1 " Yerrid 10000 00---00. (2.9)
- ——
d n—c—r—d ct+r

On the other hand, u can reach y in b steps along the dipath P[z,y]. Thus u can also be
written as

U= Yoqr+1 " Yetr+d Yodrddtl " Yn Yn—b—c—r+1 " Yn—b- (2.10)
4 n—c—r—d ot
Comparing (2.9) with (2.10) and (2.6), we have
Ya—bt1 =1, Yaby2 = " = Yn-b=0. (2.11)
Next, we want to prove that n — d — 1 coordinates yg—p+2," " ;Yn—b of y are located in

the foremost part of the majorizing circular segment and yn p+1 = 1, by which we have
B=n—d-1.

Ifa =1 (since @ > 1), then 7 +d > n—2 by (2.2) and so ¢ = 1 by (2.1) (since ¢ > 1). This
implies that 2 and y are two distinct inneighbors of z. So y; = 0 since the first coordinate
of z is equal to 1. It follows from (2.8) that the first ¢+ r + b coordinates of y are equal to 0
and so y = 00 --00 by (2.3), which contradicts our assumption of y. T herefore, a > 1. Let
2, and z; be two inneighbors of z, respectively, on Plz,y] and Ply,z]. Then z; and 2, are
different from each other. The first coordinate of z; is equal to 0 since a > 1. And so the
first coordinate y. of z3 is equal to 1, i.e., y. = 1.

Similarly, we can prove d > 1 and yn_p41 = 1.

Since yo = 1 = yg_p41 and ¢ <n—r—b—1by (2.1), we have c < d—b+1 from (2.6) and
(2.7). We claim that d—b+1 = ¢ (mod c+r+b). Indeed, let d—b+1 = c+q+p(c+r+d), where
g and p are two nonnegative integers, and ¢ < r +b. Then yei1q = Ya—b+1 = 1=y, But
Yerq = O from (2.8) if 0 < ¢ < r+b. This is a contradiction. Thus d—b+1 = c+plc+r+b).
From (2.11) we have n—d < c+7+b; otherwise y = 00 - - 00. It follows that d—b < n—-b <
c+r+d Notethatc+r+d—(d—b)=c+r+b, d=b+1=c+plct+r+b),yn-bt1 =1
Yd—bt2, " »Yn_b are located in the foremost part of the majorizing circular segment. Thus
B =mn —d— 1. The proof of Lemma 2.2 is complete.
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§3. Proof of the Theorem

Let x = 100---001. We prove the theorem by exhibiting two undirected paths P, and
P, between z and any vertex y other than z in UB(n) which are internally disjoint and of
length at most n — 1. Let y be any vertex other than z in B(n).

We first suppose P[z,y] and Ply, z] are internally joint in B(n). Let z and u, respectively,
be the first and the last vertices that P[z, y] has in common with P[y, z] along the direction
from z to y.

If y = 00---00, then it can be directly vertified that z = 00---010 and u = 010--- 00,
which implies

|Pla, 2]| = |Plu, 2]l = 1, |Plu,y]| = [Ply, z]| = 2, |P[z,u]| = n - 3. (3.1)
Let P, = P[z,z]U Ply, z] and P; = P[u,z]U Pu,y]. Then P; and P, are internally disjoint
in UB(n) since n > 4, and both are of length three by (3.1).

We suppose y # 00---00 below. Then by Lemma 2.1(c) P[z,y]U Ply, z] consists of two
directed circuits, and by Lemma 2.2

|P[z, z]| = |P|u, z]|. (3.2)

If z # u, then let P, = P[z, 2]UP]y, z] and P, = Plu,z|UP[u,y]. P; and P; are internally
disjoint in UB(n). By (3.2) and Lemma 2.1(a) P; and P, are of length

|Pr| = |Ply, 2]| + | Pz, 2]| = | Py, 2]| + | P[u, z]| = |Ply,z]| - |P[z,u| <n -1,
|P2| = |Plu, z]| + [P[u, y]| = |Plz, 2]| + |P[u, ]| = |Plz,y]| — |P[z,u] <n—1.

If 2 = u, then let u; and uo be the two outneighbors of uw on P[z,y] and Ply,z], re-
spectively. Then there is a vertex v other than u in B(n) such that u; and usy are its two
outneighbors. It can be easily vertified that v is not on Pz, y] U P[y, z] by the shortness of
P[z,y] and Ply, z|. Let

Py = Plz,z]U Ply, 2] and P, = Pluy,y] + (v,u1) + (v,u2) + Plus, z].

P, and P, are internally disjoint in UB(n) and of length
|Pr| = |Ply, ul| + |Plz, u]| = [Py, ul| + |Plu, ]| = |Ply,z]| <n -1,
|P2| = |Pu, z]| + [Py, y}| = |Ple, u]| + |Plu, y]| = |P[z,y]] <n — 1.

Next we suppose that P[z,y] and Py, z] are internally disjoint in B(n), then y # 00- - - 00.
Let P, = Plz,y] and P, = P[y,z]. Then P, and P, are of length at most n — 1 by Lemma
2.1(a). The closed directed walk P{z,y| U P[y, ] in B(n) is of length at least n — 1 > 3 by
Lemma 2.1(b) since n > 4. This means that P; and P, are internally disjoint in U B(n).
The proof of the theorem is complete.
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